Repesentatiomnd Aproximation

In Vecta Spaces
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Motivation

Somedesirableoperationsin SignalProcessingand
communication:

{ Estimationof a paameterx
{ Communicationof a valuex

To do either, it is helpful if we could descrite x asa sumof a

This leadsto e cient operationslike linea estimationand
transfam compression.

Unfortunately, x doesnot always oblige!
Sowe must approximate it, as closelyas possible.

Projectionthearem tells us how to do that.

Aria  Nosratinia | Signal Theory 3-2



Orthogonal Projections

An operata P4 : S! S is a projection operata if for a setA we
have:

1. P4x 2 A
2. X2A) Puax=x

It followsthat P4,P4Xx = PXx (idempotent property).
Sometimesthe latter is usedas de nition of projection.

Theorem: Let P be a projection operata de ned on linea space
S. Thenthe rangeand nullspaceof P are disjoint, and
furthermae, S =N (P) + R(P), that is, the rangeand nullspace
are algelraic complements.

If (x Pax)? Pax for all x, we call P4 an orthogonal projection.
This meansthe rangeand nullspaceare orthogonalto eachother.
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Projection Matrices

We concentrateon vectas in R™ and projection matrices.

Considera subspacespannedby the columnsof matrix A :
A= a a,

with the \usual" inner product < x;y >=yx. Then the matrix
P4.=A(AYA) 1AM isthe orthogonalprojection on the set

Requiresthat P4 = P 4, andthat the rangeand nullspaceof P 4
are orthogonal (SHOW!)

With a weightedinner product < x;h > ,=y®Wx , the
projectionis: P 4w = A (AHZWA) TAHW .
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The Projection Theorem

Considera Hilbert spaceS, and a closedsubspaceV in S.

For all x 2 S, there existsa uniquev 2 V that is the closestelement
of V to x, i.e.,

X v jix vjj 8v2V
Furthermae,x v ? v .

X-v
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Interp retation
In the next sectionwe shall seeseveralimportant applicationsof
the projection thearem.
Herewe give an interpretation/intuition for it.

The ideais that we wishto approximate x with a linea
combinationof the basisvectas of V.

QUESTION:what is the approximation, and how good is it?

Answer: The best approximation is givenby that vecta in V that
is ORTHOGONALTto the carespnding appoximation errar.

This is known asthe orthogonality principle.

Another way to expessthis principle: erra is orthogonalto the
measuremensubspace.
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Orthogonalit y Principle (cont.)

In nite dimensionsthe orthogonality principle can be provedvia

ieiZiiyiiz j<ey>j? «
=j<x;y> < cppy>j?
:j < Xy > j2

Or

2 . X;"y_" S 2
ey J ivi J
The minimum s achievedf the two vectas e andy are co-directional.
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Approximation in a Vector Space

x 2 S (a Hilbert space)

Task: Find X 2 SpanT) that is closestto x

)A( — C]_p]_ + + Cmpm
min jjX  X]j
Cl,.--yCm

Interestingproblemwith any norm.
With the 2-nam, haselegantsolution.
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X
X=X+e= ¢cp;+e

Usethe orthogonality principle
0 8]

<e;pj>
X
<( c¢cpi XxX);pj>=0
X
G < pi;pj >=<Xx;p; > 8§

This is a systemof equationsknown as Normal Equations

0
%< P1;pP1> - < Pm,p1°> §% E % §
< p1;,Pm > < Pm.,Pm > < X,Pm >
Equivalently:

G c=p

G is known asthe Grammian andis PSD (why?)
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Least Squares Problem in Matrix form

Rewritethe sameproblem:

0 1

X % §
X = Cip; = P1 Pm
I }

I—{Z—}

We want to solve:
mcinjj Ac X
Apply the orthogonality principle:

<egp;>=0) pfAc x)=0 8§
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stackingup for all j:
0 1
pH

1
% E(Ac—x): 0 = A(Ac-x)=0
Ph

Leadingto Normal Equations:

AHA ¢c=AHx

Assumingthe GrammianA A is invertible, we havethe solution:
c=(AHA) AHX

c

=AAHA) TAHX

I
>

X

c is obtainedby (A A) A H the left inverseof A .

X is obtainedby A (A A) A the projectiononto rangeof A.
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Some Properties of Optimal Solution

By the Pythagaean Theaem:

jixii? = ji%ii* + jjeji?
From this we can conclude:
liejj  Jixii
and
IiXxiiixij
Theseprovide usefulcheckson the accuracyof our solutions.

In particular, we know that \estimation noise" is boundedabove
by the signalpower.
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Weighted Least Squares

Usethe inner product:
<yix>w=y"
minjjefj, = minfix X,
=minjjx  ACjju
Now useorthogonality principleto write the normal equations
H
ATW (x Ac)=0
ATWA ¢ =AHwx

= (AHWA) A Hwx
=AATWA) TATwWx
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EXAMPLE - Approximation by Polynomials

GOAL: approximate f (t) with a polynomialof orderm 1.

min  (f(t) p(t))3dt
pit) =Co+ct+  +Cp 1t™ 1

Note that t™ are linealy independent,and useorthogonality principle

< et);t >=0.
X o
<(f)  ctht>=0 8§
X o :
C; < tht!> =< f(t)'t” > 8j Normal Equations

<1;1> < 1;tm > <f;l>

E%E% :

n
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Approx. by Polynomials (cont.)

_1
i+ g+l

The Grammianmatrix haselementsg; ; =
Matriceswith this structure are know as Hilbert matrices

It is not singula, but is nea-singula

This meansits inversionis numericallyill-posed.

Reason:the basiselementsare sometimegoo closeto eachother.
Question: is this an orthogonal basis?

Question: What would be the Grammianfor an orthonormal
basis?

Canyou then argue that we shouldrather solvethe problemin
terms of orthogonal polynomials,e.g. Legendrepolynomials?
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Approximation by Discrete Polynomials

We now considerthe discreteversionof the problemwe solved
edlier.

The discreteversionis of interest, e.g.,in DSP

In this case,we are interestedin approximating a discretefunction

Note that this is nothing but an ordinary n dimensionalecta.

X = [X1 X2 Xnlt
The approximating functions are polynomials1; k; k?;:::; k™ 1
evaluatedin the rangek 2 f1;:::;ng

Thus, eachappoximating polynomialk® is alsoa vecta:
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P
We wishto solvethe approximation problem: min jjx C;pijj, or,

usingmatrix notation, min jjx  Acjj whereA hascolumnsp; as
shown beloN.O

10 1

1 1 Co
X1

1 2 4 om 1 c1
X2

1 3 9 3m ! Co
X
1 n n? n™ 1 Cm 1 "

This A is known as a Vandermondanatrix, and is honsingula.
The solution, as usual,is:

c=(AHA) TAHY
x=AA"A) AHx
Exercise: Implementthis approximation in Matlab.
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Least Squares Approximation

Basis Vectors Vectors to be
Coefficients A<’ ¥ approximated

<
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Linear Regression

We believethat variabley varieswith x accading to the following law:
y=ax+Db

But we don't know the exactlaw, i.e., valuesof a;b. Sowe take
multiple measurements:

yi ax;+b

QUESTION:How to determinethe best a; b from the measurements?

Aria  Nosratinia | Signal Theory 3-19

Linear Regression (2)
X
min  jy; (ax; + b)j

a,b .
Equivalently
minjjAc  yijj
where
0 1 0O 1
X1 1 01 Y1
a
A:%; § c=@A y:%;§
b
Xm 1 Ym
Normal Equations: AHA c=AHy
Optimal solution: c =(AHA) Ay

This solution minimizesvertical distances.To minimize orthogonal
distanceswe needtotal leastsquaes which usesSVD.
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Least Squares Filtering

x[n] 2 y[n]

hin]

Problem: We havemeasuredhe input (exact) and output (noisy)
and wishto know the best estimatefor the Iter coe cients.
K 1
y[n] = hiij]x[n i] n=1;:::;N
=0

To be specic, wewantto nd Iter coe cients that would resultin
y[n] that is as closeas possibleto our measuredy|n].

MOTIVATION: If measuremenhoiseis Gaussianthis will be the
maximumlikelihood estimatefor h.
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Least Squares Filtering (2)

° x[1] 0 0 Lo h[0] Yoo ! 1
x[2]  x[1] 0 E% h[1] %y[ ]§
x[N] x[N 1] x[N 2] yLN]_}

| {z z y

A h
Rewritingthe problem: miny, jjAh  yjj

Normal Equations:A“A h = Afly

Optimal Solution:h = (AHZA) 1AHy
Estimatedoutput: y = A (AZA) 1A Hy
EstimationErra: e=y y=(1 A(AZA) Af)y,
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Application: Equalization

x[n] yin]

—>»| CHANNEL —»?—» Equalizer —»

z[n]

The input is known (training sequence)
The output is measured
The channelcan then be estimated

Inverting the channelis calledzero forcing
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Notes on Least Squares Filtering

To get a reliableestimate, the signalmeasurementsnust be much
longerthan the lter length,i.e., A is verylong and skinny

At the beginning,the output hasno information from tail of h
(Why?). This may be avoidedby ignaring the output until the
Iter memay is full. This is known asthe \covariancemethad".

The textbook alsogivesother methads, but they are not very
meaningfulfor causal lters.

In Leastsquaes ltering, you may notice that we are estimating
h, but minimizingthe erra on measurement®sfy.

A simila situation happensin the regressiorexampleealier,
wherewe are estimatingc but minimizingthe erra ony.

This will be madeclea in the following slide.
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Regression/Filtering Spaces

Model Input values (exact) Output values
parameters A ¥ (approximate)
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Random vs. Deterministic Mo deling of Signals

In the previousexamplesthe signalswere assumedieterministic
Sometimeswe model the signalswith randomvariables
Deterministicbut unknown: we know nothing about the quantity

Randommodel: we know somethingabout the tendenciesof the
signal,which we descrile with a probability distribution.

Therefae, in random modeling we know MORE about the
signal, than deterministic modeling.

We can still do signalapproximation with randommodels. That
requiresHilbert spacesof randomvariables.
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Minimum Mean Square Estimation

We start with a simpleexample.

Assumewe wishto approximate a randomvariableY asa linea
combinationof three randomvariablesX 1; X 2; X 3.

All randomvariablesare zeromean.
Y C1 X1+ X+ C3X3

QUESTION:what do we meanby approximation of randomvariables?

X
min E jY C:Xij? = minE jY c'Xj?

C1,C2,C3
whereX = [Xl X2 Xg]t.

We can now usethe orthogonality principle.
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MMSE (cont)
Orthogonaliy principle says: erras orthogonalto approximation basis
< X;;e>=E[eX;]=0 8§
Or, stackingthe equations:
EXe=0
E[X (Y Xfc)]=0
E[XX flc =E[X Y]
Rxx ¢ =Rxy

The latter are the Normal Equations. The solutionis:

1
C= RXXRXY

whereR x x is the autocorrelation matrix of X and R xy is the
cross-corelation vecta.
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Wiener Filtering

An important applicationof orthogonality principle
Namedafter Norbert Wiener(1894-1964),MIT mathematician
Closelyrelatedto MMSE estimation.

We will only study the non-causalersion

Assumptions:Two stationay processesX [n], Y [n].

We wishto nd the bestlinea estimata of Y [n] givenX [n].

Linea Estimata Iter.
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Non-causal Wiener Filtering

We wishto nd the closestRV to Y [n] that canbe expessedasa
linea combinationof X [n].

We must minimize: jjY  Yji2 = E[jY[n] Y[n]j?]
The projection thearem applies,and we usethe orthogonality principle:

Een+j] X[n] =0

E (YIn+j] Y[n+jDX[n] =0 8]

X hin+j KkE X[KX[n] =E Y[n+j]X[n] 8]
k

We now continueto developthe normal equations...
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Non-Causal Wiener Filter

X
h[n —I—J k]RXx[k n]ZRyx[]] 8]

F X

hj ]Rxx[]=Ryxl[j] 8]
V4

Theseare known asthe Wiener-Hopf (normal) equations.

Now take the Fourier transfam
H (ej“’) SXX(ej“J) = Syx(ej‘”)

AssumingSx x is honzero:

. S it
H(E) = 5ot

This is the non-causalWiener lter.

This conceptis usedin many places,including adaptive lters.
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A Dual Approximation Problem

RECALL:Whenmatrix A is tall and skinny the problemA x = b
may haveno solution.

We solvedthe problemin the leastsquaes.

It ledto orthogonality principle, normal equations,and projection
operatas

Now we considerthe caseA is shat and fat

Then A x = b may havemany solutions.

We are interestedin the solution with minimum norm.

We shall seethat this is the dual of leastsquaessolution.
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Linear Variety

Definition: Let M be a linea subspacean spaceS andxg 2 S. Then
the setxo + M is calleda linea variety.

M+x,
0 Xo

Now considerall vectasz 2 M and the linea variety X = z + Xo.

< XjY;> =< (Z+Xo);y; >
=< Xo;¥; >
= a; j=1:0m

This givesan algelaic de nition of linea variety, via the basisof M ? .
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Definition: The setof all vectas x satisfyingthe following equations
are a linea variety.

<X;y1> :al
< Xj¥Ym > =an

The ealier argumentsshaw that this linea variety is a shifted version
of the subspace spanfyq;:::;y,.0 ?

We sgy this linea variety has co-dimension m.

We shall seethat this characterizationof the linea variety is very
usefulin formulating problems.
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Minimum-No rm Solution

< Xjy;>=a; j=1;::0;m
. . . P
is a vecta that liesin V, i.e., Xy = Gy, suchthat:
0 10 1 0 1
%j Yi;¥1> <ym;y1>§%}clE %a1§
<Yy1,¥Ym > <YmiYm > Cm am

Proof: We know x 2 xog + V? wherexg is any vecta satisfying
above equations.We can decompmseany x as follows:

X = X1+ Xo

wherex; 2 V andx, 2 V? . From Pythagaeanthearem we know
jixaji  jixjj for all x, soxXy N = Xi.
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Matrix Min-No rm Problem
min jj Xjj
sit: AXx =b

We assumeA is shat and fat, and Ax = b hasmany solutions.
0 1
%)
.
ym
Therefae Ax = b speci es the linea variety:
yi'x = by

yix =b,

We seekthe min-nam memler of the linea variety above
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Min-No rm Solution via Right-Inverse

Then by the min-nam thearem we know:
X

Xun = Gyi=A"c

Substituting in the constraintAx = b, we have
(AA F)c =b
Therefae:
c=(AA ) 1p

xyun =A"AA ) 1p
Note that A 7 (AA ) 1 s the right-inverseof A.
If x is an arbitrary feasiblesolution, then: x ;v = A7 (AA ) 1A x.

AH(AA H) 1A isthe projectiononto the rangeof A #,
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More on Bases and Representations

Consider nite-dimensionalvecta x and its basisrepresentation:

&
X = Ci P
i=1

Question: how to calculatethe coe cients ?

Answer: solvethe following systemof equtions:

N
<X;p;j>=  G<pip;> 8
=1

For an orthonormal basis,the coe cients are easyto calculate:
C; =< X;p; >

xXr
X = < X5pi> Py
i=1
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Parseval's Equality

Considertwo representationsof the samevecta x
X X

X = CipPi X = d; q;
=1 =1

Thesecarespnd to two coordinate systems.

The coordinatesof x in the two systemsare:

If the two basesare orthonormal, then we have:
X

. .2 X . 2 . 2
jci© = jdij” = jjx]j
(Verify by expanding< x;x >)

This is oneversionof Parseval’s equality.
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In nite Dimensions

For in nite dimensionaHilbert spaceswe will go beyond the
Hamelbasisand will allov a basisexpansiorof the form:

b3
X =0CpP1+CpP2+ +CPn+ = CiP;
i=1

The equality of the vecta and its representation,in this case,is in
fact a limit and dependson a norm.

We say an orthonarmal basisf p;g is complete if for everyx 2 S

p S
X = < X;pi> P
=1
. . ) P 1 H 12
Parseval'sequality: IX)c = o1 1< X;p;>|
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Examples of In nite-Dimensional Bases

Orthogonal Polynomialsover [a; bj, usedin solvingdi. eq.
{ LegendrePolynomialsover| 1;1]

n+1 n

tP,, (1) = P, (t
® on + 1 +1()+2n+1

P, 1(t)

{ ChelychevPolynomialsT,,(t) = cos(n cos t)
TrigonometricFourier Series

P ,
Exponential Fourier Seriesf (t) = c,e/™! over[ ; |

Sinc functionsfor bandlimitedsignals.

R . i
f(t):i= 1 C; sinc 2B (t B

Coe cients c; are sampledvaluesof the signal.

The wavelettransfam
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Generalized Fourier Series

Any orthonaormal representationis a Generalized~ourier Series

The vecta x is representedby its basiscoe cients
X ' c=[c1;0p;0t ]

Generalized Parseval’s Equality: If we havetwo vectas
X;y 2 S andtheir representationssuchthat:

X ' c=[ci;0p;it ] y Iod=[dg;dy; ]

Then we have
< Xx;y>=<c;d>

noting that the right inner product is a dot product, while the left
inner product may not be.
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