Signal Spaces
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Algebra and Geometry of Signals

Signalscan be best understad via vecta spaceanalysis

There are two aspectsto vecta spaces

{ Algelra

{ Geometry/Topology

Algelra dealswith

{ how to add, subtract, and multiply signals
{ computationalcomplexiy

{ numericalstability

Geometrygivesus the broad overviewand intuition behind
algaithms

Topologyis neededio de ne convergencelimits, etc.
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Algebra and Geometry of Signals (2)

We havealreadyintroducedthe algelya of vecta spaces..
. and we will continueto developit in this section

Geometryhastwo ideasbuilt into it:

{ lines,surfacesyolumes(requiresa metric or measure)

{ Angles(requiresinner product or dot product)

In the following we shall give you the tools to understandthe
algelya and geometryof signals.
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Need for Topology

Recallthat in calculuswe leaned about limits and continuity
This led us to understandintegration, di erentiation etc.
In turn leadingto many usefulengineeringconcepts.

Recallthat in de ning limits, we usedthe notion of smallintervals
and their length

We now wishto dealwith signalsas units of operation, insteadof
real numbers.

Sowe will now generalizanterval lengthsto metricsand intervals
to ballsor spheres
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Metrics and Metric Spaces

Metric: Take anysetX’. A metricis a functiond: X x X — R such
that for any x;y;z € X

e d(x;y) = d(y;x)

e d(x;y) >0

e d(x;y)=0i x=y

e d(x;z) < d(x;y) + d(y;2)
Metric Space: is any set X’ togetherwith a valid metric d on it.
Examples:

1. R" with metric d(x;y) = i Xi — Vil

2. R" with metricd(x;y) = i (Xi —Vi)? =

3. R" with metricd(x;y) = i i —yip P
4. R" with the Hammingdistance
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More on Metric Spaces

Note: A metric spaceneednot be a vecta space

Question: What is wrong with eachof the following if we wereto use
them as a metric? Why?

Lodoy) = o —y)?
P
2. dcy)= | 2

i Ixi—yil
3. On the spaceof all discreteprobability distributions,the
information divergences de ned as:
X g
D(p|la) = Ioga P

Question: Isit possiblethat with one and the samemetric d, a
certain set X; be a metric space,while anotherset X, not make a
metric space?Canyou give an example?
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Elements of Topology

We all know the conceptof an interval on R. We now aim to
generalizat usingthe conceptof metric.

Open Ball or Sphere: with centerxy andradius is the set:
B(Xo; )= {XxeX : dXopXx)< }
Sometimesa ball is alsocalleda neighborhood.

Interior of a set S is the setof all points x suchthat thereis an open
ball around x completelyinsideS.
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Topology (cont)

e Open Set is a setwhoseeverypoint is an interior point.
e Closed Set is a set whosecomplementis an open set.
e Note: Closednessequiresthe notion of a Universalset M.

e Boundary points of a set are points whoseeveryneightorhood
includespoints both insideand outsidethe set.

e Closure: is the union of a setand its bounday.
Examples:
1. The interval (0;1) € R is an open (Euclidean)ball.
2. Theinterval [0; 1] € R is closed.
The interval [0; 1) is neither open nor closed.
The empty setis open. R is both open and closedin R.
The setx? + y? < 5is an opensetin R? (Why?)

o s w
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Sequences and Convergence
De nition: A sequencas an orderedin nite set of numbers
[X1 X2 X3 - Xn -]
Onecanthink of it asan \in nite-dimensional vecta™.
Convergence: A sequencgx; } in X convergedo x* € X if

vV >0 3IN : VYn>N d(Xx,;x*) <

Requiresus to know the limit befare we know if there'sa limit!
Cauchy Sequence: a sequences Cauchyif:
vV >0 IN : Vnim> N d(Xp;Xm) <
e Everyconvergentsequencas a Cauchysequence.

e Metric space(X’; d) is calledcomplete if everyCauchysequence
in it is convergent.
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Non-convergent Cauchy Sequences — Example
Considerthe spaceof continuousfunctionson [— ; ] with the
Euclideandistancemeasure and the following sequence:
xn (_1)2i—1

. 2i —1
i=1

fo(t) = cos((@ — 1)t)

081

0.6

041

0.2

-0.21

~0.4F

-061

-0.8

We shaw f 30(t). The sequencas Cauchy but doesn't converge.Why?
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Norms on Vector Spaces

Norm is closelyrelatedto the metric

De nition: The function || - || : X — R isanam if for anyx € X:
e ||x|| > O with equality i x = 0.
o || x||=| |Ix]| (linearity)
o [[x+yl[ <Ix|[+ [lyll (triangle inequalit)

Many norms are inducedby a metric, as we shall seeshatly.

Note: Not all metricsinducenorms, becausemetric is not requiredto
be linea.
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Examples of Norms

P .
o |IX[l1=[Xi The "1 norm
P 2 1=2 ~ .
o ||X||2= P X The ", or Euclideannorm
P =
o IXlp=  IxilP P The *, narm
o ||X||oo = mMax; |X;| The ", or max-nam
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¢, Spaces

The previousmetricswerede ned on R" or C". But we canalso
extendthem to the spaceof sequencesThusthe "; norm of a
sequencas de ned:

[[X[]1 = [Xa] + [X2| + [X3|+ --- = IXi |

Similaly onemay de ne “,, ", and " norms.

~

The spaceof all sequenceshat havea nite ", norm is known asthe
“p Space.

Question: Is the sequence
[1;1=2; 1=3; 144, ::]
a memker of the "; space?In the ", space?What isit's ", norm?

What isit's ", norm?
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L, Spaces

Now considerfunctionsovera de ned subsetof the realline, e.g.,
functionsoveran interval [a; b.

Show that the following are norms for functions

Ry
o [[flli="2f (x)|dx

R =
o [[fllz=  2IFOQ[dx 2

Ry 1=
o [fllo= 2l (OPdx P

o [[ffloc = Mmaxp [f (X)]
The norms are known, respectively asL 1, Lo, Ly, and L ., norms.

A function that hasa nite L, norm is known asan L function.
Alternatively it is saidthat it belongsto the L, space.

Note: that it is important to mentionthe support of the function. For
example,is sinx an L, function?
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Why different norms?

e Sometimesnorms re ect physicalconstraintsof the problem,e.g.

{ Weuse ., noom whenmaximalquantities matter, e.g., to
constrainmaximumvoltagein an output ampli er stage
(preventspaking)

{ Weuse ;, or L, whenpower is important, e.g.,to prevent
overheatingof the output ampli ers

{ We uselL ., to boundthe discontinuily in wavefams.

e Sometimeshe norms are usedbecauseof the power of assaiated
analysis.

e For example, ; and L, are allow inner products, orthogonality,
and meansquae analysis.

e Finally sometimegshe choiceof norm is merelya matter of
convenience.
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Balls Associated with Different Norms in R?
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Finite vs. Infinite Dimensions

There are uniqueissuesassaiated with in nite dimensions.

To understand,we take a careful look at the conceptof equality.

The de nition of anaorm in nite dimensiongs actually an equality.

The de nition of anorm in in nite dimensionrequiresa limit , e.g.,

IX[[a = [xa|+ x|+ --- = lim x|
n—oo .

Therefae the conceptof \distance" hasslightly di erent
propertiesin nite vs. in nite dimensions.
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Norm Equivalence Theorem
IDEA: Limit and continuity are simplerin nite dimensions.

Theorem: Considera sequencef vectas
X115 X253 X35 il
and considertwo noms || - ||a and || - ||, on R" or C". Then we have:
1Im |xnlla=0 <= lim [Xxn|lo= 0

Proof: It suces to showv all norms are equivalentto ", i.e, that there
exist constantsc; and c, suchthat for anyvecta y in R" or C"

Cillylla < lyll2 < coflylla

The left-hand sideis provedvia Cauchy-Schartz. The right-hand side
is proved by consideringpoints on the unit ", sphere.Seetextbook.

Question: Shav a counterexamplen in nite dimensions?
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Back to Vector Spaces ....

e We took a detour from vecta spacedo de ne topological
properties of any set.

e Now let's focusagainon vecta spaces.

e At this point we do not assumeany norms for the vecta space.
We will add that later.

e Recallthat vecta spacesare setsof objects(vectars) built with an
algelya, overan underlying(scala) eld.

e The de nitions we havemadeealier in the nite-dimensionalcase
follow us here.

e But we needto be careful whende ning linea combinations,
independenceand baseswhenwe havein nite dimensional
spaces.
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Linear Combination, Linear Independence, Span

X = 1)(1 + ... an
Note that linea combinationis de ned for a nite number of vectas.
De nition: n vectas xj;:::;xn are linealy independentif
X1+ - o Xp=0 = 1=---= =0

De nition: The spanof n vectas x1;:::;Xp isthe setof all linea
combinationsof thosevectas.

De nition: For a vecta spaceS, if we havea linealy independentset
T suchthat T C S andspar(T) = S, then T is a (Hamel) basisfor S.

x+ Every vector space has a Hamel basis.
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Difficulties in Infinite Dimensions

e Hamelbasisallows only nite linea combinations.

¢ In nite linea combinationsare convenient,but requirea limit,
which needsa metric.

e Hamelbasisdoesnot requirea metric on the space.

e Hamelbasesalways exist, but they could be awfully hard to write
down. (seeexample2.2.12in textbook)

e Computationallyusefulbasesn in nite dimensionsg.g. Fourier
basis,are not Hamelbases.

e Hamelbasesare of interestin a mathematicalsenseand for doing
proofs. In practice we often de ne a metric and allow in nite
linea combinations.
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Inner Products

Inner products are usedto de ne the geometry (angles)in the space.
Inner products are not guaranteedto existin all spaces.

De nition: Let S be a vecta spacede ned overscala eld R. An
inner product is a function< -;- >: S x S — R with the following
properties.

e < X;y>=<YVy;X>

e < X;¥y>= <X;y>

e < X+Vy;2>=<X;Z>+<Yy;z2>

e < X;X >>0with equaliyi x=0
A vecta spaceequipped with inner products is calledan inner
product space.
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Examples of Inner Products

e Dot product of two vectas:

X
<Xy >E XY

In caseof complex-valuedrectas, we have (why?)

X
< Xjy=>= Xi - Yi

e For two complex-valuedunctionsf (t); g(t), overinterval [a; b
Zy
<f;g>=  f(t)g(t)dt

a

e For two m x n matrices,

<A;B>=tr(B"A)
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Induced Norms, Cauchy-Schwartz Inequality

e The Euclideannorm (aka 2-nam) is relatedto the inner product,
i.e., |x]]2=< x;x >.

e Cauchy-Schwartz: Assumeinner product with inducednorm || - ||
[<xy > [ < X[yl

with equality i y = x for somescala
Proof: Consideranytwo xed vectas x;y and variable

0<|x — ylI> = [Ix]]* = 2Re< x; y > +| [*|ly[]”

<xX;y> — <xy> |<x;y>|2+

_ 2 2
= |y - - X
Iyl e e I

minimizingthe RHS will take the rst term to zero, giving the
desiredresult.
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Orthogonality

Using Cauchy-Schartz, we can show:
< X;y > <1
X1y 1]

We can usethis to de ne angles.In particular, in RS,

< Xy >
X1yl

We cannot always de ne anglesthis easily But two anglesare
always easyto de ne: zeroand 90 degrees.

Cos =

De nition: Two vectas are saidto be orthogonalif < x;y >= 0.
It is showvn with notation: x 1 .

Pythagorean Theorem: If x Ly

[ + w2 = [Ix][*+ [ly|I?
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Weighted Inner Products
Inner product in a givenspaceis NOT unique.

Example: In R", usinga nonsingula Hermitian (psd) matrix W ,
<x:y >w=y"TWx

SHOW that this is indeedan inner product. Doesthis changethe
orthogonality relationshipof two vectas?

Shaw that the following is an inner product if w(t) > 0.
Zy
<f;g>u= f (t) g(t) w(t) dt

a

Weightedinner product is a \usual” inner product in a space
whosecoordinatesare transfamed by a matrix B s.t. BB = W..

Example: Designingan optimal Iter, wherewe care more about
passbanddelit y than stopband delit y.
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Hilbert and Banach Spaces

e Recallthat a spaceis complete if all Cauchysequencesonverge
(i.e., no\holes").

e De nition: A complete,normed spaceis calleda Banachspace.
e De nition: A complete,inner-poduct spaceis a Hilbert space.

e Examples:

{ The spaceof continuousfunctionswith L .. norm (C[a; b]; d.)
is a Banachspace.
{ Samespacewith L, norm is NOT a Banachspace(why?)

{ The sequencespace |, is a Banachspace,with p= 2 it isa
Hilbert space.

{ The function spaceL , is a Banachspacewith p= 2it isa
Hilbert space.
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Important Hilbert Space
Considerall randomvariablesX suchthat
e E[X]=0
e E[X?]< o0
Convinceyourselfthat this is a vecta spaceoverR.
What is the dimensionaliy of this space?

Now shaw that the following is a valid inner product:
< X;Y >= E[XY]
What is the carespnding (induced) norm?

Is this normed spacecomplete?

Zero-mean random variables make a Hilb ert space with the
correlation as inner product.

Aria Nosratinia — Signal Theory 2-28



Orthogonal Complements

De nition: Let V be any set of vectas in vecta spaceS, then the
spaceof all vectas orthogonalto V is the orthogonal complementof
V and shavn with V +.

Note: V doesnot needto be a subspaceV * is always a subspace.

Examples:

e INR2, letV = {(3;1)'}, thenV+={ (1;-1);V }
e V={ (L)4V },stil vt={ (1;,-1)4V }
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e V = {(1;1)%(1;0)}, thenV+ = {(0;0)'}.

More examples:

Note: Rememiler that a vecta is equivalentto a point in the space.
It is NOT the line connectingthe origin to the point. This is an
elementay erra that unfartunately is not uncommon.

Question: In L,[0; 1], take V = {f (x) s:t: f (x) = O for x < 0:5}.
What isV+? '

Question: On L ,[—o0; o0], canyou chaacterizethe orthogonal
complementof V. = {cos( t+ ) for! €[0;1, €[— ; 1} ?
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Orthogonal Subspaces (2)

Theorem: Let V; W be subsetsof an inner product spaceS. Then:

1.
2.
3.
4.
5.
6.

V- is a closedsubspaceof S.
V cvtt

If V.CW thenW+ c V<L
VJ_J_J_ - VJ_

If x eVLtNV thenx = 0.
{0}+ = SandS* = {0}
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Linear Transformations

We now start looking at two spacesand their relationships.

This is analogougo movingfrom looking at a singlevariable, to
looking at a function of a variable.

De nition: A linea transfamationL : X — Y isde ned asa
mappingfrom vecta spacesX to Y suchthat for all
X1;X2 € X ;5 1; 2 € Rwe have:

L(x1) =y1,L(X2)=y2 == L( 1X1+ 2X2)= 1y1+ 2¥2
X is calledthe domain of the transfamation.

{y : y= L(x)} iscalledthe range.

Note that rangemay be smallerthan Y .
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Examples

e X = R", Y =R",andA any xed m x n matrix, and:
y = L(X) = AX

Convinceyourselfthat any linea transfam betweentwo
nite-dimensionalvectas can be written in this way.

e X = Ly[ajb, Y = R, andw(t) a xed function.
Zy
y = L(x(t) = x(t)w(t)dt

a

e Any linea systemprovidesa linea transfam on its input.
z t
y(t) = La(x(1)) = . x( )h(t— )d
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Null Space and Range Space

R(L)={y=Lx:xeX}
N(L)={xeX :Lx=0}
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Examples

e Take the linea operationde ned by y = Ax with
0 1

110
A=Q@ A
10 1

Find the rangeand null spaces.

e Take a lter with impulserespnseh(t). Considerthe linea
transfam implementedby this Iter. What is the rangeand null
spacedor this operation? Discussthe implicationswhen:

{ h(t) is anideallowpass Iter
{ h(t) is anideal bandpasslter
{ h(t) is anidealbandstop Iter

{ h(t) is a Butterworth lowpass lter.
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Inner Sum and Direct Sum

e Inner Sum of two vecta spacesV; U is the set
V+U={v+u:veV,ueU}

e Direct Sum: of two vecta spaceV; U is de ned usinga
Catesianproduct,

Vau={(vu) :veV,ueU}
¢ In general,direct sumincreaseghe dimensionaly, but inner sum
may not.

e Theorem: Let U andV be two subspace®f the samevecta
spaceS. Theninnersumand direct sumare identicali the two
subspacesre disjoint.
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