TSPE EE 4301 Exam 1 Review: Vector Calculus Page 1
Notes Prepared by Mark N. Gamadia

Prove Green’s Theorem:

d—z f(Xid)
f(ay) A i(b,y)
\ 4
c (e

b
The total line integral of f (x,y) around the chosen path in the x-y plane is the sum of the line integral of

f (x,y) around the chosen path with respect to x and the line integral of f (x,y) around the chosen path
with respect to y :

(O (x,y)dx +f(x,y)dyp=[of (x,y)dx + @f (x,y)dy

o

b

@f(x,y)dx:(‘j‘(x,c)dx +E‘j‘(x,d)dx of (x,c)dx - ¢F (x,d)dx

d

of (x,y)dy = of(by)dy+o‘(ay) y = ¢f (b, y)dy - o‘(ay)

a

:a(‘j‘(x ,c)- f(x,d)dx

¢ 9‘( y)- f(ay)dy

C
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From Calculus, the two line integrals can be written as:

b

bd

t()‘Id)1mdydx =¢f (b.y)- f(ay)dy

ac ﬂx c

=P QY

Therefore,

O (x,y)dx +f(x,y)dyp=[0f (x.y)dx +[pf (x, y)dy :Z‘)f(x,c)- f(x,d)dx+dc‘j‘(b,y)- f(ay)dy

- of (x.d) - f(x,c)dx+jc‘j‘(b,y)- f(ay)dy

a

bd bd
=-00———d Al (ﬂ);y) ydx + O)—e——d If (%) ydx

ac ac ﬂx
°AeTf (x,y)  TF (x,y)d
= A - ‘dvd
995 fix iy aLdy )

OF (X, y)dx +f (x,y)dyy= G@fl.f - 1,fgdA
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Prove the Divergence Theorem:
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The total flux of and arbitrary vector field V(x Y, Z ) emanating out of the closed box can be written as:
@vms = OV[PldA

total

Expanding the vector flux integral into its |nd|V|duaI components

F i = SOVALYOIXDZ + V- )dxdzu+ eOV kdydz + OV (- %) dydzg+ avs zeixdy + o - )dxd v
& 2 0 & & 1]
Evaluate the vector field V on each surface:

[

('jl'J'
Vi(xy.z) P gx Yo * Dy Z 5
gymtegratlon with respect to x and z

Vv, (x,y,2) PV, féex,yO = 22

2 @
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Vv, (x,y,z) P v3a§<0+%,y,22}‘
& 2 2 . . :
“yintegration with respect to y and z
V,(x,y,z)p V & - DX Y, -~
4 48 0 2 Qb
Dzou
V, (x,y,z) P gx Yozt
yintegration with respect to y and x
V, (x,y,z) PV, aex,y, Z, - ES‘:
& 2 %
Take Pairs 1 and 2 and Taylor Expand them:
.. .. .2
Va;(, +E,29:V X, Ve, Z)+T.VI(X,¥Y,, 2 @9+ °V(x,vy,,z @9 + smaller terms
1Yot 2= V(XY Z) £ TV (%Yo, 2) e+ TV (Yo, 2) e
.. .. .2
Va%g -E,zgzv X, Ve, Z)+ 1. VI(X,¥,, a§&9+ °V(x,vy,,z 8@&9 + smaller terms
2 Yo 5 22= V(%Yo 2) H IV (%Yo, 2) & Tt TV (%Yo, 2) ¢ s
Subtract 2 from 1, because in the integral we have a (V, - V,)y term:
& Dy _o6 & Dy _6 aby 6 aby 6
V, X, Yo +—,Z2=-V, X, ¥, - —,Z==I VX, ¥y, Z)c— =+ VX, ¥y Z)o—= = X, Y,
18Xyo > Zﬁ 28 Yo 2 p ﬂy ( Yo )82ﬂ ﬂy ( Yo )82g ﬂy ( Yo )Dy

Now let Dy become infinitesimal:

. é s
lim évlaex,y0 +&,zg- V28[§<,y0 - &
oo gt g 2" & 2

Similarly, we obtain for the other pairs:

Dx ) R

éf(réno 8x +—Y, 29 48x0 - =Y, z%— lim &1,V (X, Y, 2) Dxf = 1,V (%, Y, z) dx
Dz 6 L .

Ilyg@rl) 8X y Z t— T- 8 ZO - 7%,: é!lg@r})g-[zv(x’y’ZO)DZH:ﬂzv(xs ys ZO)dZ
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Plugging back into the original flux integral:

Page 5

=<3

dyme\/lgx y0+— z ng yo-% z%dxdz+ql7xme\/3gx +z .Y, z 4gx0 7 Y. Z: dydz+dzme\/5gxy z, +%g- ngx,y,zo- %%dydx

V[ds = Vdydxdz + o), Vdxdydz + ¢y, Vdzdydx
ofly o ol

total

total

@V[ds = O‘ﬂ V+IV+ ,Vdxdydz

total - @V[ds = dﬂx + ﬂy + ﬂz )D\/dXdde

@vuds = d\ID\/dV

total
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Prove Stokes’ Theorem:

The line integral of an arbitrary vector field V(x, Y, z) around the defined closed loop in the x-y plane can
be expanded into its individual components:

vl = g@vlt(- X)dx + oV [&dxu+ eoV ydy + o, {-¥)dye
c €1

Evaluate the vector field on the line segments:

C>C c

V, (x,y.z) P gx Yo + Dy i gju

Dy gymtegratlon with respect to x

> "5
& Dx ou

V, (%, y,2) PV, g%o Y 2o

e integration with respect to y

y

Dx
V,(x,y,z)p V4§ex0 - 7,y,zog'.

o

vV, (x,y,z) P 8x Yo -
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Taylor Expand Pair 1 and 2:
.. .. .2
V, a§<,yo + % A V (X, ¥:2Z5) + 1,V (X, Yo Zo)@2+ T2V (X, Yo zo)gﬂS +smaller terms
[%]
e

'& "5 §€2 5 2
Dy  6_ & Dy o Dy &
vV, ?é\%(,yO - 7,205—V(x,yo,zo)+‘ﬂyV(x,yo,z)8- 75+ TV (X, Yo )8 ey + smaller terms
Subtract 1 from 2 because we have a (V, - V,)x term in the integral:

x 0 & o)
Vv, 8X’y0 B %’ ZOE- V18X,y0 +%,Zoa: 'ﬂyVDy

Now letting Dy become infinitesimal, we shrink the line segments so that V b V_, i.e. the vector field
becomes the x-component of the vector field in the limit as Dy approaches O:

Dy Jo6 ,, & Dy _ &i_
I!lyr<'®no 8x Yo - 5 ,zoa- Vlgx,yO +7, zo%— -1,V dy
Similarly, we obtain for Pair 3 and 4:
- Dx Dx
.!i’énogvsgxﬁ Y, z_ 48 Y, z% 1.V, dx
Plugging these back into the original line integral.
[ovidl = & 1,V,dydx + g1, V, dxdy
C
VLl = §1,V, - 1.V, ) dxdy
C

@Vl = gR - V), (zdxdy
C

oVl = (N~ V)ndA
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Physical Interpretation of the Divergence Theorem:

OVds = Novdv
S \

The total outward flux of the vector field V emanating from a closed surface is equal to the sum of the
contributions of all the point sources (of flux) in the volume enclosed by the surface. Think of NV as a
measurement of the source or sink of the vector field. Recall from Advanced Engineering Math that if
NIV = 0, then we call V “incompressible.”

Physical Interpretation of Stoke’s Theorem:

oVl = [¢(N” V)ds

S

The total circulation of the vector field V around a closed contour C is equal to the sum of the
contributions of all the point sources (of vector rotation) on the surface area bounded by the contour C.
Think of N” V as a measurement of the rotational properties of the vector field V. Recall from Advanced
Engineering Math that if N~ V =0, then we call V “irrotational.”

You will see the power of these theorems later on in Emag when we take Maxwell’s Equations from the
familiar Integral Form to “Point Form.”
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Curves and Surfaces:
Curves can be parameterized by a single variable, for instance, t. Curves can sit inside 0%,0°%...,0". If

the curve is ", then the parameterization will read as x =a,(t),x, =a,(t),...,x, =4, (t) for specific functions

a,(t),a,(t).....a,(t). We can then form the parametric representation r(t) = (a, (t),a,(t),a,(t),....a,(t)).

The tangent to the curve then becomes r({t).

Likewise, surfaces can be parameterized by two variables s and t. Surfaces can sit inside 020°%...,0". A
surface inside [ " can be parameterized by n functions: x =a(st),x, =a,(st)...,x, =a,(st). We can then

form the parametric representation r(s,t) = (a (s,t).a, (s,t),a(s.t).....a,(s.t)).

Since there are two variables, there are two tangents to the surface given by f.r(s,t) and 1,r(s,t).

The normal to the surface is simply the cross product of these two tangents: n = f,r(s,t)” T.r(s,t)

Parameterization of Commonly Used Curves:
1. Circlein 0?2
Let r(t) = (r cos(t),r sin(t)), where the radius r is fixed and the parameter t varies as ti [0,2p].

2. Circle in °
Let r(t) = (r cos(t),rsin(t),c) where the radius r is fixed, t varies as ti [0,2p], and ¢ is some constant

that indicates the z-plane in which the circle sits.

3. Helix
Let r(t) = (r cos(t),rsin(t),t) for tT [0,2p].
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4. Ellipse in [J?
Let r(t) = (acos (t),bsin(t)) for tT [0,20], where a and b are the constants in the equation of the

2

2
. X
ellipse: —2+y—2: :
a b

5. Parabola
Let r(t) = (t,tz) for tT [-¥,¥].

6. Straight line in U ? between an initial point (a,b) and a final point (a,b)
Let r(t) = (a+t(a -a),b+t(b - b)) for tT [0,]].

7. Triangles, Squares, etc.
Use 6 to parameterize each side of the object.

8. Straight line through an initial point (a,b,c) and a final point (a,b,g)
Let r(t) = (a+t(a -a),b+t(b - b),c+t(g- c)) for tT [0,]].
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Parameterizations of Commonly Used Surfaces:
1. Graph of a function f (xy) of 2 variables.

Let r(s,t) = (s,t,f (s,t))

2. Cylinder
Let r(s,t) = (rcos(s),rsin(s),t) for sT @,2pgand ti ¢€,Lg.

x=cos{s), y=sin{s), z=t
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3. Cone of vertex (0,0,0) and axis of symmetry, the z-axis
Let r(s,t) = (scos(t),ssin(t),s) for s2 0 and t1 €,2pp

¥=5cosl), y=5snl)z=5

12
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4. Sphere of radius r, centered at (0,0,0)
r(s.t) =(rcos(f)sin(q),rsin(f )sin(a).rcos(qa)) for q i ¢.pg. f 1 .20

¥ = cosis) sinl), y = sin(s) sinit), z = cos(t)

0.5
i q.] S
| iy
d |
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X e
= e = E:I
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1 B 1
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Q1. Find the curl of X3 +y?j+Zk . What does the result say about the vector field?

Since the curl is the zero vector, we know that the vector field is conservative. This means that the vector

field is actually the gradient of some scalar potential function. We can find this scalar potential function
systematically:

F = Nf
i+ yie k=M 0L W
™>x v 9z
" _ 1
— = l f y Yy :_XS ’
Waxt t(uy2) =30 +o(x.2)
f _ 99 2 1 1., 1
— == =y Z)==vy’+h(z); f(xvy,z)==x>+=y°+h(z
ﬂyﬂyyg(y)sys()(y)ssys()
ﬂ—@: 2. :E 3 :
2" dr Z; h(z) 3z +C:

Thus, the scalar potential function is simply:

f(x,y,z)::—3Lx3+?13y3+%z3+C
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Q2. What are the distance and unit direction vector between the points (3,0, 4)Cylindrical and
(5.p/2,3p/2) 7

spherical

Convert all vectors to Cartesian coordinates first!
(r.f,z)=(3,0,4)p (3,0,4)

X = rcos(f ) = 3cos(0)
= rsin(f _) = 3sin(0)

cart

(r.a.t)=(5.p/2,3p/2) P (0,-5,0),
x =r cos(f)sin(q) =5cos(3p/2)sin(p/2) =
y =r sin(f )sin(q) =5sin(3p/2)sin(p/2) =-
z = cos(f ) =5cos(3p/2) =

Distance is the norm of the difference between the two Cartesian vectors:
(3,0,4) - (0,-5, o)cart = (3.5, 4)

(3.5,4) =9 +25 +16 =+/50

cart

Unit direction vector is simply the difference vector divided by its length:
(3,5, 4)

V50
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