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accumulation point, 544
additivity, 248
adjoint
formal, 482
Lagrange, 482
affine mappings, 55, 62, 249, 683, 723, 728
composition of, 726
preserves parallelism, 204, 723
product, 726
affine space, 203, 204
parallel subsets, 204, 723
point, 203
subspace, 202-204, 209, 211, 239, 723
intersection, 204, 210
linear variety, 202
aliasing, 430-433
alphabet, 533
angle, 383
angular momentum, 196
eigenfunctions, 685, 690
eigenvectors, 619
operator, 147
orbital, 645
spin, 645
annihilation operator, 266, 269, 504
adjoint, 480
annihilator, 347
of a subspace, 202, 347
null space of a linear mapping, 475
antilinear functional, see functional, antilinear
approximation, 2
best, see best approximation
Chebyshev, 421, 582

discrete Chebyshev, 421
global, 417
local, 417
maximum deviation, 582-585
numerical, 2
polynomial fit, 521
staircase, 101
Weierstrall theorem, 550, 582, 610, 738
array, 61, 64, 77-79, 195, 250, 251
multidimensional, 64
storage order, 195
in C, 64, 65, 230
in FORTRAN, 64, 65, 230
ASCII code, 17, 19
end of line conventions, 19
autoregressive process, 291, 298

backward differences, see difference operator,
backward
Banach space, 594, 614
separable, 549
Banach, Stefan, 595
band-limited signals, 435, 436
basis, 193, 221, 223, 233
biorthogonal, 341, 460
canonical, 195, 226, 617
Fmxn_ 226
F*, 336
R"™ and C", 226
sequence spaces, 226
change of, 274-277, 389
discrete Fourier, 425
inner products, 434
dual, 336

745
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eigenvectors, 496
Hamel, 223, 238
orthogonal, 381, 382, 408
orthonormal, 392, 394, 410, 417, 496, 513
permutation of, 229, 277
plural of basis, 222
Schauder, 222, 226
standard, 226
vectors, 222
Bessel functions, 210, 684, 686, 690, 692
asymptotic form for small argument, 715
Bessel’s integral, 693, 695
completeness relation, 716
definition, 690
derivative
zeros, 704
first kind, 692
generating function, 694
Graf’s addition theorem, 696
lowering operator, 700
raising operator, 700
recurrence relations, 698
special values, 693
zeros, 704
Bessel’s identity, 418
Bessel’s inequality, 419, 601
best approximations, 581
equal-ripple property, 584, 589, 590
in maximum norm, 581
in supremum norm, 581
minimax property, 583
polynomial of, 582-584, 587, 590
Remes’ method, 590
to a function, 417, 538
to a vector, 407
using Fourier functions, 420
bias, see integers, representations of
biased integers, see integers, biased
bijection, see mapping, bijective
binomial coefficient, 80
binomial theorem, 81
biorthogonality, 344
birefringence, 257
bit, 6
Bloch’s theorem, 665
Bolzano-Weierstrall theorem, 556, 596
boundary conditions, 106
bilinear concomitant, 481, 482
boundary functional, 481, 482, 705
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Dirichlet, 193, 653, 659, 660, 705
homogeneous, 193, 227
mixed, 193, 660, 661
Neumann, 193, 707
periodic, 138, 661
Bunyakovsky inequality, 387
byte, 6
most significant, 10
ordering, 10

C, 64, 65,92,119
cancellation of significant digits, 15, 35, 86-88,
91, 92, 98, 261, 375, 381
canonical form, 369
Cantor, Georg, 47, 76, 77, 80
Cauchy inequality, 387
Cauchy-Schwarz-Bunyakovsky inequality, 385,
387, 390, 418, 682
Cayley’s theorem, 167, 168
Cayley, Arthur, 121
chain, 83, 84
comparability of elements, 83
maximal, 84
chaotic phenomena, 24
characteristic functions, 607
characters, 17
charge conjugation, 128
Chebyshev abscissae, 401, 586
Chebyshev, P. L., 537
chord, 211
coherent state, 505
commutative diagram, 58, 59, 156, 165
commutative law, 125, 207
failure in matrix groups, 125
completeness, 419, 549, 687
relation, 409, 650, 677, 678, 716
Bessel functions, 718
Helmholtz functions, 717
computation, 1
approximation theory, see approximation
basis vectors, 222, 235, 239
range of a matrix, 258, 259, 318, 508,510
binary-to-decimal conversion, 34
computational grid, 1, 100
computational resolution, 1
computational speed, 1
condition number, 86, 87, 90, 518
linear-equation problem, 517
contravariant components, 236-238, 381
discrete Fourier transform, 427
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dyads, 469, 471
evaluation of functions, 86
finite-precision arithmetic, 24
floating-point, 31
addition, 35, 95
division, 35, 94
failure of associative law, 35
machine epsilon, 32, 33, 35, 36, 87, 96
multiplication, 35
overflow, 30
relative error, 35
subtraction, 35
forward elimination
operation count, 322
ill-conditioned problem, 87, 89-91
inner product
error, 376
inner products, 375
inner-product norm, 443
instability, 112
integer
overflow, 11, 177
interpolation, see interpolation
iterative, 92, 99
square root, 99
matrix
column rank, 257, 258
condition number, 517, 518
eigenvalues, 495
null space, 319, 511
using dyads, 469, 471
matrix inverse, 273
determinantal formula, 306
SVD, 512
matrix norm, 451
Frobenius, 452
matrix product
dependence on loop order, 262, 263
using dyads, 471
matrix-vector product, 255, 475
Newton’s backward formula, 297
Newton’s forward formula, 295, 296
numerical integration, 99-106, 108
centered rectangle rule, 100, 102-106
Gaussian quadrature, 100
left-hand rectangle rule, 101, 108
Newton-Cotes formulas, 296
panel, 100-103, 105, 106, 112
polynomial integrand, 106
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rectangle rule, 100-106, 108
right-hand rectangle rule, 100, 101, 103,
105, 106
Simpson’s rule, 100, 105, 106, 296
sinusoidal input, 106
staircase approximation, 100
trapezoidal rule, 100, 102, 104-106, 296
operation count, 317
polynomial evaluation, 87
polynomial of best approximation, 588
product of matrices, 261, 262
reciprocal approximation, 95, 99
recursive, 92, 93, 95, 96, 99, 100, 108, 112
root finding, 88
bisection, 92
deflation, 90
Newton-Raphson method, 92-95
rounding, 32, 220
error, 33, 34, 96
to even, 33
to nearest, 33, 39
truncation, 33
up, 33
series, 95, 98
evaluation of, 95, 98
Kahan’s formula, 97-99
natural order, 95
reverse order, 96
stride in memory, 64
computer memory, see memory
condensation point, 544
condition
necessary, 50
necessary and sufficient, 50
sufficient, 50
conic section, 501
conservation of momentum, 204
translation invariance and, 205
continuity, 577
continuous image of a compact set, 579
continuous image of a convergent sequence,
578
continuous image of an open set, 580
on a set, 578
pointwise, 577, 578
uniform, 580
implies continuity, 580
contrapositive, 70, 72
contravariant components, see vector, compo-
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nents
convergence, 532
absolute, 564
functional series, 575
numerical series, 564
vector series, 568
Bolzano-Cauchy condition, 556, 567, 569
Newton-Raphson method, 93, 94
non-absolute, 564, 606
of a sequence, 553
orthogonal series, 599
pointwise, 553
functional sequence, 572
functional series, 575
operator sequence, 571
strong, 566, 567
orthogonal series, 599
vector series, 567
to a limit, 553
uniform, 569, 572, 574
function sequence, 572
operator sequence, 571
series of functions, 576
converse, 50
convolution, 332, 739
continuous, 739
discrete, 289
coordinates, 222
axes, 222
coordinate expansion, 226, 238, 241, 243
of a vector, 222
system of
left-handed, 304
negatively oriented, 441
oblique, 231
orientation, 441
positively oriented, 441
right-handed, 304
transformation
active, 727
covariance under, 654
passive, 727
covariant components, see vector, components
Cramer’s rule, 273, 312
creation operator, 266, 269
adjoint, 480
crystal lattice, 341
one-dimensional, 137
periodic potential, 663
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period, 137
plane, 342
point, 137
scattering from, 341
Laue conditions, 343
unit cell, 342
cylinder function, 687

data streams, 198
De Morgan’s laws, 208
decimal fraction, 79
Dedekind-Peirce corollary, 72, 76
definition, 50
recursive, 58, 74, 75, 81
delta, 536
“function”, 331, 536
orthonormalization, 678
functional, 331, 350, 453, 536, 650, 677,
679
in boundary conditions, 350
DeMorgan’s laws, 71, 545
density of scatterers, 343
derivative, 107
elementary definition of, 107
of a product, 81
Leibniz’s formula, 81, 528
determinant, 125, 217, 218
3 X 3 matrix, 310
antisymmetry of, 301
as a volume ratio, 440
cofactor, 305
cofactor expansion, 305
generalized Gram, 352
Gram, 375
Jacobian, 441, 689
Laplace expansion, 305
Laplace expansion of, 305
minor, 306
of a matrix product, 303
of a nonsingular matrix, 303
of a permutation matrix, 310
of a singular matrix, 302
of a square matrix, 300
of a transposed matrix, 300
of an inverse matrix, 304
of similar matrices, 304
Vandermonde, 172,307, 351, 526, 527, 585
dictionary order, 12
dielectric permittivity
matrix, 256
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tensor, 353, 500
difference equation, 93-96, 99, 108, 109, 112-
117, 141
n-cycle, 141
linear, 523
constant coefficients, 523
difference operator, 292
backward, 297, 298
k™ order, 297
forward, 292, 298
k™ order, 292
2nd order, 292
null space, 293, 294
noise amplification factor, 293
differential equations, 106, 109, 112, 118
Bessel, 210, 701
boundary-value problem, 106
Chebysheyv, 210
computed solution of, 108, 114
difference-equation approximation, 108
first-order, 107, 108
homogeneous, 329
in mathematical physics, 106
initial conditions, 107, 118
initial-value problem, 106, 107, 118
Legendre, 210

numerical solution, see finite-difference method

order, 106
particular solution, 329
second-order, 107
solution space, 200
symmetry under a group, 652
system of

equivalence to second-order differential

equation, 107
first-order, 107
digital filter, 288, 289, 627, 665

antisymmetric, 290
autoregressive, 291, 298
centered moving average, 289, 666
differentiating, 290, 299

straight-line, 290, 299
noise amplification, 291, 292
non-recursive, 288, 289, 665
numerical integration, 290
recursive, 290, 667

causal, 290
shift invariant, 663
shift-invariant, 627, 664
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straight-line differentiating, 299
symmetric, 290
window, 289
dipole interaction energy, 331
Dirac delta functional, see delta functional
Dirac’s comb, 651, 679
discriminant, 91
distance, 206, 417, 533
between sets, 533
from a point to a set, 533
divisors of zero, 178
proper, 178
dual space, see vector space, dual of
dyad, 415, 466, 505
basis-coordinate-functional, 469
dyadic expansions, 469
norm, 473
transpose of, 475

eigenfunction, 709
expansion, 515
momentum, 671, 680, 690
eigenvalue, 493
degeneracy, 493, 494, 627, 628
eigensubspaces, 494, 496, 503, 628
orthogonal, 496
multiplicity
algebraic, 494
geometrical, 493
eigenvector, 493
annihilation operator, 505
degenerate, 627
eigenvector-eigenvalue equation, 497
group-invariant operator, 627
normal matrix, 504
Eightfold Way, 122
Einstein summation convention, 224, 251
electric energy density, 353
electromagnetic field tensor, 357, 491
adjoint, 491
elevation, 406
ellipsoid, 501
end of line conventions, see ASCII code, end of
line conventions
equality, 66
equation of a plane, in terms of a linear func-
tional, 334
equivalence class, 66, 77, 133, 139, 149, 176,
181, 185
representative, 66
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equivalence relation, 65-67, 82, 132, 148, 157
error
absolute, 31
global, 99, 103, 104
local, 99, 101, 103, 104, 106, 109, 119
propagation, 37-39
relative, 31, 38, 98
exclusive “or”, 70
expected value, 37

Fermat’s theorem, 186
field, 184, 189, 194, 248
algebraically closed, 493
electric, 355
embedded, 186
finite, 186-188, 220
four-element, 187, 209, 220
two-element, 187
Galois, 186-188, 206, 209, 220, 238
isomorphism, 185
prime, 188, 189, 209, 220, 238
rational numbers, 206
real numbers, 185, 206
subfield, 185
finite induction, 73, 74, 80, 81, 92, 170, 186
finite-difference method, 108-112,115,118,119,
524
as digital filter, 290
backward Euler method, 115, 116, 119
characteristic equation, 113-115, 525
characteristic roots, 113-118, 525
degenerate, 526, 527
non-degenerate, 526
corrector, 117
Euler’s method, 102, 108-113,115,119, 667
explicit, 108, 117
global truncation error, 110, 111
implicit, 109, 115, 117
initial conditions, 108
instability, 112, 114
linearized test problem, 109, 115-117, 119
local phase error, 119
local truncation error, 119
midpoint method, 112-115, 117-119
midpoint-trapezoidal method, 117-119
multistep, 113-115
one-step, 113-116
parasitic roots, 113-115, 117
phase error, 119
predictor, 117
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predictor-corrector, 117-119
principal characteristic root, 113-117, 119
region of absolute stability, 115-118
region of stability, 111
rounding error, 109, 110, 116
sampling points, 108
stability, 111, 114

absolute, 115-117
stability analysis, 111

test problem, 116
stability criterion, 111
step size, 100, 108-110

choice of, 110, 111
trapezoidal method, 116-119
two-step, 113-115
weak instability, 114, 115

fixed-point representation, 14

minimum positive number in, 15

flavor SU(3), 122
floating-point representation, 15, 16

base-f3, 20, 22, 23, 33, 150, 185
binary, 16
denormalized numbers, 28
double precision, 25, 27, 96-99, 424
accuracy of, 27
exponent range, 27
exponent of, 16, 19, 21-23
finite, 21
floating-point numbers, 16
maximum, 22
minimum, 22
number of, 24
repeating, 20
unnormalizable, 22
zero, 23
hexadecimal, 17
IEEE-754, 25, 375
double precision, 27
Inf, 29
Infinity, 23, 29
NaN, 27, 29
single precision, 26
mantissa, 21
normalized, 21
octal, 17
precision of, 21, 25
radix point, 15
significand of, 21
single precision, 25, 99, 424
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accuracy of, 26
exponent range, 26
ternary, 16
toy, 22-24, 28
underflow in, 22
wobble, 32
fluctuation of a random variable, 37
FORTRAN, 51, 64, 65, 92,97, 119
Fourier coefficients, 420, 422, 434, 603, 690
approximate evaluation, 425
even function, 603
real-valued function, 603
Fourier series, see series, Fourier
Fourier sums, 209
Fourier transform, 676-678, 716, 717
discrete, 427, 433, 434
inverse, 427
fast, 428
inversion formula, 677, 678, 717
fractional part of a number, 4
fractions, 66
frequency modulation, 694
Fréchet space, 594, 614
Fréchet, Maurice, 532
functional analysis, 332
functionals, 570
antilinear, 333
bilinear, 353
boundary, 481
coordinate, 351, 459
linear, 332,477
and inner products, 455
annihilation of, 347
as a row vector, 333
continuous, 333
dot-product, 332
null, 333
range, 334
functions, 53, 55
bounded support, 546
compact support, 556
infinitely differentiable, 556
composite, 466
even, 603
Fourier, 403, 417, 581
discrete, 403
grating, 666
Helmbholtz, 697
jump discontinuity, 606, 607, 610, 613
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limit
differentiability, 574, 575
limit function
integral of, 574
odd, 604
orthogonal, 398
periodic extension, 428, 429
piecewise continuous, 606, 610, 613
piecewise smooth, 607
place-holder notation for, 55
rapidly decreasing, 536, 538, 566, 676, 678,
681
restriction of, 55
rotated, 156
sign, 300
support, 546
bounded, 546
compact, 536, 556
symmetry-adapted, 618, 619, 652
transformed, 156, 171
turning point, 703
value of, 55
fundamental theorem
affine geometry, 725
algebra, 89, 493, 526
linear algebra, 512

G-adapted functions, 619
G-set, 130, 132,133, 152, 155,157, 616, 618
orbit, 132, 133, 135, 148, 152
Galilean transformation, 729
Galois, Evariste, 121, 160, 186
Gaussian elimination, seelinear equations, Gaus-
sian elimination
Gell-Mann, Murray, 122
Gibbs’ phenomenon, 608, 610
in Fourier series, 608
in Legendre series, 613
in orthogonal series, 613
global symmetry, 688
Gram-Schmidt construction, 394, 397, 398, 403,
405, 406, 496, 497, 597, 598, 610
Gramian, 375
great orthogonality theorem, 635
greatest lower bound, see set, infimum
group representations, 616
carrier space, 157,172,192, 616, 617, 622
SO(2), 648
character, 624
tables, 642
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characters
orthogonality relations, 636
product relation, 638
class-sum matrices, 638
equivalent, 623
faithful, 157, 616
finite-dimensional, 630
fully reducible, 641
G-invariant subspace, 622, 626, 640
proper, 622
identity representation, 154
infinite-dimensional, 630
irreducible, 155, 619, 622
SO(2), 648
character, 624, 625
finite Abelian group, 638
number of, 636
irreducible characters
D3, 625
product relation, 638
irreducible components of, 641
Kronecker product
characters, 644
matrix, 121, 122, 154, 616, 617
dimension, 616
n-dimensional, 154
operator representation, 155,156,171,173,
618
partner function, 619, 628
partner space, 619
property, 618
reducible, 621
character, 642
symmetric group
sign, 172,173
unitary, 630, 631
reduction of, 640

groups, 121, 122, 618

Abelian, 125, 126, 141, 149, 160, 163, 175,
185, 187,188, 193

additive, 123, 124, 126, 175

vectors, 124

alternating, 173

associative law, 123, 126

associativity axiom, 123

axioms, 122

C», 123,127,128, 135, 142, 148, 154, 164

Cs3, 135, 142, 148, 187

Cs4, 139, 148

INDEX

Cg, 164
cancellation law, 127, 178, 181
character, see group representation, char-
acter
class, 148, 174, 636
closure axiom, 122
Cp, 137,138
commutative, see group, Abelian
compact, 145
conjugacy class, see class
conjugacy mapping, 132, 175, 638
continuous, 143, 144, 688
coset, 133, 134, 161, 164, 172
identity, 161
left, 133, 134
multiplication, 161
right, 133, 134
vector subspace, 133, 202
cubic, 143
cyclic, 136, 138, 141, 151, 169
infinite, 136, 143
D>, 141, 148, 151, 163, 168, 171
D3, 142, 148, 151, 155, 160, 161, 164, 168,
172
Dy, 143,152
dihedral, 141, 151
direct product, 162, 163
direct factors, 162
Dy, 142
elements
conjugacy of, 147, 148
conjugate, 147, 625
order of, 137
powers, 135, 151
finite, 123, 630
four-element, 138
G/H, 161
generators, 128, 137
homomorphism, 152-154, 156, 157, 161,
164, 167, 617
identity, 153
kernel, 158, 160, 161, 164, 183
homomorphism law, 153, 157, 171, 617,
618
identity, 123, 126, 130, 175
axiom, 123
left or right, 123, 126
multiplicative, 175
uniqueness of, 127
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infinite, 123
cyclic, 136
inner product, 633
inverse, 123
additive, 124, 182
axiom, 123
left or right, 123, 126
multiplicative, 177
of product, 127
uniqueness, 127
isomorphism, 157, 158, 164, 167
multiples of n, 76, 124
multiplication table, 127,128, 135, 139, 141,
142,151,152, 164
multiplicative, 123
non-Abelian, 125, 142, 160
nonassociative function, 126
numerical, 123
octahedral, 123, 143, 144, 148, 149, 162
of a polynomial, 171
one-element, 123
order of, 123
parity, 128
permutation, 166
cyclic subgroup, 169
quotient group, 160, 161
rearrangement theorem, 167, 174, 630, 634
rotation, 145
S3, 160, 168,172
S4, 168
Sn, 160, 166, 168,171, 172
subgroup, 129,130,134, 151, 152,160, 161,
202
cyclic, 169
identity, 130
invariant, 160
normal, 158, 160, 161,163,164,172,173,
684, 729
normal, Abelian, 685
proper, 129
rotational, 683
symmetric, 160, 164, 166, 167, 629
tetrahedral, 143, 148
three-element, 135, 188
translation, 202, 203, 723
discrete, 662
eigenfunctions, 672
in Euclidean n-space, 673
invariance of a norm, 534-537, 539
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matrix realization of, 278

of R, 669

of a set of vectors, 203

of a vector space, 203

on a vector space, 203
two-element, 123, 127, 128, 154, 155, 163
V (Vierergruppe), 139, 151, 164
Vierergruppe, 141, 151

Gruppenpest, 121

Hamilton’s equation, 205

Hamming distance, 533

Hankel transform, 717
inversion formula, 718

harmonic oscillator, 191
quantum-mechanical, 265, 269

Heisenberg, W., 232

Helmholtz equation, 191, 192, 674, 686, 702,
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homogeneous, 191, 192
inhomogeneous, 688
n-dimensional, 726
symmetries of, 687

Hilbert space, 595, 709
complete orthonormal set, 597
separable, 532, 541, 549, 595, 597
subspace, 595

Hilbert’s hotel, 81, 286

Hilbert, David, 76

homogeneity, 248

Hubble Space Telescope, 1

hyperboloid, 502

hyperellipsoid, 499, 502

hyperplane, 226

ideal, see ring, ideal
identical particles, 62, 628
occupancy of a state, 62
IEEE-754, see floating-point representation, IEEE-
754
if and only if, 50
image under a mapping, see mapping, image
implication, 50-52, 72
impulse, 217
response, 289, 682
unit, 217, 288, 289
independence of orthogonality and complemen-
tarity, 416
induction, see finite induction
Inf, see floating-point number, Inf
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initial conditions, 107, 109, 114, 120 pseudo-orthonormal basis, 392, 730
initial-value problem, 106 pseudo-unit vectors, 732
inner product, 367, 476, 631 pseudo-unitary, 378, 392, 490, 495, 730
as a linear functional, 477 real, 368
axioms, 367 instantaneous frequency, 694
bilinear, 368 integer part of a number, 4
canonical ceiling function, 4
C, 369 floor function, 4
cn, 370 integers, 3, 52, 76, 81
cnm 371 congruence, 13
R™, 370 modulo n, 139, 140
R>xmM 371 even, 66
{2,376 modulo n, 139
eY, 376 addition, 140
L2, 377 modulo 2™, 13, 176
non-uniformly sampled functions, 378 odd, 66
uniformly sampled functions, 377, 403 positive, 72
Chebyshev polynomials, 401, 402 proper divisors of zero, 14
defined by a basis and a Gram matrix, 374 representations of
discrete, 377, 402, 404 base-f, 3, 14, 20
Chebyshev polynomials, 402 base-60, 15
functions, 377, 402, 404 biased, 12, 13
dot product, 370, 383, 389 positional, 3
Gram matrix, 388 Roman, 3
Hermitian, 368 sign-magnitude, 11, 12
in terms of covariant and contravariant com- signed, 13
ponents, 388 signed infinity, 23
indefinite, 374 two’s complement, 13, 14, 20, 30, 141,
matrix 176,178
Pauli, 371 unsigned, 8
notation, 369 unsigned, 4-bit, 9
Dirac, 465 integral domain, 178, 181, 184, 186, 189
dot product, 370 integral equation, 108
on the unit sphere, 398 interpolation, 351, 417
Pauli matrices, 371, 382 Lagrangian, 268, 351, 352, 584, 589
positive definite, 374 linear, 268
positive semi-definite, 374 polynomial, 296-298, 308, 350
positive-definite, 374 polynomial remainder term, 733, 735
positive-semidefinite, 374 spline, 268
relativistic, 378 interval, 77
sesquilinear, 368 closed, 77, 78, 547
signature, 499 open, 50, 71, 539
special relativity, 378 inverse matrix, see matrix, inverse
symmetric, 368 isosceles triangle, symmetry of, 130
weight function, 199 isospin, 232
Chebyshev, 401
inner-product space, 368 Jacobi-Anger expansion, 692, 694
complex, 368
pseudo-Euclidean, 378, 379, 392, 490, 730 Kahan, W., 96

kinetic energy, 501
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rotating rigid body, 374
Kronecker delta, 38, 226
Kronecker, Leopold, 76

Lagrange’s theorem, 134, 173, 187
Laplace’s equation, 106, 647, 686
law of cosines, 389

least squares, 41, 44, 381, 418, 419, 421, see
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special linear (SL(n,R) and SL(n,C)), 232
special orthogonal (SO (n)), 232

special unitary (SU (n)), 232, 619
SU(2),192, 383, 619

SU(3), 192

symplectic (Sp(n)), 232
translation-rotation, 683

unitary (U(n)), 232, 490

approximation, least squares, 521, 581
best-fit parameters, 522
design matrix, 521
linear, 521
normal equations, 45, 523
observation vector, 521
parameters, 521
residual vector, 522
singularity of, 523
using Chebyshev polynomials, 421
using monomials, 424

Lie, Sophus, 121

line, 226

linear dependence, 212, 213, 216
computational, 220
criterion for, 213, 217, 239
monomials, approximate, 589
test for, 213

linear equations, 193, 310
back-substitution, 237, 313, 317, 322
coefficient matrix, 310

nonsingular, 312

least upper bound, see set, supremum

least-squares fit, see approximation, least squares

Lebesgue integral, 199
length, 383, 443, 444

condition number, 517
forward-substitution, 322
Gaussian elimination, 230, 232, 234, 237,

in Euclidean or unitary space, 374

Lie groups, 121, 145, 630

compact, 630, 631, 698

density function, 648

E(2), 682

E(3), 192, 696

element continuously connected to the iden-

tity, 688

Euclidean, 192, 630, 682, 683, 696, 698
n-dimensional, 726
translational subgroup, 683

general linear group, 232, 278, 490, 617
conjugacy class, 280

GL(2,R), 124, 125, 143, 145

infinitesimal generator, 146, 147, 650

Lorentz, 630, 658, 698
inhomogeneous, 683

matrix, 124, 617
2 x2,124-126, 143, 145, 146, 151

noncompact, 145, 630, 698

orthogonal (O (n)), 232, 490

parametrization, 143-145

Poincaré, 249, 683, 698

semisimple, 684

SO(2,R), 144-146

SO(3,R), 144, 145, 148, 149
conjugacy class, 149

257, 258, 267, 307, 312, 314, 529
multiplier matrix, 314
operation count, 317, 322, 323
pivot, 233, 235, 312

homogeneous, 311
ill-conditioned system of, 307
inconsistent, 311

inverse problem, 267, 310, 514
overdetermined, 216, 311, 522
residual vector, 311, 519
solution vector, 310

system of, 202, 214, 216, 229, 236, 237,

255, 269, 307, 310
tridiagonal system, 529
underdetermined, 311
well-conditioned solution, 517

linear form, 332
linear independence, 211, 216
sinmx and cos mx, 213
linearly independent set, 218
monomials, 220
linear manifold, 595
linear mappings, 228, 248
adjoint
dyadic expansion, 484
linearity of, 483
null space, 484
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range, 484
adjoint of, 473, 476-478
as a mixed second-rank tensor, 358
characteristic equation, 493
column rank, 257, 476
column space, 253
complex numbers, 265
conjugate of, 473
consistent with vector norm, 448
deformation, 270, 492, 728
diagonalizability, 502
domain of, 250
dual of, 473
general
diagonalization, 504, 507
Hermitian, 485, 495
image of the unit sphere, 499
improper, 305
inhomogeneous, 249
inverse, 273
transpose of, 476
isometric, 487
finite-dimensional, 489
infinite-dimensional, 489
kernel, 271, 283
Kronecker product, 362, 364
matrix elements of, 250, 251, 358
Moore-Penrose inverse, 512
non-normal, 504
nonsingular, 271-273, 275, 550
norm, see norm, linear mapping
normal, 502
spectral decomposition, 504
null space, 283-285, 287, 511
basis, 511
linear differential operator, 286
linear functional, 334, 347
matrix, 511
nullity, 284, 285
Ak 294
matrix, 321
orientation-preserving, 305
orthogonal, 488, 689
product, 249
adjoint, 485
product of
rank, 260
transpose of, 474, 491
proper, 305
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pseudoinverse, 512
range, 252, 508, 511

basis, 258, 508, 511

basis of orthogonal complement, 509

isomorphic to complement of null space,
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projector, 513
range of, 250
rank, 252, 283

column, 251

row, 476
rank-deficient, 272
restriction, 264

to a subspace, 496
right inverses, 201, 327, 328
rotation, 238, 270

proper, 148
scalar multiple of, 197, 250
scalar multiplication, 248
secular equation, 493
self-adjoint, 486, 709
shear, 270, 492, 728
singular, 281, 286

visualization of, 282
spectral decomposition, 502, 504
spectrum, 494
sum of, 197, 249

transpose of, 474, 491
transpose of, 473

as a dyadic sum, 474

range, 475

relation to adjoint, 483
unitary, 488

adjoint, 489

eigenvalues, 504
vector space of, 249
visualization, 256

linear transformation, see linear mapping
linearity, 248, 332

Liouville’s formula, 228

list, 60, 213

in computer hardware and software, 60
sublist, 213
subscripted form of, 60, 61

loaf of bread, 540

logic circuit, 54

Lorentz group, see Lie groups, Lorentz

Lorentz transformation, 271, 489, 656, 723, 728

2-dimensional, 383
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as a unitary mapping on Minkowski space,
489
inhomogeneous, 249
matrix, 492
LU decomposition, 307, 317, 323,497, 529
Lyapunov exponent, 25

M test, 576
mantissa, 21
Maple®, 61
mapping
sampling, 267, 271, 583
mappings, 53, 77
additive, 228
alias, 435
antilinear, 248
approximation, 267
ASCII, 17
baker’s transformation, 47
bijective, 57, 59, 65, 67, 69
matrix representation, 59
codomain, 53, 54
compatible, 130
composite, 57-60, 67, 81, 466
continuous, 577
covariant to contravariant components, 460
discretization, 267
domain, 53
Fourier, 422
function to Fourier coefficients, 422
graph, 63
homogeneous, 228
identity, 58, 249, 616
image, 53
uniqueness, 55, 57
injective, 57, 72
inner-product, 455, 457, 459, 477
inverse, 459, 460, 464
interpolation, 267
inverse, 58-60, 62
inverse inner-product, 461
inversion of, 128
letters to digits, 54
many-to-one, 56
multilinear, 301
multivalued, 55
nonlinear, 249
one-to-many, 55
one-to-one, 56, 57, 72, 77,79
power-set, 56, 57, 61, 67

757

preimage, 62, 134, 183
open set, 579
range, 53, 54, 58
sampling
Chebyshev, 401, 402
surjection, 56, 57
surjective, 56
unitary, 504
finite-dimensional, 489
X into Y (Y¥X), 73, 74
matched filter, 682
Mathematica®, 45, 61, 91
matrices
addition, 197
compatible, 261
incompatible, 261
inner product of, 452
inverse of product of, 274
product of of, 125, 261, 262
similar, 276, 281
similarity of as an equivalence relation, 281
sum, 197
matrix, 196, 248, 253
adjoint, 478
in R™2*™M or C"2XM1 479
as a list of column vectors, 252
block-diagonal, 496
Cholesky decomposition, 520, 521, 632
column diagonally dominant, 516
column-orthonormality, 490
column-partitioned, 253, 281
companion, 91, 309
defective, 495
diagonal, 493
diagonal dominance, 516
and non-singularity, 517
diagonalization, 493
dimensions, 254
Dirac, 364
echelon, 312
eigenvalues, 91
elements of, 197, 251, 254, 394
notation, 197
product matrix, 260
product of two linear mappings, 260
expansions in dyads, 469, 470
exponential of, 146
full rank, 272
fundamental subspaces, 511
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Gauss transformation, 233, 234, 314
Gram, 372, 374, 381, 388, 455, 499, 631,
732
diagonalization of, 506
Hermitian, 485, 492
diagonalization, 495, 498
Hermitian adjoint, 479
R™2XM1 or CM2*™M 479
Hermitian adjoint of, 478
Hilbert, 424
identity, 124, 254, 273
ill-conditioned, 321
infinite-dimensional, 198
inverse, 125,178, 273
Jacobian, 688
LDL' decomposition, 519
left inverse, 274
lower-triangular, 312, 314, 317
nonsingular, 273, 274
norm, see norm, matrix
of eigenvectors, 498
of the transpose of a linear mapping, 474
orthogonal, 309, 684, 689
orthogonal expansion, 383
Pauli, 146, 221, 238, 382, 485, 490, 492,
505
permutation, 277, 278, 281, 310, 314
product
trace of, 299
transpose of, 261
product of two linear mappings, 259
pseudoinverse, 512
range, 253, 258, 511
rank, 321
inequality for, 256
rank-1
as dyad, 467
real orthogonal, 490
real symmetric, 486, 500
rotation, 492, 648
3-dimensional, 280
row diagonally dominant, 516
row space, 475
row-orthonormality, 490
scalar multiple of, 197
singular, 281, 287
square, 254
square root, 520
strictly row diagonally dominant, 516
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SVD of, 509
symmetric, 486, 495
trace of, 299
invariance under cyclic permutations, 299
transposed, 254, 475
inverse, 274
tridiagonal, 495, 529
2 X 2,485, 490, 492, 506
unit, see matrix, identity
unitary, 309, 490, 492, 510, 630
upper-triangular, 312, 317
Maxwell’s equations, 192
mean, 37, 40, 41, 43
estimates of, 41
memory
addressing, 8
byte, 8
word, 8
random-access, 7, 57, 61, 64, 65, 195
word, 7
method of variation of parameters, 227
metric, 206, 533
absolute-value, 533
axioms, 533
Fréchet, 536, 537
translation-invariant, 534, 594
trivial, 533, 543
metric of the future, 379
metric space, 206, 532, 533
complete, 206, 557, 594
incomplete, 594
inseparable, 549
point, 533
separable, 549, 550, 552, 597
Minkowski space, 378, 379, 383, 388, 393, 459,
465, 488, 489, 497, 673, 678, 683, 730
MIPS instruction set architecture, 11
module over a ring, 207
Monte Carlo integration, 100
multilinearity, 301, 303, 305
multiple root, see computation, root finding
multiset, 62

n-tuple, see set, ordered n-tuple
NaN, see floating-point number, NaN
natural embedding, 346

Ne’eman, Yuval, 122

negation, 50, 66

Nievergelt, Y., 530

normal modes, 222, 660, 711
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drumhead, 711

norms, 570

absolute-value, 444

Chebyshev, 446, 537, 582

dyad, 473

equivalent, 569

homogeneity, 535-539

homogeneity of, 444

induced by a vector norm, 448

inequivalent, 601

oo norm, 444

inner-product, 375, 389, 443, 444, 454, 535
dyad, 473

integral, 453

linear functional, 449

linear mapping, 446, 447
axioms, 448
homogeneity, 448
induced by a vector norm, 448
positive-definiteness, 448

matrix, 443, 450, 451
Frobenius, 452, 454

maximum norm, 444, 446, 535

modulus, 444

1 norm, 444

operator, 570

p norm, 450, 535
finite-dimensional, 445

positive-definiteness of, 444

supremum, 446, 453, 537
discrete, 536

triangle inequality for, 444

uniform, 537

vector, 443, 444, 448, 535
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194, 206
base-f floating-point representations of,
16

fixed-point representations of, 14
representations of, 2
base-$,4,5,8
binary representation, 5
floating-point, see floating-point represen-
tation
hexadecimal representation, 5
nybble, 7
octal representation, 5
positional notation, 4
radix, 3
numerical computation, see computation
Nyquist frequency, 432, 434-437

Q~ particle, 122
operator, 155, 171, 570
annihilation, see annihilation operator
Bessel, 491, 704
bounded, 570
Chebyshev, 491
commutator, 269
creation, see creation operator
differential
formally self-adjoint, 486, 491, 492, 704
Green, 328
Hamiltonian, 265, 269, 299, 619, 627, 628,
645, 663, 688
Helmholtz, 192, 515
raising and lowering, 701
Hermitian, 486
idempotent, 246

axioms, 444 identity, 138
table, 446 integral
null vector, see vector, zero kernel, 681

Laplacian, 515, 688, 702
lattice translation, 137

number field, see field
numbers, 2

complex, 63, 89, 185, 194, 216, 225
as two-dimensional vectors, 232
linear mapping of, 265
roots of unity, 139
integers, see integers
irrational, 186
natural, 56
powers of 2 and 16, table, 7
rational, 15, 66, 77, 78, 180, 181, 185, 206
real, 49, 53, 55, 56, 62, 78, 79, 82, 84, 185,

linear, 249, 266
lowering, 700
momentum, 205, 480, 671
adjoint, 481
number, 266
pointwise continuous, 578
position, 480
adjoint, 480
raising, 700
self-adjoint, 486
shift, 285, 286, 288, 293, 297, 298, 489
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adjoint, 480
shift-invariant, 680
continuous, 680
translation
discrete, 137
wave, 654, 661
orbit, see G-set
orbital angular momentum, 645
orthogonal projection, 386
on a subspace, 406, 407, 416, 581
projector, 386, 407, 409, 468, 469, 502-
504, 513, 514
matrix, 408, 415, 417
orthogonality
and linear independence, 215, 380
and linear independence in computation, 381
Bessel functions, 708, 709
characters over classes, 636
characters over representations, 637
definition of, 379
eigenvectors belonging to different eigen-
values of a Hermitian matrix, 497
of a vector to a set of vectors, 379
of Bessel functions, 709
relations for irreducible characters, 635
relations for matrix elements of represen-
tations, 633
vectors, 379
outer product of vectors, see vectors, outer prod-
uct

parallel projection, 222, 241
projector, 245
parallelepiped
defined by a set of vectors, 437
rectangular, 437
symmetries of, 142
parallelogram law, 391, 405, 535
parametrization of a set, see set, index
parity, 128, 129, 155, 539
even, 129
odd, 129
of a function, 129
Parseval’s equality, 601
Pascal triangle, 81
permutation symmetry
determinant, 302
energy eigenfunctions, 629
permutations, 164-167, 169, 170
cyclic, 168-170
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disjoint, 170
m-cycle, 169
1-cycle, 169
three-cycle, 169
disjoint cyclic, 169, 170
even, 173
even or odd, 170
identity, 166
inverse, 166
odd, 173, 300
product, 166
sign, 172,173
transposition, 169, 172, 174
adjacent, 169, 174
plan projection, 406
Poisson sum formula, 679
polarization identity, 392
polynomials, 171
Bernoulli, 295
Chebyshev, 75, 210, 400, 402, 586-590
discrete orthogonality, 402
formula, 400
orthogonality, 401, 402
Lagrange, 352
Legendre, 210, 397,403, 416, 568, 569, 686
recurrence relation, 611
orthogonal, 397, 399, 610
on a finite set, 400
parity, 400, 404
rational coefficients, 550
repeated root, 89
multiplicity, 89
PostScript™, 279
current transformation matrix, 279
PowerPC instruction set architecture, 11
principal-axis theorem, 499-501
principle of finite induction, see finite induction
problem of moments, 307
projection operator, see projector
projector, 468, 469, 487, 502-504, 513
adjoint, 487
idempotent, 409, 416, 417
on orthogonal complement, 414
orthogonal, 466, 487, 513
transpose of, 487
proof by induction, see finite induction
pseudo-Euclidean space, see inner-product space,
pseudo-Euclidean
pseudo-unitary space, see inner-product space,
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pseudo-unitary
Pythagorean theorem, 206, 367, 383-386, 390,
391, 394, 418, 443, 600
generalized, 385, 386, 393

QR decomposition, 397
quadratic form, 367
coefficient matrix, 501
Hermitian, 368
homogeneous, 499
positive-definite, 500
semidefinite, 500
signature, 500
symmetric, 368
quadratic formula, 36, 91
quantifier, 50
existential, 50
universal, 50
quantum mechanics, 191
linearity of, 191
matrix mechanics, 232
wave function, 192, 200
wave mechanics, 232
quantum system, 196
discrete, 196, 198, 222, 265, 370, 497
energy eigenstates, 222, 619
partition function of, 299
probability amplitude, 196, 371
probability of finding state X given state 7y,
371
state vector, 196, 198, 370
normalization, 196, 200, 371
two-level, 119
quaternion, 221, 238
quotient space, 239, 240

Racah, Giulio, 121
radix, see numbers, representations of
rank-nullity theorem, 321, 327, 512, 551
reciprocal basis, 341, 344, 460
reciprocal lattice, 344, 459
recurrence relation, 74, 75
Bessel functions, 698
initial conditions, 75
initial value, 75
Legendre polynomials, 398
three-term, 75, 398, 399
two-term, 75, 109
recursion, 74, 75, 92, 93, 95
reducible representation, 622, 629, 640
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relative complement, see set, relative comple-
ment
resolution of the identity mapping, 471, 472
using biorthogonal bases, 472
using dyads, 472
Riemann integral, 100, 199, 331
Riemann-Lebesgue lemma, 602
Riesz representation theorem, 456
Riesz-Fischer theorem, 422
ring, 175, 184
axioms, 175
characteristic, 179, 183
characteristic of, 206
commutative, 177, 178, 184
homomorphism, 181-184
kernel, 183, 184
ideal, 183
left, 183
right, 183
integers, 175, 178, 184, 207
modulo 2™, 176, 178
modulo n, 176
isomorphism, 182
polynomials, 177, 184
real m X m matrices, 177
subring, 177, 182
unit element, 175, 177,179, 181, 182, 184
rotating rigid body, kinetic energy of, 374
rotation, 728

saltus, 607
sampled values, 64, 196
cosine basis, 392
Fourier basis, 403, 426, 437
of a function, 100
vector of, 196, 198, 217, 267
sampling, 100
frequency, 431, 432, 436
interval, 105, 198
points, 100, 102, 103, 105, 267, 288, 583
theorem, 436
uniform, 100, 103, 267, 271, 377,403, 425,
430
scalar, 194
scalar product, see inner product
scattering amplitude, 568
Schrodinger equation, 119, 191
Schur’s lemma, 623, 625, 629, 634
matrix form, 627
Schwarz inequality, 387
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numerical, 560
conditional convergence, 564
orthogonal, 599, 600
uniqueness, 602

selection rules, 153, 635

sensitivity, see computation, condition number
separation of variables, 686

sequence, 56, 73, 74, 77-79

bounded, 557

Cauchy, 556, 594, 597
convergent, 206, 554
divergent, 554

finite, 197, 549

limit, 554

lower limit, 555

monotonic, 558
monotonically decreasing, 558
monotonically increasing, 558, 566
numerical, 559

operator, 571

partial sum, 75, 561

partial-wave, 568, 569

power, 577, 589, 591
Bessel functions, 713
economized, 591, 592
truncated, 591

radius of convergence, 715

ratio test, 563

rearrangement, 564

root test, 562

sequence of partial sums, 561, 601

sine, 97, 592, 604

sifting the terms, 553 sum of, 561
subsequence, 553, 555 vector, 567
terms, 73 comparison test, 568
upper limit, 555 set theory, 47

sequence space, see vector space, sequence space sets, 47, 49

series, 75, 561 all sets, 52, 67

alternating, 563
Bessel, 563
Cauchy’s theorem, 564
Chebyshev, 612, 615
convergence, 561
comparison test, 561
convergent, 95, 561
cosine, 604, 614
divergent, 561
comparison test, 562
exponential, 98, 566, 577
Fourier, 420, 600, 603, 605, 610, 615, 650,
653, 660, 677, 690
cosine, 604, 614
fundamental frequency, 660
piecewise continuous function, 610
practical aspects, 603
sine, 604
Fourier-Bessel, 704, 709, 710
functional, 575
comparison test for uniform convergence,
576
geometric, 561-563
harmonic, 565
infinite, 561
interleaved, 563
Legendre, 611

at most countable, 76
axiom of choice, 62, 76
axiom of extension, 51
axiom of specification, 49
boundary, 548
bounded, 557
bounded above, 83
Cantor, 48, 79, 85, 533, 552
Cartesian product, 63, 64, 80, 162
associative law, 63
closed, 544
intersection of, 545
union of, 546
closure of, 122, 175, 546
collection of, 52
compactness
countable, 555
sequential, 555
complement, see set, relative complement
complex numbers, see complex numbers,
63
consecutive integers, 50
countable, 76-79
countable intersection, 78
countable union, 78, 549
countably compact, 555
dense, 477, 548
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dense subset, 550
denumerable, see set, countable
element of, 47, 49
empty, 51, 52
equality, 51
equivalent, 65, 67, 72, 79, 80
everywhere dense, 548

nonsingular linear mappings, 550

uncountable, 549
exterior, 548
finite, 57, 72, 76
greatest lower bound, 83
inclusion, 51, 52
inclusion of, 51
incomparable, 51
index, 69-71
infimum, 83-85, 582
infinite, 72, 76, 77
integers, see integers, 52
interior, 540
interior point, 540
intersection of, 69-71
limit point, 544
lower bound, 83
mappings of X into Y (Y¥X), 56, 73
natural numbers, 52
neighborhood, 539
number of elements of, 49
open, 539, 540

intersection of, 541

union of, 540
order, 57
order of, 49
ordered, 83, 84
ordered n-tuple, 63
ordered pair, 62, 63, 77, 84

components, 63
ordered triplet, 63
partially ordered, 82, 83
perfect, 552
poset, 82
positive integers, 52
positive multiples of n, 72
power set, 52, 56
proper inclusion, 52
proper subset, 52, 72, 76-78, 82
rational numbers

see numbers, rational, 66
real numbers, see numbers, real
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relative complement, 70, 71
sequentially compact, 555, 579, 580
singleton, 49
specification of, 49, 50
subset, 51, 70-72, 76, 82
bounded, 83
improper, 51
superset, 51
supremum, 83-85, 546
symmetric difference, 70
totally ordered, 83
uncountable, 76-79
union, 68, 71
associative law, 68
universe of elements, 49, 51
upper bound, 83
sign bit, 13
signal, 196, 198
discrete-time, 217
space, 427
signed integer, see integers, representations of,
signed
significant digits, 4
similarity transformation, 276, 281, 624
simple harmonic motion, 191
sine integral, 610
singular value decomposition, 471, 507, 510,
689
left singular vectors, 509
matrix, 509
right singular vectors, 508
singular values, 509
space-like vector, 379
span of a set of vectors, 201, 214, 220, 234
dimension, 234
special functions, 153, 201, 377, 397, 515, 686,
687
addition theorems, 687, 695
as matrix elements, 687
specification, see set, specification of
sphere
closed, 547
open, 539, 540
spin angular momentum, 232, 645
standard deviation, 37, 41, 44
estimates of, 41
mean, 40
product or quotient, 40
relative, 38
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sum or difference, 40
Standard Model, 122
Stirling numbers of the second kind, 529
stride in memory, 262, 263
Sturm-Liouville differential equations, 200, 201,

210, 218, 227, 238, 701

Sturm-Liouville differential operator, 482

adjoint, 481, 482

solution space, 227

dimension, 228

sum of sets, see sets, union
summation convention, 224
supermatrix, 644
superposition principle, 193
SVD, see singular value decomposition
Sylvester’s law of nullity, 287
symmetry principles in physics, 192

tangent space, 688
tensor, 352, 353
antisymmetric, 362
second-rank, 354
components, 356
transformation of, 364
contravariant, 354
rank m, 361
second-rank, 354
covariant, 354
second-rank, 354
metric, 372, 373, 465, 535
3-d Euclidean basis, 372
special relativity, 378
spherical polar coordinates, 373
mixed, 355
second-rank, 355
moment-of-inertia, 374, 500
outer product, 359, 362
rank m, 361
symmetric, 362
second-rank, 354
tensor product space, 353, 358, 644
basis, 359
tensor power, 362
Thomas algorithm, 529
time inversion, 128
transfer function, 627, 665, 666, 668, 682
continuous-time, 681
discrete-time, 665
ratio, 668
transform space, 427, 677
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triangle inequality, 390, 536
metric, 533
norm of a linear mapping, 448
two’s complement, seeintegers, representations
of, two’s complement

unsigned integers, 8

variance, 37, 44
of estimated mean, 42
vector addition, see vectors, addition
vector complement, see vector space, subspaces,
complementary
vector field, 355
vector isomorphism, see vector spaces, isomor-
phism of
vector norms, see norm, vector
vector spaces, 189, 191-195, 203, 248, 618
additive inverse in, 194
affine group of, 723, 726
algebraic dual, 333
attachment to an affine space, 204
automorphism, 232, 238, 275
Banach, see Banach space
basis, see basis
bounded sequences, 197
characterization, 231
codimension, 240
column vectors, 216, 244, 370, 595
complex, 194, 209
complex numbers, 194, 216, 244, 265, 369,
595
complexification of, 194
conjugate space, 333
continuous functions, 199, 227
continuously differentiable functions, 199,
209, 217
convergent sequences, 197, 210
differentiable functions, 217, 266
dimension, 223
direct sum, 163, 242, 264, 621, 641, 642
direct summands, 242
of linear mappings, 264
dual of, 207, 333, 456, 462
FZ", 349
complex numbers, 349
inner product, 462
Euclidean, 374, 390-392, 394,410, 456, 459,
478, 551
E™, 370
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finite sequences, 210
finite-dimensional, 223, 232
finitely spanned, 214, 222
Fréchet, see Fréchet space
function, 618
Hilbert, see Hilbert space
infinite-dimensional
basis, 226
intersection of, 208
isomorphism to second dual, 345
isomorphisms of, 228, 229, 231-233, 238,
249, 272,617
composition of, 230
product, 230, 239
2,198, 226, 232, 265, 285, 376, 489, 492,
504, 505
linear mappings of, 265, 285, 286
v, 198, 226, 265, 285, 286, 537, 596
£2,199, 205, 227, 232, 266, 354, 597, 605,
610, 611
LP, 550
matrix space, 197, 217, 245, 371, 595
metric, 534
complete, 594
normed, 444, 534, 535, 567
not normable, 535
null sequences, 197, 210
over a finite field, 206
parallel subsets, 203, 211
proper subspace
characterization of, 201
dimension, 224
R2, 124, 195
R-module, 207, 225
rapidly decreasing functions, 538
real, 194
complex extension of, 194, 356
second dual, 334
sequence space, 197, 217, 226, 376, 536,
596
all sequences, 197
square-integrable functions, 199, 232
subspaces, 200, 201, 239
basis, 201, 202
characterization of, 201, 413
complementary, 239-243, 410, 411
generators of, 201
invariant, 263, 494, 503, 622
orthogonal complement, 202, 409, 410,
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412,413,417, 464, 495
proper, 201
supplement, 241
topological dual of, 334
union of, 208
unitary, 374, 391, 392, 394, 410, 456, 459,
463, 478, 495, 551
unitary n-space, 370, 631

vectors, 193

addition, 193
bra, 207, 458, 467
column, 124, 195, 216, 226
components
contravariant, 222, 251
contravariant, transformation under a ba-
sis change, 389
covariant, mapping to contravariant, 461
relation between covariant and contravari-
ant components, 388
transformation of covariant components
under a change of basis, 389
coordinate expansion, 222
covariant components, 387
cross product, 219, 269
as matrix product, 269
relations, 219
displacement, 195, 203
ket, 458, 467
length, 443
light-like, 379
linear combination
finite, 205
infinite, 205
linearly dependent set, 212, 218, 224, 233
in 3-dimensional space, 219
over Z», 220
linearly independent set, 212, 213, 215, 216,
233,239
extension to a basis, 224
mutually orthogonal, 380, 385
notation, 207
orthogonal, 379
orthogonal expansion, 381, 411
outer product, 466
perpendicular, 379
real
two-dimensional, 124
reflection in a line, 387
scalar multiplication, 194
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storage in memory, 195

unit, 386

zero, 124, 194, 201, 205, 209
Venn diagram, 69, 70
vibrations of a drumhead, 711
volume

as a determinant, 438

expansion factor, 441

m-dimensional, 437

m-parallelepiped, 438
von Laue conditions, 343, 344

wave
localized, 546
phase velocity, 653, 656
plane, 672, 678, 688, 690
Fourier expansion, 690
Fourier series, 692
square, 606
wave equation, 653, 674, 711
canonical form, 657
canonical variables, 657
d’Alembert’s solution, 657
domain of dependence, 659
form invariance of, 653
under Lorentz transformations, 656
under translations, 656
inhomogeneous, 266
one-dimensional, 653, 661
one-way, 657
vibrating string, 653
Weierstral3, Karl, 577
well-ordering principle, 74, 77, 598
Wigner, Eugene P., 121
word, computer, 195
Wronskian, 217, 218, 227
of n functions, 218

x" in terms of Chebyshev polynomials, 401

zeta function, 565
Zorn’s lemma, 84, 223





