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Motivation

� Neednumerically-stablemethods for least-squaresand min-norm
solutions.

� Considerthe simplecaseswhereN (A ) or N (A H ) is trivial.

� LS and MN solutionsrequireinverting AA H or A H A .

� Direct inversionof matricesis costly and numericallyunstable.

� Problemcan be described in terms of proximity of the columns
(rows) of a matrix, equivalently, the condition number of a matrix.
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Matrix Condition Numb er

� We reconsiderthe solution of

Ax = b

whenthe matrix itself may havea perturbation � E.

(A + � E)x = b

� This can representthe e�ects of �nite precision.

� Let x0 = A � 1b and:

x = (A + � E) � 1b

= [A (I + � A � 1E)] � 1b

= [I � � A � 1E]A � 1b + O(jj � Ejj2) (� )

= x0 � � A � 1Ex 0 + O(jj � Ejj2)

wherewe usedthe Neumannformula in (� ).
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Condition Numb er (cont.)

� The relativeerror is:

jjx � x0jj
jj x0jj

� jjA � 1jjjj � Ejj + O(jj � Ejj 2)

� De�nition: The condition number of a matrix A is:

� (A ) = jjA jj jjA � 1jj

whenA is singular, we take � (A ) = 1 .

� Letting � = � jj E jj
jj A jj , we have

jjx � x0jj
jj x0jj

� � (A ) � + O(jj � Ejj 2)

� It can be shown that with the spectral norm,

� (A ) =

r
� max

� min
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Gram-Schmidt Orthogonalization

� The condition number hasto do with the proximity of vectors

� An orthogonalmatrix hascondition number 1 (optimal).

� Therefore we are motivated to changebases(columnsof matrix)
to alternativeonesthat are orthogonal.

� This is madepossibleby a simpleprocedure,known as
Gram-Schmidt

� Due to J� rgenPedersenGram(19-th centuryDanishactuarian)
and Erhard Schmidt (student of David Hilbert)

� Also appeared in earlier work of Laplaceand Cauchy.
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Gram-Schmidt Procedure

� Start with non-orthogonalS, resultsin U , columnsdenotedx.

� Initialize S0 = S.

� If S0 = 0, then quit (error).

� Else,pick x 6= 0 from S0, initialize U = x
jj x jj .

� Deletex from S0.

� While S0 is not empty:

{ pick an elementx from S0

{ de�ne u = x � UU H x

{ if u 6= 0, set U  [U j u
jj u jj ]

{ Deletex from S0
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Discussion

� One can prove,by induction, that the U from the procedureis an
orthogonalmatrix.

� If columnsof S were linearly independent,then U will havethe
samesizeas S.

� If not, U will havethe samesizeas the number of linearly
independentcolumnsof S.

� After eachstep, R(U ) = spanf Sg � spanf S0g

� Exercise: Write a Matlab programthat implementsthe
Gram-Schmidtorthogonalization.
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QR Decomposition

Theorem: Everym � n matrix A of rank n admits the product
decomposition

A m � n = Qm � n R n � n

wherethe columnsof m � n matrix Q are orthogonal, i.e.,
QH Q = I n , and R is an upper triangular matrix.

Proof: Perform Gram-Schmidton f a1; : : : ; ak g, the columnsof A , in
order of increasingcolumnindex. As a result

spanf q1; : : : ; q i g = spanf a1; : : : ; ai g 8i

ai = r i 1q1 + � � � + r ii q i 8i

In matrix notation, this is A = QR . Furthermore, r ii 6= 0 because
columnsof A are linearly independentso ai =2 spanf q1; : : : ; q i � 1g.
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Extended QR Decomposition

Extendthe orthonormal set f q1; : : : ; qn g with additionalorthonormal
vectors f qn +1 ; : : : ; qm g

De�ne:

~Q
4
=

�
q1 : : : qn qn +1 : : : qm

�

Then it is easyto show:

A = ~Q

2

4R

0

3

5

= ~Qm � m
~R m � k

Advantage: Data structure doesnot depend on the content of A .
(For example,considermemory managementfor a programthat
implementsthis process).
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QR and Least Squares

� R(A ) = R(Q), so QQ H is the projection on R(A )

� This is much easierthan calculatingA (A H A ) � 1A H .

� Leastsquaressolution for Ax = b is calculatedby solving
Ax = QQ H b which always hasa solution (why?)

� Equivalently, we solve(why?)

QR x = QQ H b , Rx = QH b

� The latter is a square, triangular system!

� We now study the e�cient calculationof the QR decomposition.
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QR and Minimum Norm

� QR decomposition of A H can be usedfor �nding min-norm
solutionswhenA hasfull row-rank.

� Apply A H = QR . Then A = LQ H and L is lower-triangular.

� x is a solution to Ax = b i� it is a solution to:

QH x = L � 1b
4
= c

� Note c is easilysolvedvia Lc = b.

� The min-norm solution to QH x = c lies in R(Q), i.e., is equalto
Qz for somez.

QH Q z = c , z = c

� So, xM N = Qc.
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Given's Rotations

� Alternative to Gram-Schmidtfor �nding the QR decomposition.

� Observation: For any 2-vector z, there existsa unitary 2 � 2
matrix G suchthat Gz = ẑ = [ẑ1 0]T .

G =

0

@ cos� sin �

� sin � cos�

1

A
q

z

ẑ

G

where� = tan � 1(z2=z1), and G rotates z down to the x-axis.

If z is complex-valued:

G =
1

p
jz1j2 + jz2j2

0

@ z1 z2

� z2 z1

1

A
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Given's Matrix { general case

A generalGiven'smatrix is a m � m unitary matrix that di�ers from
identity only in four locations:

G k ` =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

.. .

c s

1
. . .

1

� s c
. . .

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

 k-th row

 `-th row

with the condition jcj2 + jsj2 = 1.
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Given's Rotations

A =

0

B
B
B
B
B
@

X X X X

X X X X

X X X X

X X X X

1

C
C
C
C
C
A
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Given's Rotations

G 14A =

0

B
B
B
B
B
@

X X X X

X X X X

X X X X

0 X X X

1

C
C
C
C
C
A
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Given's Rotations

G 13G 14A =

0

B
B
B
B
B
@

X X X X

X X X X

0 X X X

0 X X X

1

C
C
C
C
C
A
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Given's Rotations

G 12G 13G 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 X X X

0 X X X

1

C
C
C
C
C
A
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Given's Rotations

G 24G 12G 13G 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 X X X

0 0 X X

1

C
C
C
C
C
A
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Given's Rotations

G 23G 24G 12G 13G 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 0 X X

0 0 X X

1

C
C
C
C
C
A
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Given's Rotations

G 34G 23G 24G 12G 13G 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 0 X X

0 0 0 X

1

C
C
C
C
C
A
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Given's Rotations

From the previousslide:

G 34G 23G 24G 12G 13G 14A = R

Therefore we have:

A = (G 34G 23G 24G 12G 13G 14)H R

= QR

Note: A was not requiredto be square, or evento havefull rank!

If A is rank defective,the matrix R will havesomezerodiagonal
entries.
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Housholder Re
ections

Another way of calculatingQR decompositions.

H x = I �
2

jjx jj2 xx H

Verify: H x transforms � x ! � � x , but vectors orthogonal to x are
una�ected.

Note: H x is unitary.

Idea: Take x = z � ẑ, then use
H x = I � 2

jj x jj 2 xx H .

z

ẑ

H

x

Details: Set oneof the coordinatesof z to zeroand scalethe rest to
arrive at ẑ so that jj ẑjj = jjzjj . Then usethe method above.

We can usea sequenceof Housholderre
ections to arrive at an upper
triangular matrix.
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Housholder Re
ections

A =

0

B
B
B
B
B
@

X X X X

X X X X

X X X X

X X X X

1

C
C
C
C
C
A
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Housholder Re
ections

H 14A =

0

B
B
B
B
B
@

X X X X

X X X X

X X X X

0 X X X

1

C
C
C
C
C
A
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Housholder Re
ections

H 13H 14A =

0

B
B
B
B
B
@

X X X X

X X X X

0 X X X

0 X X X

1

C
C
C
C
C
A
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Housholder Re
ections

H 12H 13H 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 X X X

0 X X X

1

C
C
C
C
C
A
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Housholder Re
ections

H 24H 12H 13H 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 X X X

0 0 X X

1

C
C
C
C
C
A
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Housholder Re
ections

H 23H 24H 12H 13H 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 0 X X

0 0 X X

1

C
C
C
C
C
A
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Housholder Re
ections

H 34H 23H 24H 12H 13H 14A =

0

B
B
B
B
B
@

X X X X

0 X X X

0 0 X X

0 0 0 X

1

C
C
C
C
C
A
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QR with Column Pivoting

� QR decomposition works evenwith rank-defectiveA .

� But it needsthe �rst n columnsof A to be linearly independent.

� This is equivalentto: leadingn � n submatrixof R is invertible
(non-zerodiagonals).

� If condition is not met, re-order columnsof A (pivoting)

� This is accomplishedby permutation matrices.

� When calculatingQ, going to the next columnof A , choosethe
one that is farthest from the previouscolumns.

� Useerror of projection on previouscolumnsto identify the farthest
column.

� Exercise: Write a Matlab programfor Gram-Schmidtwith column
pivoting.
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LU Decomposition

� Let A be a square matrix, then LU decomposition is of the form

A = LU

whereU is upper triangular, and L is lower triangular.

For example:
2

6
6
4

a11 a12 a13

a21 a22 a23

a31 a32 a33

3

7
7
5 =

2

6
6
4

`11 0 0

`21 `22 0

`31 `32 `33

3

7
7
5

2

6
6
4

u11 u12 u13

0 u22 u23

0 0 u33

3

7
7
5

� Somede�nitions requirethe diagonalsof L (or U ) to consistof
ones.
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Variations on LU

� The LDU decomposition is oneof the form

A = LDU

like before, exceptD is diagonaland L ; U are unit-triangular
matrices,i.e., all entrieson their diagonalsis one.

� The LUP decomposition is oneof the form

A = LUP

whereP is a permutation matrix (singleone in eachcolumnor
row).

� A PLU decomposition is just a variation with no essential
di�erences.
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LU Existence and Uniqueness

� An invertiblematrix A hasan LU decomposition i� all its
principal minors are nonzero.The decomposition is uniqueif we
requireL or U to havediagonalconsistingof ones.

� A square matrix of rank k hasan LU decomposition if its �rst k
principal minors are nonzero.

� EVERYsquare matrix A hasan LUP decomposition, which can
be doneso that U (or L ) hasoneson the diagonal.
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Calculating the PLU Decomposition

� Will useGaussianelimination.

� Gaussianeliminationuseselementary matrix operations.

� De�nition: Elementary matrix is an identity exceptfor a single
o�-diagonal element.

� Product of two elementary matricessimplycombinestheir
o�-diagonal elements.

� Inverseof an elementary matrix reversesthe signof the
o�-diagonal element.
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LU via Gaussian Elimination

A =

0

B
B
@

2 4 � 5

6 8 1

4 � 8 � 3

1

C
C
A
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LU via Gaussian Elimination

E1A =

0

B
B
@

2 4 � 5

0 � 4 16

4 � 8 � 3

1

C
C
A
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LU via Gaussian Elimination

E2E1A =

0

B
B
@

2 4 � 5

0 � 4 16

0 � 16 � 3

1

C
C
A
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LU via Gaussian Elimination

E3E2E1A =

0

B
B
@

2 4 � 5

0 � 4 16

0 0 � 57

1

C
C
A
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LU Decomposition

E1 =

0

B
B
@

1 0 0

� 3 1 0

0 0 1

1

C
C
A E2 =

0

B
B
@

1 0 0

0 1 0

� 2 0 1

1

C
C
A E3 =

0

B
B
@

1 0 0

0 1 0

0 � 4 1

1

C
C
A

A = E � 1
3 E � 1

2 E � 1
1

0

B
B
@

2 4 � 5

0 � 4 16

0 0 � 57

1

C
C
A =

0

B
B
@

1 0 0

3 1 0

2 4 1

1

C
C
A

0

B
B
@

2 4 � 5

0 � 4 16

0 0 � 57

1

C
C
A
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LU with Pivoting

� The diagonalelementsof a matrix are known as Pivots .

� In Gaussianelimination,we multiply the pivots by a constantand
subtract from other elements.

� Multiplying a small pivot by a large number will magnify the
precisionerror.

� So, if the diagonalelementis small,we will swap rows (pivoting).

� Swappingrows or columnsis donevia permutation matrices.

� We collect the permutation matricesat the end of the operation
to onesideto get A = PLU or A = LUP .
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Cholesky Decomposition

� After Andr�e LouiseCholesky(1875-1918).

� Decomposition of a symmetricpositivede�nite matrix A into:

A = LL H

� The Choleskyfactorization of a givenmatrix A existsi� it is
positive (semi) de�nite. It is always unique.

� When applicable,Choleskyis twice as e�cient as LU
decomposition.

� Algorithms for Choleskyfactorization: readingexercise.
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Eigenvalue Decomposition

Recall: The EigenvalueEquation:

Au = � u

Needto solvethe characteristicequation

det(A � � I ) = 0

Diagonalization: Stack the eigenvectors to get:

A U = U�

If eigenvectors are linearly independent,

A = U�U � 1

Theorem: Eigenvectors correspondingto distinct eigenvaluesare
linearly independent.
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Some Matrix Terminology

� Two matricesare similar if they are relatedthrough:

A = TBT � 1

� If two matricesare similar, they havethe sameeigenvalues.

� The number of times an eigenvalueis repeatedis known as its
algebraic multiplicit y

� The number of linearly independenteigenvectors associated with
eacheigenvalueis known as its geometric multiplicit y

� The spanof the eigenvectors associated with eacheigenvalueis
calledits eigenspace
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Jordan form

� If a matrix hasrepeatedeigenvalues,the eigenvectors may or may
not be independent.

� If they are not, the matrix is not diagonalizable.

� But it can still be reducedto Jordan form, i.e., with diagonal
blocks eachof which are of the form:

J i =

0

B
B
B
B
B
@

� i 1
. . .

. . .

� i 1

� i

1

C
C
C
C
C
A

The sizeof the matrix is equalto the algebraic multiplicity of the
eigenvalue(how many times repeated).
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Schur's Lemma

Lemma: For any square matrix A , there is a unitary matrix U such
that

U H A U = T

whereT is an upper triangular matrix whosediagonalelementsare the
eigenvaluesof A .

Proof: by construction.

Start with A 1 = A . In eachstep, take oneeigenvector u i of matrix
A i and form unitary matrix U i whose�rst columnis u i (other
columnsorthonormal but otherwisearbitrary). Then A i U i = U i B i

with the �rst columnof B being � i e1. Then we removethe �rst row
and columnof B i to get A i +1 , and repeat.

Seetextbook for more details.
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Diagonalization of Hermitian Matrices

Lemma: The eigenvaluesof a Hermitian matrix are real.

Lemma: The eigenvectors of a Hermitian matrix correspondingto
distinct eigenvaluesare orthogonal.

Theorem: EveryHermitian matrix A can be diagonalizedby a unitary
matrix:

A = U�U H

Proof: Trivial for distinct eigenvalues.In generalusesSchur'sLemma.
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Invariant Subspaces

If x is an eigenvector, its direction is not changedby the matrix

Ax = � x

We say that x is an invariant direction of A .

Sometimes,an eigenvalue� hasmultiplicity, so it haseigenvectors
x1; : : : ; x k . De�ne

z = c1x1 + � � � + ck x k

then

Az =
X

ci Ax i = �
X

ci x i = � z

So any vector in Spanf x1; : : : ; x k g will not changedirection due to
applicationof A .

De�nition: For eacheigenvalue,the spanof corresponding
eigenvectors is known as an invariant subspace.
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Invariant Subspaces(2)

We Hermitian A can be diagonalized,i.e., its eigenvectors spanthe
entire space.

Theorem: Let A be a m � m self-adjointmatrix with k distinct
eigenvalues.Then:

A =
kX

i =1

� i P j

I =
kX

i =1

P i

whereP i are projectionson the invariant subspaces,

P i =
` iX

j =1

x j xH
j

wherewe assumedsubspacei has` i eigenvectors.
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Geometry of Quadratic Forms

� For Hermitian matrix A , the quadratic function x H Ax is always
real. The matrix is said to be, respectively, positive-de�nite,
non-negative-de�nite,or negativede�nite, if the valueis always
positive,non-negative,or negativeregardlessof x.

� A matrix is positive-de�nite i� all its eigenvaluesare positive.

� Quadratic forms of a self-adjointmatrix A

xH Ax = c

give rise to classicalconic section.

� The shape of the conic sectionsdepend on the valueand signof
eigenvaluesof A .
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Optimization of Quadratic Forms

Theorem: For a positive-de�nite self-adjoint(Hermitian) matrix A ,
the maximum

max
jj x jj =1

xH Ax

is � 1, the largest eigenvalueof A . If we further restrict x with
< x; x j > = 0 j = 1; : : : ; k � 1, wherex j are eigenvectors of A , then
the optimum valueis � k , the highest\available" eigenvalue.

Proof: The Lagrangian:J (x) = x H Ax � � xH x will yield Ax = � x,
so the solutionmust be an eigenvalue.The highesteigenvalueis
obviouslythe answer. For the secondpart, becauseeigenvectors of A
are orthogonal, the answer must lie in the orthogonalcomplementof
the �rst j eigenvectors.
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Courant-Fischer Minimax Principle

This is a slight generalizationof the previousresult.

Theorem: If � 1 � � � � � � n are the eigenvaluesof a Hermitian matrix
A , then

min
C

max
Cx =0 ;jj x jj =1

xH Ax = � k

In other words, the maximumof the Rayleighquotient, outsideof a
worst-casesubspaceof dimensionk � 1, is � k .

De�nition: The Rayleighquotient with respect to a matrix A is:

RA (x) =
xH Ax
xH x
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Principal Component Analysis

� A direct applicationof the Courant-Fischerprinciple.

� Considera randomvector X , its observationsx i , and the sample
covariancematrix

S =
1

n � 1

X
x i xH

i

� We wish to look at this data, and compressand/or denoisethe
data. Usingthe eigenvaluedecomposition:

S =
X

� i u i uH
i

The idea is, if only a few of the � i are signi�cant, we can ignore
the others.
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Principal Component Analysis (2)

� Assumewe order the eigenvaluesin decreasingmagnitude. Then
u i is known as the i -th principal component of the random
vector X .

� If we want to compressthe imageX then we can throw away all
but a few principal componentsof the image.

� Operation of JPEGand MPEG-4is relatedto this principle.

� If we want to denoiseX + n, we can throw away all but a few
principal componentsthat carry most of the signalenergy.

� The e�ciency of this method dependson the distribution of
eigenvalues.
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Example: Eigenvalues in Images

Partition into blocks and �nd the empiricalautocovariance.
What is the eigenvaluedistribution?
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Empirical Eigenvalue Distributions
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Eigenvalue distribution of 16x16 blocks in Image 'Lenna'

lambda3=1.3 e+4

lambda1=8.8 e+6

lambda50=79
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Eigen�lters

h(k)

n(k)

x(k) y(k)

Problem: x(k) hasACF R xx and n(k) is white noise.How can we
designthe �lter h(k) to maximizethe output SNR?

Answer: We vectorize to write the convolutioneasily.

x(k)
4
=

h
x(k) x(k � 1) � � � x(k � m + 1)

i t

h
4
=

h
h(0) h(1) � � � h(m � 1)

i H

Then we have:

y(k) = hH �
x(k) + n(k)

�
= yx (k) + yn (k)
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Eigen�lters (2)

We can separate the signalfrom the noisecomponentsof the output,
and �nd the power of eachcomponent. We assumeRnn = � 2

n I .

SN R =
Po

No
=

E[jyx (k)j2]
E [jyn (k)j2]

=
hH R xx h
� 2

n hH h

This is a Rayleighquotient, whosemaximizationwill give:

hopt = u1

and the correspondingsignal-to-noiseration is:

SN Ropt =
� 1

� 2
n

where� 1 is the largest eigenvalueof R xx and u1 is the related
eigenvector.
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Deterministic Eigen�lters

Needa linear-phase�lter that approximatesan ideal �lter.

H (ej ! ) = e� j ! N =2
N =2X

n =0

hn cos(! n) = c(! )H h

h
4
=

�
h(0) 2h(1) � � � 2h(N=2)

� t

c
4
= e� j ! N =2

�
1 cos(! ) � � � cos(N ! =2)

� t
pwswp

Ideal response1

|H(ejw)|

We now calculatedeviationin the stopbandfrom ideal:

Es =
1
�

Z �

! s

jH (ej ! ) � 0j2d! =
1
�

Z
(cH h)H (cH h)d!

= hH
�

1
�

Z �

! s

c(! )cH (! )d!
�

h
4
= hH A h

Note: Filter can alsobe highpass,bandstop,multiband, etc.
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Deterministic Eigen�lters (2)

In the passband,useh t 1 = 1 to write:

H (ej ! ) � 1 = h t c � 1 = h t c � h t 1 = h t (c � 1)

Es =
1
�

Z ! p

0
jH (ej ! ) � 1j2d! =

1
�

Z
hH (c � 1)( c � 1)H h d!

= hH
�

1
�

Z ! p

0
(c � 1)( c � 1)H d!

�
h

4
= hH B h

Note: Passbandand stopbandimposequadraticcostson h.

Now, we can decidethe relativeimportanceof passbandand stopband:

D = � A + (1 � � )B

min
h t h =1

hH Dh

The answer is the smallesteigenvalueof D and its eigenvector.

hopt = umin Eopt = � min
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Variations on Eigen�lters

Now considera variation that approximatesan ideal responseH , but
alsoexactlyspeci�es the responseat severalfrequencies.

H (ej ! i ) = gi i = 1; : : : ; r

Eachof theseconditionscan be written p t
i h = gi , therefore

P t h = g

Re-statethe problemas:

min h t D h

s.t. P t h = g

Exercise: Usevector Lagrangianto show h = D � 1P(P t D � 1P) � 1g.

Note: h t 1 = 1 is now part of P t h = g. No constraint on jjhjj 2.
Thus, strictly speaking,this is not an eigenvalueproblem.
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Signal Subspace Techniques

Considera signalconsistingof m sinusoids

x(k) =
mX

i =1

ai ej 2� f i k+ � i

The autocorrelation function of x(k) (using orthogonality of sinusoids)

Rxx (� ) = lim
M !1

1
2M

MX

k= � M

[x(k)x(k � � )] =
mX

i =1

a2
i ej 2� f i �

Now we can write the N � N autocorrelation matrix:

R xx =
mX

i =1

a2
i si sH

i

si =
�

1 ej 2� f i � � � ej 2� (N � 1) f i

�

This is an eigen-decomposition, with eigenvalues� i = a2
i .
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Signal Subspace Techniques

Noisyobservations:

y(k) = x(k) + n(k)

R yy = R xx + � 2I

Note R yy is full rank and haseigenvalues:

� i = � i + � 2

The �rst m eigenvectors are u i = si (why?)

R yy =
X

(� i + � 2) u i uH
i

The Signal Subspace: is the subspacespannedby f u1; : : : ; um g.

The Noise Subspace: is the subspacespannedby f um +1 ; : : : ; uN g

Aria Nosratinia | Signal Theory 5-47



Pisarenko Harmonic Decomposition

� Signalsubspaceis orthogonal to the noisesubspace

� Assumingwe know m, set N = m + 1. So the noisesubspaceis
one-dimensional.

� Find the smallesteigenvalueof R yy , correspondingeigenvector
uN givesthe noisesubspace.

� To �nd the frequencies,note:

sH
i uN = 0 )

mX

k=0

uk e� j 2� f i k = 0

This is a polynomialin e� j 2� f i that hasexactlym roots, on the
unit circle, giving the frequencyof the m sinusoids.
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MUSIC

� Mu ltiple Signal Classi�cation

� More reliable: usesmulti-dimensionalnoisesubspace.De�ne

s(f )
4
=

�
1 ej 2� f � � � ej 2� (N � 1) f

� T

Calculateprojectionson noisedimensions

NX

k= m +1

js(f )H uk j2

which will be minimizedat the signalfrequencies.The inverse:

P(f ) =
1

P N
k= m +1 js(f )H uk j2

is the \MUSIC spectrum" of the signal,whosepeaksgive the
desiredfrequencies.Then we can calculatethe amplitudes
(HOW?)
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Generalized Eigenvalues

Recallthat eigenvalueproblemssolvefor invariant directions. We can
alsolook for directionsthat are a�ected in a pre-speci�ed manner.

A u = � Bu

� is known as a generalized eigenvalue, and is a solution to
det(A � � B ) = 0.

If B is full rank, then there are exactlyn eigenvalues,and
� (A ; B ) = � (B � 1A ).

If B is not full-rank, there may be none,�nite, or in�nite � .

SeeGoluband Van Loan for more details.
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ESPRIT

Estimation of Signal Parametersvia R otational I nvariant T echniques

There are m sinusoidsto be detected.Vector of delayed observations:

z(k)
4
= y(k + 1)

Now write the eigenvaluedecomposition of the output autocorrelation:

R yy = S� SH + � 2
n I

R yz = S�� SH + R w

� =

2

6
6
6
6
6
6
4

ej 2� f 1 0

0 ej 2� f 2

. . .

ej 2� f m

3

7
7
7
7
7
7
5

R w = � 2
n

2

6
6
6
6
6
6
6
6
6
4

0 0 � � � 0 0

1 0 � � � 0 0

0 1 � � � 0 0
...

0 0 � � � 1 0

3

7
7
7
7
7
7
7
7
7
5
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ESPRIT (2)

BASIC IDEA: capturedi�erence betweenautocorrelation and
cross-correlation with delayed signal.

R xx = R yy � � 2
n I = S� SH

C yz = R yz � R w = S�� H SH

Now the generalizedeigenvalueproblem:

R xx u = � C yzu

(R xx � � C yz )u = S�( I � � � H )Su = 0

Since� is diagonal,� = ej e� f i is an eigenvalue.So solvingthe
generalizedeigenvalueproblemyieldsthe frequencies.
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Motivation for Another Diagonal Decomposition

� Calculatethe Moore-PenrosePseudo-inverse

� Orthogonalbasesfor four fundamentalsubspaces

� E�ectively revealsingularity and near-singularity

� Diagonaldecomposition of any matrix, evennon-square

� E�cient analysisof matrix perturbation problems

� E.g. total leastsquares

� This leadsto the Singular Value Decomposition.
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Singular Value Decomposition

Theorem: For any m � n matrix A of rank r , there exist orthogonal
U m � r and V n � r and diagonal� suchthat:

A =
rX

k=1

� k uk v H
k = U � V H

where� is a diagonalmatrix with real, positiveentries.

� k ! Singular values

uk ! Left singular vectors

v k ! Right singular vectors
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SVD (2)

To prove,calculatethe eigenvalues/vectors of A H A

A H Av k = � 2
k v k

Recallthat for Hermitian matrix, v k exist and are orthogonal. Now
de�ne uk = � � 1

k Av k

AA H uk =
1

� k
A (A H A )v k = � 2

k uk

This shows A H A and AA H havethe sameeigenvalues.

Sincev k are orthonormal, so are uk (SHOW!)

Now, notice that R(A ) = R(U ), therefore, there existsX s.t.
A = UX .
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SVD (3)

Finally, rewriting the equationsv k = 1
� k

Au k :

A H U = V�

Thus, U H A = U H (UX ) = �V H which givesX = �V H , so

A = U�V H

=
�

u1 � � � u r

�

0

B
B
B
B
B
@

� 1 0 � � � 0

0 � 2 � � � 0
...

0 0 � � � � r

1

C
C
C
C
C
A

0

B
B
B
B
B
@

v H
1

v H
2
...

v H
r

1

C
C
C
C
C
A
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Full SVD

The matrix A alsohasa number of zerosingular values,exactly
min(m; n) � r of them. The full SVD is:

A =
�

U j u r +1 � � � um

�
0

@� 0

0 0

1

A

0

B
B
B
B
B
B
@

V H

v r +1

...

vn

1

C
C
C
C
C
C
A

Sometimesthe smallerSVD is known as the thin SVD.
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History of SVD

� Long history, beenre-discoveredmany times

� Goesback to analysisof bilinear forms by Jordan and Beltrami in
19th century

� First proof for rectangular and complexmatricesdue to Eckart
and Young (1939)

� Becamepractical tool in the 1960'safter discoveryby Goluband
Kahanof order-N 3 algorithm for calculationof SVD.

� Now hasmany usesfor matrix approximation, total leastsquares,
and calculationof pseudo-inverse.
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Minimax Theorem

Theorem: Let � 1 � � � � � � r be the singular valuesof m � n matrix
A , with right singular vectors v 1; v2; : : : Then:

� 1 = max
jj x jj =1

jjAx jj � k = max
jj x jj =1 ; x ? v 1 ;::: ;v k � 1

jjAx jj

Proof: Usingthe extendedSVD, we de�ne: z = V H x, noting that
jjzjj = jjx jj .

jjAx jj2 = zH ��z =
X

� 2
i jzi j2 � � 2

1

X
jzi j2 = � 2

1 jj x jj2

The maximumis attained whenz = (1 0 � � � 0)t .

Now if x ? v1; : : : ; v k � 1, then z1 = : : : = zk � 1 = 0, so:

jjAx jj2 =
rX

i = k

� 2
i jzi j2 � � 2

k jj x jj2
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Matrix Norms and Singular Values

� Corollary: From the minimax theorem it immediatelyfollows:

jjA jj2 = � 1

� For the Frobeniusnorm we usethe trace:

jjA jj2
F = trace (A H A ) = trace (V�U H U�V H )

= trace (V� 2V H )

= trace (� 2V H V )

= trace (� 2)

=
X

� 2
i
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Inequalities Theorem

Theorem: Let � 1 � � � � � � n be the extendedsingular valuesof
m � n matrix A (someof them may be zero). If f x 1; : : : ; xpg is any
orthonormal set in Cn , then

pX

i =1

jjAx i jj � � 2
1 + � � � + � 2

p

In addition, for any positivenumbers � 1; : : : ; � p,

pX

i =1

� i jjAx i jj � � 1� 2
1 + � � � + � p� 2

p
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Proof: De�ne zi = Ax i , note they are orthonormal.

jjAx i jj2 = zH
i � H �z i = tr (� H �z i zH

i )

Therefore
pX

i =1

jjAx i jj2 = tr (� H �
pX

i =1

zi zH
i ) =

pX

i =1

� 2
i gii

wheregii are the diagonalelementsof projection matrix
P p

i =1 zi zH
i .

We know (SHOW) that the diagonalelementsof a projection matrix
are between0 and 1, and its trace is equalto the rank of the matrix.
Under theseconditions,the sumabove is maximizedwhen: gii = 1 for
i = 1; : : : ; p and zerootherwise.
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SVD and the Pseudo-Inverse

Theorem: B = V� � 1U H is the pseudo-inverseof A .

Proof: AB = UU H , which is the projection for R(A ). Similarly
BA = VV H , which is the projection on R(B ). Therefore B satis�es
the de�nition of the pseudo-inverse.
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Proximit y to Lower Rank

The Eckart and Young Theorem: Let the SVD of A be:

A =
rX

i =1

� k uk v H
k with � 1 � � � � � � r

For integersp = 1; : : : ; r � 1, let A p denotethe truncated sum
A p =

P p
k=1 � k uk v H

k . Then

min
rank(B ) � p

jjA � B jjS = � p+1

min
rank(B ) � p

jjA � B jjF =

vu
u
t

rX

k= p+1

� 2
k

The minimizerof eachis B = A p. The Frobeniusnorm minimizeris
uniquei� � p > � p+1 .
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Spectral Norm Proof

Proof: Null spaceof B hasdimension� n � p, so we can �nd a
vector x of norm one in N (B ) \ spanf v 1; : : : ; vp+1 g, for which

(A � B )x =
p+1X

k=1

� k (v H
k x) uk

) jj (A � B )x jj2 =
p+1X

k=1

� 2
k (v H

k x)2

but
P p+1

k=1 (v H
k x)2 = 1 sincex 2 spanf v i g, so

jj (A � B )x jj2 � � 2
p+1
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Frobenius Norm Proof

Proof: N (B ) hasdimensionno lessthan n � p, so we can �nd an
orthonormal set f x1; : : : ; xn � pg 2 N (B ). Extend it to get an
orthonormal set for all of Cn , then:

jjA � B jj2
F =

nX

k=1

jj (A � B )x k jj2 �
n � pX

k=1

jj (A � B )x k jj2 =
n � pX

k=1

jjAx k jj2

In a mannersimilar to the proof of the inequalitiestheorem, we can
show that for any orthonormal set of size(n � p)

n � pX

k=1

jjAx k jj2 �
rX

k= p+1

� 2
k

Thus we concludejjA � B jj 2
F �

P r
k= p+1 � 2

k , and A p is a minimizerin
the Frobeniusnorm.
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Uniqueness of Approximation

The low-rank approximation in Frobeniusnorm is uniquei� � p > � p+1

(Proof is omitted).

The approximation in the spectral norm is NOT unique,sincespectral
norm looks only in onedirection at the di�erence (A � B ).

Example: Considera rank-oneapproximation to matrix:
0

@5 0

0 2

1

A

The minimum in the Frobeniusnorm is on the left. The minimum in
the spectral norm is on the right for any 0 � � � 2

0

@5 0

0 0

1

A

0

@5 � � 0

0 0

1

A
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Eigenvalue Perturbation Theory

Assumex; z are eigenvectors of A and A H correspondingto
eigenvalue� .

Sometimesz are calledleft eigenvectors of A , becausezH A = � zH .

Exercise: Convinceyourselfthat A ; A H havethe sameeigenvalues,
but not always the sameeigenvectors.

Objective: sensitivity of eigenvalueto perturbation A + � E.

(A + � E) x(� ) = � (� ) x(� ) (1)

s(� )
4
= max

jj E jj =1

@� (� )
@�

�
�
�
�
� =0

Di�erentiate (1) and set � = 0

A
@x
@�

�
�
�
�
� =0

+ Ex =
@�
@�

�
�
�
�
� =0

x + �
@x
@�

�
�
�
�
� =0
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Eigenvalue Perturbation (2)

Multiply by zH to get

@� (� )
@�

�
�
�
�
� =0

=
zH Ex
zH x

Thus:

s(� ) = max
jj E jj =1

jzH Ex j
jzH xj

=
1

jzH xj

The maximumis achievedby E = zx H .

Outcome: s(� ) is a measureof mismatchbetweenthe left and right
eigenvector of A correspondingto the sameeigenvalue� .

) Hermitian matricesare best-conditionedfor calculatingeigenvalues.
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SVD Perturbation Theory

Singular Values

Theorem: �
� � k (A + E) � � k (A )

�
� � jjEjjS

Theorem:
min (m;n )X

k=1

�
� k (A + E) � � k (A )

� 2
� jjEjj2

F

Singular Vectors

It can be shown that if � k is well-separated from other singular values,
then uk ; v k are not a�ected signi�cantly by small additive
perturbationsin matrix entries.
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Total Least Squares

Least Squares Total Least Squares

� Previouslywe solvedAx � b to minimizejjAx � bjj .

� This assumesall the error is in the right handside.

Ax = b + e

� Total leastsquaresremovesthat assumption.

(A + E)x = b + e
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Total Least Squares (2)

� We wish to �nd the smallestoverallperturbation
�
E j e

�
where

the equationaboveadmits an exactsolution.

� Sizeof perturbation is measuredby Frobeniusnorm.

� Thus
�
A + E j b + e

�
must havenull spacethat includes

0

@ x

� 1

1

A

� Now considerthe SVD of [A j b]:

[A j b] =
n +1X

k=1

� k uk v H
k

whereA is m � n and b =2 R(A ).
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Total Least Squares (3)

� The best lower-rankapproximation is givenby the SVD of [A j b]

�
A + E j b + e

�
=

nX

k=1

� k uk v H
k

� It easilyfollows:

�
E j e

�
= � � n +1 un +1 v H

n +1

0

@ x̂

� 1

1

A =
� 1

vn +1 (n + 1)
vn +1

� The perturbation is the \left-over" of the SVD of [A j b] whenit
is reducedin rank.

� The solution is the last left singular vector, adjustedin magnitude.

� This is known as the Total Least Squares Theorem.
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Discussion

� When vn +1 (n + 1) = 0, it can be shown that the TLS solution
doesnot exist.

� In this case,� n +1 is a lower bound to the TLS error, and onemay
get arbitrarily closeto it.

� But there doesnot exist a [E j e] with minimum Frobeniusnorm
suchthat (b + e) 2 R(A + E).

� If � n = � n +1 then the TLS solution is not unique,sinceeither of
the correspondingleft singular vectors (or linear combinations)can
be taken as a solution.
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