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Multiple-input multiple-output systems have better performance under fading chan-

nels than single-input single-output (SISO) systems. Previous analyses of these sys-

tems concentrate on uncorrelated antennas. However, antenna spacing and properties

of scattering environment, among other things, can create correlation between channel

coefficients. Furthermore, for various reasons one may not be able or willing to fully

interleave the codewords, therefore there may exist temporal correlation between fad-

ing coefficients. Existing analyses often assume that the fading is either quasi-static

or i.i.d. This work presents a comprehensive analysis of MIMO systems under corre-

lated fading. We provide anaysis that applies to all space-time codes under arbitrary

channel conditions. We also present analysis for the special case where space-time

block codes are concatenated with channel codes. We calculate pairwise error prob-

ability (PEP) expressions under quasi-static fading, fast fading, block fading, as well

as arbitrarily temporally correlated fading, under Rayleigh and Rician conditions.

We then use this PEP expressions to calculate union bouns on the performance of

space-time codes. Simulations verify accuracy of our results.
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CHAPTER 1

INTRODUCTION

1.1 Wireless communications

The increasing demand for high data rates in wireless communications due to

emerging new technologies makes wireless communications an exciting and challeng-

ing field. The spectrum or bandwidth available to the service provider is often limited

and the allotment of new spectrum by the federal government is often slow in coming.

Also, the power requirements are that devices should use as little power as possible

to conserve battery life and keep the products small. Thus, the designers for wireless

systems face a two-part challenge, increase data rates and improve performance while

incurring little or no increase in bandwidth or power. The wireless channel is by

its nature random and unpredictable, and in general channel error rates are poorer

over a wireless channel than over a wired channel. A major problem in the wireless

channel is that out-of-phase reception of multipaths causes deep attenuation in the

received signal, known as fading. The distortion induced by the time-varying fading

is caused by the superposition of delayed, reflected, scattered and diffracted signal

components. Another problem of the wireless channel is variation over time, due

to the movements of the mobile unit and objects in the environment. This results

into severe attenuation of the signal, referred to as deep fade. This instantaneous

decrease of the signal-to-noise ratio (SNR) results in error bursts which degrades the

performance significantly.

In such fading environments, reliable communication is possible through the

1
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use of diversity techniques in which the receiver is afforded multiple replicas of the

transmitted signal under varying fading conditions. These techniques reduce the

probability that all the replicas are simultaneously affected by a severe attenuation.

Commonly used methods include:

• Frequency diversity, in which the signal is transmitted on multiple RF carriers;

• Temporal diversity, in which channel coding and interleaving are used to repli-

cate and distribute the signal in time;

• Antenna/spatial diversity, in which multiple antennas are used at the transmit-

ter and/or the receiver to provide multiple replicas of the signal with decorre-

lated fading characteristics.

Information theoretic investigations in the past few years [12, 13] have shown

that very high capacity can be obtained by employing multiple antenna elements at

both the transmitter and the receiver of a wireless system. These investigations have

led to the development of a novel multiple transmit-receive architecture called Bell

Labs Layered Space-Time Architecture (BLAST) [12], which provides transmission

rates that are unattainable by traditional techniques. Another approach that uses

multiple transmit antennas and (optionally) multiple receive antennas is Space-Time

Coding (STC) [34]. First introduced in [34, 32] to provide high data rates and reli-

able communications over fading channels, this concept combines coding, modulation

and spatial diversity into a two-dimensional coded modulation technique. Exam-

ples of space-time coding include space-time trellis codes, space-time block codes,

super-orthogonal space-time codes and linear-dispersion (LD) codes. Space-time trel-

lis codes provide full diversity and coding gain at the cost of a complex receiver.

Space-time block codes provide full diversity and simple decoding, but no coding
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gain. BLAST and STC make use of both the space (different antennas) and the time

domain while encoding and decoding information symbols. Hence, the phrase space-

time coded modulation can be generically applied to both techniques. We use the

terms multiple-input multiple-output (MIMO) and space-time coding interchangeably

in this thesis.

The analysis of MIMO systems usually consists of union bounds on bit and

frame error probabilities, which in turn depend on pairwise error probability (PEP).

PEP is defined as the probability of erroneously decoding codeword x̂ when x was

transmitted. This kind of analysis makes it easier to compare two systems based on

some criterion, and also provides insights into the working mechanism behind these

codes. This analysis is also useful in developing design criteria.

Most of the existing work in this area assumes that the antenna elements at

the transmitter and the receiver of the MIMO system are placed far enough (spatially)

such that the effect of the channel at a particular antenna element is different from

the effect at all other antenna elements. This implies independent or spatially uncor-

related fading. This holds true only if spacing between transmit antennas or receive

antennas is of the order of several wavelengths. However, if antenna spacing is not

enough, the fading channel from multiple antennas might be correlated, and the per-

formance will be degraded. Similarly, some of the existing works assume quasi-static

fading in which the channel characteristic remain constant over one frame period,

while some others assume i.i.d. (fully interleaved) fading in which channel varies from

one symbol to another independently. However, one may not be able to interleave

codewords due to delays involved in interleaving. In that case, the channel will have

temporal correlation. In this work, we analyze several space-time signaling schemes

in presence of spatially and temporally correlated Rayleigh as well as Rician fading.
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1.2 Literature review

Receive diversity existed as far back as 1960 [29]. However, receive diversity

is not suitable for downlink in mobile communications, hence transmit diversity has

attracted attention. Alamouti presented basic two transmit diversity scheme [1] and

Tarokh et al. [32] extended it to general case, called orthogonal space-time block codes

(OSTBC). OSTBC have full diversity (nT × nR), but have little or no coding gain.

To provide both diversity and coding gain, one can choose a space-time code that has

an in-built channel coding mechanism, for example space-time trellis codes, or one

can choose a space-time block code concatenated with an outer channel code. Borran

et al. [8] discuss design issues of concatenating channel codes with OSTBC. They

show that design issues in maximizing diversity gain, and maximizing coding gain

can be decoupled. Due to this simplicity, this structure has been accepted, e.g. in

WCDMA standard. Gong and Ben Letaief [14] discuss design of concatenated trellis

coded modulation (TCM) and OSTBC, and also show that this scheme outperforms

space-time trellis codes with the same spectral efficiency, trellis complexity and signal

constellation. Bauch and Hagenauer [4] give a new view of OSTBC over fading

channel as an equivalent SISO channel. Using this equivalent channel model, they give

analytical evaluation of error probability, without considering the effect of block fading

(which is typically assumed for linear decoding of STBC). Uysal and Georghiades [37]

give error bounds for MTCM-STBC under Rician Fading. However, interleaving does

not appear in their analysis. Schulze [26] gives union bounds for channel codes and

Alamouti signaling for temporally correlated and i.i.d. channel. But again, the block

fading assumption is absent in his analysis. None of the above mentioned works

discuss spatially correlated fading. Lai and Mandyam [21] simulate concatenated

convolutional/turbo codes with two temporally and spatially correlated antennas in

the framework of WCDMA, but do not provide any analysis.
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Another class of space-time codes is trellis based space-time codes (e.g. space-

time trellis codes [34], super-orthogonal space-time trellis codes [18] etc.). These

codes incorporate coding and diversity into a single design. Much of the analysis

of these systems concentrates on uncorrelated antennas , e.g., the analysis of space-

time codes in i.i.d. fading in [28] and the analysis of super-orthogonal codes in [30].

In a few isolated cases, attempts have been made to explore the performance of

MIMO systems when antennas are correlated. Damen, Abdi and Kaveh [11] study,

via simulations, the effect of parameters such as angle spread and Rician factor on

the performance of various space-time signaling and detection schemes. Bölcski and

Paulraj [7] concentrate on the quasi-static channel and find Chernoff bounds that in

the high-SNR regime link the diversity to the rank and eigenvalues of the correlation

matrices. Their analysis yields expressions that are equivalent to, but different from,

the ones we provide in this work in the special case of quasi-static channel. They

also calculate the degradation of average pairwise error probability due to antenna

correlation. Uysal and Georghiades [36] derive pairwise error probability expressions

for transmit antenna correlation (with no receive correlation or temporal correlation).

1.3 Scope and outline of the thesis

In this work, our intent is to present an analysis that is general and com-

prehensive. We extend existing results as well as present new ones. We assume

that the channel conditions are known exactly to the receiver, i.e. we have per-

fect channel state-information (CSI). We present the analysis in two parts. In the

first part, we analyze concatenated channel codes and orthogonal space-time block

codes [27]. This provides full diversity as well as coding gain. As the outer codes,

we consider convolutional codes, turbo codes, TCM and MTCM. In the second part,

we present generalized analysis for all space-time codes [17]. space-time codes, and
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linear-dispersion codes. In particular,

1. We derive error bounds for the case of i.i.d. fading as well as spatially correlated

or temporally correlated channels,

2. We include the effects of block fading in our analysis,

3. We give general analysis with respect to the number of transmit and receive

antennas,

4. We analyze in the presence of fast fading and quasi-static fading in Rayleigh

and Rician channels,

The organization of this thesis is as follows. Chapter 2 is a tutorial on the

space-time signaling schemes analyzed. In Chapter 3 we present the analytical tools

used throughout the research in deriving various bounds. Using these tools, we derive

union bounds for bit and frame error probabilities of coded space-time block codes

in Chapter 5. We develop bounding techniques and analyze the concatenated system

under i.i.d. fading, spatially correlated fading, and spatio-temporally correlated fad-

ing. Chapter 4 gives analytical bounds for space-time trellis codes, super-orthogonal

codes, and LD codes for spatially as well as temporally correlated and i.i.d. channels.

In Chapter 6 we apply the derived PEPs to obtain bounds on frame and bit error

rates of various codes. We also provide simulations to gauge the accuracy of the

bounds and to demonstrate the effect of correlations.



CHAPTER 2

OVERVIEW OF SPACE-TIME SIGNALING

Schemes which use multiple transmit and receive antennas for communicating

over a wireless channel are usually called Multiple-input multiple-output (MIMO)

schemes. This chapter gives an introduction to MIMO systems or more specifically,

space-time signaling; a technique used to transmit symbols from multiple antennas.

The chapter is organized as follows. Section 2.1 gives a brief description of channel

models which are used to characterize the performance of MIMO schemes. Sec-

tion 2.2 explains the concept of diversity. Section 2.2.1 introduces transmit diversity

and provides a detailed description of the basic features of Space-Time Block Codes.

Section 2.2.2 gives a description of space-time trellis codes. Sections 2.2.3 and 2.2.4

explain two new technologies super-orthogonal space time codes and LD codes re-

spectively. In Section 2.3 we summarize and point out some references for further

reading.

2.1 Multiple-input multiple-output (MIMO) channels

To effectively evaluate the performance of a MIMO transmission scheme, mod-

els which account for all the major effects of wireless channel on various signals are

required. The most commonly used channel model for MIMO systems is quasi-static

flat Rayleigh fading at all antenna elements. This was employed in [12, 1, 34, 32, 33]

where novel signal processing schemes for MIMO systems were introduced. The sim-

plicity of this channel model made the performance analysis of these schemes less

7
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complicated, allowing the authors to place more emphasis on introducing the trans-

mit and receive signal processing algorithms. Fundamental Information theoretic

results on capacity of MIMO channels [13] and transmit diversity techniques also em-

ploy a similar fading channel model. The basic assumptions behind the quasi-static

flat Rayleigh fading channel are

• A large number of scatterers are present in the wireless channel so that the signal

at any receive antenna of the MIMO system is the sum of several multipath

components. In this case the distribution of the received signal at each antenna

will be complex Gaussian. The amplitude of such complex Gaussian distributed

signals is Rayleigh distributed.

• The channel delay spread, which is a measure of the difference in the time of

arrival of various multipath components at the receiver antenna, is less than the

symbol rate. This assumption guarantees flat fading.

• The channel characteristics remain constant at least for the period of transmis-

sion of an entire frame. This assumption accounts for quasi-static fading.

Using all these assumptions, the quasi-static flat Rayleigh fading MIMO channel for

a system with nT transmit and nR receive antennas can be represented as

H =











h11 h12 . . . h1nT

h21 h22 . . . h2nT

...
...

. . .
...

hnR1 hnR2 . . . hnRnT











where hij is the path gain between receive antennas i and transmit antenna j. The

path gains are usually modeled as zero mean complex Gaussian random variables

with variance 0.5 per real dimension.
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2.2 Diversity techniques

Let us consider a system with BPSK modulation transmitting under fading

channel with Gaussian noise. The complex channel coefficient is denoted by h and

its magnitude is denoted by α. It is assumed that the phase of fading coefficient is

perfectly known at the receiver (i.e. coherent detection). The conditional error rate of

BPSK as a function of channel coefficient over frequency non-selective, slowly fading

channel is given by [25],

Pb(α) = Q(
√

2γ) (2.1)

where γ = α2Eb

N0

is the received SNR. To find unconditional error rate, we must

integrate over all possible values of fading coefficient. Assuming Rayleigh fading, this

integration is

Pb =
1

2

(

1 −
√

γ̄

1 + γ̄

)

(2.2)

where γ̄ = Eb

N0

E(α2) is the average SNR. In high SNR region this error probability can

be approximated as

Pb ≈
1

4γ̄

Note that the error rate decreases inversely with SNR. Compare this to the error rate

of BPSK in non-fading (AWGN) channel [25],

Pb = Q

(

√

2Eb

N0

)

(2.3)

which decreases exponentially with SNR. This means that on a fading channel the

transmitter should transmit with more power to achieve a low probability of error.

As mentioned in the first chapter, diversity techniques are very effective against

fading channel. If we can supply several replicas of the transmitted signal to the

receiver, it is unlikely that all of them will undergo deep fade simultaneously. If we

have supplied L independently faded replicas of transmitted signal to the receiver,
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and p is the probability that any one replica will undergo deep fading, pL is the

probability that all the L replicas will undergo deep fading. There are several types

of diversity – frequency diversity, polarization diversity, time diversity, and spatial

diversity. In this thesis, we are only interested in spatial (antenna) diversity.

Traditionally, there is only single transmit antenna and multiple receive an-

tenna. This technique is referred to as receive diversity. The receiver can use one of

three techniques to improve the quality of received signal:

1. Selection: select the received signal with largest received power.

2. Switching: choose alternate antennas if the received power falls below a thresh-

old level.

3. Maximal Ratio Combining (MRC): linearly combine a weighted replica of all

received signals.

In the method of MRC, it is assumed that the receiver has perfect channel side-

information. If the transmitted signal at time t is s(t), the received signal at receiver

i is given by,

ri(t) = s(t)hi(t) + ni(t)

where ni(t) is complex noise variable. Assuming that this noise is Gaussian, the

receiver combining scheme is

r̃(t) =

nR
∑

i=1

h∗
i ri(t) = s(t)

nR
∑

i

|hi|2 + n′(t)

This detected symbol is then passed through a maximum-likelihood detector to pro-

duce the estimate of transmitted signal s̃(t). MRC provides full diversity, but due to

channel estimation the complexity is high.
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2.2.1 Transmit diversity and space-time block codes

The receive diversity scheme is not suitable for the downlink, as it is difficult

and inconvenient to install multiple antennas on handsets. The multiple antenna

burden is preferably placed at the base station. This is called transmit diversity.

Transmit diversity has gained a lot of attraction and research in last five years [1, 32].

Unlike in receive diversity, in transmit diversity it is not possible to transmit the

same signal from all antennas. If same signal is transmitted from all the antennas, at

the receiver the copies of this signal add incoherently, and no diversity gain can be

achieved. Thus in order for transmit diversity to work, one must find a transmission

scheme where replicas of the signal combine coherently at the receiver.

One of the simplest and most attractive transmit diversity schemes were pro-

posed by Alamouti,

G2 =

(

s1 s2

−s∗2 s∗1

)

(2.4)

where the rows denote time instances and columns denote transmit antennas. Thus,

at time t = 1, s1 and s2 will be transmitted from antennas 1 and 2 respectively, and

at time t = 2, −s∗2 and s2 will be transmitted from antennas 1 and 2 respectively. One

can see that two symbols are transmitted over two time intervals. Hence the code

is full rate. Assuming a single receiver, let h1 and h2 denote the channel coefficients

for transmit antenna 1 and 2 respectively. The fading coefficients are assumed to be

constant over nT = 2 consecutive time slots.

h1 = h1(T = 1) = h1(T = 2)

h2 = h2(T = 1) = h2(T = 2)

Hence the received signal is,

y1 = h1x1 + h2x2 + n1 (2.5)

y2 = −h1x
∗
2 + h2x

∗
1 + n2 (2.6)
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With perfect SI, this can be maximum-likelihood (ML) decoded as,

x̃1 = h∗
1y1 + h2y

∗
2 = (|h1|2 + |h2|2)x1 + ñ1 (2.7)

x̃2 = h∗
2y1 − h1y

∗
2 = (|h1|2 + |h2|2)x2 + ñ2 (2.8)

We observe from the above expression that by using two transmit and one receive

antenna, the transmitted signals are effectively multiplied by |h1|2 + |h2|2. Hence,

if one of the paths is in deep fade, the other may still represent the signal with

reliably. In fact, the use of orthogonal STBC changes the probability distribution of

the channel to distribution with lower variance. It can also be observed that OSTBC

in MIMO channels can be represented as equivalent SISO channel, which discuss in

detail in Chapter 5.

Tarokh et al. [32] extended the Alamouti’s 2-transmit diversity scheme to more

than two antennas. This new generalized space-time signaling scheme is known as

space-time block codes (STBC). Space-time block codes derive their name from the

fact that the encoding is done in both space and time, and their encoder is defined

simply by a matrix. A space-time block code is defined by the relationship between

the k-tuple input signal x and the set of signals to be transmitted from nT antenna

over p time periods. Such a relation is given by p × nT transmission matrix

G =











s11 s12 . . . s1nT

s21 s22 . . . s2nT

...
...

. . .
...

sp1 sp2 . . . spnT











(2.9)

where sij are functions of k-tuple input sequence x1, x2, . . . , xk and their com-

plex conjugates. At time slot i, sij is transmitted from antenna j. Since k information

bits are transmitted over p time interval, the rate of the code is defined as R = k
p
. At

the receiver we can use arbitrary number of receive antennas. The design does not

depend on the number of receive antennas nR.
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If GGH = αI, where α =
∑nT

n=1 |sn|2 and I is the identity matrix, the code is

called orthogonal STBC. The orthogonal STBC assumes that the channel coefficients

are constant over a period of nT symbols, i.e.

hij(t) = hij t = 1, 2, . . . , nT (2.10)

This block fading assumption is required for simple linear decoding of OSTBC. OS-

TBC also assumes that the channel is frequency non-selective. If the channel is

frequency selective, one can use orthogonal frequency division multiplexing (OFDM)

to split the input bit stream into large number of low-rate streams transmitted over

flat fading channels. In our work, we only consider frequency non-selective channels.

At the receiver, the nR receive antennas use maximum likelihood (ML) decod-

ing. In orthogonal STBC the ML decoding is equivalent to maximum ratio combining

(MRC). Assuming perfect channel side-information (SI), the decoder at antenna j

maximizes
p
∑

t=1

nR
∑

j=1

|rj
t −

nT
∑

i=1

hjix
i
t|2 (2.11)

Since the block coding requires only linear processing at the receiver, the

decoding can be done efficiently and quickly. Space-time block codes can be con-

structed for any type of signal constellation and provide full diversity. However, only

real constellations such as Pulse Amplitude (PAM) can give full rate for any number

of antennas. For complex constellations such as Phase Shift Keying (PSK), full rate

STBC exist only for nT = 2.

2.2.2 Space-time trellis codes

Space-time trellis codes (STTC), originally proposed by Tarokh et al. [34],

incorporate jointly designed channel coding, modulation, transmit diversity and op-

tional receive diversity.
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00, 01, 02, 03

10, 11, 12, 13

20, 21, 22, 23

30, 31, 32, 33

0

1

3

2

Figure 2.1. Tarokh’s 4-state QPSK space-time trellis code

As the name suggests, the structure of space-time trellis code is given by a

trellis. A trellis for 4-state QPSK STTC with two transmit antennas [34] is given in

Figure 2.1. Here the first QPSK symbol is transmitted from first antenna and the

second QPSK symbol is transmitted from second antenna, at time instance t. Thus,

at each time instance one information symbol is transmitted, and the rate is 1.

The nR × 1 received signal is given by

yt = Ht st + nt (2.12)

Where H = {hji} i = 1, . . . , nT j = 1, . . . , nR is the channel matrix and s =

[s1, . . . , snT
]T is the transmitted vector at time instance t. A codeword c is given by

c =











c1(1) c1(2) . . . c1(N)
c2(1) c2(2) . . . c2(N)

...
...

. . .
...

cnT
(1) cnT

(2) . . . cnT
(N)











An error event is given by B(c, e) = c − e.

The probability of erroneously decoding e when c was transmitted, called

pairwise error probability (PEP) is given by,

P (c, e) ≤
(

r
∏

i=1

λi

)−nR (

Es

4N0

)−rnR

(2.13)
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where r is the rank of A(c, e) = B(c, e)BH(c, e) and λ are the nonzero eigenvalues

of A(c, e). From this equation, the design criteria can be given as

1. Rank criterion: To achieve maximum possible diversity, nT ×nR, matrix A(c, e)

should be full rank for all the codewords.

2. Determinant criterion: To maximize the coding gain, minimum determinant of

A(c, e) should be maximized over all codewords.

2.2.3 Super-orthogonal space-time codes

Space-time trellis codes provide full diversity and full rate. There exist some

design criteria that must be satisfied to obtain full diversity. However, there is no

systematic design method available and one has to do a computer search to obtain

best possible codes. Also, it is not clear how to improve performance of such codes.

sOSTBC provide full rate and full diversity with a very simple design, but do not

provide any coding gain. To achieve additional coding gain [8, 14] combine space-time

block codes with trellis codes. However, this reduces the rate of the resultant code.

To solve this problem, Jafarkhani and Seshadri [18] proposed a new coding

scheme which combines STBC with trellis codes and yet guarantees full rate. They

also provide systematic design criteria similar to the design criteria of TCM. The

authors [18] of recognize that a space-time block code does not use all the possible

transmission matrices. For example Alamouti’s scheme is defined by the following

transmission matrix:

C(s1, s2) =

(

s1 s2

−s∗2 s∗1

)

However, all possible 2 × 2 orthogonal transmission matrices are:

(

s1 s2

−s∗2 s∗1

)(

−s1 s2

s∗2 s∗1

)(

s1 −s2

s∗2 s∗1

)(

s1 s2

s∗2 −s∗1

)
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00/C(0,0,θ=0)

01/C(1,1,θ=0)

00/C(0,0,θ=π)

01/C(1,1,θ=π)

11/C(1,0,θ=0)

10/C(0,1,θ=0)

11/C
(1,0,θ=π)

10/C
(0,1,θ=π)

Figure 2.2. 2-state BPSK super-orthogonal space time code

(

−s1 −s2

s∗2 −s∗1

)(

−s1 s2

−s∗2 −s∗1

)(

s1 −s2

−s∗2 −s∗1

)(

−s1 −s2

−s∗2 s∗1

)

Super-orthogonal space-time codes (SOSTC) are essentially space-time trellis

codes transmitting space-time block (STB) codewords in each trellis section. The

set of available STB codewords are extended via rotations, while maintaining the

orthogonality of the codewords. Thus, all the eight transmission matrices are used

in case of 2 transmit antenna SOSTC. Finally, a set partitioning is performed for

efficient labeling of the trellis. For example, in the case of Alamouti signaling, there

are nT = 2 time intervals per trellis section and the set of codewords are represented

by

C(s1, s2, θ) =

(

s1e
jθ −s∗2e

jθ

s2 s∗1

)

(2.14)

with θ = 0, π
2
. The resulting code has a systematic design procedure, and shows

better performance compared to the reported STT codes [18]. A two-state BPSK

super-orthogonal code is shown in Figure 2.2. The labels on the branches show

output of the trellis. The output of the trellis is used with Equation 2.14, and then

mapped to the two transmit antennas.
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2.2.4 Linear-dispersion codes

The space-time coding systems we have explained so far concentrate on im-

proving error performance and providing diversity. However, they do so at rates below

the capacity of MIMO system. Also, this systems become either too complex (e.g.

STTC) or their performance degrades considerably at high data rates (e.g. STBC).

There are other space-time signaling schemes that concentrate on increasing the rate

of the system, while providing little or no improvement in error performance. For

example, Vertical Bell Labs Layered Space-Time Architecture (V-BLAST) supports

a high data rate. In V-BLAST, every transmit antenna transmits its own sub-stream

of data. V-BLAST suffers from two problems: 1) It requires more receive antennas

than transmit antennas. This might not be possible in cellular systems, where the

number of antennas at base station is typically more than number of antennas at

mobile handset. 2) It does not provide any diversity gain. To achieve high data rates

as well as diversity, Hassibi and Hochwald [16] propose a new scheme in which trans-

mitter sends sub-streams of data in linear combinations over space and time. This

new scheme allows any number of transmit and receive antennas, provide diversity

gain, and maximize the mutual information between transmitter and receiver. This

new codes, called Linear dispersion (LD) codes have codeword matrices XnT×T such

that

X = X(x1 = α1 + j β1, · · · , xQ = αQ + j βQ) =

Q
∑

q=1

(αqAq + j βqBq) (2.15)

where xq = αq + j βq is a signal chosen from an M-PSK or M-QAM modulation,

and Aq and Bq are complex spreading matrices with size nT × T where T is the

time-span of each codeword. Each entry of the codeword X is a linear combination

of all xq’s. There are Q signals to be transmitted in T consecutive time instances

and correspondingly Q spreading matrices Aq and Bq. The code has MQ codewords
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where M is the number of signals in the constellation. It is assumed that the channel

matrix is known to the receiver, and the parameters Q, Aq, and Bq are chosen to

maximize the mutual information that the LD code can attain [16]. There exist

efficient algorithms for near-ML and sub-optimal successive nulling and cancelling

decoders for LD codes.

For example, a LD code with nT = 2, nR = 2, T = 2, and Q = nT × T = 4 is

given by the following matrices [16],

A1 = B1 =
1√
2

(

1 0
0 1

)

, A2 = B2 =
1√
2

(

0 1
1 0

)

A3 = B3 =
1√
2

(

1 0
0 −1

)

, A4 = B4 =
1√
2

(

0 1
−1 0

)

2.3 Further reading

In this chapter, we give an overview of the current state of technology in space-

time coding. For further reading, we point out a few interesting and informative

references here. Various models for fading channels are given in [31]. The book [29]

provides excellent material for fading channels and diversity techniques, especially

for receive diversity. A good tutorial on space-time block codes and space-time trellis

codes can be found in [15]. An in depth study of MIMO systems as well as space-time

block codes can be found in [22] .



CHAPTER 3

ANALYTICAL TOOLS

In this chapter, we explain the analytical tools used to derive the pairwise error

probabilities in later chapters. Of particular interest is the alternative expression for

Q-function [29] explained in Section 3.3.

3.1 Spatially correlated channel

If the antenna elements in either the transmitter or the receiver are not far

enough apart, the fading coefficients hij will be correlated. We do not assume any

specific structure for the correlation of fading coefficients, and the analysis is general in

that sense. We do assume that the correlation structure is stationary (time-invariant).

The correlations can be modeled using a virtual linear system operating on an

innovations channel H̃, which has i.i.d. components. The most general form of such

a correlation model is constructed using the vectorizing operator vec(·) as follows.

Lemma 1 Consider a random matrix H̃ with i.i.d. entries, and two determinis-

tic, positive semi definite matrices A and B of appropriate size, and assume H =

A1/2 H̃B1/2. Then H can be equivalently represented thus:

vec(H) = R1/2vec(H̃) , (3.1)

where vec(·) is the vectorizing operator and R = E [vec(H)vec(H)H ] = B ⊗ A, the

Kronecker product of B and A.

19
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Proof: Easily follows via the identities:

vec(AXB) = (BT ⊗ A)vec(X) , (3.2)

(A ⊗ B)T = AT ⊗ BT , (3.3)

(A ⊗ B)(C ⊗ D) = AC ⊗ BD . (3.4)

vec(H) = vec(A1/2H̃B1/2)

= (BH/2 ⊗ A1/2)vec(H̃) (3.5)

R = E [vec(H)vec(H)H ]

= E [(BH/2 ⊗ A1/2) vec(H̃) vec(H̃)H(BH/2 ⊗ A1/2)H ]

= (BH/2 ⊗ A1/2)(BH/2 ⊗ A1/2)H

= (BH/2 ⊗ A1/2)(B1/2 ⊗ AH/2)

= B ⊗ A (3.6)

�

This is closely related to an existing correlation model [9] where A and B

represent the correlation matrices at the transmitter and receiver side, respectively.

In other words,

H = R
1/2
Tx H̃ R

1/2
Rx . (3.7)

However, for our purposes, the following unitary transformation is more useful

vec(H) = R1/2
s vec(H̃) = UΛ1/2vec(H̃) , (3.8)

where Rs = UΛUH . For future reference, it is useful to remember Λ = ΛTx ⊗ ΛRx.

3.2 Union bounds on frame and bit error probability

For a given (N,K) code C (where N is the codeword length and K is the

number of information bits per codeword) the PEP can be used to calculate union
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bounds on bit error probability

Pb ≤
1

K

∑

XεC

P (X)
∑

X̂6=X

w P (X → X̂) , (3.9)

where w is the number of differing information bits between X and X̂, and frame

error probability,

Pe ≤
∑

XεC

P (X)
∑

X̂6=X

P (X → X̂) . (3.10)

However, this requires knowledge of all the codewords, and all the PEPs. This might

be computationally cumbersome. If the code is linear, or it possesses a special prop-

erty called uniform error probability (UEP) [29], there exists an easier approach

– weight distribution of the code. The input output weight enumerating function

(IOWEF) gives the multiplicities of codewords with input weight w and output weight

d,

A(W,D) =
∑

w,d

Aw,dW
wDd (3.11)

The frame error rate is given by,

Pe ≤
K
∑

w=0

N
∑

d=0

Aw,dP (d) (3.12)

and the bit error rate is given by,

Pb ≤
K
∑

w=0

N
∑

d=0

w

K
Aw,dP (d) (3.13)

For example, let us consider a systematic (7, 4) Hamming code with generator

matrix

G(D) =









1 0 0 0 1 0 1
0 1 0 0 1 1 1
0 0 1 0 1 1 0
0 0 0 1 0 1 1









The WEF of the code is

A(X) = 1 + 7X3 + 7X4 + X7
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and the IOWEF of the code is

A(W,X) = 1 + 3WX3 + WX4 + 3W 2X3 + 3W 2X4 + W 3X3 + 3W 3X4 + W 4X7

The IOWEF shows that there are three codewords with input weight one and output

weight three, one codeword with input weight one and output weight four, and so on.

In case of multilevel modulation, d is a vector, d = (v0, . . . , v2m−1), where vi

is the number of times symbol i appears in the codeword. P (d) is the probability of

mistakenly decoding codeword with weight d, assuming all zero codeword was trans-

mitted. To calculate bit and frame error probabilities we need to obtain corresponding

PEPs P (d), to which the remainder of this thesis is dedicated.

3.3 Alternative expression for Q function

For a given channel code C, the probability of decoding e when c was trans-

mitted, given the channel realization is,

P (c → e|γ) = Q (
√

γ) (3.14)

where γ = d2(c,e)Es

2N0

, and d(c, e) is the Euclidean distance between codewords c and e.

Traditionally, the PEP is given by Chernoff bound on Q-function. However,

there is an exact yet simple alternative expression for Q-function due to Simon and

Alouini.

Q(x) =
1

π

∫ π/2

0

exp

( −x2

2 sin2 θ

)

dθ (3.15)

Using this expression, and averaging over all channel realizations, one can

write the PEP as,

P (c → e) =
1

π

∫ π/2

0

∫ ∞

0

exp
(

− γ

sin2 θ

)

pγ(γ) dγ dθ
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We recognize the inner integral as the moment generating function (MGF) of γ,

Φ(s) = E [e−sγ ], evaluated at s = −1/ sin2 θ. Hence the PEP is given by,

P (c, e) =
1

π

∫ π/2

0

Φγ

(

− 1

sin2 θ

)

dθ (3.16)

In the later chapters we derive the pairwise error probabilities for different

codes in different channels. The Equations 3.10 and 3.12, along with the PEPs derived

in later chapters, give very tight bounds for fast fading. However, in slow fading, the

resulting upper bounds are very loose because there is no dominant error events. This

has been observed widely in literature [28, 30, 24, 36]. Under these circumstances, to

obtain tighter bounds, one can use either only a few error events in Equation 3.10,

or use the method of limit before averaging. Limit before averaging method limits

the conditional union bound on frame error probability before averaging over fading

channel,

Pe ≤
∫

γ

min(1,
∑

XεC

P (X)
∑

X̂6=X

P (X → X̂))f(γ)dγ (3.17)

and bit error probability,

Pb ≤
∫

γ

min(0.5,
∑

XεC

P (X)
∑

X̂6=X

w

K
P (X → X̂))f(γ)dγ (3.18)

Note that even with limit before averaging the bounds are 2-3 dB loose compared

to simulation in quasi-static channel. This difference is usually reduced in higher

diversity systems. For example compare figures 6.15 and 6.16. The bounds are looser

in Figure 6.16 because there are only two receive antennas as compared to four receive

antennas in Figure 6.16.



CHAPTER 4

ANALYSIS OF SPACE-TIME CODES

In this chapter we provide an analysis that is applicable to all space-time codes.

To this end, we use the tools described in Chapter 3 to build analytical expressions

for pairwise error probability.

4.1 System model

We consider a MIMO system with nT transmit and nR receive antennas. The

binary data is encoded and modulated by a space-time trellis encoder. Let xn =

[x
(n)
1 , . . . , x

(n)
nT ]T denote the transmitted signal vector in the n-th time interval. Let

Hn = {h(n)
ji } be the nR × nT channel matrix at time n, where each entry hji is the

channel gain between transmit antenna i and receive antenna j. The channel gains

are assumed to be circularly symmetric complex Gaussian random variables, so their

magnitude exhibits a Rayleigh distribution. The received signal vector at time n is

given by

rn = Hnxn + zn , (4.1)

where z is a nR×1 independent and identically distributed (i.i.d.) zero-mean Gaussian

noise vector. We assume that the receiver has perfect knowledge of the channel matrix

and performs coherent detection. The maximum likelihood (ML) metric is given by,

m(r,x) =
N
∑

n=1

||rn − Hnxn||2 .

where N is the total frame (codeword) length, r is the received signal in this period,

and x is a given codeword in the same period.

24
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Using techniques made popular by the work of Simon and Alouini [29], we first

calculate the conditional PEP and then integrate over channel gain coefficients. An

error occurs when the noise random variable z takes values larger than ||H(x − x̂)||.

Denoting the codeword differences by ∆n = xn − x̂n, the PEP for a given channel

realization is

P (x → x̂|H) = Q





√

√

√

√

Es

2N0

N
∑

n=1

||Hn∆n||2


 . (4.2)

Now use the alternative integral expression of Q-function [29]

Q(x) =
1

π

∫ π/2

0

exp

(

− x2

2 sin2 θ

)

dθ

and subsequently integrate over the randomness of the channel coefficients to obtain

the unconditional PEP.

P (x → x̂|H) =
1

π

∫ π/2

0

exp

(

− Es

4N0 sin2 θ

N
∑

n=1

||Hn∆n||2
)

dθ , (4.3)

P (x → x̂) =
1

π

∫ π
2

0

Φ

(

− Es

4N0 sin2 θ

)

dθ , (4.4)

where Φ(·) is the moment generating function of the random variable
∑N

n=1 ||Hn∆n||2.

Whenever channel coefficients are spatially and temporally independent, the

overall moment generating function can be decomposed into a product of marginal

MGF’s, thus the calculation of the above integral is simplified. In the presence of

spatial or temporal correlation, however, this product decomposition does not exist

and thus complications arise. This section is mainly devoted to providing analytical

tools for the calculation of PEP under correlated channel conditions.

We first consider spatially correlated antennas. We use the spatially correlated

channel model from Chapter 3. For easy reference, we state the result once again.

H is nR × nT channel matrix. Transmit side correlation is RTx and receive side
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correlation is RRx. Denoting an innovations channel with i.i.d. components as H̃, the

correlated channel can be represented as,

H = R
1/2
Rx H̃ R

1/2
Tx

4.2 Quasi-static fading with spatial correlation

In quasi-static fading channel the matrix channel is assumed to be constant

over the duration of a codeword, hence Hn = H for n = 1, . . . , N . Denote the

difference of two codeword matrices with ∆ = [∆1, . . . ,∆N ]. Then, the argument of

the MGF in Equation (4.4) can be described in terms of RRx and RTx.

N
∑

n=1

||Hn∆n||2 = ||H∆||2 = tr(H∆∆HHH)

= vec(HH)H(InR
⊗ ∆∆H)vec(HH)

= vec(H̃H)HR1/2
s (InR

⊗ ∆∆H)RH/2
s vec(H̃H) . (4.5)

where Rs is the covariance matrix of vec(HH) which leads to Rs = RRx ⊗ RTx

(refer to Chapter 3). We wish to calculate the MGF of the above random variable,

which consists of a positive semi-definite quadratic form involving Gaussian vectors

vec(H̃H). We now use the following result.

Fact [35]: Let A be a Hermitian matrix and u a circularly symmetric complex Gaus-

sian vector with mean ū and covariance matrix Ru. The MGF of the quadratic form

y = uAuH is given as

Φy(s) =

∫ ∞

0

e−sypY (y)dy =
exp

(

−ūA (I − sRuA)−1 ūH
)

|I − sRuA| , (4.6)

where I is the identity matrix with appropriate size.
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�

Clearly u = vec(H̃H)H is a zero-mean Gaussian vector with covariance matrix

Ru = InT nR
and R

1/2
s (InR

⊗ ∆∆H)R
H/2
s is a Hermitian matrix, hence

Φ(s) =
∣

∣InRnT
− sR1/2

s (InR
⊗ ∆∆H)RH/2

s

∣

∣

−1
=
∣

∣InRnT
− s(InR

⊗ ∆∆H)Rs

∣

∣

−1
,

=
∣

∣InRnT
− s(InR

⊗ ∆∆H)(RRx ⊗ RTx)
∣

∣

−1
, (4.7)

=
∣

∣InRnT
− sRRx ⊗ (∆∆HRTx)

∣

∣

−1
,

=

nT
∏

i=1

nR
∏

j=1

(1 − sλ
(r)
j µi)

−1 , (4.8)

where λ
(r)
j are the eigenvalues of RRx and µi are the eigenvalues of ∆∆HRTx. There-

fore the PEP in quasi-static case is

P (x → x̂) =
1

π

∫ π
2

0

∣

∣

∣

∣

InRnT
+

Es

4N0 sin2 θ
RRx ⊗ (∆∆HRTx)

∣

∣

∣

∣

−1

dθ (4.9)

≤ 1

2

∣

∣

∣

∣

InRnT
+

Es

4N0

RRx ⊗ (∆∆HRTx)

∣

∣

∣

∣

−1

, (4.10)

where in Equation (4.10) we have the Chernoff bound for the PEP.

Other attempts have been made to understand and quantify the performance

of spatially correlated MIMO channels in quasi-static fading; we briefly mention them

and their relationship to our results. For the special case of i.i.d. channel substitute

RTx = InT
and RRx = InR

in (4.9) to obtain an expression whose integral kernel

is
∣

∣InT
− s∆∆H

∣

∣

−nR . This special case has been reported in [28, 36]. Bölcskei and

Paulraj [7] offer a different but equivalent expression for the same Chernoff bound. Liu

and Sayeed [23] have reported the Chernoff bound corresponding to Equation (4.7).

It is insightful to approximate the Chernoff bound for the high-SNR region as

in [34, 7]. Substituting (4.8) in (4.4) gives an alternative Chernoff bound which in

high SNR takes the form

P (x → x̂) ≤ 1

2

(

Es

4N0

)−rr̂ r
∏

i=1

r̂
∏

j=1

1

λ
(r)
j µi

(4.11)
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where r = rank(∆∆HRTx) and r̂ = rank(RRx). Whenever there is no transmit

correlation, i.e. RTx = InT
and µi = 1, expression (4.11) becomes equivalent to the

one reported in [7].

In the high-SNR regime, the quality of a code is usually analyzed via the

diversity order and the coding gain [34]. The diversity order of a pair of codewords

is the exponent of SNR, i.e. rr̂ = rank(∆∆HRTx) · rank(RRx) in Equation (4.11).

Thus, the rank of receiver correlation appears directly, while the transmit correlation

appears via r ≤ min{rank(RTx), rank(∆∆H)}.

4.3 Fast fading with spatial correlation

We consider the case where Hn are independent for different n, but the en-

tries of each matrix Hn are correlated. In this case, the unconditional PEP can be

calculated as follows

P (x → x̂) =
1

π

∫ π
2

0

N
∏

n=1

Φn

(

− Es

4N0 sin2 θ

)

dθ , (4.12)

where Φn(.) is MGF of the random variable ||Hn∆n||2. Similarly to the quasi-static

case, we use the concept of a virtual (innovations) channel and a diagonalizing argu-

ment to arrive at a useful expression for the PEP.

Φn(s) =
∣

∣InRnT
− s(InR

⊗ ∆n∆
H
n )Rs

∣

∣

−1

=
∣

∣InRnT
− sRRx ⊗ (∆n∆

H
n RTx)

∣

∣

−1

=

nT
∏

i=1

nR
∏

j=1

(

1 − sλ
(r)
j µn,i

)−1

(4.13)

P (x → x̂) =
1

π

∫ π
2

0

N
∏

n=1

nT
∏

i=1

nR
∏

j=1

(

1 +
Es

4N0 sin2 θ
λ

(r)
j µn,i

)−1

dθ (4.14)

≤ 1

2

N
∏

n=1

nT
∏

i=1

nR
∏

j=1

(

1 +
Es

4N0

λ
(r)
j µn,i

)−1

, (4.15)
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where µn,i are the eigenvalues of ∆n∆
H
n RTx, and λ

(r)
j are the eigenvalues of RRx.

There are several differences between these expressions and those of the quasi-static

case. First, unlike the quasi-static case, we observe time diversity (when ∆ is

nonzero). Second, only the rank of RRx affects the overall diversity. The eigen-

values of RRx affect the coding gain. Finally, the transmit correlation matrix affects

the coding gain but not the diversity order.

It is insightful to evaluate (4.14) for the special case where the antennas

are uncorrelated. Since ∆n∆
H
n has rank one and its only non-zero eigenvalue is

∑nT

i=1 |x
(n)
i − x̂

(n)
i |2 we have

Φn (s) =
∣

∣InT
− s∆n∆

H
n

∣

∣

−nR =

(

1 − s

nT
∑

i=1

|x(n)
i − x̂

(n)
i |2

)−nR

,

Substituting in (4.12) and setting s = −Es/4N0 sin2 θ yields a result similar to the

one reported in [28].

4.4 Block fading with spatial correlation

The block fading model is a useful approximation for a time-varying fading

channel when fading is not fast enough to be represented with a temporally i.i.d.

process, but also not slow enough to be well approximated with a quasi-static model.

The block fading model has been widely used in literature. In this model, the channel

realization remains fixed for a time interval of length M . Subsequent time intervals

are assumed to have independent realizations. Denoting the length of a codeword

with N , we assume for simplicity that N = KM , i.e., that a codeword length consists

of an integer number of block fading intervals.

To derive the PEP for block fading, we can use the procedures employed in

the two cases of fast and quasi-static fading. Block fading consists of blocks of M
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samples that experience identical fading (like the quasi-static case), but on the other

hand block fading also exhibits independence between fading blocks (like fast fading).

Using a combination of the methods already described, we find the PEP under block

fading as follows

P (x → x̂) =
1

π

∫ π
2

0

K
∏

k=1

∣

∣

∣

∣

InRnT
+

Es

4N0 sin2 θ
RRx ⊗ (∆k∆

H
k RTx)

∣

∣

∣

∣

−1

dθ

=
1

π

∫ π
2

0

K
∏

k=1

nT
∏

i=1

nR
∏

j=1

(

1 +
Es

4N0 sin2 θ
λ

(r)
j µk,i

)−1

dθ , (4.16)

where ∆k = [∆k,1, . . . ,∆k,M ], and µk,i are the eigenvalues of ∆k∆
H
k RTx. We notice

that the time diversity in this case is at most K. Both RRx and RTx affect the overall

diversity and coding gain.

4.5 Temporal and spatial correlation

Block fading is only an approximation to the channel fading variations. In

practice, channel variations are better described by sample-to-sample correlations. In

many cases, due to size of codewords or other constraints, one may not be able to

use interleaving, and temporal correlations must be accounted for. In this section we

consider this general case.

For calculating pairwise error probabilities, we are interested in codeword co-

ordinates where x and x̂ are not identical. Assume that among the N time indices,

the two codewords x and x̂ are different in the time instances {k1, . . . , kd}. Let the

channel matrix at time ki be denoted as Hi, and define H = [H1, . . . ,Hd]. Each

Hi may be spatially correlated with vec(Hi) modeled by a matrix Rs = RTx ⊗ RRx.

We assume the statistics to be stationary (time-invariant), therefore only one spatial

correlation matrix suffices. Let ∆i = xki
− x̂ki

and Λ = diag(∆1, . . . ,∆d). The PEP
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for a given channel realization is

P (x → x̂|H) =
1

π

∫ π
2

0

exp

(

− Es

4N0 sin2 θ
||HΛ||2

)

dθ ,

and the unconditional PEP:

P (x → x̂) =
1

π

∫ π
2

0

Φ

(

− Es

4N0 sin2 θ

)

dθ , (4.17)

where Φ(.) is the MGF of the random variable ||HΛ||2. Assume that the temporal

correlation of the channel are modeled by Rt, that is, Rt(i, j) is the correlation of the

channel between two time instances i and j. After some algebra, H can be described

as follows

H = R
1/2
Rx H̃ (Rt ⊗ RTx)

1/2 , (4.18)

where H̃ is a (nT nR)×d matrix with i.i.d. elements. Note that vec(HH) = R1/2vec(H̃H),

where R = RRx ⊗ Rt ⊗ RTx. Using arguments similar to those in Section 4.2, we

obtain Φ(.) as follows

Φ(s) =
∣

∣IdnT nR
− s(InR

⊗ ΛΛH)(RRx ⊗ Rt ⊗ RTx)
∣

∣

−1

=
∣

∣IdnT nR
− sRRx ⊗

(

ΛΛH(Rt ⊗ RTx)
)∣

∣

−1
(4.19)

We can substitute this expression in Equation (4.17) to obtain the appropriate PEP.

High-SNR approximations of the Chernoff bound corresponding to this PEP can be

used to develop design criteria for space-time codes in arbitrarily correlated channels,

much the same way as done in [34].

To check the validity of this expression, we may specialize it to the uncorrelated

case, i.e. Rt = Id, leading to the result:

Φ(s) =
d
∏

n=1

nT
∏

i=1

nR
∏

j=1

(

1 − sλ
(r)
j µn,i

)−1
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with µn,i and λ
(r)
j defined as in Section 4.3. In deriving this expression we have used

the following fact: the set of the eigenvalues of a Kronecker product of two matrices

consists of products of all pairs of eigenvalues of the two matrices. Notice that the

last expression has terms that are identical to Equation (4.13). Similarly, the results

of this section specialize to the quasi-static case when we substitute the appropriate

correlation matrix.

4.6 Performance under Rician fading

The presence of a line-of-sight component creates a non-zero mean component

for the complex Gaussian channel, leading to Rician fading. We denote the mean value

of the matrix channel as H̄. The matrix channel can be represented as H̄+H, where

H is a circularly symmetric complex Gaussian matrix. The innovations of the channel

gain coefficients is calculated in the same manner as before to give RH̃ = 1
1+K

InT nR
,

where K is the Rician factor.

Recall that the key to the developments for the Rayleigh case was an expression

for the MGF of a quadratic form, namely Equation (4.6), which we repeat here for

convenience

Φy(s) =

∫ ∞

0

e−sypY (y)dy =
exp

(

−ūA (I − sRuA)−1 ūH
)

|I − sRuA|

In the previous cases, the complex channel coefficients were Gaussian with zero mean,

therefore the numerator in the MGF expression was unity. In the present case, we

can use the same expression and use the same procedures that were applied in Sec-

tion 4.5, except that now the numerator does not simplify, and more calculations are

necessary. In the following we omit the detailed calculations and give only the final

PEP expressions.
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For the quasi-static case, define Γ = R
1/2
s (InR

⊗ ∆∆H)R
H/2
s . Then

P (x → x̂) =
1

π

∫ π
2

0

exp
(

vec(H̄H)
H
Γ
(

InRnT
+
(

Es/4(1 + K)N0 sin2 θ
)

Γ
)−1

vec(H̄H)
)

∣

∣InRnT
+
(

Es/4(1 + K)N0 sin2 θ
)

Γ
∣

∣

dθ .

(4.20)

For the fast-fading case, let Γn = R
1/2
s (InR

⊗ ∆n∆n
H)R

H/2
s . Then

P (x → x̂)=
1

π

∫ π
2

0

N
∏

n=1

exp
(

vec(H̄H)
H
Γn

(

InRnT
+
(

Es/4(1 + K)N0 sin2 θ
)

Γn

)−1
vec(H̄H)

)

∣

∣InRnT
+
(

Es/4(1 + K)N0 sin2 θ
)

Γn

∣

∣

dθ .

(4.21)

One may verify the validity of (4.21) in the special case of uncorrelated channel,

by setting Γn = InR
⊗∆n∆

H
n , which leads to a result that has been reported in [28].

For the spatially and temporally correlated Rician channel, using existing def-

initions, we present the following expression as the PEP

P (x → x̂) =
1

π

∫ π
2

0

exp
(

vec(H̄H)
H
Γ
(

IdnRnT
+
(

Es/4(1 + K)N0 sin2 θ
)

Γ
)−1

vec(H̄H)
)

∣

∣IdnRnT
+
(

Es/4(1 + K)N0 sin2 θ
)

Γ
∣

∣

dθ ,

(4.22)

where Γ = R1/2(InR
⊗ ΛΛH)RH/2, R = RRx ⊗ Rt ⊗ RTx.

4.7 Summary

In this chapter, we analyzed space-time codes under several channels. We con-

sidered Rayleigh as well as Rician channels. We also considered correlation between

antennas, or correlation in time. Note that this analysis is applicable to all space-

time codes. In Chapter 6 we apply this PEP expressions to space-time trellis codes,

super-orthogonal codes and linear-dispersion codes.



CHAPTER 5

ANALYSIS OF CODED SPACE-TIME BLOCK TRANSMISSION

In this chapter, we provide analysis for a special case, that of concatenated

channel codes and orthogonal space-time block codes. We use the equivalent SISO

channel model and recognize that it is a block fading channel, to derive PEPs for

spatially and temporally correlated and i.i.d. cases. We use the spatial correlation

model developed in Chapter 3, and use unitary transformation on this channel to

derive moment generating function.

5.1 System model

We consider a coding-diversity scheme where a channel code and a STBC are

used as shown in Figure 5.1. The channel code can be a single or concatenated code.

The channel encoder maps a sequence of k information bits to n coded bits. Each

coded bit is modulated by a signal with unit energy. This is further encoded by the

space time block encoder with nT transmit antennas. The receiver employs nR receive

antennas and combines their output optimally. We consider a frequency non-selective

fading channel. The output of the channel is given by

y = H s + n (5.1)

where y is nR×1 received signal vector, s is the modulated nT ×1 vector transmitted

over nT transmit antennas. and n is nR × 1 i.i.d. Gaussian noise at the input of

the antennas. The channel matrix is represented by H whose elements hij are the

34
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Figure 5.1. Concatenated channel code and space-time block code

complex Gaussian channel coefficients for the pair of transmit antenna i and receive

antenna j.

In a STBC with nT transmit antennas, it is assumed that the channel coeffi-

cients hij remain fixed through nT consecutive intervals, and the receiver has either

perfect or partial knowledge about them [1, 32]. Hence, the channel is block fading

with block length nT . Also, in the decoded sequence, nT consecutive symbols are

affected by the same set of fading coefficients hij’s.

The multiple-input multiple output channel, driven by an orthogonal STBC,

can be represented by an equivalent single-input single-output (SISO) channel. As-

suming the receiver combines the received signals from nR antennas optimally, the

MIMO channel can be represented as a SISO block fading channel with fading coef-

ficient for each block of nT symbols equal to:

heq =

√

√

√

√

1

nT

nT
∑

i=1

nR
∑

j=1

|hij|2. (5.2)

Alternately, we can write the equivalent SNR

γ = γ̄||H||2F , (5.3)

where ||.||F denotes the Frobenius norm, γ̄ = 1
nT

RcEb

N0

is the average SNR per infor-

mation bit per transmit antenna, and Rc is the code rate.

If the noise components of the actual channel are independent, so are the

noise components of the equivalent channel [3, 8]. The transmitted power is scaled
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by the number of transmit antennas to keep the total transmitted power constant.

The equivalent fading coefficient follows a generalized Rayleigh distribution [25]. The

resultant instantaneous SNR per bit, γ, follows chi-square distribution with degree of

freedom 2nT nR [4].

The problem is now reduced to the analysis of a block fading SISO channel

which is no longer Rayleigh, but rather follows a generalized Rayleigh distribution.

Spatially correlated and temporally correlated channels, which we also consider in

this work, further modify the probability distribution.

Here it is appropriate to make a note on interleaving. Some coded space-time

transmission systems, e.g. [14], have been proposed that do not include interleaving

between the outer and inner codes. However, our simulations show that the codes

of [14] can be improved by 1.7dB with an interleaver1. Bauch and Hagenauer [3] also

do not employ interleaving between inner and outer codes, where potentially similar

gains in performance would be possible. In view of these gains and the relatively low

cost of interleaving, it is important to include interleaving in the analysis of coded

space-time systems.

Interleaving, however, requires a complicated and cumbersome book-keeping

for calculating pairwise error probabilities. To manage this complexity and to avoid

interleaver-dependent probabilities, we use the concept of a uniform interleaver. To

demonstrate the efficacy of this approach, Figure 5.2 shows the pairwise error proba-

bility of the dominant error event (Hamming distance d = 5) of a convolutional code

concatenated with Alamouti signaling. The (averaged) uniform interleaver gives a

good approximation to the best interleaver in realistic signal-to-noise ratios. 2 The us-

1See Chapter 6, Figure 6.7
2At very large SNR bad interleavers will dominate, hence averaging over all interleavers will

eventually diverge from the best interleaver at arbitrarily large SNR. Nevertheless, it is an excellent
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Figure 5.2. Convolutional Code, 2-Tx and 1-Rx antennas, d = 6, Block by block i.i.d.
Rayleigh fading

age of random uniform interleaving was first proposed by Benedetto and Montorsi [6]

for the analysis of turbo codes and has also been used by Zummo and Stark [38] to

explore the effects of channel interleavers.

5.2 Analysis of block fading channel

The performance of channel codes in block fading environments is studied

in [20, 24, 38]. The original analysis in [24] requires a generalized weight enumerating

function of the channel code (or generalized transfer function for convolutional codes),

which depends on the order of transmitted bits of a codeword. Therefore, the existence

of interleaver complicates the analysis. We use the concept of uniform interleaver to

address this problem in a manner closely following Zummo and Stark [38].

If the fading coefficient remains constant over a period of ` symbols, the chan-

nel is called a block fading channel with block length `. Such a channel may arise in

approximation at moderate SNR.
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practice if the coherence time of channel is greater than ` symbols. However, block

fading channels are only an approximation of time correlated channels. The channel

coefficient is assumed to change independently from one block to another.

Assume that a frame of signals {sl}N
l=1 is transmitted over block fading channel

with block length `. The number of blocks F =
⌈

N
`

⌉

. The received signal is given by,

yf,l = hfsf,l + nf,l f = 1, . . . , F l = 1, . . . , `

where yf,l and sf,l are the l-th received and transmitted values in block f

respectively. hf is the channel coefficient in the corresponding block.

A maximum likelihood decoder will maximize the metric,

m(y, s) =
∑

f

∑

l

|yf,l − hfsf,l|2 (5.4)

From Equation 5.4 it is clear that the analysis required knowledge of distribu-

tion of coded symbols in the block f . This distribution is interleaver dependent, which

makes the analysis harder. There have been several efforts to solve this problem.

The length of the coded sequence (frame length) is n. The length of a fading

block is `, thus the number of fading blocks in each coded frame is F = dn/`e. We

now need to determine how the error bits are distributed among different blocks, i.e.,

how much error weight is present in each fading block. To characterize that, we build

a histogram of weights as follows: assume the number of blocks that have weight m

is fm, and consider the vector f = (f0, . . . , fw) where w = min(`, d). A given vector

f is a valid histogram if
∑

fm = F and
∑

mfm = d.

For example, let the frame length be n = 5 and fading block length be ` = 2.

If an error event with weight d = 4 is interleaved, the following histograms are

possible: (3, 0, 2), (2, 2, 1), (1, 4, 0). It can be easily seen that the total number of
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Number of blocks with weight 1 : f1=2  

Weight:0 Weight:1 Weight:1 Weight:2 Weight:0

h1,1 h1,2 h2,1 h0,2h0,1

Figure 5.3. One possible block pattern for the case N = 5, d = 4, ` = 2

blocks is F = 5, and the total weight in each case is d = 4. The pattern (2, 2, 1) is

shown in the Figure 5.3. Note that all the fading coefficients shown in the figure are

independent.

Now, using the uniform interleaving concept, one may average the PEP over

all valid error patterns (histograms).

P (d) = Ef [P (d|f)] =
F
∑

f1=1

F/2
∑

f2=1

. . .

F/w
∑

fw=1

P (d|f)p(f) (5.5)

where E is the expectation operator and, p(f) is the weight of occurrence of the

pattern f which can be found by combinatorics.

5.3 PEP based on moment generating functions

For a given channel code C, assuming all-zero codeword is transmitted, the

PEP of a codeword with weight d given the pattern f of the fading blocks, is

P (d|f ,γ) = Q





√

√

√

√2
w
∑

m=1

m

fm
∑

i=1

γm,i



 (5.6)

Here we have collected terms corresponding to blocks with equal weight patterns.

Thus γm,i is the SNR for the i-th block that has weight m (there are a total of fm

such blocks).3

3We use hij to refer to the channel gain from transmitter i to receiver j, whereas here the

subscripts of γm,i have a very different meaning. Each case should be clear from the context.
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In the case of nT transmit and nR receive antennas the resultant SNR per bit,

from (5.2), is

γ = γ̄||H||2F (5.7)

where γ̄ = 1
nT

RcEb

N0

is the average SNR per information bit, and Rc is the code rate.

Representing Q-function in its alternative form [29], the PEP conditioned on the

block fading pattern f is

P (d|f ,γ) =
1

π

∫ π
2

0

exp

(

− 1

sin2 θ

w
∑

m=1

m

fm
∑

i=1

γm,i

)

dθ.

Averaging the above conditional PEP over the instantaneous SNR γ we find P (d|f) =

Eγ [P (d|f ,γ)]. Assuming γm,i are independent,

P (d|f) =
1

π

∫ π
2

0

w
∏

m=1

fm
∏

i=1

∫ ∞

0

exp
(

−mγm,i

sin2 θ

)

pγ(γm,i)dγm,idθ

The inner integral is the moment generating function (MGF) of γ, Φ(s) = E [esγ],

evaluated at s = −m/ sin2 θ, hence

P (d|f) =
1

π

∫ π
2

0

w
∏

m=1

[

Φ
(

− m

sin2 θ

)]fm

dθ. (5.8)

The expression (5.8) is general for all the channels. In the sequel, we use mo-

ment generating function of different channels with expression (5.8) to derive pairwise

error probabilities.

We start our analysis with spatially and temporally independent fading.

5.4 Independent fading

If the entries of the channel matrix H are independent, the resulting SNR

is the sum of nT nR independent exponential variables and hence has a chi-square
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distribution with the pdf [29]

pγ(γ) =
1

(D − 1)!γ̄D
γD−1 exp(−γ/γ̄) ,

where D = nT nR. The MGF of this pdf is given by [29]

Φγ(s) = (1 − sγ̄)−D . (5.9)

Using this MGF in (5.8) we obtain the following bound for P (d|f)

P (d|f) =
1

π

∫ π
2

0

w
∏

m=1

(

1 +
mγ̄

sin2 θ

)−fmD

dθ (5.10)

≤ 1

2

w
∏

m=1

(1 + mγ̄)−fmD ,

where the last inequality is the Chernoff bound. One may also obtain the correspond-

ing result for quasi-static Rayleigh fading by the setting F = 1 which is equivalent to

m = d, fm = 1.

5.5 Spatially correlated fading

Theorem 1 The moment generating function of γ is given by

Φγ(s) =

nT
∏

i=1

nR
∏

j=1

(

1 − sλ
(t)
i λ

(r)
j γ̄
)−1

, (5.11)

where λ(t) and λ(r) are eigenvalues of RTx and RRx respectively.

Proof:

||H||2 = vec(H)Hvec(H) = vec(H̃)HΛvec(H̃)

=

nT
∑

i=1

nR
∑

j=1

λ
(t)
i λ

(r)
j |h̃ij|2 . (5.12)
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From (5.7) and (5.12),

γ = γ̄ ||H||2 = γ̄

nT
∑

i=1

nR
∑

j=1

λ
(t)
i λ

(r)
j |h̃ij|2 .

The MGF of γ is

Φγ(s) = E
{

exp
(

−s γ̄ ||H||2
)}

=

nT
∏

i=1

nR
∏

j=1

E
{

exp
(

−s γ̄ λ
(t)
i λ

(r)
j |h̃ij|2

)}

.

Each term in the last expression is the moment generating function of an exponential

random variable. Substitution gives (5.11).

�

We can now substitute in (5.8) to obtain

P (d|f) =
1

π

∫ π
2

0

w
∏

m=1

nT
∏

i=1

nR
∏

j=1

(

1 +
mλ

(r)
i λ

(r)
j γ̄

sin2 θ

)−fm

dθ (5.13)

≤ 1

2

w
∏

m=1

nT
∏

i=1

nR
∏

j=1

(

1 + mλ
(t)
i λ

(r)
j γ̄
)−fm

. (5.14)

Using this formula, it is instructive to consider two extreme cases: uncorrelated

and fully correlated channels. In the case of uncorrelated channel, λ
(t)
i = λ

(r)
j = 1 for

all i, j, and the formula reduces to (5.10), as expected. In the case of fully correlated

channel, the correlation matrix is rank deficient and we have λ
(t)
1 = nT , λ

(r)
1 = nR,

and all other λ
(t)
i = λ

(r)
j = 0. Thus the above moment generating function reduces to

Φγ(s) = (1 − sDγ̄)−1 , (5.15)

which shows no diversity, but a receive gain of D = nT nR (recall that γ̄ = 1
nT

RcEb

N0

).

5.6 Temporal and spatial correlation

For various reasons such as long data blocks or long fading periods, it may

not be practical to use interleavers to remove the channel memory. In such cases, we
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need to analyze the system with channel memory, a task which we undertake in this

section. We assume that the coherence time is much greater than nT symbols, so that

the channel remains effectively constant over each STBC block and linear decoding

is possible.

Assuming a given error event has weight d, we must concentrate on the channel

matrix at time instances {k1, . . . , kd} where the error event has nonzero value. Let the

channel matrix at time ki be denoted as Hi and define H = [vec(H1) vec(H2) . . . vec(Hd)].

Each Hi may be spatially correlated; the spatial correlations are modeled by a matrix

Rs as before. We assume the statistics to be stationary (time-invariant), therefore

only one spatial correlation matrix suffices. We model the temporal correlation of the

channel by Rt, that is, Rt(i, j) = E [vec(Hi)
Hvec(Hj)]. Therefore, H can be modeled

as

H = R1/2
s H̃ R

1/2
t , (5.16)

where, H̃ is a (nT nR) × d matrix with i.i.d. elements.

Using Lemmas 1 and 1, we can write the MGF of d nT nR correlated exponential

variables as

Φγ(s) =
d
∏

k=1

nT
∏

i=1

nR
∏

j=1

(1 − s µk λ
(t)
i λ

(r)
j )−1 , (5.17)

where µi are eigenvalues of Rt. Using this, we can calculate the pairwise error prob-

ability

P (d) =
1

π

∫ π/2

0

d
∏

k=1

nT
∏

i=1

nR
∏

j=1

(

1 +
γ̄µkλ

(t)
i λ

(r)
j

sin2 θ

)−1

dθ (5.18)

≤ 1

2

d
∏

k=1

nT
∏

i=1

nR
∏

j=1

(

1 + µkλ
(t)
i λ

(r)
j γ̄
)−1

. (5.19)
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It is easy to see that for the special case of quasi-static fading, (Rt)ij = 1 for all i

and j, therefore µ1 = d and all other µk = 0, and the equation reduces to the familiar

PEP for the quasi-static fading, where there is no time diversity but there is a coding

gain of d.

5.7 Performance analysis with multilevel modulation

We now proceed to the analysis of a concatenation of TCM or MTCM with

space-time block codes. The design of TCM and MTCM for space-time block codes

has been addressed in [14] and [8].

Following the same steps as before, we need to consider error patterns f (his-

tograms) in a manner similar to Section 5.2. Because the errors can assume mul-

tiple values (more than two), the construction of the patterns is complicated. In

a 2m-ary modulation, an error event can be represented by d = (d0, . . . , d2m−1),

where di is the number of times i-th symbol repeats in the error event. Obviously,
∑2m−1

i=0 = N the codeword length. As in Section 5.2, we denote number of fading

blocks with F and block length with `. Then fading pattern in block j can be given

by vj = (v
(0)
j , . . . , v

(2m−1)
j ), where v

(i)
j is the number of times symbol i repeats in that

particular block. A histogram f = {fj : vj repeats fj times} is a valid histogram if:

∑

j

fj = F ,
∑

j

fjv
(i)
j = di , i = 0, . . . 2m − 1

For example, let the error event (compared to all zero codeword ) in a TCM

with QPSK modulation and codeword length N = 8 be {s2, s1, s0, s3, s1, s2, s0, s1}.

Obviously d = (2, 3, 2, 1). If the block length is 2, the distribution of errors can be

given as follows,
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j = 1 j = 2 j = 3 j = 4
s2s1 s0s3 s1s2 s0s1

v
(0)
j 0 1 0 1

v
(1)
j 1 0 1 1

v
(2)
j 1 0 1 0

v
(3)
j 0 1 0 0

Hence, In the first block, vj = (0, 1, 1, 0), in the second block vj = (1, 0, 0, 1)

etc. The above block distribution can be represented by the histogram:

vj fj

(0, 1, 1, 0) 2
(1, 0, 0, 1) 1
(1, 1, 0, 0) 1

(2, 3, 2, 1) =
∑

j fjv
(i)
j

The pairwise conditional probability of error between the all-zero codeword

and a codeword e is given by,

P (0 → e|f ,γ) = Q





√

√

√

√2
∑

j

fj
∑

i=1

γj,i αj



 , (5.20)

where j is the index of block patterns and γj,i is the instantaneous SNR per bit for

i-th block in fading pattern j. We have defined an aggregate distance metric αj for

each block pattern j, calculated by

αj =
2m
∑

k=0

v
(k)
j d2(sk, s0) ,

where v
(k)
j is the multiplicity of symbol sk in the block pattern indexed by j. Averaging

over γ, we find the PEP expression

P (0 → e|f) =
1

π

∫ π/2

0

∏

j

[

Φγ

(

− αj

2 sin2 θ

)]fj

dθ . (5.21)
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For the useful class of uniform error probability (UEP) codes, where the ref-

erence codeword can always be chosen as the all-zero codeword [29, 19], the union

bound on frame error probability is

Pe ≤
∑

e6=0

1

π

∫ π
2

0

∏

j



2−(m−1)
∑

c`

Φγ

(

−
∑2m

i=1 v
(i)
j d2(c` ⊕ si, si)

2 sin2 θ

)−fj



 dθ , (5.22)

where c` is a symbol that belongs to the first level of set-partitioning of the 2m-ary

modulation [19]. Note that v
(i)
j and fj depend on the error word e, but the dependence

has been suppressed in the formula above for notational simplicity.

To calculate the union bound in the case of spatially and temporally i.i.d.

fading, the moment generating function (5.9) is substituted in (5.22). To calculate

the union bound in the case of spatially correlated fading, we insert the moment

generating function (5.11) into (5.21).

The union bound in the case of temporally correlated channel requires a little

twist. In the previous cases, the equivalent SNR was a function of ||H|| only, therefore

decorrelating H simplified the MGF expressions. However, in the case of temporal

correlations, the effective SNR is expressed as

γ =
d
∑

k=1

nT
∑

i=1

nR
∑

j=1

|hij(k)|2 δ2
k , (5.23)

where δk is the Euclidean distance of the error event at k-th error position. Obviously

decorrelating H no longer works. Define D = diag(δ1, . . . , δd) and note that γ =

||HD||2, where H = [vec(H1) vec(H2) . . . vec(Hd)]. To obtain a sum of independent

SNR components, we must diagonalize the autocorrelation of HD.

γ = ||HD||2 =
d
∑

k=1

nT
∑

i=1

nR
∑

j=1

|hij(k)|2δ2
k

=
d
∑

k=1

nT
∑

i=1

nR
∑

j=1

|h̃ij(k)|2λ(t)
i λ

(r)
j µ̂k .
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Recall that the spatial and temporally correlated H is modeled as

H = R1/2
s H̃ R

1/2
t ,

where H̃ has i.i.d. entries and Rs and Rt are the spatial and temporal correlation

matrices, respectively. It follows that µ̂k are the eigenvalues of DRtD. Therefore we

can still use equations (5.17) and (5.21) except we should substitute µ̂k for µk.
4

5.8 Performance under Rician fading

In this section we consider the Rician fading channels with parameter K de-

scribing the ratio of the energy of the line-of-sight component to the multipath com-

ponent. For the uncorrelated Rician channel, the moment generating function of

γ = γ̄||H||2 is given by [29]

Φγ(s) =

(

1 + K

1 + K − sγ̄

)D

exp

(

Ksγ̄

1 + K − sγ̄

)D

.

By using this MGF with equation (5.21), the PEP for the fast fading Rician

channel and multilevel modulation is given by

P (0 → e) =
1

π

∫ π/2

0

∏

j

[

1 + K

1 + K +
αj γ̄

2 sin2 θ

exp

(

−
K

γ̄αj

2 sin2 θ

1 + K +
γ̄αj

2 sin2 θ

)]D

dθ . (5.24)

For the case of spatially correlated fading, the MGF can be once again derived

using Lemmas 1 of Section 3.1 and Lemma 2 of Section 5.5,

Φγ(s) =

nT
∏

i=1

nR
∏

j=1

(1 + K)

1 + K − sλ
(t)
i λ

(r)
j γ̄

exp

(

Ksλ
(t)
i λ

(r)
j γ̄

1 + K − sλ
(t)
i λ

(r)
j γ̄

)

, (5.25)

4The distinction is unnecessary in the case of binary codes with BPSK, because in that case

δk = 1 on all error positions.
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where λ(t) and λ(r) are the eigenvalues of transmit and receive correlation matrices

RTx and RRx respectively. Expressions (5.25) and (5.22) directly yield the desired

bounds on error probability.

When temporal as well as spatial correlation is present, it is straightforward

to show that the moment generating function is expressed as follows

Φγ(s) =
d
∏

k=1

nT
∏

i=1

nR
∏

j=1

(1 + K)

1 + K − sµkλ
(t)
i λ

(r)
j γ̄

exp

(

K sµk λ
(t)
i λ

(r)
j γ̄

1 + K − sµkλ
(t)
i λ

(r)
j γ̄

)

, (5.26)

where µk are the eigenvalues of temporal correlation matrix Rt. Once again, in

combination with (5.22), the desired bounds are obtained.

5.9 Summary

In this chapter, we derived the PEP expression for concatenated channel codes

and space-time block codes. This setup provides full diversity and coding gain with

simple design, at the cost of loosing some rate. We analyzed this system for spatially

and/or temporally correlated channels as well as i.i.d. channels. We also provided

analysis for Rayleigh and Rician fading. In the next chapter, we use PEP expres-

sion derived in Chapters 4 and 5 to calculate union bounds on bit and frame error

probabilities.



CHAPTER 6

APPLICATIONS AND RESULTS

We apply the PEP expressions derived in the Chapters 5 and 4 to various

space-time codes. This chapter is divided into two parts. The first part gives the

results for concatenated channel codes and orthogonal space-time block codes. We

provide results for various channel codes like convolutional codes, turbo codes, TCM

and MTCM concatenated with OSTBC. In the second part we provide the results

for space-time trellis codes, super-orthogonal space-time codes, and linear-dispersion

codes.

6.1 Coded space-time block signaling

We evaluated union bounds for convolutional and turbo codes with BPSK

modulation, and for 4-state, 8-PSK TCM and MTCM codes. The STBC for two-

transmit antenna used here is the Alamouti scheme [1]. In all figures, dashed lines

denote simulations, while solid lines denote bounds. In the case of two antennas,

RTx and RRx are each fully defined by a single correlation coefficient ρt for transmit

antenna and ρr for receive antenna. To evaluate analytical expressions, we calculated

the IOWEF of the codes based on the approach of [5]. A random interleaver is placed

between the channel code and STBC. We evaluate exact expressions for pairwise error

probability.

We begin by presenting our results for convolutional codes. For this experi-

ment, we used a four-state rate–1/2 code with generator function G(D) = (1+D2, 1+

49
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Figure 6.1. Convolutional code, block i.i.d. Rayleigh Fading, 2-Tx and 1-Rx antennas
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Figure 6.2. Convolutional code, block i.i.d. Rayleigh Fading, 2-Tx and 2-Rx antennas
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Figure 6.3. Convolutional code, 2-Tx and 1-Rx antennas, time correlated Rayleigh
Fading, FdTs = 0.1

D2 + D3). Each frame contains k = 100 information bits (200 BPSK symbols). This

code is concatenated with Alamouti STBC (one receive antenna). The results are

shown in Figure 6.1. When there is no correlation between antennas, the diversity

is two. When the correlation between transmit antennas is ρt = 0.7, the diversity

remains the same, but the loss in coding gain is about 1.5dB at BER= 10−5. We next

consider a system with two transmit and two receive antennas with spatial correla-

tions ρt = 0.7 and ρr = 0.5 (Figure 6.2). We observe that receive diversity improves

the overall performance, but the loss due to antenna correlations is more than 2dB

at BER=10−5.

In our final experiment with convolutional codes (Figure 6.3) we demonstrate

the effect of temporal correlation modeled via Bessel functions [31] with fdTs = 0.1

(obviously with no interleaving).

For turbo coded experiments we use a rate-1/3 code with four-state constituent

recursive convolutional codes with the generator function G(D) = (1, 1+D2

1+D+D2 ). Fig-
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Figure 6.4. Turbo code, block i.i.d. Rayleigh Fading 2-Tx and 1-Rx antennas N=500

ure 6.4 shows the performance of turbo code concatenated with Alamouti signaling

and one receive antenna. Each frame has 500 information bits (1500 BPSK symbols).

We use suboptimal iterative (MAP) decoding of turbo codes with 12 iterations. The

degradation due to transmit antenna correlation of ρt = 0.7 is about 0.8 dB at BER

= 10−7. We see that the union bounds cross the simulation curves. This phe-

nomenon, which has been previously reported in the literature [5], is due in part to

the usage of iterative decoding instead of ML decoding. Figure 6.5 shows the perfor-

mance of turbo code concatenated with Alamouti signaling and one receive antenna

under quasi-static Rayleigh Channel. Each frame has 100 information bits (300 BPSK

symbols). We use the limit before averaging method of [24] to obtain tighter bounds.

The degradation due to transmit antenna correlation of ρt = 0.7 is about 1.2 dB at

BER = 10−3.

Our TCM experiments use a code from [14] whose trellis is shown in Figure 6.6.

In this experiment, the system has two transmit and one receive antenna, and frame

length is 130 symbols (260 information bits). We have used partial input-output

weight enumerating function (IOWEF) to calculate the upper bounds; the results
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appear in Figure 6.6. The performance loss due to antenna correlation of ρt = 0.7 is

about 1.2 dB at BER = 10−5.

To demonstrate the importance of interleaving, Figure 6.7 gives the frame

error rate in the case of two transmit and one receive antennas under i.i.d. fading

(conditions similar to [14]). We use a S-random interleaver with S=4. Interleaving

gives a gain of 2.5 dB at FER=10−2, in addition to a higher diversity that gives rise

to even more impressive gains at higher SNR.

In Figure 6.8 we repeat the experiment under a quasi-static Rayleigh fading

channel. The union bounds in the case of quasi-static channels are tight only if the

diversity order is high, and the probability of deep fades is low [2]. To get a relatively

tighter bound, we use the limit-before-averaging method of [24], but as reported in [24]

the bounds are still not as tight as the fast fading bounds.

Our MTCM experiments use a 4-state, 8-PSK code from [19], concatenated

with Alamouti signaling, with frame length of 100 symbols (200 information bits).

Again, we use only the partial IOWEF to calculate upper bounds. Figure 6.9 shows
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Figure 6.10. MTCM, 2-Tx and 1-Rx antennas, quasi-static Rayleigh Fading

that a spatial correlation of ρt = 0.7 results in a 1dB loss at high SNR. We repeat

this experiment under quasi-static fading (Figure 6.10). As mentioned before, the

quasi-static bounds are not as tight as the fast fading bounds.

Finally, we show results for the performance of space-time coded TCM in

Rician fading (Figure 6.11). The Rician fading parameter is K = 5dB, and there are

two transmit and one receive antennas. The loss due to a transmit antenna correlation

of ρt = 0.7 is around 1dB.

6.2 Space-time codes

The PEP analysis of the previous section has wide applicability. In this section,

we use PEP expressions to calculate union bounds for a variety of multiple-antenna

signaling and coding schemes, including the space-time trellis (STT) codes [34], super-

orthogonal space-time (SOSTT) codes [18] as well as linear dispersion (LD) codes [16].

Our results are also applicable, in a similar manner, to other signaling scenarios such

as the diagonal algebraic space-time block codes [10].
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Figure 6.11. TCM, 2-Tx and 1-Rx antennas, block i.i.d. Rician fading K = 5dB

The following expression gives the union bound for the frame error rate (FER)

of the code in terms of the pairwise error probability

Pe ≤
∑

x

P (x)
∑

x̂6=x

P (x → x̂) , (6.1)

where the multiplicity of the codewords are implicit in the inner summation. Bit-error

rates (BER) can be obtained similarly. In general space-time signaling is nonlinear,

thus it does not immediately follow that one can use the all-zero codeword as reference.

However, in many cases, the symmetries in the code (and its corresponding trellis)

leads to a condition where the error event probabilities as well as their multiplicities

are independent of the transmitted codeword. This class, known as uniform error

probability (UEP) codes [29], includes many of the interesting and practical scenarios.

The past analyses have mostly relied on this property.

Interestingly, we found that transmit side correlation may destroy the UEP

property of a code. Receive side correlation has no effect on UEP property. Thus, for

the correlated case, one must take additional steps to simplify the analysis, as will be

described in the sequel.
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The evaluation of the union bound is possible via either the transfer function

or the weight enumerating function. We use the partial weight enumerating function1

of the codes for all our results.

Union bounds for the quasi-static channel are often loose, due to the fact that

each codeword experiences only a single fading coefficient. To tighten the bounds,

we use the limit before averaging method of Malkämaki and Leib [24]. Nevertheless,

the bounds are still not as tight as the fast fading case, a fact widely recognized and

reported. However, the union bounds will be tighter in the presence of diversity, i.e.,

when the probability of deep fades is relatively small. This can happen in MIMO

channels, thus some of the quasi-static bounds are tighter than the SISO case. 2

In the following figures, dashed lines denote simulations, while solid lines de-

note bounds. In the case of two antennas, RTx and RRx are each fully defined by a

single correlation coefficient ρt for transmit antenna and ρr for receive antenna. When

higher number of transmit or receive antennas are used, we consider the exponential

correlation structure [29] which may correspond to the case of equi-spaced antennas

with decaying factor ρr.

6.2.1 Space-time trellis codes

We present the results for space-time trellis codes in the context of the eight-

state QPSK-STT code in [34], with spectral efficiency of 2 bit/sec/Hz and 130 infor-

mation symbols per codeword (260 information bits).

The dominant error event for this trellis is shown in Figure 6.12, as well as the

1On the order of hundreds of error events were used for the union bounds reported in this work.
2In correlated channels, limit before averaging requires multidimensional integration of a non-

linear function that, unlike the uncorrelated case, cannot be decomposed. We use Monte Carlo

integration.
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pairwise error probability (PEP) for the quasi-static channel under various spatial

correlation situations. We notice that the diversity of the correlated cases are the

same as the spatially uncorrelated case, since RRx and RTx are not rank deficient.

But the correlation leads to a coding loss of over 1dB from RTx and about 2.5dB

when both transmit and receive side antennas are correlated.

Now we proceed to the calculation of the union bound. The eight-state STT

code is a UEP code. However, when RTx 6= I, simulations show that, for example, the

all-zero codeword and a random codeword experience different error rates, therefore

the UEP property does not hold under spatially correlated fading. This surprising

fact is demonstrated in Figures 6.13 and 6.15 for fast fading and quasi-static channels,

respectively. In these two figures, we indicate the all-zero codeword with numeral

(I), the codeword 02, 20, 02, 20, . . . with numeral (II), and a random codeword with

numeral (III).

This phenomenon can be explained as follows. When the channel is spatially

uncorrelated, the phase of the received signals are random, so the signals from the
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Figure 6.13. STT code, 2-Tx, 2-Rx, fast Rayleigh fading, ρt = ρr = 0.7, FER
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Figure 6.14. STT code, 2-Tx, 2-Rx, fast Rayleigh fading, ρt = ρr = 0.7, BER
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Figure 6.15. STT code, 2-Tx, 4-Rx, quasi-static Rayleigh fading, ρt = ρr = 0.7

multiple transmit antennas may add constructively or destructively with equal prob-

ability. But when the channels are correlated, the signals from multiple transmit

antennas are correlated. Assuming a positive correlation coefficient, this means that,

in the case of two antennas, transmission vectors that send the same signal from two

antennas (e.g. 00) have an advantage over vectors that send opposite values (e.g.

02 or 13 in QPSK). Worst-case codewords are those that are made entirely of these

worst-case segments. Best case codewords are those made entirely of the same sym-

bol, e.g., the all-zero codeword. A random codeword will contain a mixture of both,

and therefore will fall somewhere in between.3

It is noteworthy that the loss of UEP property due to transmit antenna corre-

lation is not universal. In the next section we demonstrate some codes that preserve

their UEP property even if transmit antennas are spatially correlated.

Figure 6.13 shows frame error rates for the case of fast fading and two corre-

3In the presence of negative correlation, the role of best-case and worst-case codeword will be

reversed.
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Figure 6.16. STT code, 2-Tx, 2-Rx, quasi-static Rayleigh fading

lated antennas (ρt = ρr = 0.7). The frame error rates are calculated for the three

cases of (I) all-zero codeword, (II) worst-case codeword, as mentioned above, and (III)

random codeword. The three curves do not coincide and the UEP property does not

hold. Figure 6.14 presents the BER results under the same conditions.

Now consider the performance of the space-time trellis code in quasi-static

fading with four receive antennas (see Figure 6.15). The results for uncorrelated

quasi-static channel are also included for comparison. We notice that the code has

2dB loss due to antenna correlation on transmit and receive sides.

The union bounds in Figure 6.15 is relatively tight, thanks to the high diversity.

However, the union bound can be loose whenever diversity is low, e.g., if the number

of receive antennas is small. In Figure 6.16, we present the performance of the STT

code with two receive antennas with tight union bounds calculated using the limit-

before-averaging method. For spatially correlated cases, we present the union bound

for the worst case reference codeword, as described earlier. Simulations are performed,

naturally, with random inputs. For this reason, the bounds for the correlated cases
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Figure 6.17. STT code, 2-Tx, 4-Rx, temporally correlated Rayleigh fading, fdTs =
0.01

are not as tight. The performance of the STT code with four receive antennas in a

temporally and spatially correlated channel is presented in Figure 6.17.

6.2.2 Super-orthogonal space-time trellis codes

Simon and Jafarkhani [30] analyzed the performance of SOSTT codes under

spatially and temporally uncorrelated channel, for which they developed a specialized

analysis. Unlike [30], we evaluate the performance of a SOSTT with the same PEP

expressions reported in Chapter 4 simply by a change of notation as follows. The

subscript n in (4.1) and in the definition of xn and ∆n now stands for the n-th time-

interval with length nT , i.e., the n-th trellis section. For example, for nT = 2, we

have

∆n = xn − x̂n =

(

xn,1e
jθn − x̂n,1e

jθ̂n −x∗
n,2e

jθn + x̂∗
n,2e

jθ̂n

xn,2 − x̂n,2 x∗
n,1 − x̂∗

n,1

)

, (6.2)

where xn,1 and xn,2 are the two signals transmitted by the STB code in the n-th

trellis section, and θn is the corresponding phase shift, which depends on the encoder

state. Using this modification, the PEP when in each trellis section (i.e. each block)
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Figure 6.18. SOSTT code, 2-Tx, 1-Rx, fast Rayleigh fading, ρt = 0.7

is given by Equation (4.16) . This change of notation does not affect the results for

the quasi-static channel.

Our analysis applies to any SOSTT code, but for demonstration purposes we

consider the two-state SOSTT code [18] with nT = 2 and BPSK modulation, which

has a spectral efficiency of 1 bit/sec/Hz. Unlike the STT code in Section 6.2.1, this

code preserves its UEP property even when RTx 6= I, because all trellis paths transmit

STB codewords that are symmetric with respect to spatial correlations, therefore they

are all affected similarly. This may not be true for all block space-time codes, however.

The results for fast Rayleigh fading for one receive antenna are shown in Figure 6.18.

The numeral (I) refers to the all-zero transmitted codeword, and (II) refers to a

random codeword. Simulations show no difference, thus confirming UEP property.

For comparison, the results for spatially independent fast fading are presented. We

see a loss of about 2dB in coding gain due to transmit-side correlation, but no change

in diversity.

The performance of the SOSTT code with four receive antennas in a quasi-
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Figure 6.19. SOSTT code, 2-Tx, 4-Rx, quasi-static Rayleigh fading, ρt = ρr = 0.7

static, spatially correlated channel is shown in Figure 6.19 and for temporally and

spatially correlated channel is presented in Figure 6.20.

6.2.3 Linear-dispersion codes

LD codes in general do not have the UEP property. The UEP property arises

from the symmetry of the code, and general LD codes do not possess a structure that

imparts such symmetry. Therefore, even though the PEP expressions derived earlier

are useful, for an estimate of the error rate (union bound) all possible codeword pairs

must be considered.

For our examples we choose LD codes with nT = 2, nR = 2, and T = 2. This

LD code with Q = nT ×T = 4 is reported in [16] and its performance evaluated with

QPSK and 16-QAM constellations. We apply the block fading model, i.e., fixed fading

coefficient over each block, varying independently between blocks. First consider

QPSK, which leads to 256 codewords and a rate of 4 bits/sec/Hz. The simulated

and analytical FER results of this code are shown in Figure 6.21 for uncorrelated as
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Figure 6.20. SOSTT code, 2-Tx, 4-Rx, temporally correlated Rayleigh fading, fdTs =
0.01

well as spatially correlated antennas. When correlation exists in both transmit and

receive sides the loss in performance is about 3dB.

Using 16-QAM with the same structure leads to spectral efficiency of 8 bits/sec/Hz

and 65536 codewords. For the calculation of a union bound for a given codeword,

65535 errors are considered. But most of these errors are low-probability and highly

statistically dependent, resulting in a loose union bound. A better approximation can

be found by concentrating on the closest codewords that constitute most of the error

probability. For a given codeword X(x1, · · · , xQ) there are 256 neighboring codewords

whose uncoded sequences are different in only one xi, and that one xi is separated in

the two codewords only by the minimum Euclidean distance of 16-QAM. In a sense,

we have 256 “nearest” codewords, and we can use them in calculating the error perfor-

mance. The results are shown in Figure 6.22, where the numeral (I) refers to the union

bound and numeral (II) refers to the truncated bound.4 The performance figures can

4In the LD code experiments, we randomly choose reference codewords until the calculated union

bound converges. For the 16-QAM experiment, 50 reference codewords proved to be sufficient.
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Figure 6.21. LD code, 2-Tx, 2-Rx, QPSK, Rayleigh fading

be made even tighter in the low-SNR region by applying the limit-before-averaging

technique of [24], at the cost of some computational inconvenience.



68

15 20 25 30 35

10
−4

10
−3

10
−2

10
−1

10
0

SNR (dB)

B
E

R

Bound (I) ρ
T
=ρ

R
=0

Bound (II) ρ
T
=ρ

R
=0

Bound (I) ρ
T
=ρ

R
=0.7

Bound (II) ρ
T
=ρ

R
=0.7

Sim ρ
T
=ρ

R
=0

Sim ρ
T
=ρ

R
=0.7

Figure 6.22. LD code, 2-Tx, 2-Rx, 16QAM, Rayleigh fading



CHAPTER 7

CONCLUSION AND FUTURE WORK

In this thesis, we provide analysis of space-time codes. Our analysis is applica-

ble to all space-time code under realistic channel conditions. Especially, we consider

the effects of spatial and temporal correlation in channel on space-time codes. Pre-

viously presented results for independent channels and quasi-static or fast fading are

special cases of our results. We provide results Rayleigh as well as Rician fading. We

consider the effects of block fading and interleaving.

We start in Chapter 3 by presenting existing tools that applies to our analysis.

Of particular interest is the spatially correlated channel model which is based on the

transmit and receive antenna correlation. We explain exact expression for Q-function

and union bounds using weight enumerating functions. We also show how the problem

of finding union bounds is reduced to problem of finding moment generating function

(characteristic function) of SNR under various channel conditions.

In Chapter 4 we present analysis of space-time codes. We use a mathemati-

cal result that gives characteristic function of a quadratic form to find the moment

generating function for various cases. We consider quasi-static as well as fast fading

spatially correlated channels. Furthermore, we also consider a case where fading is

constant over a block, but varies independently from block to block, known as block

fading. In section 4.5 we provide results for general temporal and spatial correlation.

In section 4.6 we present the analysis for Rician channels. It can be shown that the

previous cases are special case of this last expression.
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In Chapter 5 we give analysis for the special case of coded space-time block

transmission. Space-time block codes offer diversity gain, but no coding gain. It is

advantageous to concatenate channel codes with space-time block codes to improve

system performance. This scheme is practically attractive, and has been adopted in

WCDMA. To derive the moment generating functions, we use uniform transformation

on the correlated channel. We consider the effects of interleaving. We also consider

effects of block fading assumption inherent in space-time block codes. However, in-

terleaving makes the analysis difficult in presence of block fading channels. We solve

this problem by using the concept of “uniform interleaving”. Using this concept,

we average over all possible interleavers. We show that this concept makes analysis

easier, yet provides tight bounds. Similar to the case of space-time codes, we give

analysis of coded space-time block transmission for spatially as well as temporally

correlated channel. We give analysis for BPSK as well as multilevel modulation.

In Chapter 6, we compare the analytical bounds with simulation results. We

show plots for space-time trellis codes, super-orthogonal space-time codes and linear-

dispersion codes, however we note that our analytical expressions are applicable to

other space-time codes as well. The analytical bounds are based on partial weight

enumerating function. For the case of coded space-time block transmission, we give

plots for convolutional codes, turbo codes, TCM and MTCM. For the cases of con-

volutional codes, and turbo codes, we use full weight enumerating function. But for

TCM and MTCM, we use partial weight enumerating function. We note that the

bounds are tight in fast fading channel. The bounds in quasi-static channel are loose

because there is no dominant error event in quasi-static channel. We note that for

higher diversity, the bounds in quasi-static channel are tighter than bounds for lower

diversity. In quasi-static channels, we use the method of limit-before-averaging to

tighten the bounds.
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One of the direct extension of this work can be design of space-time codes for

spatially correlated channels. From the analytical equations, we see that the perfor-

mance depends on the ranks of transmit and receive correlation matrices. Water-filling

can be one of the solutions to take advantage of correlations in low to medium SNR

range.

In the analysis we assume perfect channel estimation. In practice, channel

estimation is either absent or imperfect. It would be interesting to analyze space-

time coding for imperfect or blind channel estimation. We also assume frequency

non-selective fading. If the channel is frequency selective, one can use OFDM-STTC.

The analysis of this system can give some useful insights into designing codes for

frequency selective channels.

One of the interesting observations in this chapter is the destruction of uni-

form error probability property of space-time trellis codes in presence of antenna

correlation. It is possible to design space-time trellis codes that preserve uniform

error probability property even under spatial correlation.
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