
RepresentationandApproximation

in Vector Spaces
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Motivation

� Somedesirableoperationsin SignalProcessingand
communication:

{ Estimationof a parameterx

{ Communicationof a valuex

� To do either, it is helpful if we could describe x as a sumof a
certain set of vectors v1; : : : ; vn (coordinate system).

� This leadsto e�cient operationslike linear estimationand
transform compression.

� Unfortunately, x doesnot always oblige!

� So we must approximate it, as closelyas possible.

� Projection theorem tells us how to do that.
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Orthogonal Projections

� An operator PA : S ! S is a projection operator if for a set A we
have:

1. PAx 2 A

2. x 2 A ) PAx = x

� It follows that PAPAx = PAx (idempotent property).

� Sometimes,the latter is usedas de�nition of projection.

� Theorem: Let P be a projection operator de�ned on linear space
S. Then the rangeand nullspaceof P are disjoint, and
furthermore, S = N (P) + R (P), that is, the rangeand nullspace
are algebraic complements.

� If (x � PAx) ? PAx for all x , we call PA an orthogonalprojection.
This meansthe rangeand nullspaceare orthogonal to eachother.
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Projection Matrices

� We concentrateon vectors in R
n and projection matrices.

� Considera subspacespannedby the columnsof matrix A :

A =

�
a1 � � � an

�

with the \usual" inner product < x; y > = y Hx. Then the matrix
PA = A (A HA )� 1A H is the orthogonalprojection on the set
spanf a1; : : : ; ang.

� Requiresthat P 2
A = PA, and that the rangeand nullspaceof P A

are orthogonal (SHOW!)

� With a weightedinner product < x; h > w= yHWx , the
projection is: PA,W = A (A HWA )� 1A HW .
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The Projection Theorem

Considera Hilbert spaceS, and a closedsubspaceV in S.

For all x 2 S, there existsa uniquev � 2 V that is the closestelement
of V to x, i.e.,

jjx � v � jj � jj x � v jj 8v 2 V

Furthermore, x � v � ? v � .

x

v*

x-v*

V
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Interp retation

� In the next sectionwe shall seeseveralimportant applicationsof
the projection theorem.

� Herewe give an interpretation/intuition for it.

� The idea is that we wish to approximate x with a linear
combinationof the basisvectors of V .

� QUESTION:what is the approximation, and how good is it?

� Answer: The best approximation is givenby that vector in V that
is ORTHOGONALto the correspondingapproximation error.

� This is known as the orthogonality principle.

� Another way to expressthis principle: error is orthogonal to the
measurementsubspace.
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Orthogonalit y Principle (cont.)

In �nite dimensions,the orthogonality principle can be provedvia
Cauchy-Schwartz: Take an arbitrary vector y ? spanf p1; : : : ; pmg.

jjejj2 jj y jj2 � j < e; y > j2

= j < x; y > � <
X

cipi; y > j2

= j < x; y > j2

Or

jjejj2 � j < x;
y

jjy jj
> j2

The minimum is achievedif the two vectors e and y are co-directional.
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Approximation in a Vector Space

x 2 S (a Hilbert space)

T = f p1; : : : ; pmg � S linearly independent

Task: Find x̂ 2 Span(T) that is closestto x

x̂ = c1p1 + � � � + cmpm

min
c1 ,...,cm

jj x̂ � x jj

Interestingproblemwith any norm.
With the 2-norm, haselegantsolution.
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x = x̂ + e =
X

cipi + e

Usethe orthogonality principle

< e; p j > = 0 8j

< (
X

ci p i � x ) ; p j > = 0
X

i

ci < p i ; p j > = < x ; p j > 8j

This is a systemof equationsknown asNormal Equations.
0

B
B
B
@

< p1; p1 > · · · < pm ; p1 >

· · ·

.

.

.

< p1; pm > · · · < pm ; pm >

1

C
C
C
A

0

B
B
B
@

c1

.

.

.

cm

1

C
C
C
A

=

0

B
B
B
@

< x; p1 >
.

.

.

< x; pm >

1

C
C
C
A

Equivalently:
G c = p

G is known as the Grammian and is PSD (why?)
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Least Squares Problem in Matrix form

Rewritethe sameproblem:

x̂ =
X

cipi =
�

p1 � � � pm

�

| {z }
A

0

B
B
B
@

c1

...

cm

1

C
C
C
A

| {z }
c

We want to solve:

min
c

jjAc � x jj

Apply the orthogonality principle:

< e; pj > = 0 ) pH
j (Ac � x) = 0 8j
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stackingup for all j:
0

B
B
B
@

pH
1

.

.

.

pH
m

1

C
C
C
A

(Ac − x) = 0 ⇒ AH (Ac − x) = 0

Leadingto Normal Equations:

A HA c = A Hx

Assumingthe GrammianA HA is invertible,we havethe solution:

c = (A HA )� 1A Hx

x̂ = Ac

= A (A HA )� 1A Hx

c is obtainedby (A HA )� 1A H , the left inverseof A .

x̂ is obtainedby A (A HA )� 1A H , the projection onto rangeof A .
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Some Properties of Optimal Solution

� By the PythagoreanTheorem:

jjx jj2 = jj x̂ jj2 + jjejj2

� From this we can conclude:

jjejj � jj x jj

and

jj x̂ jj � jj x jj

Theseprovideusefulcheckson the accuracyof our solutions.

In particular, we know that \estimation noise" is boundedabove
by the signalpower.
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Weighted Least Squares

Usethe inner product:

< y ; x > W = yHWx

min jjejjw = min jj x � x̂ jjw

= min
c

jj x � Ac jjw

Now useorthogonality principle to write the normal equations

aH
j W (x � Ac ) = 0

A HW (x � Ac ) = 0

A HWA c = A HWx

c = (A HWA )� 1A HWx

x̂ = A (A HWA )� 1A HWx
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EXAMPLE - Approximation by Polynomials

GOAL: approximate f (t) with a polynomialof order m � 1.

min

Z b

a

(f (t) � p(t))2dt

p(t) = c0 + c1t + � � � + cm� 1tm� 1

Note that tm are linearly independent,and useorthogonality principle
< e(t); t > = 0.

< (f (t) �
X

citi); tj > = 0 8j
X

ci < ti; tj > =< f (t); tj > 8j Normal Equations

0

B
B
B
@

< 1; 1 > � � � < 1; tm � 1 >
...

...

< tm � 1; 1 > � � � < tm � 1; tm � 1 >

1

C
C
C
A

0

B
B
B
@

c0

...

cm � 1

1

C
C
C
A

=

0

B
B
B
@

< f ; 1 >
...

< f ; tm � 1 >

1

C
C
C
A
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Approx. by Polynomials (cont.)

� The Grammianmatrix haselementsgi,j = 1
i+ j+1

� Matriceswith this structure are know as Hilbert matrices

� It is not singular, but is near-singular

� This meansits inversionis numericallyill-posed.

� Reason:the basiselementsare sometimestoo closeto eachother.

� Question: is this an orthogonalbasis?

� Question: What would be the Grammianfor an orthonormal
basis?

� Canyou then argue that we shouldrather solvethe problemin
terms of orthogonalpolynomials,e.g. Legendrepolynomials?
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Approximation by Discrete Polynomials

� We now considerthe discreteversionof the problemwe solved
earlier.

� The discreteversionis of interest, e.g., in DSP

� In this case,we are interestedin approximating a discretefunction
x [k] overa rangek 2 f 1; 2; : : : ; ng.

� Note that this is nothing but an ordinary n dimensionalvector.

x = [x1 x2 � � � xn]t

� The approximating functionsare polynomials1; k; k2; : : : ; km� 1

evaluatedin the rangek 2 f 1; : : : ; ng.

Thus, eachapproximating polynomialki is alsoa vector:

pi = [1i 2i � � � ni]t
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We wish to solvethe approximation problem: min jj x �
P

cipijj , or,
usingmatrix notation, min jj x � Ac jj whereA hascolumnsp i as
shown below.

0

B
B
B
B
B
B
B
B
B
@

1 1 1 � � � 1

1 2 4 � � � 2m � 1

1 3 9 � � � 3m � 1

...
...

1 n n2 � � � nm � 1

1

C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
@

c0

c1

c2

...

cm � 1

1

C
C
C
C
C
C
C
C
C
A

�

0

B
B
B
B
B
B
@

x1

x2

...

xn

1

C
C
C
C
C
C
A

This A is known as a Vandermondematrix, and is nonsingular.

The solution,as usual,is:

c = (A HA )� 1A Hx

x̂ = A (A HA )� 1A Hx

Exercise: Implementthis approximation in Matlab.
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Least Squares Approximation

A
C X

R(A)

x

Basis Vectors Vectors to be
approximatedCoefficients
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Least Squares Approximation

A
C X

R(A)

x

e
x̂

Basis Vectors Vectors to be
approximatedCoefficients
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Least Squares Approximation

A
C X

R(A)

x

e
x̂

Basis Vectors Vectors to be
approximatedCoefficients

c*

Aria Nosratinia | Signal Theory 3-18



Linear Regression

We believethat variabley varieswith x according to the following law:

y = ax + b

But we don't know the exact law, i.e., valuesof a;b. So we take
multiple measurements:

yi � axi + b

QUESTION:How to determinethe best a;b from the measurements?
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Linear Regression (2)

min
a,b

X

i

jyi � (axi + b)j

Equivalently
min

c
jjAc � y jj

where

A =

0

B
B
B
@

x1 1
...

...

xm 1

1

C
C
C
A

c =

0

@a

b

1

A y =

0

B
B
B
@

y1

...

ym

1

C
C
C
A

Normal Equations: A HA c = A Hy

Optimal solution: c� = (A HA )� 1A Hy

This solutionminimizesvertical distances.To minimizeorthogonal
distanceswe needtotal leastsquares, which usesSVD.
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Least Squares Filtering

x[n] y[n]
?

h[n]

Problem: We havemeasuredthe input (exact) and output (noisy)
and wish to know the best estimatefor the �lter coe�cients.

y[n] =

m� 1X

i=0

h[i ] x[n � i ] n = 1; : : : ; N

To be speci�c, we want to �nd �lter coe�cients that would result in
ŷ[n] that is as closeas possibleto our measuredy[n].

MOTIVATION: If measurementnoiseis Gaussian,this will be the
maximumlikelihood estimatefor h.
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Least Squares Filtering (2)

0

B
B
B
B
B
@

x[1] 0 0 � � � 0

x[2] x[1] 0 � � � 0
...

...
...

...

x[N ] x[N � 1] x[N � 2] � � � x[N � m + 1]

1

C
C
C
C
C
A

| {z }
A

0

B
B
B
B
B
@

h[0]

h[1]
...

h[m � 1]

1

C
C
C
C
C
A

| {z }
h

�

0

B
B
B
@

y[1]
...

y[N ]

1

C
C
C
A

| {z }
y

Rewriting the problem: minh jjAh � y jj

Normal Equations:A HA h = A Hy

Optimal Solution: h � = (A HA )� 1A Hy

Estimatedoutput: ŷ = A (A HA )� 1A Hy

EstimationError: e = y � ŷ = (I � A (A HA )� 1A H) y .
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Application: Equalization

CHANNEL Equalizer
x[n]

z[n]

y[n]

� The input is known (training sequence)

� The output is measured

� The channelcan then be estimated

� Inverting the channelis calledzero forcing
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Notes on Least Squares Filtering

� To get a reliableestimate,the signalmeasurementsmust be much
longerthan the �lter length, i.e., A is very long and skinny.

� At the beginning,the output hasno information from tail of h
(Why?). This may be avoidedby ignoring the output until the
�lter memory is full. This is known as the \covariancemethod".

� The textbook alsogivesother methods, but they are not very
meaningfulfor causal�lters.

� In Leastsquares �ltering, you may notice that we are estimating
h, but minimizing the error on measurementsof y .

� A similar situation happensin the regressionexampleearlier,
wherewe are estimatingc but minimizing the error on y .

� This will be madeclear in the following slide.
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Regression/Filtering Spaces

A
H Y

R(A)

y

e

h*

ŷ

Input values (exact)
Output values
(approximate)

Model 
parameters
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Random vs. Deterministic Mo deling of Signals

� In the previousexamples,the signalswereassumeddeterministic

� Sometimes,we model the signalswith randomvariables

� Deterministicbut unknown: we know nothing about the quantity

� Randommodel: we know somethingabout the tendenciesof the
signal,which we describe with a probability distribution.

� Therefore, in random modeling we know MORE about the

signal, than deterministic modeling.

� We can still do signalapproximation with randommodels. That
requiresHilbert spacesof randomvariables.
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Minimum Mean Square Estimation

We start with a simpleexample.

Assumewe wish to approximate a randomvariable Y as a linear
combinationof three randomvariablesX 1; X 2; X 3.

All randomvariablesare zeromean.

Y � c1X 1 + c2X 2 + c3X 3

QUESTION:what do we meanby approximation of randomvariables?

min
c1 ,c2 ,c3

E
�
jY �

X
ciX ij2

�
= min

c
E

�
jY � ctX j2

�

whereX = [X 1 X 2 X 3]
t.

We can now usethe orthogonality principle.
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MMSE (cont)

Orthogonality principle says: errors orthogonal to approximation basis

< X j ; e > = E [eX j ] = 0 8j

Or, stackingthe equations:

E [X e] = 0

E [X (Y � X tc)] = 0

E [XX t]c = E [X Y ]

RXX c = RXY

The latter are the Normal Equations. The solution is:

c = R� 1
XXRXY

whereRXX is the autocorrelation matrix of X and RXY is the
cross-correlation vector.
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Wiener Filtering

� An important applicationof orthogonality principle

� Namedafter Norbert Wiener(1894-1964),MIT mathematician

� Closelyrelatedto MMSE estimation.

� We will only study the non-causalversion

� Assumptions:Two stationary processesX [n], Y [n].

� We wish to �nd the best linear estimator of Y [n] givenX [n].

� Linear Estimator � �lter.
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Non-causal Wiener Filtering

We wish to �nd the closestRV to Y [n] that can be expressedas a
linear combinationof X [n].

Ŷ [n] =
X

h[n � k]X [k]

We must minimize: jj Ŷ � Y jj2 = E [jŶ [n] � Y [n]j2]

The projection theorem applies,and we usethe orthogonality principle:

E
�
e[n + j ] � X [n]

�
= 0

E
�
(Ŷ [n + j ] � Y [n + j ])X [n]

�
= 0 8j

X

k

h[n + j � k] E
�
X [k]X [n]

�
= E

�
Y [n + j ]X [n]

�
8j

We now continueto developthe normal equations...
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Non-Causal Wiener Filter
X

k

h[n + j � k]RXX [k � n] = RY X [j ] 8j

X

`

h[j � `] RXX [`] = RY X [j ] 8j

Theseare known as the Wiener-Hopf (normal) equations.

Now take the Fourier transform

H (ejω) SXX(ejω) = SY X(ejω)

AssumingSXX is nonzero:

H (ejω) = SY X (ej ! )
SX X (ej ! )

This is the non-causalWiener�lter.

This conceptis usedin many places,includingadaptive�lters.
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A Dual Approximation Problem

� RECALL:When matrix A is tall and skinny, the problemA x = b
may haveno solution.

� We solvedthe problemin the leastsquares.

� It led to orthogonality principle, normal equations,and projection
operators

� Now we considerthe caseA is short and fat

� Then A x = b may havemany solutions.

� We are interestedin the solution with minimum norm.

� We shall seethat this is the dual of leastsquaressolution.
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Linear Variety

Definition: Let M be a linear subspacein spaceS and x 0 2 S. Then
the set x0 + M is calleda linear variety.

x0
0

M
M+x0

V

Now considerall vectors z 2 M and the linear variety x = z + x 0.
AssumeM ? is spannedby f y1; : : : ; ymg, then:

< x; y j > =< (z + x0); y j >

=< x0; y j >

= aj j = 1; : : : ; m

This givesan algebraic de�nition of linear variety, via the basisof M ? .
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Definition: The set of all vectors x satisfyingthe following equations
are a linear variety.

< x; y1 > = a1

...

< x; ym > = am

The earlier argumentsshow that this linear variety is a shifted version

of the subspace
�
spanf y1; : : : ; ymg

� ?
.

We say this linear variety has co-dimension m.

We shall seethat this characterizationof the linear variety is very
usefulin formulating problems.
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Minimum-No rm Solution

Theorem: Let V = spanf y1; : : : ; ymg. Then the vector x with
minimum norm in the linear variety de�ned by:

< x; y j > = aj j = 1; : : : ; m

is a vector that lies in V , i.e., xMN =
P

ciy i suchthat:
0

B
B
B
@

< y 1; y 1 > � � � < y m ; y 1 >
...

...

< y 1; y m > � � � < y m ; y m >

1

C
C
C
A

0

B
B
B
@

c1

...

cm

1

C
C
C
A

=

0

B
B
B
@

a1

...

am

1

C
C
C
A

Proof: We know x 2 x0 + V ? wherex0 is any vector satisfying
aboveequations.We can decomposeany x as follows:

x = x 1 + x 2

wherex1 2 V and x2 2 V ? . From Pythagoreantheorem we know
jjx1jj � jj x jj for all x , so xMN = x1.
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Matrix Min-No rm Problem

min jj x jj

s:t: Ax = b

We assumeA is short and fat, and Ax = b hasmany solutions.

A =

0

B
B
B
@

y H
1

...

y H
m

1

C
C
C
A

Therefore Ax = b speci�es the linear variety:

yH
1 x = b1

� � �

yH
mx = bm

We seekthe min-norm member of the linear variety above
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Min-No rm Solution via Right-Inverse

Then by the min-norm theorem we know:

xMN =
X

i

ciy i = A Hc

Substituting in the constraintAx = b, we have

(AA H)c = b

Therefore:

c = (AA H)� 1b

xMN = A H(AA H)� 1b

Note that A H(AA H)� 1 is the right-inverseof A .

If x is an arbitrary feasiblesolution, then: xMN = A H(AA H)� 1A x.

A H(AA H)� 1A is the projection onto the rangeof A H .
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More on Bases and Representations

� Consider�nite-dimensionalvector x and its basisrepresentation:

x =
mX

i=1

ci pi

� Question:how to calculatethe coe�cients ?

� Answer: solvethe following systemof equtions:

< x; pj > =
mX

i=1

ci < pi; pj > 8j

� For an orthonormal basis,the coe�cients are easyto calculate:

ci =< x; p i >

x =

mX

i=1

< x; p i > pi
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Parseval's Equality

� Considertwo representationsof the samevector x

x =

mX

i=1

ci pi x =

mX

i=1

di qi

� Thesecorrespond to two coordinate systems.

� The coordinatesof x in the two systemsare:

[c1; : : : ; cm] [d1; : : : ; dm]

� If the two basesare orthonormal, then we have:
X

jcij2 =
X

jdij2 = jj x jj2

(Verify by expanding< x; x > )

� This is oneversionof Parseval’s equality.
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In�nite Dimensions

� For in�nite dimensionalHilbert spaces,we will go beyond the
Hamelbasisand will allow a basisexpansionof the form:

x = c1p1 + c2p2 + � � � + cnpn + � � � =

1X

i=1

ci pi

� The equality of the vector and its representation,in this case,is in
fact a limit and dependson a norm.

� We say an orthonormal basisf p ig is complete if for everyx 2 S

x =
1X

i=1

< x; p i > pi

� Parseval'sequality: jjx jj 2 =
P 1

i=1 j < x; p i > j2
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Examples of In�nite-Dimensional Bases

� OrthogonalPolynomialsover [a;b], usedin solvingdi�. eq.

{ LegendrePolynomialsover [� 1; 1]

tPn(t) =
n + 1

2n + 1
Pn+1 (t) +

n
2n + 1

Pn� 1(t)

{ ChebychevPolynomialsTn(t) = cos(n cos� 1 t)

� TrigonometricFourier Series

� ExponentialFourier Seriesf (t) =
P

cnejnωt over [� � ; � ]

� Sinc functionsfor bandlimitedsignals.

f (t) =

1X

i= �1

ci sinc
�
2B (t �

i
2B

� �

Coe�cients ci are sampledvaluesof the signal.

� The wavelettransform
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Generalized Fourier Series

� Any orthonormal representationis a GeneralizedFourier Series

� The vector x is representedby its basiscoe�cients

x  ! c = [c1; c2; : : :]

� Generalized Parseval’s Equality: If we havetwo vectors
x; y 2 S and their representationssuchthat:

x  ! c = [c1; c2; : : :] y  ! d = [d1; d2; : : :]

Then we have

< x; y > =< c; d >

noting that the right inner product is a dot product, while the left
inner product may not be.
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