Partial Fractions

Consider the following function f(x) in the following form:

N(x)
fx)=
D(x)
Where N(x) is a function of x in the numerator and D(x) is a function of x in the denominator. We
call f(x) a rational function. We can only use the method of partial fractions if f(x) is “bottom
heavy”.

If the denominator D(x) can be factored or is already factored, then we can consider using
the method of partial fractions. Consider the following cases of the factored form of D(x).

Case 1:
If D(x) is composed of distinct linear factors, ie, D(x) is of the form

D(x) = (a,x + b, Na,x £b, ax £b,).(a,x+b,)
then the decomposition of f(x) is given by:

A A A 4
fo=-YQ__A_, A A A
D(x) axxb a,xtb, axtbh, a,xtb

Case 2:

If D(x) is composed of repeated linear factors, ie, D(x) is of the form
D(x) = (a,x b, Na,x b, Na,x £b,)..(a,x b )=(a,x £b,)"

then the decomposition of f(x) is given by:

A A A A
N _ A4 4 A A4

D(x) ax+b, (aIXibl )2 (a1Xib1 )3 (aIXibl )n

Case 3:
If D(x) is composed of distinct quadratic factors, ie, D(x) is of the form

D(x) = (alx2 b *c, Xazx2 +b, tc, Xa3x2 b, e, )..(anx2 th + cn)
then the decomposition of f(x) is given by:

n n

N(x) Ax+ B, N A,x+ B, N A, x + B, ey Ax+B
D(x) ax’+bxtc, a,x’*bxtc, ax’+hxtc,  ax’*hxztc,

fx)=

Case 4:
If D(x) is composed of repeated linear factors, ie, D(x) is of the form

D(x) = (a1x2 b *c, Xalx2 b *c, Xalx2 b * cl)..(alx2 b *c, )n
then the decomposition of f(x) is given by:

N(x)  Ax+B, A,x+ B, A, x + B, Ax+B,

fx)=

= + + oot
2 2 3
D(x) ax”£bx*c (a1x2 iblxircl) (a1x2 iblxicl) (a1x2 thx=tc, )n

Please note that D(x) can also be composed as a combination of the cases above. Analyze
D(x) to make sure that you get the correct decomposition for f(x).



Example:
3
[——a

xrP—x=2
1. Factor the denominator.

I;dx= ;dx

x'—x-2 (x—2)(x+1)
2. Break the integral into partial fractions and solve for the coefficients.
3 A B

(x—2)(x+1) S x-2 ! x+1
--Multiply both sides by the common denominator. Simplify.
3 A B
-2 1 = -2 1
(x )(x+ ){(x—2)(x+l)} {x—2+x+l}(x )(x+ )

3=A(x+1)+B(x-2)
--Let x equal a number that will eliminate one of the coefficients. In this example, we will
let x = 2 to eliminate B to solve for A.

3=AQ2+1)+B2-2)

3=A4(3)+0
3=34
1= 4

--Solve for the other coefficient by eliminating the coefficient from the previous step.
3=A(-1+1)+B(-1-2)

3=0+ B(-3)
3=-3B
~1=8B

3. Integrate each patrtial fraction with the solved coefficients from Step 2.

3 dx:j ! dx + _—ldx
x_

-[(x—2)(x+1) x+1

--Using u-substitution on the first partial fraction we have u = x —2. Then we have

du = dx.
1 du
[=du=]=
u u
= 1n|u| +C
= 1n|x - 2| +C
--Using u-substitution on the second partial fraction we have u = x +1. Then we have
du = dx.
j—ﬂm_—-——
=— ln|u| +C

:—ln|x+1|+C



Hence, '[z;dlen|x—2|—ln|x+l|+(f.
X —x-

Example:

2
JSX +20x+6dx

X +2x7 +x
1. Factor the denominator.
J-Sx +20x+6 _J5x +20x+6 _J-Sx +20x+6
X +2x7 +x x(x> +2x+1) x(x+1)°
2. Break the integral into partial fractions and solve for the coefficients.
5x>+20x+6 A B C

3 2 + 2
X +2x"+x  x x+1 (x+1)
--Multiply both sides by the common denominator. Simplify.

2
ﬂX+D{5x+QQ*HT:{£+ B CZ}MX+D2

x4+ 2x% +x x x+1 (x+1)

5x> +20x+6=A(x+1)> + Bx(x +1)+ Cx
--Let x equal a number that will eliminate two of the coefficients. In this example, we will
let x = 0 to eliminate B and C to solve for A.

5(0)2 +20(0) + 6 = A(0+1)> + B(0)(0+ 1) + C(0)
0+0+6=A(1)>+0+0

6=A4
--Solve for either of the remaining two coefficients. In this example we will let x = -1 to
eliminate A and B to solve for C.

5(-1)7 +20(=1)+ 6 = A(=1+1)> + B(-1)(=1+1)+ C(-1)
5-20+6=0+0-C

-9=-C

9=C

--To solve for the remaining coefficient, let x be an arbitrary value and substitute the
values of the coefficients found above. In this example, we will let x = 1 to solve for the
remaining coefficient B.

5D +20(1)+ 6 = (6)1+ 1) + BA+ 1)+ (9)(1)
5420+6=6(4)+B(2)+9

31=24+2B+9
31=33+2B
-2=2B

~1=8B



3. Integrate each patrtial fraction with the solved coefficients from Step 2.

2 J—
I—d5x3+20xj6 x:.[gdx+J. ! dx+.[ ? 2dx
x (x+1) x x+1 (x+1)

--Using u-substitution on the first partial fraction we have u = x. Then we have

du = dx.
6 d
Jpde=oly

= 61n|u|+C
= 61n|x|+C

--Using u-substitution on the second partial fraction we have u = x +1. Then we have
du = dx.

J—du—— —

:-mM+c

=—Injx+1|+C
--Using u-substitution on the thrid partial fraction we have u = x +1. Then we have

du = dx.
J.u%du = 9!5—2‘ = 9.[u_2du

-1
=9(1—j+c
~1

Hence,

J-Sx2 +20x+6

f+2ﬁ+w¢u=6mw—mh+q—

? +C
x+1

There are problems more challenging than the ones above. Try to integrate the fraction below:

J- dx
(x> + (x> - 4)



