Matrix Decompsitions
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Motivation

Neednumerically-stablanethads for least-squaesand min-nam
solutions.

Considerthe simplecaseswhereN (A) or N (A1) is trivial.
LS and MN solutionsrequireinverting AA 7 or A7 A.
Direct inversionof matricesis costly and numericallyunstable.

Problemcan be descrited in terms of proximity of the columns
(rows) of a matrix, equivalently the condition number of a matrix.
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Matrix Condition Number

We reconsiderthe solution of
Ax = Db
whenthe matrix itself may havea perturbation E.
(A+ E)x=b
This can representthe e ects of nite precision.
Let xo = A b and:
x=(A+ E) b
=[A(+ A E)] b

[ A 'EJA b+ O(j Eji*) ()
=xo A 'Exo+ O(j Ejji%)

wherewe usedthe Neumannformulain ( ).
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Condition Number (cont.)
The relativeerrar is:
X X
1 Xol)
De nition: The condition number of a matrix A is:
(A) = jiAjiiA i

whenA is singula, wetake (A)=1.

iA i Eji+ O(i Eji®)

Letting = L’% we have
X Xojj Lo
%o (A) (Ui Ejj9)
It canbe shavn that with the spectral norm,
r
(A) = max

min
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Gram-Schmidt Orthogonalization
The condition number hasto do with the proximity of vectas
An orthogonal matrix has condition number 1 (optimal).

Therefae we are motivated to changebases(columnsof matrix)
to alternativeonesthat are orthogonal.

This is madepossibleby a simpleprocedure,knowvn as
Gram-Schmidt

Dueto J rgenPedersenGram (19-th century Danishactuaian)
and Erhad Schmidt (student of David Hilbert)

Also appeaed in ealier work of Laplaceand Cauchy
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Gram-Schmidt Procedure

Start with non-athogonal S, resultsin U, columnsdenotedx.
Initialize S°= S.

If S°= 0, then quit (error).

Else,pick x 6 0 from SO, initialize U = IXT -

Deletex from S°.

While S is not empty:

{ pick an elementx from S°

{ deneu=x UU"x

{ ifué 0, setU [Ujjj%jj]
{ Deletex from S°
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Discussion
One can prove, by induction, that the U from the procedureis an

orthogonal matrix.

If columnsof S werelinealy independent,then U will havethe
samesizeasS.

If not, U will havethe samesizeasthe number of linealy
independentcolumnsof S.

After eachstep,R(U) = sparf Sg sparf S%

Exercise: Write a Matlab programthat implementsthe
Gram-Schmidtorthogonalization.
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QR Decomposition

Theorem: Everym n matrix A of rank n admits the product
decompmsition

Am n=Qm nRnn
wherethe columnsof m n matrix Q are orthogonal,i.e.,
Q"Q = 1,, andR is an upper triangular matrix.

sparfqy;:::;qig= sparfas;:::;ag 8i
a = rilq1+ + I qi 8|

In matrix notation, thisis A = QR . Furthermae, r;j 6 0 because
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Extended QR Decomposition

Extendthe orthonormal setfqs;:::;g,g with additional orthonormal
vectasfQgn+1;:::;dmg
De ne:

Q% g1:::Gn Gnea i1i0m

Then it is easyto shaw:
2 3

A = Q4R5
0
= Qm mRm k

Advantage: Data structure doesnot depend on the content of A .
(For example,considermemay managemenfor a programthat
implementsthis process).
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QR and Least Squares

R(A) = R(Q), soQQ" isthe projectionon R(A)
This is much easierthan calculatingA (AH A) AR,

Leastsquaessolutionfor Ax = b is calculatedby solving
Ax = QQ" b which always hasa solution (why?)

Equivalently we solve(why?)

QR x = QQ"b , Rx = QMb
The latter is a squae, triangula system!

We now study the e cient calculationof the QR decompbsition.
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QR and Minimum Norm

QR decommsition of A" canbe usedfor nding min-nam
solutionswhenA hasfull row-rank.

Apply A" = QR. ThenA = LQM" andL is lower-triangula.
X isasolutionto Ax = b i it isa solutionto:

OfHx=1L b % ¢
Note c is easilysolvedviaLc = b.

The min-nam solutionto Q" x = ¢ liesin R(Q), i.e., is equalto
Qz for somez.

Q"Qz=c , z=cC

SO, XuN = QC.
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Given's Rotations

Alternative to Gram-Schmidtfor nding the QR decomposition.

Observation: For any 2-vecta z, there existsa unitary 2 2

matrix G suchthat Gz = 2= [2, O] .
0 1

cos sin
G = @ _ A
sin  cos

N>Y

where = tan (z,=z), and G rotatesz down to the x-axis.
If z is complex-valued:

jZ1)2 + [22)2 7z, z4
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Given's Matrix { general case

A generalGiven'smatrix isam m unitary matrix that di ers from

identity only in four locations:
0

1
¢ S k-th row
1
G =
1
S c “-th row

with the condition jgj? + jsj? = 1.
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Given's Rotations

0 1
X X X X
X X X X
A =
X X X
X X X X
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Given's Rotations

0 1
X X X X
X X X
Gl4A =
X X X
0 X X X
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Given's Rotations

o
A=Y

G13G14A =

o o X X
X X X X
X X X X
X X X X
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Given's Rotations

0 1
X X X X
0 X X X
G12G13G14A =
0 X X X
0 X X X
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Given's Rotations

0 1
X X X X
0 X X X
G2G12G13G 1A =
0 X X X
0 0 X X
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Given's Rotations

0 1
X X X X
0 X X X
G23G24G12G13G 14A =
0 0 X X
0 0 X X
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Given's Rotations

o
A=Y

G31G23G24G12G13G 14A =

o o o X
o o X X
o X X X
X X X X
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Given's Rotations

From the previousslide:
G31G23G24G12G13G14A = R
Therefae we have:
A = (G31G23G2G12G13G14)" R
= QR

Note: A wasnot requiredto be squae, or evento havefull rank!

If A isrank defective,the matrix R will havesomezerodiagonal
entries.
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Housholder Re ections

Another way of calculatingQR decommsitions.

Hy =1 ———xx"
X))
Verify: Hy transfams x ! X, but vectas orthogonalto x are
una ected.
Note: H, is unitary. 1 Z
X \ -
gy

Idea: Take x = z 2, then use M7

— 2 H — » »
Hy = | XX _ ,

Details: Set one of the coordinatesof z to zeroand scalethe restto
arrive at 2 sothat jj2jj = jjzjj. Then usethe methad above.

We can usea sequencef Housholderre ections to arrive at an upper
triangula matrix.
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Housholder Re ections

0 1
X X X X
X X X X
A =
X X X
X X X X
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Housholder Re ections

0 1
X X X X
X X X
H14A:
X X X
0 X X X

Aria  Nosratinia | Signal Theory 5-17



Housholder Re ections

o
A=Y

HizH14A =

o o X X
X X X X
X X X X
X X X X
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Housholder Re ections

o
A=Y

HioH1zH 14A =

o o o X
X X X X
X X X X
X X X X
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Housholder Re ections

0 1
X X X X
0 X X X
H24H 12H 13H 14A =
0 X X X
0O 0 X X
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Housholder Re ections

0 1
X X X X
0 X X X
HosH24H 12H 13H 14A =
0 0 X X
0 0 X X
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Housholder Re ections

0 1
X X X X
0 X X X
H3qH 23H 24H 12H 13H 14A =
0 0 X X
0O 0 O X
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QR with Column Pivoting
QR decompmsition works evenwith rank-defectiveA .
But it needsthe rst n columnsof A to be linealy independent.

This is equivalentto: leadingn n submatrixof R is invertible
(non-zerodiagonals).

If conditionis not met, re-ader columnsof A (pivoting)

This is accomplishedy permutation matrices

When calculatingQ, goingto the next columnof A, choosethe
onethat is farthest from the previouscolumns.

Useerra of projection on previouscolumnsto identify the farthest
column.

Exercise: Write a Matlab programfor Gram-Schmidtwith column
pivoting.
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LU Decomposition

Let A be a squae matrix, then LU decompsition is of the form
A= LU

whereU is upper triangular, and L is lower triangula.

For example:
2 3 2 32
a;; a;p a3 11 0 O U1 U2 Usgg
gazl an 3232 = 5‘21 2 0 25 0 ux Uzsé
az asgy ass ‘31 32 33 0 O |us

Somede nitions requirethe diagonalsof L (or U) to consistof
ones.
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Variations on LU

The LDU decompmsition is one of the form
A = LDU
like befare, exceptD is diagonalandL; U are unit-triangular
matrices,i.e., all entrieson their diagonalsis one.
The LUP decompsition is one of the form
A = LUP
whereP is a permutation matrix (singleonein eachcolumnor

row).

A PLU decompsition is just a variation with no essential
di erences.
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LU Existence and Uniqueness

An invertible matrix A hasan LU decompsitioni _ all its
principal minars are nonzero. The decompsition is uniqueif we
requireL or U to havediagonalconsistingof ones.

A squae matrix of rank k hasan LU decompsition if its rst k
principal minars are nonzero.

EVERY squae matrix A hasan LUP decompmsition, which can
be donesothat U (or L) hasoneson the diagonal.
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Calculating the PLU Decomposition

Will use Gaussiarelimination.
Gaussiarelimination useselementay matrix operations.

De nition: Elementay matrix is an identity exceptfor a single
o -diagonal element.

Product of two elementay matricessimply combinestheir
o -diagonal elements.

Inverseof an elementay matrix reverseshe sign of the
o -diagonal element.
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LU via Gaussian Elimination

0 1
2 4 5
A = %6 8 1§
4 8 3
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LU via Gaussian Elimination

0 1
2 4 5

E;A = %o 4 16§
4 8 3
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LU via Gaussian Elimination

0 1
2 4 5
E2E A = 4 16§
0O 16 3
Aria  Nosratinia | Signal Theory 5-23

LU via Gaussian Elimination

0 1
2 4 5

E3E2E1A = 4 16§
0O O 57
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LU Decomposition

0 1 0 1 0 1
1 00 1 0 1 0 0
51:%3 1 o§ EZ:%O 1 o§ ES:%o 1 o§
0 0 1 2 0 0 4 1
o 1
5
A:E31E21E11%0 4 16§ %3 1 o§%o 16§
0 0 2 41 57
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LU with Pivoting
The diagonalelementsof a matrix are known as Pivots.

In Gaussiarelimination, we multiply the pivots by a constantand
subtract from other elements.

Multiplying a small pivot by a large number will magnify the
precisionerra.

So, if the diagonalelementis small, we will swap rows (pivoting).
Swappingrows or columnsis donevia permutation matrices.

We collect the permutation matricesat the end of the operation
to onesideto getA = PLU or A = LUP .
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Cholesky Decomposition

After Andre LouiseCholesky(1875-1918).

Decomposition of a symmetricpositive de nite matrix A into:

A=LLH

The Choleskyfactorization of a givenmatrix A existsi

positive (semi) de nite. It is always unique.

When applicable,Choleskyis twice ase cient asLU

decomposition.

Algarithms for Choleskyfactorization: readingexercise.

Aria  Nosratinia | Signal Theory

Eigenvalue Decomposition

Recall: The EigenvalueEquation:
Au = u
Needto solvethe characteristic equation
det(A =0
Diagonalization: Stackthe eigenvectes to get:
AU =U
If eigenvectes are linealy independent,

A=UU !

it is

5-26

Theorem: Eigenvectos carespndingto distinct eigenvaluesre

linealy independent.
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Some Matrix Terminology

Two matricesare similar if they are relatedthrough:

A=TBT !
If two matricesare simila, they havethe sameeigenvalues.

The number of times an eigenvaluds repeatedis known as its
algebraic multiplicit y

The number of linealy independenteigenvectos assaiated with
eacheigenvaludas known asits geometric multiplicit y

The spanof the eigenvectes asseiated with eacheigenvaluds
calledits eigenspace
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Jordan form

If a matrix hasrepeatedeigenvaluesthe eigenvectes may or may
not be independent.

If they are not, the matrix is not diagonalizable.

But it canstill be reducedto Jordan form, i.e., with diagonal

blocks eachof which are of the form:

0 1
i 1

(&
|

i 1
i

The sizeof the matrix is equalto the algelyaic multiplicity of the
eigenvalughow many times repeated).

Aria  Nosratinia | Signal Theory 5-29



Schur's Lemma

Lemma: For any squae matrix A, thereis a unitary matrix U such
that
utAau=T1

whereT is an upper triangula matrix whosediagonalelementsare the
eigenvaluesf A.

Proof: by construction.

Start with A1 = A. In eachstep, take one eigenvecto u; of matrix
A and form unitary matrix U; whose rst columnis u; (other
columnsorthonarmal but otherwisearbitrary). Then A;U; = U;B;
with the rst columnof B being je;. Thenwe removethe rst row
and columnof B; to get A.+1, andrepeat.

Seetextbook for more details.
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Diagonalization of Hermitian Matrices

Lemma: The eigenvalue®f a Hermitian matrix are real.

Lemma: The eigenvectes of a Hermitian matrix carespndingto
distinct eigenvaluesre orthogonal.

Theorem: EveryHermitian matrix A can be diagonalizedby a unitary
matrix:
A=UU "

Proof: Trivial for distinct eigenvaluesin generalusesSchur'sLemma.
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Invariant Subspaces

If X is an eigenvectg, its directionis not changedby the matrix
Ax = X

We say that x is an invariant direction of A .

Sometimesan eigenvalue hasmultiplicity, soit haseigenvectes

Z=CXq+ + Cx Xk

then X N

Az = GAX;= GXi= z

applicationof A.

De nition: For eacheigenvaluethe spanof carespnding
eigenvectos is knowvn as an invariant subspace
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Invariant Subspaces(2)

We Hermitian A can be diagonalizedj.e., its eigenvectos spanthe
entire space.

Theorem: Let A beam m self-adjointmatrix with k distinct
eigenvaluesThen:

1
[

wherewe assumedsubspace has’; eigenvectes.

Aria  Nosratinia | Signal Theory 5-33



Geometry of Quadratic Forms

For Hermitian matrix A , the quadratic function x™ Ax is always
real. The matrix is saidto be, respectively positive-de nite,
non-negative-de nite,or negativede nite, if the valueis always
positive, non-negative or negativeregadlessof x.

A matrix is positive-de nitei all its eigenvaluesre positive.
Quadraticforms of a self-adjointmatrix A

xHAx = ¢
giveriseto classicalconic section.

The shape of the conic sectionsdepend on the valueand sign of
eigenvaluesf A.
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Optimization of Quadratic Forms

Theorem: For a positive-de nite self-adjoint(Hermitian) matrix A ,
the maximum

max x" Ax

fixji=1
Is 1, the largesteigenvalueof A . If we further restrict x with

the optimum valueis , the highest\available" eigenvalue.

Proof: The Lagrangian:J(x) = x" Ax xH x will yieldAx = x,
so the solution must be an eigenvalue.The highesteigenvalues
obviouslythe answver. For the secondpart, becausesigenvectes of A
are orthogonal, the answer must lie in the orthogonal complementof
the rst j eigenvectcs.
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Courant-Fischer Minimax Principle

This is a slight generalizationof the previousresult.

Theorem: If 4 n are the eigenvalue®f a Hermitian matrix
A, then

min max xTAx =
C Cx =0 ;jjxjj=1

In other words, the maximumof the Rayleigh quotient, outsideof a
worst-casesubspaceof dimensionk 1, is .

De nition: The Rayleigh quotient with respect to a matrix A is:

xH Ax
xHx

Ra (X) =
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Principal Component Analysis

A direct applicationof the Courant-Fischeiprinciple.

Considera randomvecta X, its observationsc;, and the sample

covaiance matrix
1 X
S= Xi X
n 1 .

We wishto look at this data, and compessand/or denoisethe
data. Usingthe eigenvaluedecompmsition:
X
S= i Ui UiH

The idealis, if only a few of the ; are signi cant, we canignare
the others.
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Principal Component Analysis (2)

Assumewe order the eigenvaluesn decreasingnagnitude. Then
u; is known asthe i-th principal component of the random
vecta X.

If we want to compressthe imageX then we canthrow away all
but a few principal componentsof the image.

Operation of JPEGand MPEG-4is relatedto this principle.

If we want to denoiseX + n, we canthrow away all but a few
principal componentsthat carry most of the signalenergy

The e ciency of this method dependson the distribution of
eigenvalues.
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Example: Eigenvaluesin Images

Partition into blocksand nd the empiricalautocovaiance.
What is the eigenvaludistribution?
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Empirical Eigenvalue Distributions

x 10* Eigenvalue distribution of 16x16 blocks in Image 'Lenna’

4 lambdal=8.8 e+6
g3
©
>
[
)
2
w 2

lambda3=1.3 e+4
1 L
lambda50=79
O L L Il Il
0 50 100 150 200 250
Eigenvalue order
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Eigen lters
n(k)

x(k) % hk) y(K)

Problem: x(k) hasACF R andn(k) is white noise. How canwe
designthe Iter h(k) to maximizethe output SNR?

Answer: We vectaize to write the convolutioneasily
h it
x(K) & x(k) x(k 1) x(k m+ 1)
h in
h(0) h(1) h(m 1)

S

h

Then we have:

y(kK) = h" x(k) + n(k) = yx(k) + yn(K)
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Eigen lters (2)

We can sepaate the signalfrom the noisecomponentsof the output,
and nd the power of eachcomponent. We assumeRp, = 21.

Po _ Eliyx(k)j4]
SNR= — = — -
No  E[jyn(K)j?]

2hHh

This is a Rayleigh quotient, whosemaximizationwill give:
Ropt = U1
and the carespnding signal-to-noiseration is:

_t
2
n

where 1 isthe largesteigenvalueof Ry andu; is the related
eigenvecto.
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Deterministic Eigen lters

Needa linea-phase Iter that approximatesan ideal lter.

| | =2 p HE™)
HE')Y=e 'N=2 " h,cost n)=c(!)"h -
n=0 1 | Ideal response
|
4 t |
h= h() 2h(1) 2h(N=2) I
|
. t } } } >
ctelN 1 coql) cogN ! =2) wp ws P
We now calculatedeviationin the stopbandfrom ideal:
Z
Es = 1 jH(E'") 02d! = 1 (c"h)H (c" h)d!
s 7

-t L o)ty hE R A

s

Note: Filter canalsobe highpassbandstop,multiband, etc.
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Deterministic Eigen lters (2)

In the passbanduseh'1 = 1 to write:

H(') 1=h'c 1=h'c h'l1=h'(c 1)

12 _ 2

= jHE') 12°%d' = = h"(@c 1 1)"ha
0 Z,

e e D"d hintBh

0

Note: Passbandand stopbandimposequadraticcostson h.

m
)
1

= hH 1
Now, we can decidethe relative importance of passbandand stopband:
D= A+(1 )B

min h" Dh
hth=1
The ansver is the smallesteigenvalueof D and its eigenvecto

Nopt = Umin Eopt = min
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Variations on Eigen lters

Now considera variation that approximatesan idealrespnseH , but
alsoexactly speci es the respnseat severalfrequencies.

HE')y=g i=1L::r
Eachof theseconditionscan be written p! h = g;, therefae
P'h=g
Re-statethe problemas:
min h'D h
st. Pth=g
Exercise: Usevecta Lagrangianto shovh = D P(P'D 'P) 1g.

Note: h'1 = 1isnow pat of Pth = g. No constrainton jjhjj2.
Thus, strictly speaking,this is not an eigenvalugoroblem.
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Signal Subspace Techniques
Considera signalconsistingof m sinusoids
X0 .
x(k)= g €2 ikt
i=1
The autocarrelation function of x(k) (using orthogonality of sinusoids)
b

R ()= lim L x(k)x(k )] = X a’e? i
XKL T M 2M - o _i:1 !

Now we canwrite the N N autocorrelation matrix:

X0
Ry = a’ s s
i=1
Si: 1 ejZfi ejz (N l)fi

This is an eigen-decomgsition, with eigenvalues ; = a?.
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Signal Subspace Techniques

Noisy observations:
y(k) = x(k) + n(k)
Ryy = Ryx + 2l
Note Ryy is full rank and haseigenvalues:

_ 2
i= it

The rst m eigenvectos are u; = s; (why?)

X 2 H
Ryy = (i+ Duy
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Pisarenko Harmonic Decomposition

Signalsubspaces orthogonalto the noisesubspace

Assumingwe know m, setN = m + 1. Sothe noisesubspacas
one-dimensional.

Find the smallesteigenvalueof Ry, carespnding eigenvecto
Un givesthe noisesubspace.
To nd the frequenciesnote:

sftuy =0 s 12 fik =
i UN = ) uge =
k=0

This is a polynomialin e 12 i that hasexactlym roots, on the
unit circle, giving the frequencyof the m sinusoids.
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MUSIC
Mu ltiple Signal Classi cation

More reliable: usesmulti-dimensionalnoisesubspace De ne
s(f)E 1 d2f d2 (N 1f

Calculateprojectionson noisedimensions

X
is(f)™ ukj?

k=m+1
which will be minimizedat the signalfrequencies.The inverse:
1
P(F)= P
k=m+1 1S(F)T U]
is the \MUSIC spectrum" of the signal,whosepeaksgive the

desiredfrequencies.Then we can calculatethe amplitudes
(HOW?)
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Generalized Eigenvalues

Recallthat eigenvalugproblemssolvefor invariant directions. We can
alsolook for directionsthat are a ected in a pre-speci ed manner.

A u= Bu

is known as a generalized eigenvalue, and is a solutionto
det(A B)=0.

If B is full rank, then there are exactlyn eigenvaluesand
(A;B)= (B !A).

If B is not full-rank, there may be none, nite, or in nite

SeeGoluband Van Loan for more details.
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ESPRIT

E stimation of Signal P arametersvia R otational | nvariant T echniques

There are m sinusoidgo be detected. Vecta of delayed observations:
2(k) £ y(k+ 1)
Now write the eigenvaluedecomposition of the output autocorrelation:
Ryy=S S"+ 2
Ry;=S S"+R,

3
ej2 fi 0

0 g2 f2

1
DoooooD N
Py}
s
n
SN
ING oo 010 0 02 YN
- O m, O

é'2 fm
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ESPRIT (2)

BASICIDEA: capturedi erence betweenautocorrelation and
cross-corelation with delayed signal.

Ry = Ryy 21=S s
Cyz=Ry; Ry=S "gH
Now the generalizeceigenvalugrroblem:
Rwu= Cy,u

(Rxx  Cyz)u=S(I HYSu=0

Since isdiagonal, = €€ fi isan eigenvalue.So solvingthe

generalizeckigenvalueproblemyieldsthe frequencies.
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Motivation for Another Diagonal Decomposition

Calculatethe Moore-PenrosePseudo-inverse
Orthogonalbasesfor four fundamentalsubspaces

E ectively revealsingulaity and nea-singulaity
Diagonaldecompmsition of any matrix, evennon-squae
E cient analysisof matrix perturbation problems

E.g. total leastsquaes

This leadsto the Singular Value Decomposition.
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Singular Value Decomposition

Theorem: For anym n matrix A of rankr, there exist orthogonal
Un r andV, ; anddiagonal suchthat:

X
A = kugvll = U vH
k=1
where is a diagonalmatrix with real, positive entries.
k ! Singula values
ug ! Left singula vectas

vk ! Right singula vectas
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SVD (2)

To prove, calculatethe eigenvalues/vectis of AH A
A H Av | = %Vk

Recallthat for Hermitian matrix, vi existand are orthogonal. Now
deneuy = | *Avy

1
AA Huy = —kA(AHA)vk = Z2uy

This shovs A" A and AA " havethe sameeigenvalues.
Sincevy are orthonormal, soare uy (SHOW!)

Now, noticethat R(A) = R(U), therefae, there existsX s.t.
A = UX.
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SVD (3)

Finally, rewriting the equationsvy = ikAu K-
AfU =V

Thus, UPA = U (UX)= Vv H whichgivesX = V " so

A=Uv "
0 10 1
1 0 0 V}f
0 2 0 V|2_|
= u]_ Ur . .
0 O . vH
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Full SVD

The matrix A alsohasa number of zerosingula values,exactly
min(m;n) r of them. The full SVD is:

0o 1
H
o 1pY
. 0 Vit
A= Uj U U @o oA
Vn

Sometimegshe smallerSVD is known asthe thin SVD.
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History of SVD

Long histary, beenre-discovereananytimes

Goesbackto analysisof bilinea forms by Jordan and Beltrami in
19th century

First proof for rectangula and complexmatricesdueto Eckart
and Young (1939)

Becamepractical tool in the 1960'safter discoveryby Goluband
Kahan of orderN 2 algaithm for calculationof SVD.

Now hasmany usesfor matrix approximation, total leastsquaes,
and calculationof pseudo-inverse.

Aria  Nosratinia | Signal Theory 5-58

Minimax Theorem

Theorem: Let 1  be the singula valuesof m n matrix
A, with right singula vectasvi;vy;::: Then:

1= Mmax jjAX jj k= max IAX i
ixj=1 Jixji=1; x?vaiivik 1

Proof: Usingthe extendedSVD, we de ne: z = V M x, noting that
iizii = Jixjj.
X X

"z = Gz 1 zmit= fiixi®

jiAXjj? = z
The maximumis attainedwhenz = (1 0 0)t.
Now if X ? vi;::::Vk 1,thenzy = :::= 2« 1= 0, so:
JAX )« = i 1Zi) kI X]J
i=k
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Matrix Norms and Singular Values

Corollary: From the minimaxthearem it immediatelyfollows:

Aji2= 1

For the Frobeniusnorm we usethe trace:

jjAjjz2 = trace (AHA) = trace(vU Huv M)
= trace (V. 2vH™)
= trace( 2vHv)
= trace ( ?)
= 2
|
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Inequalities Theorem
Theorem: Let n be the extendedsingula valuesof
m n matrix A (someof them may be zero). If fx1;:::;x,g is any
orthonarmal setin C", then
IAX ] ittt
i=1
In addition, for any positive numbers q;:::; p,
)@ .e . 2 2
iAo 1+ p g
i=1
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Proof: De ne z; = Ax i, note they are orthonormal.
iAiji=2' "z i=tw( "ziz)

Therefae

oo R
JIAX ijj© = tr ( zizi') = Qi
i=1 i=1 i=1

. _— P
whereg;; are the diagonalelementsof projection matrix ip:l ziz.

We know (SHOW) that the diagonalelementsof a projection matrix
are betweenO and 1, and its trace is equalto the rank of the matrix.

Undertheseconditions,the sum above is maximizedwhen: g; = 1 for
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SVD and the Pseudo-Inverse

Theorem: B =V UM isthe pseudo-inversef A.

Proof: AB = UU ", whichis the projectionfor R(A). Similaly
BA = VV " whichis the projectionon R(B). Therefae B satis es
the de nition of the pseudo-inverse.
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Proximity to Lower Rank

The Eckart and Young Theorem: Let the SVD of A be:

xr -
A = KUV with .
i=1
For intsgersp = 1;::5r 1, let A, denotethe truncated sum
Ap= k., «kuxvll. Then

i A i =
il jis= pn

V

U
min A Bjjr =t 2
rank(B) p K= p+1

The minimizerof eachis B = A . The Frobeniusnorm minimizeris
uniguei > pe1-
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Spectral Norm Proof

Proof: Null spaceof B hasdimension n p, sowecan nd a

vecta x of norm onein N(B)\ sparfvy;:::;vp+1 g, for which
961
(A B)x= k (VE X) ug
k=1
9@1
) di(A Bxji2= A(vix)?
k=1

P
but P (vHx)2 = 1sincex 2 sparfv;g, so

A BMXi? pa
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Frobenius Norm Proof

Proof: N(B) hasdimensionno lessthann p, sowe can nd an

orthonormal setfxq;:::;x, pg2 N(B). Extendit to getan

orthonormal set for all of C", then:

. ..2 X1 e ..2 B( p.. ..2 D( p.. ..2

A Blig = Ji(A B)Xkij IA - B)xi“= jjAXK]]
k=1 k=1 k=1

In a mannersimila to the proof of the inequalitiesthearem, we can
shaw that for any orthonormal set of size(n  p)

X P X

an as 2 2
JJAX k) K
k=1 k=p+1
' s 2 r 2 - - - - -
Thus we concludejjA  Bjjg k=ps1 k» andAp isaminimizerin
the Frobeniusnorm.
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Uniqueness of Approximation

The low-rank approximation in Frobeniusnorm is uniquei > 4
(Proof is omitted).

The approximation in the spectral norm is NOT unique, sincespectral
norm looks only in onedirection at the di erence (A  B).

Example: Considera rank-oneapproximation to matrix:

0 1
@5 OA
0 2
The minimum in the Frobeniusnorm is on the left. The minimum in
the spectral norm is on the right for any 0 2
0 1 0 1
@5 0A @5 OA
00 0
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Eigenvalue Perturbation Theory

Assumex; z are eigenvectes of A and A" correspondingto
eigenvalue .

Sometimesz are calledleft eigenvectors of A, becausez" A = z".

Exercise: Convinceyourselfthat A; A" havethe sameeigenvalues,
but not always the sameeigenvectcs.

Objective: sensitiviy of eigenvaludo perturbationA + E.

(A+ E)x()= ()x() 1)
4 @()
02,0 o o
Di erentiate (1) andset = 0
@ _@ @
A@ :o+EX_@=oX+ @:0
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Eigenvalue Perturbation (2)

Multiply by z" to get
@() _ 2" Ex

@ zH x

Thus:
_ jzZ"Ex) 1
()= pax jzZHxj — jzHxj

The maximumis achievedoy E = zx" .

Outcome: s( ) is a measureof mismatchbetweenthe left and right
eigenvecto of A carespndingto the sameeigenvalue .

) Hermitian matricesare best-conditionedfor calculatingeigenvalues.
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SVD Perturbation Theory

Singular Values

Theorem:
kK(A+E) «(A) iEjjs

Theorem:

minXm;n)
2 e
K(A+E)  «(A) IEji?
k=1

Singular Vectors

It canbe shavn that if | is well-sepaated from other singula values,
then ug; vk are not a ected signi cantly by small additive
perturbationsin matrix entries.
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Total Least Squares

A A

Least Squares _ Total Least Squares

Previouslywe solvedAx b to minimizejjAx  bjj.

This assumesll the erra is in the right hand side.
AXx =b+e

Total leastsquaesremovesthat assumption.

(A+E)x=Db+e
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Total Least Squares (2)

We wishto nd the smallestoverallperturbation E j e where
the equationabove admits an exact solution.

Sizeof perturbation is measuredoy Frobeniusnorm.
0 1

X
Thus A + E jb+ e musthavenull spacethat includes@ = A
1

Now considerthe SVD of [A j b]:
D("l

[Ajb]= KUKV
k=1

whereA ism nandb ZR(A).
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Total Least Squares (3)

The best lower-rank approximation is givenby the SVD of [A j b]

X
A+Ejb+e = KUKV

k=1

It easilyfollows:
0 1

R 1
Eje = Upsq VH @"A=___~ _y
J n+l YUn+l V41 1 Vie1 (n+ 1) n+1

The perturbation is the \left-over" of the SVD of [A j b] whenit
is reducedin rank.

The solutionis the last left singula vecta, adjustedin magnitude.

This is known asthe Total Least Squares Theorem.
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Discussion

Whenv,41 (n+ 1) = 0, it canbe shavn that the TLS solution
doesnot exist.

In this case, n+1 is alower boundto the TLS errar, and one may
get arbitrarily closeto it.

But there doesnot exista [E j €] with minimum Frobeniusnorm
suchthat (b + €) 2 R(A + E).

If n = n+ thenthe TLS solutionis not unique, sinceeither of
the carespondingleft singula vectas (or linea combinations)can
be taken as a solution.
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