Integration

F(x) take derivative and -------=--> f '(x) take integral ---=> f(x), and as ybu can see this
takes you back to your original function. v

< Integration is used mainly to sum up areas, or volumes.
% Basic formula:
o n-exponent A —coefficient
o IAx”dx y| Ix"dx
o So,onthe2™ step, the coefficient moves out front, and [dx] tells you what
variable you’re going to mtegrate

n+l

o Then, il by adding 1 to the exponent and divide by the same thing.
n

o Then,, multiply back coefficient, and add C into your answer
x n+l

s A— +C
- n+l

Example:

J‘(4x2 —2x+4)dx
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When you have,
[#ax .
0+1 So, memorize the I#cbc always is that #x.
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Rule |x" = —Jf_i only works if the base is in the numerator, so if it is not, move it up.
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Dividing by fraction, flip & multiply.
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I 3 :_1 dr . *Ask yourself is there anything I can take derivative
X ‘

of and get what is left in the problem (All you need
in the answer of derivative is same number of
variables to the same power
u=x>+1 (1. assign u-value) e

du

= = 2x - (2. solve for dx)
dx

_@_ _2xdx -

2x 2x

a_

2x

3. Substitute — whatever is your substituted term is replaced by u in the same manner as
it was in your original problem. So ‘whatever happens to your x>+1 should happen to
your u.

2x du
u 2x

~ -~

I 1 du € a much easier problem- plug in what dx equals. (2x stays and should be
u

cancelled out)
4. Integrate:

[* du=1njul +C > Inp+1] +C
u

5. plug in what u equaled to get it back in terms of x.

R LLE 1.Letu=Inx 3. xdu =dx

x
du_ 1

2. ot ' 4, I—:-z-xdx substitute.

5. Cancel and integrate
2

Iudu=y-2-+C

6. Plug back in what u equals

\2
(Inx) +C
2.
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¥ Note: When integratin
g logs, make sure that there x’s in denomi
2 . . . . . mm ' ;
4.  substitution; if this does not work g0 on to integration by parts wlor: 1tso,



Ex 3: I xe* dx € if you subtitute u=¢*"“"""8 then u always has exponent.
Thus u = x*

du
=2
Solve fordx : dx%=2xdx
g_zi_Zxdx
2x  2x
au_
2x
L au gau_ v, 14 D
Ixe -é;— _[e —2_—5Ie du= -2-e +C—-2—e +C
Trig. Ex.:

jsm 2xcos2x dx

1. U= (either one) because derivative of sin is cos and cos is —sin. I’ll pick sin2x
to avoid negative.
U=sin2x

2. %‘_ =2 cos 2x (Chain rule for trig)

3. Solve for dx
*  du=2cos2xdx
du

2cos2x

= dx

4. Substitute - IU cos2x 2ci52x = I —_—=— IUd

S. Integrate

. - jUdu
2
l..L_,._.pC
. 22
2
v +C
4
6. Plug backinU
sin? 2x

+C



When dealmg with definite mtegrals, the bounds must be changed dunng the course of -
substituting in a new variable:

f xx? +a \
U=x+1 _
du = 2xdx
2x
[ du
ux—
U 2x
But, the 1 and -1 are x values.
We need to replace them with u values.

o » Plug into the following equation to get u bounds.
u=x*+1 u=x*+1
u=(1)7%+1 u=(-1)+1
u=2 . u=2

Now,

%. u’du

1t 2
5]
o 2
gl

So, it JUST happened to give 0.

Note: you could just replace u by x? +1 since we already had thls equality when we
first began to solve for the integral. And, this would give you the same answer as
2

4
just plugging in the new u bounds directly into [38—] .
: 2



1. U=—x
2. du= —dx
3
3. Jdu=a
2

4. By using step 1, change the x-values to u-values,

x

3 (3
. Ul =d
2 Jcos (2 )

3.7 3.
—sin——=—sin0
2 3 2

6. 3[3:-2(0)
22 2

W3
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Some find it easier to solve the indefinite integral (without bounds).
Get an answer + C. Then drop the + C and plug in the original bounds to -

answer. ‘ :
n

3[ . 2x]7 '

=|sin—|
x 2 34
z .
Icos-z-{dx do the exact steps as above. Then, ésin-z-—:?- - isin'O and this
: 3 " 2 32 2

would give the same answer as in step 6.



Special Example:
x
dx
J.\/ 2x-1

Step 1: Let u = 2x — 1 because it is the most complex term of the integral.
Step 2: Differentiating, you get ‘

du=2dx.
Step 3: Solve for dx.
.d_u =dx
‘Step 4: Substitute back into original integral,
,[ x du

Ju 2

*Notice that the x-term does not cancel out with any other terms. Therefore, you must
solve for x in terms of u. Taking u=2x -1 and solving for x, you have: '

u—1=2x
u—1
2

Step 5: Substitute the value of x back into the original integrand and simplify.

u+1 u+l du  du+1 1 \du 1 cu+1
du —— VU |— —t=|—— | ——=d
=572 )2" 2 \/;Jz—’4f\/u_u

1 u 1
>—! |—=du+ |—=du
| e 1pa)
Step 6: Integrate each part and simplify.
3/2 172 3/2
-}(Iu”zdu+ J‘u’”zdu)—)_l.(u .l.‘___].;. 091(21‘3 +2u”2)+C

—+
413/2 1/2 4

3/2

=L _suic
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Step 7: To finish the problem, the solution must be in terms of x. Sinceu=2x-1,
then the final answer should be:

(zx _ 1)3/2

= +202x-1)"2+C

*Try this before going on to other techniques for integration.



