Trigonometric Substitution

Basic Forms:
If you have one of the following basic forms below:

Ja?-u? Ju?-a? Ju? +a? or ya? +u?
Then,

u=asné u=asecd u=atané
and

Ja? -u? = acosé Ju?-a? =atand Ja?+u? =yJu? +a? = asech

where a is a constant (number) and u is an expression in terms of x.

Example:

J' dx
x*4/9-x?
1. Look at the expression under the radical and decide which of the above forms it has. In this
example, the expression 9-x? has the form a®-u?.
2. Get the proper information to make the substitution. In this example, u =x anda =3
-- Plug u and x into the substitutions above.
u=asingd - x=3sind

vJa?-u? =acosf - v9-x? =3cosf

-- Solve for sin 6.
X .
—=snéd
3
-- Calculate dx. In this example, we must multiply both sides by three before finding dx.
X

—=snéd

3

Xx=3sind

dx =3cosgd dd

--Draw a right triangle and label the legs, hypotenuse, and angle 6 based on the
information found for the substitution. In this example, we know that the ratio for sin 6 is
opposite/hypotenuse. To solve for the other side, we use the Pythagorean Theorem.

9-x?



a’+b? =c?

a2 +x2 =3
a’+x*=9
a’?=9-x?

Note: If your calculated expression from the Pythagorean Theorem doesn’t match the
expression presented in the problem, then you've made a mistake. Double check your
work.

3. Substitute the information found in Step 2 into the integral.

I dx I 3cosf dé
x2+/9 = %2 (3sind)*(3cos8)

j 3cosé dé

(3sind)*(3cosH)

:J- dé
9sin® 4

1. d6
S

4. Simplify and integrate.

sin’é@

1 )
=—jcsc 0de

9

1
25(—cot6?)+C

= —Ecot49+C
9

5. Use the triangle in Step 2 to find an expression in terms of x. In this example, using the
triangle from Step 2, we find that

. i 2
cotéd = adjﬂ > cot@ = &
opposite X
--Plugging into the results yields:
v
_HN9-XT L 6
9 X
--Simplifying yields:
)
- & +C
9x

Hence,
9-x?

J‘ dx -
x24/9 - x? 9x

+C



Example:

J- dx
VAX® +1
1. Look at the expression under the radical and decide which of the above forms it has. In this
example, the expression 4x*+1has the form u®+a’.
2. Get the proper information to make the substitution. In this example, u =2x anda=1
-- Plug u and x into the substitutions above.
u=atand - 2x=tané

Ju?+a? =asecl - VaAx? +1=secd

2x =tan@
-- Calculate dx. In this example, we must divide both sides by 2 before finding dx.
2x =tané

-- Solve for tan 6.

zltanH

1
dx = Esec2 6deo
--Draw a right triangle and label the legs, hypotenuse, and angle 6 based on the

information found for the substitution. In this example, we know that the ratio for tan 6 is
opposite/adjacent. To solve for the other side, we use the Pythagorean Theorem.

2X

a’+b*=c’
(2x)% +1% =c?
4x* +1=c’

c=4x* +1

Note: If your calculated expression from the Pythagorean Theorem doesn’t match the
expression presented in the problem, then you've made a mistake. Double check your
work.

3. Substitute the information found in Step 2 into the integral.

1Szeczé?dé?
2

o= |
Jax? +1 sect




4. Simplify and integrate.
Lec?odo
2

secd

= J%sec@ dé
=% jsece dé

:%In|secﬁ+tan€|+c

5. Use the triangle in Step 2 to find an expression in terms of x. In this example, using the
triangle from Step 2, we find that

[ 2
H:Me > %9:#:1/4%2"'1

adjacent

opposite 2X

= —pp » tanfd=—=2x
adjacent 1

--Plugging into the results yields:

%In‘\sz +1+2><1 +C

tan@d

Hence,

dx 1
B L ad 12+
I\/4x2+1 2



Example:
j dx
x> -9
1. Look at the expression under the radical and decide which of the above forms it has. In this
example, the expression x*-9has the form u?-a’.

2. Get the proper information to make the substitution. In this example, u = x*and a = 3
-- Plug u and x into the substitutions above.

u=asecld - x=3sech

Ju?-a% =atanf - Vx* -9 =3tané

-- Solve for sec 6.
X = 3secl
--Calculate dx.
X = 3secl

dx = 3secftan@ dé

--Draw a right triangle and label the legs, hypotenuse, and angle 6 based on the
information found for the substitution. In this example, we know that the ratio for sec 8 is
hypotenuse/adjacent. To solve for the other side, we use the Pythagorean Theorem.

0 x? -9
A/
3
a’+b® =c?
3 +b? =X
9+b? =x°
b? =x*-9

b=+vx?-9

Note: If your calculated expression from the Pythagorean Theorem doesn’t match the
expression presented in the problem, then you’'ve made a mistake. Double check your
work.

3. Substitute the information found in Step 2 into the integral.
3secftand dg

dx
j,/XZ_g - I 3tand

4. Simplify and integrate.



ISseCGtanGdG
3tand

= jsecede

=In|sec@ +tang| +C

5. Use the triangle in Step 2 to find an expression in terms of x. In this example, using the
triangle from Step 2, we find that

9= hypgtenuse > ol = X
adjacent 3
. 7
tand = opposte > tang = X -9
adjacent 3

--Plugging into the results yields:

--Simplifying yields:

Hence,




