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Space-timeblock codesalonegenerallyhavelittle or no coding gain. To extract coding
gain, space-timeblock codeshave beenpreviously concatenatedwith an outer trellis
to generatesimple and powerful codes, known as super-orthogonalcodes. This work
hastwo main themes:it exploresmethods and algorithms that generatecoding gain
in block codeswithout a trellis, aswell asimprove the coding gain in the presenceof

a trellis.

When an outer trellis is available, our resultsgeneralizethe super-orthogonalcodeshby
nding new code supersetsand correspnding set partitioning, resulting in improved
coding gain. New algorithms are deweloped to e cien tly build trellises for various
full-rate MIMO codes,thereforewe extend the conceptof trellis-block MIMO coding

beyond orthogonal and quasi-orthogonalcodes.

In the absenceof atrellis, atechnique calledsingle-blak coded madulation is proposed
to improve the coding gain of all varieties of space-timeblock codes. Becauseno

trellis is used,there is no dependencybetweensuccessig transmissionblocks, which

Vi



hasfavorable consequencem terms of delay and complexity. This new classof block

codesoutperforms correspnding known space-timeblock codes.
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CHAPTER 1
INTRODUCTION

Space-timecoding reducesthe detrimental e ect of channel fading. The space-time
receiver takes advantage of diversepropagation paths betweentransmit and receiwe
antennasto improve the performanceof wirelesscommunication. Chapter 2 corntains

a literature surwvey of the recen dewelopmerns in MIMO signaling.

The main types of space-timecodes are block and trellis codes. Space-time
block codes(BSTC) operate on a block of input symbols, producing a matrix output.
Space-timeblock codesdo not generally provide coding gain. Their main feature is

the provision of diversity with a very simple decaling scheme.

Concatenationof orthogonal space-timeblock codes(OSTBC) with an outer
trellis has led to simple and powerful codes, known as super-orthogonal codes or
STB-TCM. In Chapter 3, we generalizethese codesby nding new code supersets
and correspnding set partitioning, resulting in improved coding gain. We provide
designguidelinesfor the labeling of the generalizedcode trellises and demonstrate

the gainsby se\eral exampledesignsfor two and four transmit antennas.

In Chapter 4, we dewelop algorithms to e cien tly build trellises for various
full-rate MIMO codes. By full-rate, we refer to codesfor multiple antenna systems
whoserate scaleswith the minimum of the number of transmit and receiwe antennas,
e.g., BLAST and the linear dispersion codes of Hassibi and Hochwald. This is in
part inspired by the so-calledsuper-orthogonal codes, which build e cient trellises
on orthogonal block space-timecodes(e.g. the Alamouti code). Unfortunately that

approat cannot be directly applied to a code with insu cient structure, because



set partitioning over an irregular set, sud as the one represeted by an arbitrary
space-timecode, is not straight forward. The certral cortribution of this chapter is
an e cien t set partitioning algorithm for an arbitrary set. We then built trellises for
the resulting set partitions and demonstrate via simulations the gains obtained by

sudh trellis codes.

It is well-known that diversity, despitebeingwidely usedasa designcriterion,
may not be enoughto ensuregood performanceof a wirelesssystem. This is partly
due to the fact that the diversity factor may not appear until unrealistically high
valuesof SNR. Chapter 5 proposesa new classof layered space-timecodes with a
new design criterion that works well in moderate SNR's. Speci cally, we propose
to relax someof the constrains of Threaded Algebraic Space-Time(TAST) codes,
leading to a class of codes with better error performance, which we call Relaxel
Threaded Space Time (RTST) codes. We also proposea modi ed design criterion,

the AverageUnion Bound (AUB), which ensuresgood performanceat medium SNR.

In Chapter 6, we proposea new classof block codesthat outperformsknown
space-timeblock codesat low rates. The new codes are designedby starting with
a quasi-orthogonalstructure, and then making certain modi cations to increasethe
coding gain distance. By usingappropriate rotations and set partitions for two quasi-
orthogonal codes, and conmbining subsetsof their codewords, we are able to obtain
higher coding gain distanceat a given rate, and thus improve performance. Simula-
tions con rm the advantagesof this code comparedto other codesoperating at the

samerate and SNR. We alsoprovide an e cient ML decaling algorithm for the new

code.

Chapter 7 preserts a method for increasingthe coding gain of all varieties of
space-timeblock codes (STBC), without using a trellis or introducing dependency

between successig transmission blocks. For a given STBC, we rst increasethe



constellation size,then prune the codewords of the expandedcodebook accordingto
distance criteria, sothat we arrive at the original transmissionrate. We show that
it is possibleto improve the performanceof a wide variety of space-timesignalings,
including orthogonal codes,quasi-orthogonalcodes. An algorithm for the code design
is presened. In the caseof orthogonal codes,a decaling algorithm for the modi ed
orthogonal codesis preserted, showving that despite altering the regular structure of
the orthogonal code, the complexity of decading is only a ected by a small constarn.
The sameprinciple also appliesto a wide variety of codessud as LD and TAST

codes.



CHAPTER 2
LITERATURE SURVEY

Multiple-input multiple-output (MIMO) techniques are one of the most brilliant
breakthroughsin the history of wirelesscommunications. It has already being ap-
plied in commercialwirelessproducts and networks sud asbroadbandwirelessaccess
systems,wirelesslocal area networks (WLAN), third-generation (3G) networks and

beyond.

2.1 MIMO Overview

A wirelesscommunication systemwith multiple transmitting and receivingantenna
elemerts is calleda MIMO system. The purposeof this setupis that transmit signals
can be so designed,and receie signalsso processedthat bit-error rate (quality) or

data rate (bit/sec) of the communication is improved.

MIMO signaling operatesby spreadingthe information acrossboth spaceand
time. Signalprocessingn time is the natural dimensionof the digital commnunication
data. Spatial processingis possiblethrough the use of multiple spatially distributed

antennas.

MIMO spatial processingakesadvantage of multipath propagation,which isa
key feature of wirelesschannel. Multipath fading hasbeentraditionally a dicult y in
wirelesstransmission. Howewver, MIMO e ectiv ely takesadvantage of random fading
[1, 2, 3, 4, 5], and when available, multipath delay spread[6, 7], for improving the
guality of wirelesscommunication. This improved performancerequires no extra

spectrum, but demandsadded hardware and complexity.



Input bits Coding/Modulation J/Wireless
—> .

- Weighting/Demap | Output bits
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Figure 2.1. MIMO wirelesssystem diagram. The transmitter and receiwer have
multiple antennas. Coding, modulation, and mapping are part of MIMO signaling
which may be realizedjointly or separately

Figure 2.1 illustrates a MIMO system. The MIMO transmitter potentially
includeserror corntrol coding aswell asa complexmodulation symbol mapper. After
frequencyup-corversionto RF, Itering and ampli cation, the signalsaretransmitted
through the wirelesschannel. The signal is captured by multiple receivwe antennas
on the receiwe side. The receiver performs demadulation and demappingoperation
are performed to recover the message. The coding method and antenna mapping
algorithm may vary due to seeral considerationssud as channel estimation and

complexity.

In MIMO systems,data is transmitted over a matrix rather than a vector
channel, which createsmany opportunities beyond just the added diversity or ar-
ray gain benets. In [4, 8, 9], the authors shav one may, under certain conditions,
transmit independert data streamssimultaneously over the eigenmales of a matrix

channel createdby transmit and receiwe antennas.

Among the methods that utilize this spatial multiplexing one may namethe
Bell Labs Layered Space-Timecodes(BLAST). Other schemesin this family include
vertical-BLAST (VBLAST) and diagonal-BLAST (DBLAST). There are also other

codesthat achieve high transmissionrates. Linear dispersion(LD) coding is a space
time transmissionsdhemethat has many of the coding and diversity advantages of

the above codes, but also has the decaling simplicity of V-BLAST at high data



rates. Furthermore, LD codes can be considereda generalization of many other
MIMO structures. For example, threaded algebraic space-time(TAST) codes and
guaternionic lattices for space-timecodes can be consideredas special examplesof

linear dispersion codes.

Although the number of independert input streamsis very important factor
in MIMO comnunication, from an engineeringperspective, the link e ciency can
be determinedby both the number of transmitted streams(throughput per transmit
antenna) aswell asthe BER of ead stream. To improve this BER, or in general,the
reliability of reception, one may use diversity methods. The classof methods that
leveragediversity to improve the quality of multi-antenna wirelesscommunication is

known as space-timecoding.

Two outstanding examplesof transmit diversity schemesfor the multiple-
antenna at-fading channels are space-timetrellis coding (STTC) and space-time
block coding (STBC). Space-timetrellis codesare designedto achieve full diversity
via atrellis structure (Section2.3). Howewer, space-timetrellis coding hashigh decad-
ing complexity. In comparison,space-timeblock coding is much simpler (Section2.4).
Block space-timecodescanberepreserted in a simplematrix format. Orthogonal and
guasi-orthogonalspace-timeblock codes provide a low complexity transmit/receive
communication systemwith good performanceat low rates. Thesecodesprovide lim-
ited or no coding gain. Howewer, by concatenatingthem with an outer trellis, onemay
achieve signi cant coding gain. These composite codes are called super-orthogonal

space-timecodes.

To summarize there aretwo major categoriedor currernt transmissionsthemes
over MIMO channelswhich are data rate maximization [10, 11] and diversity maxi-
mization [12, 13, 14] schemes.Data rate maximizing schemesfocuson improving the

averagecapacity behavior and the diversity maximizing schemesimprove the perfor-



mancein terms of BER. There hasbeensomee ort toward uni cation of thesetwo

methods [15, 16].

2.2 MIMO Information Theory

For L, transmit and L, receiwe antennas, we have the famous capacity equation [3,
5, 17]

Gep = log,[det(l, + WHH )] b/s/Hz (2.1)

wherel, is the identity matrix of sizeL;, isthe SNR at any receiwe antenna, ( )
meanstranspose-conjugatendH isthe Lr  L; channelmatrix. Note that both (2.1)
is basedon equal power (EP) uncorrelated sources hence,its subscript. Fosdini [3]
and Telatar [5] both demonstrated that the capacity in (2.1) grows linearly with
m = min(L,;L) rather than logarithmically. This result can be intuited as follows:
the determinarnt operator yields a product of min(L,; L) nonzeroeigervaluesof its
(channel-denden) matrix argumert, ead eigervalue characterizing the SNR over
a so-calledchannel eigenmale. An eigenmale correspndsto the transmissionusing
a pair of right and left singular vectors of the channel matrix as transmit antenna
and receie antenna weights, respectively. Thanks to the propertiesof the log( ) , the
overall capacily is the sum of capacitiesof eat of thesemodes. Clearly, linear growth
in the number of antennasis dependert on the properties of the eigervalues. If they
decy rapidly, then linear growth would not occur in practice. Howewer (for simple
channels),the eigervalueshave a known limiting distribution [18]; it is unlikely that

most eigervaluesare very small and the linear growth is indeedacdhieved.

The capacity (2.1) is a random variable and does not give a single-rumber
represemation of channel quality. Two simple summariesare commonly used: the
mean (or ergadic) capacity [5, 17, 19 and capacity outage[3, 20, 21, 22]. Capacity

outage measurequsually basedon simulation) are often denotedCgy.; or Cy.os , i.€.,



those capacity values supported 90% or 99% of the time, and indicate the system

reliability.

Now we can focus on the information theoretic capacity of a MIMO system.
The MIMO signal model is
r=Hs+ n; (2.2)

wherer isthe L, 1receiwdsignalvector,sistheL; 1transmitted signalvectorand
nisanl, 1 vectorof additive noiseterms, assumedi.i.d. complex Gaussianwith

ead elemen having a varianceequalto 2 . For corveniencewe normalizethe noise
power soin this chapter weassume 2 = 1. Note that the systemequationrepresets a
singleMIMO usercomnunicating over a fading channelwith additive white Gaussian
noise (AWGN). The only interferencepresett is self-inerferencebetweenthe input

streamsto the MIMO system. Someauthors have consideredmore generalsystems
but most information theoretic results can be discussedn this simple cortext, sowe

use (2.2) asthe basicsystemequation.

Let Q denotethe covariance matrix of , then the capacity of the systemde-

scribed by (2.2) is given by [5, 17

C= log,[det(l, + NHQH )] b=s=H; (2.3)

wheretr( Q) holdsto provide a global power constrairt. Note that for equalpower
uncorrelatedsourceQ = (=L )I., and (2.3) collapsedo (2.1). This is optimal when
H is unknown at the transmitter and the input distribution maximizing the mutual
information is the Gaussiandistribution. With channel feedba& H may be known
at the transmitter and the optimal Q is not proportional to the identity matrix but

is constructedfrom a water lling argumer[22, 23, 24].



2.3 Space-TimeTrellis codes

For every input symbol s;, a space-timeencaler generated ; codesymbolscy; Cy; 3 G, -
TheselL; code synbols are transmitted simultaneously from the L; transmit anten-
nas. We de ne the code vectorasc, = [g1 G2 :: ¢.,]" . Supposethat the code
vector sequence

C=1"fcy cpi cLg
was transmitted. We considerthe probability that the decaler decideserroneously

in favor of the legitimate code vector sequence

C=1"1ey; ;5 €0

Consider a frame or block of data of length L and de ne the Ly L; error

matrix A as

b
AC;C)= (g e)(a e): (2.4)

1=1
If ideal channel state information (CSI) H(l);l = 1;:::;L, is available at the
receiver, thenit is possibleto show that the probability of transmitting C and deciding

in favor of C is upper boundedfor a Rayleigh fading channel by [25]

Y
P(C! C) (i) “":i(Es=N,) ", (2.5)
i=1
where E; is the symbol energy and N, is the noise spectral density, r is the rank
of the error matrix A and ;i = 1;:::;r are the nonzeroeigervalues of the error
matrix A. We can easily seethat the bound in (2.5) is similar to the probability of
Q.

error bound for trellis coded modulation in fading channels. The term g, = ~,_; |

represets the coding gain achieved by the STC and the term (Es=4N,) '" represens



adiversity gainofrL,. Sincer L, the overall diversity order is always lessor equal
to L,L;. It isclearthat in designinga STTC, the rank of the error matrix r shouldbe
maximized (thereby maximizing the diversity gain called rank criterion) and at the
sametime g, should alsobe maximized (determinant criterion), thereby maximizing

the coding gain.

As an examplefor STTCs, consideran 8-PSK eigh-state STC designedfor
two transmit antennas[14]. Figure 2.2 providesa labeling of the 8-PSK constellation
and the trellis description for this code. Each row in the matrix shown in this gure
represeis the edgelabelsfor transitions from the correspnding state. The edgelabel
S:S; indicatesthat symbol s; is transmitted over the rst antenna and that symbol
s, is transmitted over the secondantenna. The input bit streamto the ST encaler is
divided into groupsof 3 bits and eat group is mapped into oneof eight constellation

points. This code hasa bandwidth e ciency of 3 bits per channeluse.

Sincethe original STTC were introduced by Tarokh et al. in [14], there has
beenextensive researt aiming at improving the performanceof the original STTC
designs. Theseoriginal STTC designswere hand crafted (accordingto the proposed
designcriteria) and, therefore, are not optimum designs. More recerily, new code
constructions have been proposed, either using systematic seard, or by employing
variations of the original design criteria proposedby Tarokh et al. Examplesin-
clude [26, 27, 28, 29, 30, 31]. We note that there also exist many other published
results that addressthe sameissue. These new code constructions provide better
coding gain comparedto the original schemeby Tarokh et al., howewer, only small
gains were obtained in most casesin the presenceof one receiwe antenna. In the
special caseof two transmit and two receiwe antennas, gains of up to 1dB over the

original work of Tarokh hasbeenreported [32).
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State Output Signal
0 00, 01, 02, 03, 04, 05, 06, 07
1 50, 51, 52, 53, 54, 55, 56, 57
2 20, 21, 22, 23, 24, 25, 26, 27
3 70, 71, 72, 73, 74, 75, 76, 77
T RS
4 ZA %232‘;?:‘:‘ = 40, 41, 42, 43, 44, 45, 46, 47
2B RISITA
5 : 7 ESRN 10, 11, 12, 13, 14, 15, 16, 17
LIIFR AR
6 60, 61, 62, 63, 64, 65, 66, 67
7 30, 31, 32, 33, 34, 35, 36, 37

Example Input: 0 1 57 6 4
OutputfromTX1: 0051 3 6
OutputfromTX2: 01 57 6 4

Figure 2.2. The 8-State 8-PSK STC with two transmit antennas.
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2.4 Block spacetime codes

The decaling complexity of space-timetrellis coding (measuredby the number of
trellis statesat the decaler) increasesxponertially asa function of the diversity level
and transmissionrate [14] for a given number of transmit antennas. In addressing

the issueof decaling complexity, space-timeblock coding givesa promising solution.

Space-timeblock codesoperate on a block of input symbols producing a ma-
trix output. One dimensionof the matrix represeis time and the other represefs
antennas. Unlike traditional single-artenna block codes,most space-timeblock codes
do not provide coding gain. Their key feature is to provide diversity with very low
encaler/decoder complexity. In this section,we review seeral well-known space-time

block codes.

2.4.1 Orthogonal Space-TimeCodes

The Alamouti space-timecode[33 supports maximum-likelihood (ML) detectionwith
linear processingat the receiver. The simple structure and linear detection of this
codemakesit very attractiv e; it hasbeenadoptedfor both the W-CDMA and CDMA-
2000standards. This shemewas later generalizedin [34] to an arbitrary number of
antennas. Here, we will briey review the basicsof STBCs. Figure 2.3 shows the
basebandrepresemation for Alamouti STBC with two antennasat the transmitter.
The input symbols to the space-timeblock encaler are divided into groups of two
synmbols eat. At a given symbol period, the two symbols in ead group fc;; g
are transmitted simultaneously from the two antennas. The signal transmitted from
Antennalis ¢; and the signaltransmitted from Antenna 2 is c,. In the next symbol
period, the signal c, is transmitted from Antenna 1 and the signalc, is transmitted
from Antenna 2. We assumea single-artenna receiver, and denote with h; and h,

be the channelsfrom the rst and secondtransmit antennasto the receiwe antenna,
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Figure 2.3. Transmitter diversity with space-timeblock coding.

respectively. The channel gains are constart over two consecutiv symbol periods.

The receiwed signalscan be expresseds

r{ = hici + hocy + ng (2.6)

r, = hic, + hacp + ny; (2.7)

wherer; and r, are the receiwed signals over two consecutie symbol periods and
n, and n, represemn the receiver noiseand are modeled asi.i.d. complex Gaussian
random variables with zero mean and power spectral density N,=2 per dimension.
We de ne the receiwed signalvectorr = [r; r,]", the code symbol vectorc = [¢; ¢;]",
and the noisevector n = [n; n,]" . Equations (2.7) and (2.7) can be rewritten in a

matrix form as

r=Hc+n; (2.8)
where
hy h;
H h, h (2.9)

The matrix H represems a concatenationof the channel vector (h; h,)' and
the Alamouti code. The vector n is a complex Gaussianrandom vector with zero
mean and covariance Nyl,. Let us de ne C asthe set of all possiblesymbol pairs

c = fc;c0 . Assumingthat all symbol pairs are equiprobable,and sincethe noise
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vector n is assumedo be a multivariate AWGN, we can easily seethat the optimum
ML decder is

- - .. . ..2 .
t= arglérzucn jgr H:®€j°: (2.10)

The ML decding rule in (2.10) can be further simpli ed by realizing that the
channelmatrix H is always orthogonal regardlessof the channel coe cien ts. Hence,

H H= 1,where = jhij?+ jh,j?>. Considerthe modied signalvector given by
f=Hir= 1+ n; (2.11)
wherer = H n. In this case,the decaling rule becomes
- . .. . ..2 .
t= argmin jj £ €jjc: (2.12)

SinceH is orthogonal, we can easily verify that the noise vector r will have
a zeromeanand covariance Nyl ,, i.e., the elemens of r arei.i.d. Hence,it follows
immediately that by using this simple linear conbining, the decaing rule in (2.12)

reducesto two separate,and much simpler decaling rulesfor ¢; and ¢,, asestablished

in [33.

When the receiwer usesL, receiwe antennas, the received signal vector r,, at
receiw antennam is

rm=Hmc+ ny; (2.13)

wheren,, is the noisevector at the two time instants and H ., is the channel matrix
from the two transmit antennasto the mth receive antenna. In this case the optimum
ML decdling rule is
= argrerzlig X jirm Hmiejj?: (2.14)
m=1

As before,in the caseof L, receiwe antennas,the decaling rule can be further

simplied by premultiplying the receiwed signal vector r, by H,. In this case,the

14
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Figure 2.4. Receier for orthogonal space-timeblock coding.

diversity order provided by this schemeis 2L, . Figure 2.4 shonsa simpli ed block di-

agramfor the receiver with two receiwe antennas. Note that the decisionrule in (2.12)

P Lr
m=1

and (2.14) amourts to performinga hard decisionon+and+y = H,I'm, respec-
tively. Therefore,asshavn in Figure 2.4, the received vector after linear combining,
tv , can be consideredas a soft decisionfor c; and c,, which can be utilized by any
outer channelcodesusedin the system. Note alsothat for the above2 2 STBC, the
transmissionrate is one symbol/transmission, and it achievesthe maximum diversity

order of 4 that is possiblewith a2 2 system.

The method of Alamouti can be generalizedto more than two transmit an-
tennas [34, 14, 35, 36]. The resulting orthogonal codes are still optimally decaled
with a linear receiwer [33]. Unfortunately, only a few codeswith a rate of one sym-
bol/transmission are available, and for the caseof general complex-\alued signals,
there is no orthogonal rate-1 code beyond the Alamouti code [34]. Howeer, it is
possibleto designorthogonal codesby relaxing the rate requiremen belov one sym-

bol/transmission. For example,for L; = 4, arate 1/2 STBC is given by

1
G C C C ¢ Cy

C= %"2 @ G & &G & G °3§ : (2.15)
C3 Cy C1 G G G
Cy C3 Co G C G c C
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In this case,at time t = 1, ¢;; G, C3, €4 are transmitted from antenna 1
through 4, respectively. At time t = 1, ¢;; ¢y Cs; Cg, are transmitted from
antenna 1 through 4, respectively, and soon. For this example,rewriting the received
signalin a way analogousto (2.8) (wherec = [ cy;:::; ¢4 ) will yield a8 4 virtual
MIMO matrix H that is orthogonal i.e., the decdling is linear, and H H = 41,
where 4= 2 P i4=1 jhij? (fourth-order diversity). This stchemeprovidesa 3-dB power
gain that comesfrom the intuitiv e fact that eight time slots are usedto transmit four

information symbols.

2.4.2 QuasiOrthogonal Space-timecodes

Earlier we sav that orthogonal codes allow a linear receiver, but in general they
support arate smallerthan onesynbol per transmissionfor L; > 2. Quasi-orthogonal
codescompromiseon a fully orthogonal code in order to achieve the full rate of one

symbol per transmissionfor Ly > 2

Recallthat the Alamouti code is de ned by the following transmissionmatrix

cCG G

A= c, C

; (2.16)

wherethe subscript 12 is to represen the indeterminatesc; and ¢, in the transmission

matrix. Now, let us considerthe following space-timeblock code for four transmit

antennasas 1
G C CG &
A A % , ¢ ¢ °3§'
A = - : 2.17
Az Ap G &G ¢ G ( )
Ca C3 C ¢

For decaling, the maximum-likelihood decisionmetric canbe calculatedasthe
sum of two terms, ead represeming two transmit symbols. The metric calculation is

the sameas (2.14) which simpli es to

16



10 » : 3
F —+— Quasi-Orthogonal |]
* : —o— Orthogonal
10 E i
© F ]
(12 ¥ i
S [
Llj L
B 10"} ;
10-5 F ie
10'6 | L |
7 10 15 20 25

SNR (dB)

Figure 2.5. Quasi-orthogonaland orthogonal block space-timecodes performance
comparisonat rate = 2 bit/s/lHz. QOSTC is using QPSK and orthogonal code is a
rate 1=2 (8 4 block) using 16QAM.

f14(C1; Ca) + f23(C2; Ca); (2.18)

wheref 4 and f ;3 have beencalculatedin [36]. Sincef 14(cy; ¢c4) is independert of
(c2; c3) and fo3(cp; c3) is independent of (ci; ¢4), the pairs (c;; c3) and (c;; ¢4) canbe

decaled separately

For L, receiw antennas, a diversity of 2L, is achieved, while the rate of the
code is one. Note that it hasbeenprovedin [37] that the maximum diversity of 4L,
for a rate one complex quasi-orthogonalcode is impossiblein this caseif all signals

are chosenfrom the sameconstellation.

The quasi-orthogonalspace-timecode, despitelower diversity, hasgood perfor-

manceat low SNR. Simulations (Figure 2.5) show that full transmissionrate is more
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important for low SNRsand high BERs, while full diversity is the right choicefor high
SNRsand low BERSs. This is dueto the fact that the degreeof diversity dictates the
slope of the BER-SNR curve. Therefore, although a rate-one quasi-orthogonalcode
starts from a better point in the BER-SNR plane, a code with full-diversity bene ts
more from increasingthe SNR. Therefore, the BER-SNR curve of the full-div ersity

sthemepasseghe curve for the new code at somemoderate SNR.

It is possibleto modify quasi-orthogonalcodesto give them full diversity [38,
39, 40, 41]. The ideais to usedi erent constellationsfor the two componerts of the
guasi-orthogonalcode, by rotating symbols c; and ¢, beforetransmission. We denote
e and & asthe rotated version of c; and ¢, respectively. The resulting code with
optimal rotation is very powerful, sinceit provides full diversity, rate of one symbol

per transmission,and simple pairwise decaling with good performance.

2.4.3 Super-Orthogonal Spacetime codes

Space-timeblock codes(STBC) provide full diversity and small decaling complexity,
howewer, one of the drawbads of STBC is that it haslittle or no coding gain. To
solve this problem, STBC could be treated asa modulation sthemeand concatenated
with an outer trellis code [42, 43, 44]. In this way we can achieve coding gain while
preservingthe bene ts of STBC. The basicideais similar to space-timetrellis code
explainedin Section(2.3). Super-orthogonalcodesare designedusingset partitioning
ideassimilar to TCM [45]. In particular, for slov fading channel, it is shovn in [46]
that the trellis code should be basedon the set partitioning concept of Ungerbadk
codesfor AWGN channel. The super-orthogonalcodeswere shovn to perform better

than STTC of similar complexity.

To designsuper-orthogonalcodes,we consideread of the possibleorthogonal

matrices generatedby a STBC as a constellation point in a high dimensionalspace.
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The outer trellis selectsone of thesehigh dimensionalsignal points to be transmitted

basedon the current state and the input bits.

The code designprocessfor SOSTC is through a set partitioning technique.
Intuitiv ely, we separatethe codewords which may be mistakenwith ead other easily
into separatepartitions. Figure 2.6 shavs a set-partitioning exampleof the Alamouti

code using BPSK constellation. The codesconsistsof four codewords which are

1 1 1 1 1 1

1 _ _
1 1 S10 = 11311‘1 1

1 : (2.19)

1
Soo = 1 So1 =

The same gure illustrates a two state trellis code using BPSK modulation.
As shown, at State O the original set has beenused. Howewer on State 1, a new
set has beencreatedby multiplying ead codeword of the original code by a matrix
U = diag( 1;1). In this way, we can build a rate-onetrellis code without having

catastrophic events [42)].

Jafarkhani and Hassanpur [38] extend the idea of super orthogonal codesto
four transmit antennas. The code employs a family of quasi-orthogonalspace-time
block codesasbuilding blocks in a trellis codes. Thesecodescombine set partitioning
and a super set of quasi-orthogonalspace-timeblock codesin a systematic way to

provide full diversity and improved coding gain.
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Figure 2.7. Simple block diagram of VBLAST

2.4.4 Spatial Multiplexing

Using multiple antenna systemsincreaseshe capacity of the MIMO channelsshovn
in (2.2), which can be adieved via spatial multiplexing. For example,the data is
demultiplexed into N separatestreams,using a serial-to-parallel corverter, and eat
stream s transmitted from an independent antenna. As a result, the throughput is
L symbols per channel use. This is L; times more than the rate of the orthogonal
space-timecode. This increasein throughput will generally come at the cost of a
lower diversity gain comparedto space-timecoding. Therefore, spatial multiplexing
is a better choicefor high-rate systemsoperating at relatively high SNR while space-

time coding is more appropriate for transmitting at relatively low ratesand low SNR.

Fosdini proposedthe rst high throughput space-timearchitecture [4]. Since
then, di erent avors of sut a space-timearchitectures have been proposedunder
the generalframework of Bell Labs Layered Space-Time(BLAST) architectures [47]
sud asvertical-BLAST (VBLAST) and diagonal-BLAST (DBLAST) .

The encaler of VBLAST is depicted in Figure 2.7. The input bitstream is
rst multiplexed into L parallel substreams.Then eat substreamis modulated and
transmitted from the correspnding transmit antenna. It is alsopossibleto usecoding
for ead substreamto improve the performancein atrade-o with the bandwidth [47].
Sincethe substreamsare independert from ead other, their decaling is similar to

that of syndironized multi-user systems.
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The decaler looks for the best codeword that
min jjr Hc jj? (2.20)
c2zm
wherer 2 R" andH 2 R" ™, Z™M isthe eld of possiblem-dimensionalreceived vec-
tors. To solwe this least-squaregproblem all practical systemsemploy someapprox-

imations, heuristics or conbinations thereof. Theseappraximations can be broadly

categorizedinto three classes.

Solwe the unconstrained least-squaresproblem to obtain ¢ = HYr, where HY
denotesthe pseudo-iverseof H. Sincethe erries of ¢ will not necessarilybe
integers,round them o to the closestinteger (a processreferredto as slicing)
to obtain

8 = [H yr]z: (221)

The above €z is often called the Babai estimate [48]. In communications par-

lance, this procedureis referredto aszero-forcingequalization.

In nulling and cancellingmethod, the Babai estimateis usedfor only oneof the
ertries of ¢, say the rst ertry c;, which is then assumedto be known and its
e ect is subtracted from the receiwed signal to obtain a reducedorder integer
least-squareproblem with m 1 unknowns. The processis then repeated to
nd c,, etc. In comnunications parlance this is known as decision-feedbdc

equalization.

Nulling and cancelling can su er from error-propagation. If c; is estimated
incorrectly it can have an adversee ect on the estimation of the remaining
unknowns c,, c; etc. To minimize the e ect of error propagation, it is advan-
tageousto perform nulling and cancelling from the strongestto the wealkest
signal [4, 49]. The above heuristic method called nulling and cancelling with

optimal ordering.
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Figure 2.8. Spheredecaling

In [50], it is shavn that in the context of V-BLAST that the exact solution sig-
ni cantly outperformseventhe bestheuristicsfrom the above mertioned meth-
ods. Howewer, the complexity of the exact ML method is growing exponertially
with the size of the code. There do, howewer, exist exact methods that are
lesscomplexthan the full searti. Theseinclude Kannansalgorithm [51](which
seardiesonly over restricted parallelograms),the KZ algorithm [52] (basedon
the Korkin-Zolotarev reducedbasis[53]) and the spheredecaling algorithm of
Fincke and Pohst [54]. It is noteworthy that the spheredecaling algorithm has

beenrediscavered seweral times in diversecortexts.

The basic premisein spheredecaling is rather simple. The decaer limits
the seart to the lattice points that lie in a certain hypersphereof radius around
the receiwe vector r, thereby reducing the seart spaceand limiting the required
computations. Figure 2.8 shows a simple exampleof spheredecaling. Obviously, the
closestlattice point inside the hyperspherewill also be the closestlattice point for

the whole lattice [55, 56].

A variation on vertical BLAST is known asdiagonalBLAST (DBLAST). The
encaler of DBLAST s very similar to that of VBLAST asillustrated in Figure 2.9.
The main di erence is in the ordering of transmit signalsin VBLAST all signalin
ead layer are transmitted from the sameantenna. Howewer, in DBLAST the signals

are shifted beforetransmission,sothe signalsfrom ead layer are transmitted through
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all antennas. The distribution of symbols exposesead streamto the fading channels

of all antennas, thus providing diversity.

Assuming that one path is in deepfade, then only one out of L; blocks of
ead layer is a ected by the deepfade. Thereforeit is easierto overcomethe fading
through transmit diversity. The role of cyclic shifting in conbating the fading is

similar to the job of the interleaversto overcomeburst errors.

The receiver architecture of the DBLAST is similar to the VBLAST although
the shifting createsmore complexity. Layers are detected one by one following the
diagonalpattern of the transmitter. For more details the interestedreaderis referred

to [4].

2.4.5 Linear Dispersioncodes

The linear dispersion (LD) code is a space-timetransmissionsthemethat has many
of the coding and diversity advantagesof previously designedcodes, but alsohasthe
decaling simplicity of V-BLAST at high data rates. LD codeswork with arbitrary
numbers of transmit and receiwe antennas. LD codes break the data stream into

substreamsthat are dispersedin linear conbinations over spaceand time.

The LD code is a block code, so the transmitted signalisa T L matrix
S. We assumethat the data sequencéhas beenbroken into Q substreamsand that

Ci; Cp; ii; Co are the complexsymbols chosenfrom an arbitrary, say r-PSK or r-QAM,
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constellation. We call arate R = (Q=T) log, r linear dispersioncode onefor which S
obeys
)@ -
S= (¢Aqt] oBa); (2.22)

o=1

wherethe real scalarsf ; g are determinedby
= qtj ¢ 9=1L:u5Q:

The designof LD codesdependscrucially on the choicesof the parametersT,
Q and the dispersionmatricesf A 4; B40. To choosethe fA 4; B 40 one must optimize
a nonlinear information-theoretic criterion: namely, the mutual information between

the transmitted signalsf 4; 4g and the received signal.

The capacity of the LD code is [15]

CToM N = 1 T
Go(; T;M;N) = Aq;BTqa:):f;:::Q 2_I_Elogdet(IZLrT + LtHH ); (2.23)
where E denotesexpectation and
0 1
Alhl Blhl Ath Bth
H = : P DA, (2.24)
/A\thr Bthr AQer BQer
R(Ag) | (Ag)
Ag= a o 2.25
T 1A R (Ag (2:29)
_ 1 (Bg) R (Bg .
By = < o 2.26
17 R(Bg | (By (2.20)
_ R(hn) .
h, = L (hy) (2.27)

andR() and| () denotethe real and imaginary part of their argumerts respectively.

h, is the column n of channelmatrix H.
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The original LD codesin [15] weredesignedo maximizethe ergadic capacity of
the system. Howe\er, it hasrecerily beenpointed out that sudc capacity-optimal LD
codesdo not necessarilyperform well in practice [16, 57]. Moreover, the maximization
of the ergadic capacity is performed under an implicit assumptionthat maximum-
likelihood (ML) detection will be performed at the receier (a task that requires
an exhaustive seard that is often computationally infeasible). These obsenations
prompt the seart for codesthat jointly adiieve high data rates and perform well

when only a suboptimal detector is available at the receier.

In [16], a simpler format of the LD codeshasbeenproposedwhich is

D( 1
S= MG (2.28)
n=0

whereM,; n=0;:N 1arethe setof L; T codeword matrices. The receiwed

signal at the decaler is

r = —H'S+n
L+
r __ N 1
r = L—Ht MG, + N; (2.29)
t n=0

wherer isa L, T matrix constructedby concatenatingthe receiwe vectors, H! is
the transposeof the Ly L, channelmatrix H, and n isL, T a matrix whose
columnsrepresen realizations of an i.i.d. circular complex additive white Gaussian
noise (AWGN) process. To cortinue analysis, it is desirableto write the matrix

input-output relationshipin (2.29)in an equivalert vector notation. De ne the linear

transformation matrix
X 2 [vedM o);vedM q);::;;vedM 1)l (2.30)

and the stadked channel matrix H 2 I+ H' (where vecdenotesthe staking of all

columnsof the input matrix in a vector and denotesKroneder product). Taking
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the vec of both sidesof (2.29) gives

r

r= —HXc+ n; (2.312)
L+

wherer = vedr), ¢ = [cy;Cy; v 1]y, and n = vedn). Essetially, matrix modula-

tion transformsthe L, L. linear systeminto an expandedL;T N system.

The ML decdling rule, assumingequally likely transmitted symbols, is usedat
the receiver. In a vector AWGN channel, the detectedvector symbol obtained using

the ML decdler is the solution of

r_
_ . .. - ..2.
€= argrpzlsn jr LtHXij ; (2.32)

whereS is the set of all possiblevector symbols .

Using the input-output relationship in (2.29), the ergadic capacily of this
AWGN systemwith Rayleigh fading for capacity-optimum complexLD codesis given
by

1
= m = + : :
C tr()(Xa\;<T_I_Elogdet(ILrT HXX H) (2.33)

In general, nding a code designthat inducesan equivalert channelwith full
channelcapacity is di cult sincethe mutual information costfunction is non-corvex.
In [16], it hasbeenshavn that for the specialcaseof N = L, T, we have the following

result.

Theorem 1 For N = M;T, any X suchthat XX = ﬁILt is a capacity-optimal LD
code.

This theoremwill help usto analyzeeasiersomeof the propertiesof special LD
codes, sud as diagonal algebraic space-timecodes (DAST) and threaded algebraic

space-cdes(TAST) and quaternion block space-timecodesin future.

26



2.4.6 ThreadedAlgebraic Space-TimeCodes

Threaded algebraic space-time(TAST) code [5§ is a generalizedform of BLAST
architecture (specialcaseof LD). We start by explaininga simpler precedem of TAST,

the diagonalalgebraicspace-time(DAST) code. DAST isde ned asanL; L; block

code sud that 0 1
X1 0 0
0 X%, 0
G, = . ] AL (2.34)
0 O XL,

wherexs; X; ;X , arede ned as
(X1;X2; 5%x0,)T = My, (e e ne)’; (2.35)

whereM , isanL; L; orthogonalmatrix andA_, isanL; L; Hadamardmatrix

which is de ned asa binary matrix with elemens f 1;1g sud that

ALAL = AL AL = Lyl (2.36)

By the use of transform matrix M., full diversity can be achieved. The
resulting STBC is not orthogonaland a spheredecaler in generalmust be used. Also,
becausesymbols are combined we have transmissionconstellation expansionwith the
accomparying peak-to-aszeragepower issues,in a manner similar to LD codes. The
transmitted constellation consistsof all linear conbinations of the symbols in the

original constellation.

Now we proceedto explain TAST [59, 60].. First, data is demultiplexed into
seweral streams, eat of them called a thread. We must also de ne the notion of a
layer, which consistsof a set of locationsin spaceand time. An exampleof layersin
acodeforLi =T =4is

OLayerl Layer2 Layer3 Layer41
Layer4 Layerl Layer2 Layer3g .
Layer3 Layer4 Layerl Layer2A -
Layer2 Layer3 Layerd4 Layerl

(Time Spacg ! (2.37)
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Much like DAST, the vector of transmit symbols is multiplied by a rotation
matrix to generatediversity. The di erence with DAST is that now we have more
than one sud vector, in fact there is one vector per thread.! Denoting the symbols

transmitted in thread i by Xi1; Xi2; 2335 XL, We have
Xi = (Xi; Xi2; 5 Xi,) T = ML (GuiGzsnen,)'s (2.38)
wherec; are data symbolsto be transmitted, and M‘Lt isanlL; L rotation matrix

to be usedfor thread i. It is possiblethat the samerotation could be usedfor all

threads, in which casethe code is known asa symmetric TAST code.

The resulting signals x; are multiplied by constarts ; chosenfrom among
Diophantine numbers [59], and then the results are fed into the threads mertioned

above.

For two transmit antennas,a TAST code is given as

1
e X (2.39)
2X22  X12
wherex,; and X1, belongto the rst thread and can be obtain by
X11 C11
=M : 2.40
X12 2 C12 ( )

The secondthread formula is calculated similarly. The transform matrix M, is in

this form [61]

Mzzpl—é 1 z‘: : (2.41)
and is setto maximize the coding gain. For the QPSK example, = €7 is the
optimal choice.

For three transmit antSnnasTAS;I' code 2struclture is
X11 3X21  3Xa31
@ Sxs X2 IX A (2.42)

1 2
3X23  3X33  Xi13

In this way spatial multiplexing is generated.
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where = € is the best choice.

In order to ensurethat ML decaling can be performedusing the polynomial
complexity spheredecaler [62, 50, 63, the number of threads should be restricted to

minfL; L, g threads.

2.4.7 Quaternionic Lattices for Space-TimeCodes

Quaternionic lattices for space-timeblock codesare a structure proposedto maximize
the coding gain [64, 65]. TAST codessatisfy the rank criterion but they have a draw-
badk: the eigervaluesof ¢, ¢; is vanishing specially for higher rates. This causedess
coding gain for higher SNR. Quaternionic designproposesa method using quaternion
algebrathat ensurea lower bound on the value of

2r(r:1;|cri|(=30 det(c; ¢i); (2.43)

Ci

where C is the code and ¢ are codewords. The resulting code for two transmit

antennasis
1
(ctt ) p2(cs+cy)
1
pz(cz &) (& )

wherep= 1+ 2j and = €7z give a non-vanishing determinart on (2.43) (1) no

: (2.44)

matter what the spectral e ciency of the QAM constellationis.

The linear transformation (2.30) of the code can be shavn as

04 o ol
0 0 pz p §

x:% ) S 2.45
0 0 pz pz ( )
1 0 0

It can be shown that XX 6 | which meansthe code doesnot provide maxi-
mum mutual information (Theorem 1) and also modulated symbols ¢; are not trans-

mitted with equal power.
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Figure 2.10. TAST and Quaternionic code performancecomparisonfor rate = 4
bits/s/Hz using QPSK with two transmit and two receiwe antennas.

Figure 2.10illustrates the performanceof this code for two transmit and two

receive antennas using 4-QAM constellation. As seen,the code gives somegain at

high SNR regimesover TAST. On the other hand at low SNR, the code has about

0.3 dB loss. This can be due to the capacity lossof the code.
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CHAPTER 3

IMPROVED SUPER-ORTHOGONAL CODES THROUGH GENERALIZED
ROTATIONS

Ever sincethe rst works on space-timecoding appeared, the researbi comnmunity
hasbeenseekingspace-timecodeswith good complexity/p erformancetradeo . Thus,
asin other branchesof coding, a cortinual e ort hasbeenmadeto nd codeswith
a structure that allows simple decaling, while maintaining good performance. An
attractiv e tradeo betweenstructure and performanceis made possibleby a concate-
nation of orthogonal space-timeblock codes(OSTBC) with a trellis, which provides
high performanceat a relatively small computational cost. The cortribution of this
chapter consistsof generalizationsjmprovemeris, and systematiccode designfor this

new classof codes.

A brief badkground of work in this areais asfollows. Recerly, Jafarkhani and
Seshadrproposedsuper-orthogonalspace-timecodes[42] (SOSTC). Super-orthogonal
codesconsistof an orthogonal space-timeblock code concatenatedwith a block-wise
trellis. The designprocessis similar to the TCM of Ungerbeck: the codebook of the
orthogonal block codesis expandedand then partitioned into setswith suitable dis-
tance properties. Then the trellis is labeledappropriately with the set partitions. At
the sametime, Siwamogsathanand Fitz [44] independerly proposedsimilar trellis-
block codes,with an approad that is somewhatmore general. Both of thesecodes

must be hand crafted.

In this chapter we addressthe problem of building trellises over space-time
block codes,and proposea generalizedmapping of modulations to the antennasignals

that leadsto better codes. We provide designcriteria for the generalizedblock-trellis
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codes. The proposedsystematicmethod for the designof OSTBC ensuresthat good
codes are not overlooked. The seart complexity is reduced by observing certain

properties of trellises over OSTBC.

We use the following notation throughout this chapter. Uppercasebold let-
ters denote matrices, for example codewords are denotedwith X ;Y ;Z and unitary
transformswith U;V ;W which we concisely(but not ertirely accurately) referto as
\rotations" in the sequel. Script letters denote sets of codewords, e.g. T;S. Sub-
scripts are usedto denoteset partitioning and assignmen of codeword setsto trellis
states and trellis branches. In particular, T = Si Ti, where T, is a set partition for
trellis statei, and T, = Sj Tij , whereT;; denotesthe set of codewords assignedto
the trellis branch going from state i to state j. For corveniencewe de ne the mul-
tiplication of a setand a matrix, for exampleToU, asa new set whosememnbers are
the membersof Ty ead multiplied by U. The function D( ; ) computesthe minimum
distance betweentwo sets of codewords. With an abuseof notation we may seea
codeword as one of the argumernts of this function, which should be interpreted as

the set consistingof that single codeword.

The systemmodel consistsof a MIMO systemwith L, transmit and L, receive
antennas. The overall code is a concatenationof a multiple trellis coded modulation
(MTCM) outer code and an orthogonal space-timeblock (OSTBC) inner code. To
ead state of the trellis code Ng OSTB codewords of sizeT L, areassigned.There-

fore the overall rate of the code is log,(Ng)=T.

A at fading channelis assumed,where the channel gains are constart dur-
ing ead fade interval and independert in successig intervals. The received sig-
nal, denotedby a T L, matrix R, after matched ltering has the following form:

R = XH + N. The averagereceiwed signal-to-noiseratio per antenna shavn by

. The matrix X is an OSTB codeword of sizeT L. The channelmatrix H = fh; g
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hasthe sizeof L; L, whereh; is the fading channelcoe cien t betweenj th received
antenna and ith transmit antenna. The AWGN is shavn by the matrix N. The re-
ceiver employs maximum likelihood (ML) decaler with perfect knowledgeof channel

state information.

3.1 Trellis Designfor Block Space-TimeCodes

We follow the well-known trellis designprinciplesdewveloped by Ungerbed and applied
to OSTBC in [42 44]. Ungerbedk extendedthe original constellationsetinto a larger
codebook (a supersel, ead subsetof the expandedcodebook is called a sulzode.
Subcodesare designedand allocated to trellis branchesin a mannerthat maximizes

the performanceof the code.

In the cortext of OSTBC, the extensionof the original codebook is accom-
plished via transformations U;. Eacd trellis state is allocated one rotation of the
codebook T; = ToU;. Then, within ead trellis state, we partition the codebook
T = Tiol [ Tim 1 into subsetsead assignedto a trellis transition, where M
is the number of connectedstates. Thus, T;; is the set of codewords assignedto
the trellis branch that connectsstate i to state j. If a transition doesnot have par-
allel branches, T;; will consistof one codeword, otherwiseit will have more than
one codeword. The designquestion boils down to nding good transformations U ;.
Our cortribution consistsof generalizations,aswell as providing designcriteria that

systematizecode design,thus leading to improvemerns over existing codes.

The processcan be made more clear by an example. Considera systemwith

two transmit antennas, with the following orthogonal block code due to Alamouti:

So &1

X (So;51) = S, S,

(3.1)
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which, with BPSK modulation, hasthe four codewords

1

1 1 1 1 1 1 1
11

Xo = X1 = 1 1 X, = 1 1 X3 = : (32)

The four codewords of the above block code form the subcode Ty, which we as-
signto state 0 of the trellis (seeFigure 3.1(a)). For the other state of the trellis, we use

a di erent set of codewords obtained using a transformation U = diag(e ;&3 =),

T, = ToU. For the exampleabove, the rotation U suggestediy our designprocedure

resultsin 1 dB gain comparedto similar codesfrom [42] (seeFigure 3.2).

From this exampleit is seenthat our unitary transforms, unlike [42], generate
modulation symbols that may not be in the original constellation. This is similar to
the constellation expansionof Ungerbedk [66], and much like that case,the peak-to-
averagepower ratio remainsthe sameand detector complexity is not much a ected,
becausdor ead trellis state only a smaller(original) constellationis transmitted. We

further commen on computational complexity in the sequel.

We now proceedto analyzethe structure of the rotation matrices U. The
per-artenna power constrairt implies that the matricesU must be not only unitary,
but also either diagonal or anti-diagonal, as shovn below. Becauseeither will sene

our purposes,we choosediagonal matricesin the sequel.

Lemma 1 Assumingequaltransmit powerfrom all antennas,the transformation ma-

tricesU usa for expmnding codewod sets must be either diagonal or anti-diagonal.

Pro of: Transform one codeword to anther viaY = XU , i.e.,

Y = X a b  asgtcss byt+ds
- cd ~ cs+ds, bs+ds
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Becausehis must be true for any two modulation synmbols s, and s, the per-artenna
power constrairt yields that eitherc = b= Oandja = jd = 1,ora=d=0
and jg = jg = 1. We have two acceptablerepresemations, thus without loss of
generality we can choose the diagonal transform between two codewords, namely
U = diag(é ;€ 2).

The next stepis set partitioning and trellis labeling. Set partitioning requires
a distance measure. Following [42], we introduce the Coding Gain Distance (CGD)
thus: For two codewords X and Y construct A % (X  Y)X Y), and then
de ne CGD = det(A). By extension,the minimum CGD of a codelmok T is de ned
as the minimum of CGD of all non-idertical codeword pairsin T T. Similarly
the distancebetweentwo codebooks T ;S is D(T ;S) = min det(A (X;Y)), wherethe

minimization is over all pairs (X;Y)2 T S.

3.1.1 Reduced-Complexiy Code Design

The set partitioning and index assignmeh involve CGD calculations. A complexity
problem arisespartially from the fact that our overall codesare not only nonlinear,
they may not evenpossess uniform error probability (UEP) property, soin principle,
code designrequiresan exhaustive seard over all error evens. Also, in general,CGD
of ead pair of branchesrequirescalculation of distancesbetweenall codeword pairs.
In this section we simplify and streamline the code design processby highlighting

certain properties of our codes.

The key result of this sectionshows that a large number of calculationscan be

bypassed becausedespitethe lack of UEP, many of the distancesremain symmetric.

Theorem 2 The distanees between two conveiging trellis paths are invariant to the

conveming state, i.e., D(Tm.0; Th:0) = D(Tm:i; Tnii); 8m; n; 8i. Furthermore, this dis-
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tance can ke calculated by considering only one reference codewod, that is, for any
D(Tm;0; Tn;0) = D(X; Th0):

To prove this result, we needthe following lemma, which shows that OSTBC code-
words (for MPSK) canbe mappedto oneanotherby simplepre-and post-multiplication

by diagonalmatrices.

Lemma 2 Assuminga constant-malulus (MPSK) moaodulation, for any two OSTBC
codewods X 1; X, 2 T there existunitary matricesV and W suchthat X, = VX ;W .

The transform matrices obviouslydepend on the codewods.

Pro of: First considerL; = 2, where

S S
Xq1= 0 ! ;
S1 So

andsp ands; are MPSK symbols. Take any other codeword X; 2 T with two symbols

s3= s ands)= s, where and aremultiples of 2-. Then
! !
X, = e -0+ X, ez _0
0 e!7= 0 el—=

For generallL,, ead ertry of the STBC codeword is either a modulation symbol or its
conjugate,thusthe mapping betweentwo OSTBC codewords consistsof element-wise
phasechangeon the codeword matrix. Elemert-wise multiplication of a matrix can
be accomplishedvia multiplying rows and columns of the matrix by scalars. This
in turn is accomplishedby left-multiplication by a diagonal matrix (multiplies rows
by diagonal elemens) and right-multiplication by another diagonal matrix (multi-
plies columnshby diagonal elemerts). Thus the mapping of one OSTBC codeword to

another is always possibleby left- and right-multiplication by diagonal matrices.



Pro of: (Theorem1)

D(Tm;O; Tn;O)
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= D(ViTmoWi;ViTh.oW;) (3.3)
= D(ViTmoWi;ViTn.oUnW;) (3.4)
= D(ViTmoWi;ViTmoWiUnp) (3.5)
= D(Tmi s Twi); (3.6)

whereV; and W are codeword transform matricesin the senseof Lemma 2. Equa-

tion (3.3) holdsbecauseaunitary transformsaredistancepreserving,and Equation (3.5)

holdsdueto commnutativit y of diagonalmatrices. To get the secondpart of the result

we can write

D(Tmi0; Tio) = min DX Trio) (3.7)

Howewer, D(X; Tn.0) is the samefor all X; 2 Ty.o because

D(X 13 Tn;O)

D(X 1; Tm:0Un)
m'[/l‘ 1D(X1;ViX1WiUn)
min DV XaW Vi ViXaWiUaWj)
min 1D(Xj;VinWiUn)
D(X;; Tm:oUn) (3.8)

D(Xj; Tno);

where in Equation (3.8) we have usedthe property that if Y = VXW for some

Using the above results, we can illustrate the CGD calculations. Consider

a section of a trellis with length two in Figure 3.1(b), and considerewens E that

start at State 0, goto State i, and terminate on State O, i.e. § = Tp; T;.o. There



may be multiple sud ewvernts becausethere may be parallel paths. Likewisede ne
E = Toj Tj.0. The distancebetweenE and § is de ned as

D(E;E) = (X ;X)ZErin;i(rl 2 det A(X;Y)+ A(X;Y)
Knowing that for positive semi-de nite matricesdet(A1+ A,) det(A;) + det(A»),
we can bound the distance

D(E;E) min det(A(X;Y)) + det(A(X;Y))
(X X)2E ; (Y ,Y)2E;

= min det(A(Xo;Y)) + min det(A(Xo; Y)); (3.9)
(Y ;Y)2E; (Y 1Y) 2E;

where (X o; Xo) is an arbitrary codeword in E. The simpli cation is adieved by
invoking Theorem 2: the distanceof two setsis idertical to the distanceof onesetto
an arbitrary codeword of the other. Finally, we identify the dominant error evert by

nding the minimum of D(E; §) over all pairs (E; E).

This result is easily extendedto partially connectedtrellises where dominant
error everts can have length greaterthan two. In that casethe CGD is boundedby
X X
det( Ay) det(Ay) det(A 1) + det(Ay): (3.10)
k k
In this casewe bound the CGD by the distancesof the diverging and cornverging
paths det(A;) and det(Ay), respectively, becausethe cortribution of the interior
trellis sectionsto the CGD is generally unclear, a phenomenonfamiliar from TCM

design[66]. Therefore,only the cortribution of the beginningand endtrellis sections

are usedin the costfunction, leadingto a result similar to (3.9).

The dewelopmerts in this sectionwere gearedtowards generality and insights,
thus only boundswere obtained. Howewer, for the special caseof the fully connected
trellis with length-two error evert, it is possibleto obtain a precisecalculation, which

is asfollows.
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Considera sectionof a trellis with length two in Figure 3.1(b), and denotethe
set of ewverts starting at State k, ending at State p, and passingthrough State i with

E.ip and B, is de ned as

D(Eip: Bejp) = min det A(X;Y)+ A(X;Y) : (3.11)

X2Ty;i ;X 2Tip ;Y 2Ty ;Y 2Tjp

To simplify the expression(th us saving computation) we note that
AX;Y)=(X Y)XX Y)P=(X Y)UUEX YY) =AX;Y);

whereX 2 To; and Y 2 Tg, which meansthe starting State k can be setto a xed
state, e.g. State 0, without loss of generality, i.e. D(Ecip;EBjp) = D(Eoip;: Eo;j:p)-
Sincethe set partitioning for Ty is carried out before nding the rotations, this term
is calculated only once. Therefore,in the calculation of (3.11) only the secondterm

involvesthe rotation matricesU; and U;.

The dominart error evert is the minimum of D(Ey;,; Ey;j,p) over all pairs
(Eojip; Eojp)- In the design process,a seard is conductedto nd rotations that

maximize the minimum distance obtained above.

3.2 Code DesignExamples

We now proceedwith speci ¢ code examplessimulations, and comparisonswith codes
in the literature. In our simulations, a frame consistsof 130 transmissionsand the
number of receive antennasis one. We have extensiwely usedthe designtools that
we deweloped in Section3.1 to reducethe seard space. While in the literature the
seart over the spaceof codesis basedon CGD criterion, we choose partial union
bound criterion which takesinto accoun the multiplicities and providesbetter codes.
In the trellises demonstrating our design examples(Figure 3.1(c), (d), and (e)) we

follow the signaling notation of [42).



Figure 3.1(c) shows a 4-state fully connectedtrellis designedfor BPSK mod-
ulation, full-rate 1 bit/s/Hz, and L; = 2. We designedthe code to maximize the
minimum CGD of ewverts with length two, the minimum length error evert. The
transforms (rotations) for states1, 2 and 3 areU; = diag( j;j), U, = diag(j; 1),
and U3 = diag( 1; j). Figure 3.2shawsthe frame error probability versusSNR for
our 2-state (Figure 3.1(a)) and 4-state code (Figure 3.1(c)), both labeled as new, in
slow fading and comparethem with the 2-sateand 4-state codesgivenin [42] (labeled
asJS). Our 2-state code outperformsJS by about 1 dB and performsthe sameasJS

4-state code.

Figure 3.3 comparesour proposed4-state code and the JS 4-state code in slow
and fast fading. Sincethe new 4-state code of (Figure 3.1(c)) doesnot have parallel
branches,it enjoys higher time diversity and thus outperformsJS signi cantly in fast

fading.

Figure 3.1(d) showsthe 4-statetrellis designedfor QPSK, full-rate 2 bit/s/Hz,
using two transmit antennas. The structure of our 4-state trellis is the sameas the
trellis in [42, 44] (JS, SF). The only di erence is in the rotation U. Our rotation is
U = diag(e® ;e 12 #) but the rotation in [42 44]is U = diag(€ ;1). A gain of
0.3dB over the JS, SF code is achieved.

Our 8-state QPSK trellis is shavn in Figure 3.1(e), whose performanceis
slightly better than the 16-statecode given in [44]. The transformation matrices for
our 8-state trellis is asfollows: U; = diag(€ i ;€ ' ) wherethe pairs of ( ;; ;) for

the statesi = 1, ;7 arerespectively (Z;2),(3; 3,3 9,5, D), &), (1.

Now considerfour transmit antennas. Figure 3.4 shows the the frame error
rate and bit error rate for a simple 2-state trellis code with 4 transmit antennasin

slow fading. For this code U = diag(€® ;& =2, &2 ;& 72). This code givesabout
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1 dB gain over the code given in [42] which also outperformsthe code in [38 which

usesa quasi-orthogonalcode.

As a nal note, we mertion that the decaling complexity is essetially unaf-
fected by rotations U, becausea coheren receiver can mergethe diagonalmatrix U
into the channel matrix. Speci cally, the received signalis R = P—xUH + N. The
e ectivechannelgain H = UH hasthe samestatistics asH, sinceU is unitary. From
the receiwer point of view, H is the e ective channel gain matrix. The complexity

consistsof re-calculation of H wheneer channel state information is updated.

3.3 Conclusion

We propose a generalizationof the codes known as super-orthogonal codes or, al-
ternatively, STC-TCM codes. In thesecodes, an inner orthogonal block space-time
code is concatenatedwith an outer trellis code to yield a powerful overall code with

reasonabledecaling complexity. Our generalizationextendsthe number of allowable
rotations, yielding more powerful codes. We presen seeral properties of codewords
and set partitions sothat the designprocesscan be simpli ed. Simulations demon-

strate the performanceof our generalizedcodes.
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(b)
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SooV1 Sp1U1 S10U1 S11U1 SooU1 S10U1 So1U1 S11U1 K
SooU2 Sp1U2 S10U2 S11U2 SooU2 S10U2 Sp1U2 S11U2
SooU3 Sp1U3 S10U3 S11U3 SooU3 S10U3 Sp1U3 S11U3
(c)
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SoU SV SooUs S10Us Sp1Us S11Us
S1 So SooUs S10Us So1Us S11Us
S1U Spu SooU7 S10U7 Sp1U7 S11U7
(d) (e)
Figure 3.1. (a) A two-state trellis code for Ly = 2. X, i = 0;1;2;3, are de ned

in (3.2), and U = diag(é 7?;€2 7). (b) A fully-connectedtrellis. The trellises of (c)
4-state BPSK, (d) 4-state QPSK, and (e) 8-state QPSK codes. In parts (c), (d), and
(e) we follow the signaling notation of [42] for set partitions.
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Figure 3.3. L; = 2, four-state BPSK codesin slow and fast fading
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CHAPTER 4
GENERALIZED BLOCK SPACE-TIME TRELLIS CODES

Space-timecodeshave beendesignedto take advantage of the structure of the fading
channelin various ways. Some,like block space-timecodes,aim to transfer at most
one symbol per transmission. Others, the so-called\full rate"! codes,transmit mul-
tiple symbols per transmission, depending on the degreesof freedom of the MIMO
channel. Many of thesetechniques,sud as block space-timecodes,do not have any

cading gain. Others, sud astrellis space-timecodes[14] include somecoding gain.

Recertly, Jafarkhaniand Seshadri42] shavedthat, by building an appropriate
trellis on a block space-timecodes(which they call suger-orthogonal space-time codeg
one may achieve a complexity-performancetradeo that is not easily attained by
trellis space-timecodes. Furthermore, certain codeswere obtained in [42] that did

not have a direct courterpart in ordinary trellis space-timecodes.

Motivated by this past work, we seekto build trellises on linear dispersion
codes and other MIMO signaling methods. The di cult y, howewer, is that many
of these codes do not enjoy the samestructure that made super orthogonal codes
possible. In particular, set partitioning on a non-lattice signaling is not straight

forward.

There hasbeensomealgorithms in the literature on graph theory and compu-
tational geometryfor partitioning. On the problem of metric min-bisection[67], they

divide a nite setof points into two equalpartitions sud that the sumof the distances

IHere by \full rate" we mean multiple symbols per transmission. This is not to be mistaken
with the interpretation of this phrasein the block space-timecoding, which meansone symbol per
transmission.
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from the points of one part to the points of the other is minimized. In the metric
k-clustering [68], the objective is to minimize the sum of all intra-cluster distances.
Howe\er, for our set-partitioning, we needto maximizethe minimum distanceof ead

point within ead partition.

In this chapter, we rst produce a generalset partitioning algorithm on an
arbitrary signal constellation and shaw its optimality. We then use this set parti-
tioning to build space-timetrellis codes (STTC). In order to achieve full rate, we
build a supersetby creating new codesvia usingunitary matrices. We then show the
code design procedure for someexample codes and demonstrate their performance

via simulations.

Throughout this chapter, we usethis notation. Uppercasebold letters denote
matrices, e.g. H. The codewords of the block code are also matrices, e.g.,G!., the
subscriptdenotesthe setpartition to which the codeword belongs,and the superscript
denotesthe rotation? of the codeword, a matter that will becomeclearin the sequel.
Script letters denote setsof codewords, e.g. S|, where again superscripts meanthat
the ertire set has beenrotated, and the subscript denotesthe location of this setin
the partitioning. We de ne the multiplication of a setand a matrix, e.g.,S\ X, asa
new set whosemenbers are the menbers of S}, eah multiplied by X. jSj denotes

the cardinality of S.

4.1 SystemModel

We considera space-timesystem with L; transmit and L, receiw antennas. We
use a concatenatedcoding scheme where the outer code is a multiple trellis coded

modulation (MTCM) code and the inner code is a space-timeblock code sud as

2Strictly speaking, the codewords undergo a unitary transform that may not be a rotation. But
we usethe word rotation in a genericsensefor all unitary transforms.
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Figure 4.1. Merging of groups

linear dispersioncodes,and orthogonal space-timeblock codes. To ead state of the
trellis code Ng OSTB codewords of sizeT  L; are assigned. Thereforethe overall

rate of the code is log,(Ng)=T.

The channelsbetweenthe transmit and receiwe antennas are modeled as fre-
guency non-selectie at Rayleigh fading. For slow fading channel assumption, the

channelis constart during a frame and fadesindependerly from frame to frame.

The received signal, denotedby a T L, matrix R, after match ltering has
the following form:

p—

R = SH+ N;

The averagedreceiwed signalto noiseratio scaledby L, is shovn by . The matrix S
is an OSTB codeword of sizeT  L;. The channelmatrix H = fh; g hasthe sizeof
L: L, whereh; is the fading channelcoe cient betweenjth received antenna and
ith transmit antenna. The additive white Gaussiannoise with zero mean and unit
variancei.i.d. componerts is shovn by the matrix N. The receiver employs maximum

likelihood (ML) decaler with perfect knowledgeof channel state information.
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4.2 Set-Partitioning Algorithm

We assumethat a code set S with 2N codewords is given. The codewords of S are
taken from a constellationset, i.e. a scalersudh asMPSK, MQAM or a matrix space
sudh as a space-timecode. The goalis to divide S into two disjoint subsets,S; and
S,, soasto maximize the minimum pairwise distancesof eat subset. Each subset

hasN codewordsandS = S;[ S;.

The ultimate goalof set-partitioning is to achieve a better coding gain through
usinga trellis code structure. The pairwise distanceis a measurethat can be usedto
achieve a better coding gain. Depending on the kind of code, the pairwise distance
could be de ned di erently. For examplefor the orthogonal space-timeblock codes
the pairwisedistanceis the determinart criterion. Howewer pairwise error probability
and Euclidean distance could be other criteria for di erent kind of codes. We maxi-

mizethe minimum pairwisedistancein eat subsetvia our setpartitioning algorithm.

The function D( ; ) denotesthe minimum distance betweentwo setsof code-
words. With an abuseof notation we sometimesseea codeword as one of the argu-
merts of this function, which shouldbe interpreted asthe setconsistingof that single

codeword.

The job of (one stage) of a set partitioning algorithm is to separatethe code-
words into two sets, sudh that ead set has maximal (internal) minimum distance.
This objective can be achieved if any two codewords that have small distancebelong
to separatesets. To achieve this end, we construct pairs of sets,denotedby S; and S,
(which we call dual sets)and we usethem as depository of codewords that are close
to ead other, to ensurethey are separated. It is a property of our algorithm that
throughout, two setsthat are dual will never be mixed or combined, thus assigning

a pair of codewords to dual setsguararteesthat henceforththat minimum distance
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will newver be visited again.

Thus, the strategy is to visit all codeword pairs in increasingorder of pairwise
distance. Wheneer we seea (close) pair, if one of them already belongsto a set, we
put the other in the dual set. If noneof them belongsto a set, in order not to restrict
future action, we createa pair of dual setsfor them and assignthe pair to them. This

proliferation of setswill have to be dealt with in mergingstepslater in the algorithm.

In a merging step, asshowvn in Figure 4.1, there is more than one pair of sets
remaining, sowe mergethem in sud a way asto maximizethe resulting min distance
inside eat set. As illustrated, the codewords of the pair, (cp;c;) which should be
separatedbelongsto set S; and S,. Therefore S, shouldn't be in the samesubset
that S; is. On the other hand, S; and S; are to be separateddue to the previous
stepsof the algorithm. Thereforewe mergeS, and S, into one subsetand the same

is donefor S; and S,.

We note that this algorithm is a greedyprocess.Thankfully, we can show that
this greedyalgorithm with its small ass@iated computational complexity, is optimal.

The algorithm itself is given in Figure 4.2, and we descrite it below.

At the beginning, the algorithm starts with the minimum-distance pair of
codewords. Two setsS; and S; are createdand ead of the two mertioned codewords
is assignedto one of them. Recall that these two sets are \duals,” which means
they will never merge together in any step of the algorithm. Now, calculate the
minimum distance betweenall other pairs of so far unassignd codewords and call
it d;. Let de ne d, as the minimum of distance between sets and codewords and
d; as the minimum of distance betweentwo sets (we de ned the distance function
above). If d; < min(d;; d3), it meansthe distance betweenunassignedcodewords is
the bottlenedk, thus the two codewords involved in d; are separatedby creating a

new pair of dual setsand assigningthe codeword pair to them.
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1. Findmin;; D(ci;c;) thenS, := fcigandS; := f¢g
2. whild there are unassigned¢odewordsy

(a) recalculatemin;; D(ci;cj) := dy
nd mink;| D(Sk; C|) = dz

(b) if d; < min(dy; d3)
Createnewdual setsfc;g andfc;g
continue
elseifd, < min(dy; ds)
absab ¢, in S,
elsedo merging:

Sm  Sml S,

S, S, Si
EliminateS,, and S,
end

end

3. whild maxjS;j < Ng Do merging
end

Figure 4.2. Set partitioning algorithm

On the other hand, if d, < min(dy; d3), the bottlened is a codeword which is
too closeto a set, thus we take the o ending codeword and put it in the dual of the

mertioned set.

Now, we ched to seeif there are setsthat have grown too closein terms of
minimum distance. In this caseds; < min(d;; d,)) then we mergeead set with the
dual of the other, thus eliminating the problem of closenessf the two sets. The
algorithm cortinuesuntil all codewords are assignedto a set. To ultimately end up
with two sets, we do the merging of sets while one set cardinality reacesthe N

codewords. If it goesover N, the two setscardinality should be equalized.
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Theorem 3 The mentioneal set partitioning algorithm yields an optimal partition,
in the sensethat no other partition provides sets with larger within-set minimum

distance.

Pro of: ssumethat the pair of codewords (c;; c;) belongto one subsetand give the
minimum distance. In order to increasethe minimum distance of that subset,one of
these codewords must be moved to the other subset. On the other hand, this pair
of points have beenassignedto one subsetby the algorithm becausethere has been
another codeword in the other subsetwhich gives a lesserminimum distance with

thesetwo codewords. Therefore having a better minimum distanceis impossible.

4.3 Block Space-TimeTrellis code Design

To designafull rate trellis code, the original space-timeblock code must be expanded.

The expandedcodebook is called a supersetand denotedby S. Ead subsetof the
expandedcodebook is called a sub-cale. For examplethe original code is called a

sub-cale.

We assigna sub-cale to ead state of the trellis. The sub-cale at state k is
denotedwith Sk, where Sk 2 S. Using the set partitioning algorithm in Section4.2,
eat sub-cale canbe divided into seweral subsetsdenotedasS¥, wherethe cardinality
of Sk are equalto the emergingbranchesat ead state of the trellis. Each SK in Sk is
assignedto the outgoing branchesof state k. Figure 4.3 is an examplefor two-state

trellis whereS® = SJ[ S? and St = S{[ Si.

To build a superset, more sub-cales must be designed. A sub-cale can be

obtained from the original sub-cale S° as follows

Sk = U,sY (4.1)

51



S S

us] Us?

Figure 4.4. Error ewerts for two-State trellis

where U is a unitary transform. The choice of rotation matrices, Uy is our goalto
achieve the optimal coding gain. The advantagesof building the sub-calesby unitary
rotations is asfollows, First, the setpartitioning schemeremainsthe sameasthat for
the original sub-cale,i.e.

Sk = UySY; (4.2)

becausethe distance betweenead pair of rotated codewords remainsthe same,sec-
ond, the capacity of ead sub-caleis the sameasthe original sub-cale [15], and third,

the transmitted power of ead codeword remainsthe same.

Set partitioning helpsto increasethe minimum distancefor parallel branches
emergingfrom a state. As shown in Figure 4.4, the minimum distance of the error
ewverts with length two or higher are alsoneededto be maximize with the best choice
of Uy. A key challengein the designprocessis that the codes are nonlinear, and
unlessthey possessa uniform error probability(UEP) property, it does not su ce
to analyzethe performancefor the all-zero codeword. Therefore, for every pair of
codewords starting and ending at the samestate (any state) must be includedin the
error analysis. Howewer, depending on the structure of the original code, it is possible

to narrow down the set of the everts consideredin our seard.
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4.3.1 Code DesignExample

In this section, we provide an exampleof the two-state trellis code designfor linear

dispersioncode with L; = 3. As in [16], the code s

X
S= Mis; ; (43)

i=1
where M; is the LD basematrix of sizeT L+, T = 3, and s; is the signal symbol.
Following the designprocedureof [16], we designedan LD code for N = 3 and s;
taken from BPSK constellation. The overall rate for this exampleis 1 bit/sec/Hz.
The distancecriterion is the pairwise error probability of ead two pair of codes. The

resulting LD code is

0 1
0:168+ 0:432 0:057 0:310 0:127 0:039

M,;= @ 0101 0:001 0:164+ 0:184 0511 0:013A
0:257+ 0:202  0:218+ 0:352 0:000+ 0:231

0 1
0:418 0:105  0:322+ 0:095 0:076+ 0:168

M,= @ 0:139+ 0:184 0:003 0:054 0:040+ 0:523 A
0:030 0:301 0:308+ 0:349 0:046+ 0:147

0 1
0:018+ 0:195 0:273+ 0:396  0:228+ 0:102
M; = @ 0:083+ 0:269 0:136+ 0:040 0:304 0:375 A ;
0:252 0:389 0:267+ 0:.096 0:.050 0:186

By applying the set partitioning algorithm, the total eight codewords, ¢; for
i = 1;2;::;8 of this code is divided into two subsets,S; = fcy;c4;C;C7g and S, =
fcy; C3; Cs; Cgg. Figure 4.5 shows the block error rate of the original code and subset
S;. As shown, the algorithm has successfullypartitioned the original setinto subsets

that a gain of 2.5dB is obtained.

Next stepis to expandthe original code by deriving the rotation matrix, U.

By maximizing PEP of the error events with length two, we can obtain the bestU.
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Figure 4.5. r = 1 bit/sec/Hz, LD codes,L; = 3,andL, =1

10 T T T T
\ 2x1 Super Orthogonal Code

—o— 3x1 Linear Dispersion Code
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10 L 1 L 1 1 1 1 L
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Averaged Received SNR (dB)

Figure 4.6. Two-state LD-STTC forL, = 1
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Figure 4.7. Two-state LD-STTC forL; = 3,andL, = 3

It canbe written as,
maxD (fS 2.50g; s 2; U SQg) (4.4)
Howewer, becauseS; = S ,, it is easyto shaw that it su ces to computethe

optimization for only all zerocode. The resulting U after 100,000seart over unitary
matricesis,

0 1
0:385 0:481i 0:142+ 0:614 0:044+ 0:469
U = @0:007+ 0:563 0:374 0:041 0:079+ 0:731A :
0:128+ 0:535 0:081+ 0:673 0:297 0:385

4.3.2 Simulation Results

For the simulations, we considera two-state linear dispersion spacetime code (LD-
STTC). A frame consistsof 129transmissions.The length of the LD codeis T = 3 for
L; = 3. All the simulations is for the quasi-static at Rayleigh fading. The synmbols

for the LD codesis taken from BPSK constellation.
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Figure 4.6 shows the frame error rate for the rate 1 bit/Sec/Hz and onereceive
antenna. The diversity of three can be seenwhen comparedwith the diversity two

super-orthogonal codesusing Alamouti code with two transmit antennas[42)].

Figure 4.7 shovs FER for sewral LD-STTCs with rates 1;1:33, and 1.67
bit/Sec/Hz. As seen,a gain of 2 dB is archived through using this method when
comparedwith the LD code results. However more gain can be archived by designing
trellis codeswith more memoryand setting the codesmore apart in parallel branches.
Also this method can be applied to di erent coding schemeswhich more results are

part of our future work.
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CHAPTER 5
RELAXED THREADED SPACE-TIME CODES

MIMO systemshave introducedthe possibility of unprecedeted data ratesin wireless
communication, through the conceptof spatial multiplexing. Seeral classe®f MIMO

codeshave beendesignedthat take advantage of this concept,amongthem variations
of BLAST [4], Linear Dispersioncodes[15, 16], and Threaded Algebraic Space-Time
codes(TAST) [59. Also, alongsidehigh capacity, we would like the systemsto have
high reliability, which at high SNR is characterizedby the diversity advantage. For
example, TAST is known to provide full-div ersity aswell asarate of up to L+ symbols
per transmission,where L is the number of transmit antennas. In the following we

refer to codesthat provide this rate asfull-rate codes.

Unfortunately the presenceof full diversity may not be enoughto ensuregood
performance,becausethe diversity may apply at unrealistically high valuesof SNR.
This chapter is dedicatedto the designof improved full-rate codesthat work well in

realistic SNR.

We proposea new threaded spacetime code with improved performance.We
keepthe layered structure proposedin TAST, but remove its algebraic constrairt.
This is equivalent to using non-unitary matrices in the code design process,where

TAST usedunitary matrices.

The seart for the best rotation matrix is done by a new design criterion,
the averageunion bound (AUB), to ensuregood performanceat medium SNR. The

resulting codesare called Relaxel Threadaed Space Time (RTST) codes.

We are motivated to concerrate on the medium SNR regime due to the de-
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velopmen of modern wirelesssystemswith fast power cortrol. These systemsare
able to maintain the e ectiv e avelage SNR of the wirelesslink within a fairly narrow

range. It is within this rangethat most of the existing codesmust operate.

We proposethe averageunion bound (AUB) asa comprehensie criterion for
the medium SNR regime. For full rate codessud asLD and TAST codes,full diver-
sity advantage appearsat very high SNR which practically is not useful. AUB gives
a better approximation of the codeword error rate at medium range SNR. Sincemul-
tiplicit y at mediumrangeSNR is asimportant asthe worst casescenario. Simulation
results show signi cant coding gain for the new RTST codes. The result shav that

the AUB is a tight upper bound for the codeword error rate.

In Section5.1, we discussthe systemmodel. In Section4.3.1, the new code
designalgorithm is proposed. In Section5.2.2, we explain the AUB criterion for full
rate codesand give someexamples. Section’5.3 proposessomeexample code design

with simulation results.

5.1 SystemModel

We considera wirelesssystemwith L, transmit and L, receiwe antennas. The channel
is assumedto be quasi-static at Rayleigh fading. The channel coe cient between
any pair of antennasis independert and perfectly known at the receiwer. In the system
under consideration,we usethe space-timethreading which inducesa partitioning of
the space-timecode into multiple independert codes. The K 1 information symbol
vector u = (uq;::;uk)', which belongsto a given alphabet YX, is rst partitioned
into asetof L disjoint componert vectorsu; oflengthK;, j = 1;:::;L. Each oneofthe
componert vector u; is then mappedby a constituert channelencaler ; : YXi | ST,
j = 1L, sothat K = K+ K,+ i+ K. Ead constituert encader, |, operateson

independert information streams,and givesa set of constituert codeword ;(u;) of
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length T. Then a componert space-timeformatter assignsthe constituert codeword
j(u;) to the thread I;, j = 1;::;;L and setsall o thread elemerts to zero. For
simplicity we assumethat K; = K=L forj = 1;::;;L. Then, T space-timeblock
code C is the summation of all space-timethreads, where n, encaled symbols c;

(i = 1;:;np) are transmitted simultaneously from all transmit antennas at time t

At time instant t, the received signal by antennaj is given by

p_ X
rie= Es  hy (o + wpy; (5.1)

i=1
whereh;; (t) is the channelcoe cien t betweentransmit antennai and receive antenna
j with zero mean and variance 0:5 per dimension. Eg is the energy per symbol at
ead transmit antennas. w;; is the additive white complex Gaussiannoise received

by antennaj at time slot t with zeromeanand varianceN—Z0 per dimension. Therefore

the averagereceived SNR at the receiveris = ﬁ—;

Let R bethe n, T receiwedsignalmatrix, H bethe n, n; channel matrix,

and W bethe n, T noisematrix; then we have

P
R= EJHC + W: (5.2)

Whenewer an erroneouscodeword e is detected,then the codeword di erence
matrix is de ned asB(c;e) = ¢ e. Wealsode ne A(c;e) = B(c;e)B(c;e)", where

superscript H denotesthe conjugatetransposeoperation.
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5.2 Code Design
5.2.1 Code Structure

We use the layered structure of the TAST code as the starting point of our code

design.In TAST with an arbitrary number of threads,
i(uj) = jMju; (5.3)

is transmitted over thread |;, whereM; aren; n; real or complexrotations that
achieve full diversity, and ; are Diophantine numberswhich ensurefull diversity and

maximize the coding gain for the composite code.

We remove the algebraic constrairts, thus M could be any arbitrary non-
uniform matricesand ; could be any numbers with unit magnitude. Relaxing the
constrairt will provide a larger code seart spaceand, aswill be obsened, doesnot
incur a seriouspenalty, a fact that to our knowledge has not beennoticed to date.
The result is a layered code; we call it a Threaded Space Time (RTST) code. The

RTST codewords can be written as:

5( 1
c= Viuj; (5.4)
i=0
whereV; are the dispersionmatrices and K is the total number of symbols usedin

all threads.

Substituting (5.4) in (5.2), the received signal is
R = EH Viu+ W: (5.5)
i=0

By rewriting (5.5) in an equivalert vector notation as described in [16], we
have

p__
r= EsHXu+ W,; (5.6)
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where

u = [Uo;Us; 5 Uk 1l;

X = [vedVo);vedV,);vedV 4];
H=1: H,; and
w = veqW);

where |+ is an identity matrix of size T,  denotesKronedher product, and vec
function of a matrix createsa vector by stadking columns of that vector. We can
show that for the layered codes sudh as RTST when n;T = Kk, in order to have a
capacity optimal code, X should be unitary or equivalertly M; should be unitary.

This meansthat by selectingnon-unitary M ;, the code may be capacity sub-optimal.

We addressthis concernin the sequel.

In order to meet the power constraint and achieve a better coding gain as

suggestedn [15], we normalizethe dispersionmatrices by
Vi VvV (5.7)

which givesunitary dispersionmatrices.

5.2.2 Designcriteria

We proposethe averageunion bound as a comprehensie designcriterion. In this
chapter, we focus our investigation on the designof RTST codes,however, this crite-
rion can be usedto designall kinds of full rate codessud as linear dispersion (LD)

codes.

In [14], the rank and determinart criteria have beenderived for high SNR.
Full diversity is achievable when the eigervaluesof A (c;; c;) for all i and j are non-
zero. The range of SNR wherethe e ect of full diversity advantage can be obsened

dependson the eigervaluesof A.
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In our experimerts we obsenedthat many full-rate codes,despitefull diversity,
do not perform well in intermediate SNR. This is due to ill-conditioned A matrices,
i.e., the ratio of largestand smallesteigervaluesof A, max= min, IS large. Figure 5.2
and 5.3 respectively depict the in and nax= min Of A over all pairs for the TAST
code [59 for two transmit and two receive antennas, using 4-QAM constellation. The
minimum i, = 0:02 and the number of codewords are 28. As illustrated, there are

many codeword pairs which have very small i, (< 0:1).

In many comnmunication systemssud as 3G cellular networks, the quality of
the receiwed signal is cortrolled via a fast power cortrol medanism. Power cortrol
medanism keepsthe transmitted power at a certain rangein order to minimize the
interferenceand maximize the capacity of the networks. Therefore, the goal is to

designa code operating in moderate BLER or medium range SNR.

For pragmatic designof the full rate codes,we conceitrate on the SNR range

L. The advantage of full diversity appearsat n% which meansit is only

min

achievableat very high SNR, correspndingly very high BER (10 °). Thereforethe

full diversity advantageis not an appropriate practical measure.The designcriterion

should help to get better performanceat medium range SNR.

Let's de ne the AverageUnion Bound as
X

n
Cijiiej

1R

Pu Pe(Ci; Cj); (5.8)

wheren, is the total number of codewords and P¢(C;; ¢;) is the PEP expression[69],

1% =2Y

Pe(cie) = = (¥ o) M (5.9)

wherer = min(L¢;L;) and ; arethe singular valuesof A (c; e).

AUB givesa better estimation of the codeword error rate of full-rate codesat

medium SNR. This is dueto the fact that AUB considershe multiplicit y of the worst-
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Scenariol Scenario 2

Figure 5.1. 2D examplesof two di erent codeword scenarios

Table5.1. LD codesdesignedwith di erent criteria at SNR= 20dB, QPSK synmbols
with R=4,andT = 2

Max PEP Avg. PEP AUB (20dB) AUB (30dB)
Xtast | 1.84E-05 2.40E-04 4.01E-04 1.53E-07
Xaugs | 1.78E-05 7.60E-04  3.62E-04 1.06E-07
Xpep | 1.51E-05 6.36E-04  4.00E-04 2.17E-07
Xapep | 1.77E-05 1.40E-04  3.69E-04 2.70E-07

casescenarios.AUB criterion is a sum over all PEPs, soit also considersthe e ect
of having many codewords closeto worst casescenario. We can clarify this through
an example. Figure 5.1 illustrates two di erent scenarios.Scenariol is better than
Scenario2 in terms of minimum distance however, at medium range SNR, Scenario

2 performsbetter.

We investigatedi erent designcriteria to designan LD code for two transmit
and two receiwes antennas. Table 5.1 shows the the result for various code design
criteria sudh as averageunion band (Xaug), minimum PEP (Xpgp), and average
PEP [15 (Xapep). The dispersion matrix of these codes have been reported in

(5.10).

Figure 5.4 shavs codeword error rate (BLER) of these codes. The target
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0 0:4319+ 0:6660 0:5615+ 0:233% 0 0 1
X _% 0 0 0:3007+ 0:7385 0:5454 0:2582
APEP 0 0 0:5774 0:1755 0:2739+ 0:7489
0:1716+ 0:5835 0:7088+ 0:3573 0 0

0 0:1481+ 0:2235 00112+ 0:1655  0:2757+ 0:3675 0:3925 0:1700 1
. - B 0:2787+0:3170  0:4658 00743  0:1458 0:1331  0:2498+ 0:0681
PEP ~ 0:2222 0:3588 0:4199+ 0:2149 0:0392+ 0:1935 0:0928+ 0:2411
0:1707+ 0:20617 0:0406+ 0:1608 0:4394+ 0:1339 0:0949+ 0:4171

0:2578 0:0023 0:0163+ 0:1702 0:3075+ 0:3711  0:1654+ 0:2916 !
. = B 01920+ 0:3830 0:2202 0:4151 0:1329+ 0:0101  0:2586+ 0:2659
AUB ™ @ 0:3092 0:2966 0:4152+ 0:2200 0:1161 0:0655  0:1305+ 0:3472
0:2437+ 0:0841 0:0820+ 0:1500  0:1214+ 0:4664 0:2683 0:2010
(5.10)

BLER for the designis at about 10 # for SNR = 20dB. As shown, AUB givesa
better approximation of the BLER specially for medium range SNR. As seen,Xaug

shows better performance.

5.3 RTST Code DesignExample and Simulation Results

We perform this designexampleby modifying a known TAST code, namely, T2.».» [59
fora2 2 system,8PSK, with rate R = 6bits/sec/Hz. The rotation matrix in Tz,

is

_ _ ey 1 €
M=m()=(1=2) 1 & (5.12)
whereat = =4 M isunitary. Thereforethe resulting X is unitary and the T,.,., IS

capacity optimal.

We employ the samestructure of (5.11) but usetwo di erent rotation matrices
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Figure 5.4. TAST and LD codesfor two transmit and receiwe antennas, two layers,
R=6 bit/transmission, and QPSK modulation.

M; = m( ), i = 1,2, onefor ead thread. Following the designalgorithm in Sec-
tion 5.2.1, the best X is obtained via exhaustive searth over ; and ; to minimize
AUB. The optimization is done at SNR= 20dB and the resulting parametersare

Mi;=m( =4);M,=m(0:06 ), ;=1and ;= g 026

Figure 5.5 shows the codeword error rate of the RTST code and comparesit
with the TAST code. As shown, thereis 1dB and 1.6dB coding gain at codeword error
rate 10 5 and 10 ° respectively which is achieved over the TAST code. It should be
mertioned that both of thesecodeshave the samelayeredstructure, sothe decaling
complexity of both codesis the same. As illustrated in the gure, the AUB is a tight

upper bound.

Similarly, for the designof RTST code for three transmit and three receiwe

antennas, we usethe rotation matrix of Tz.3.3 [59. The rotation matrix in Tz.33 iS
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Figure 5.5. TAST codesand new code, for two transmit and two receiwe antennas,
R=6 bit/c hanneluse,with 8PSK modulation.

0 : : 1
1 e e’

M=m(; )=@13)@ € ¢ (1+é& )ed A (5.12)
1 e&é (1+ & )&

wherefor TAST = 2 =9and = 2pi=3. The rotation matrix M is unitary therefore

resulting X is alsounitary, sothe Ts.3.3 IS capacily optimal.

We employ three di erent rotation matricesM; = m( i; ;) fori = 1;2;3in
the code designalgorithm explainedin Section5.2.1. Then the best X is obtained by
minimizing AUB over ;, i, and ;. The optimization is doneat SNR= 20dB. The
resulting parametersare M; = m(0:222 ;0:667 ); M, = m(0:135 ;0:900 ), M3 =
m(1:10 ;0:800 ), =1, ,= &5 and ;= &¥07  The linear transformation

matrix of the RTST code is shavn in (5.13)

Figure 5.6illustrate the capacity of the newRTST code. Obviously, the lossin

capacity of the new code comparedto the optimal-capacity TAST code is negligible.
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Figure 5.6. TAST codesand the new code, for three transmit and receiw antennas,
R=6 bit/c hanneluse,with QPSK modulation.

0:3333 0:2553 0:0579 0 0 0 0 0 o 1
0 0 0 03321 02357 0:0291 0 0 0

0 0 0 0 0 0 0:3283 0:2143 0:0000
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0 0:1140 02143 0 0 0 0 0 (5.13)
0 0 0  0:0291 0:0863 0:1912 0 0
0 0 0 00291 0:3220 0:1409 0 0
0 0 0 0 0 0  0:0579 0:3132 0:1667

0 0:3283 0:1140 0 0 0 0 0 0
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Figure 5.7. TAST codes and the Modied TAST, for three transmit and receiwe
antennas, R=6 bit/transmission, and QPSK modulation.

Figure 5.7 shows the codeword error rate of the RTST code and comparesit
with the TAST code. As shown, there is 0.5dB gain at codeword error rate of 10 ©
which is achieved over the TAST code.

5.4 conclusion

In this chapter, we introduceda new layered space-timecode by modifying Threaded
Algebraic Space-Time(TAST) codes. The new code has the layered structure of
the TAST code without having its algebraic constraint. We also propose a new
design criterion for medium range SNR, Average Union Bound (AUB). The new
codesdesignedwith AUB criterion shav a signi cant coding gain over TAST codes

without any added complexity.
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CHAPTER 6

EFFICIENT SPACE-TIME BLOCK CODES DERIVED FROM
QUASI-ORTHOGONAL STRUCTURES

In this chapter, We designa new classof codeswith excellert performancewhich are

derived from a quasi-orthogonalstructure (but are not quasi-orthogonalcodes).

Quasi-orthogonalspace-timecodes (QOSTC) [36] were designedwith an eye
towards low-SNR performancewhile having simple decaling complexity. Howeer,
QOSTC could not achieve full diversity. A pairwise constellation rotation was pro-
posed|[39, 40] to overcomethis problem. It is possibleto apply the constellation
rotation to either of the two parts of the quasi-orthogonalcode, sotwo di erent fam-
ilies of quasi-orthogonalcodes can be obtained for the caseof, e.g., four transmit

antennas.

We designa new code by combining these modi ed quasi-orthogonalcodes
and then pruning codewords from the combined code to acdhieve superior coding
gain. To be specic, we chooseour codewords from among a superset consisting
of the union of two modi ed quasi-orthogonalcodes. The pruning is achieved by a
set partitioning algorithm applied to ead of the constituent quasi-orthogonalcodes.
This set partitioning is inspired by the techniques rst proposedby [38] and further
enhancedby the authors in [70]. The former method is speci cally for QOSTC and

the secondoneis the generalspace-timecode set partitioning method.

As a result of the mannerin which we construct our code, the overall designis
no longerquasi-orthogonaland thereforeit doesnot directly inherit the easydecaling
enjoyed by quasi-orthogonalcodes. Therefore, we proposean e cient ML decaling

algorithm whose average complexity is closeto twice the complexity of the quasi-
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orthogonal decaler of similar rate. The performanceof the new code, in terms of
error rate, is superior to any of the block space-timecodeswe tested, when compared
at the samerate and SNR. This includes enhancedquasi-orthogonalcodes and the

enhancedLD codesof [16].

We usethe following notation throughout this chapter. Uppercasebold letters
denotematrices, for examplecodewords are denotedwith X ;Y ;Z and unitary trans-
form with U which we concisely(but not ertirely accurately) referto as\rotations”
in the sequel. Script letters denote setsof codewords, e.g. S; T. Subscriptsare used
to denoteset partitioning. For corveniencewe de ne the multiplication of a setand
a matrix, for exampleSU, as a new set whosemembers are the menmbersof S eah

multiplied by U.

The function D( ; ) computesthe distance between two sets of codewords.
With an abuseof notation we may seea codeword as one of the argumeris of this

function, which should be interpreted asthe set consistingof that single codeword.

6.0.1 SystemModel

The systemmodel consistsof a MIMO systemwith L, transmit and L, receiwe an-
tennas. A at fading channel is assumed,where the channel gains are constart
during eat fade interval and independernt in successig intervals. The receiwed sig-
nal, denotedby a T L, matrix R, after matched Itering has the following form:
R = P =L(XH + N. T represeits the number of time slots for transmitting one
block of symbols. is the averagereceived signal-to-noiseratio per antenna. The
matrix S is a QOSTB codeword of sizeT L. The channelmatrix H = fh; g has
the sizeof L; L, whereh; is the fading channel coe cient betweenjth received

antenna and ith transmit antenna. The AWGN is shovn by the matrix N. The re-

ceiver employs maximum likelihood (ML) decaler with perfect knowledgeof channel



state information.

6.0.2 Modied Quasi-OrthogonalSpace-TimeCodes

We focus on the caseof L; = 4 whereead codeword transmits four symbols at four
timing slots. We start with the modi ed QOSTC [39], which adhievesfull diversity.
The modi ed codeappliesa constellationrotation either onthe rst pair or the second

pair of symbols. The code structure is

e ‘1X1 e' X2 é .2X3 e‘ 2Xa
J 1 J 1 ] 2 ] 2
X( 1 2)= % g ZX:Z eé 2x):1 g le“ eé- 1XX23§; (6.1)
e12x4e12x3 ejlxzejlxl
where X1; X2; X3; and x4 are symbols from the constellation consideredand ; and
- are the rotation angles. For ead pair ( 1; ), matrices X ( 1; ») constitute a

complete quasi-orthogonalcodebook. Thus by changing ( 1; ) we can generatea

family of codebooks, to be usedin our designprocessbelow.

6.0.3 Distance Criterion

We usethe Coding Gain Distance (CGD) asthe designcriterion, which we introduce
belowv in a manner similar to [42. For two codewords X and Y construct A 2
(X Y)X Y)", and then de ne CGD = det(A). By extension,the minimum
CGD of a codelmok S is de ned asthe minimum of CGD of all non-idertical codeword
pairsin S S. Similarly the distancebetweentwo codebooksS and T isD(S;T) =
min det(A (X;Y)).

6.1 Code Design

To designthe new codebook, we start from a union of quasi-orthogonalcodebooks,

which obviously has more code vectorsthan we needfor our desiredrate. Then we
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usepruning to reducethe number of codewordsin a way that the minimum distance

of the codebook is increased,and thus the performanceof the code is improved.

In particular, we start with the union of two quasi-orthogonalcodebooksT [ S,
whereS = X ( 1;0)gandT = fX(0; ,)g. SinceS[ T hastwiceasmany codewords,
the union is pruned down by one-halfto arrive at the new codebook C, which hasthe

original rate.

Clearly the performanceof the new codebook C is bounded below by the
performanceof quasi-orthogonalcodesS and T, becausesat of them is onepossible
pruning of S[ T. Therefore,this processcan only improve the code. The empirical
fact is that it indeeddoessoin a signi cant way, and the resulting code is better, for

examplein the caseof BPSK it is better by 1.3 dB.

Next, we explorethe pruning of the supersetS[ T. The mostgeneral(globally
optimal) pruning of this superset would be very di cult. Instead, we presen one
systematic way of doing so. We note that the new codebook can be written as
C=S [ T ,whereS andT arethe surviving menbersof S and T after pruning.
It is evident that if the code Cis to be a good code, then constituert codesS and

T must also have good distance properties.

The above obsenation suggestsa technique for designingthe new code. We
rst partition the codebooks S and T sud that ead partition has good distance

properties. Then we conbine partitions in a judicious way to construct C.

In order to clarify the method, let's rst focuson the code designexamplefor
BPSK symbolswhere ; = , = =2isthe optimum value. The set partitioning of

the code S into two subcodesgives

S, = 100000011 010% 01101001 10101109 1111 (6.2)

S, = 000100100100 011% 1009 1011 110% 111Qy; (6.3)
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Figure 6.1. New code designfrom quasi-orthogonalusing BPSK modulation

whereead codeword hasbeenrepreseted by its four binary symbols (X1; X2; X3; X4).
In the samemanner, the code T can be set partitioned into T, and T,, which are,
respectively, similar to S; and S, with the secondpairs in eat codeword rotated by

=2.

Table 6.1 shaws the inter subcode distances. The minimum CGD of the new

codeSorT is
D(Sl, Sz) = D(Tl,Tz) = 256

Looking at the inter-distancesof subcodes,we canpick S; from S and T, from T to
form a new code as shavn in Figure 6.1. The minimum CGD of the code hasrisen
up to

D(S;; T,) = 2304

which is much greaterthan the distanceof the code S or T. This guararteesbetter

performance.
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Table 6.1. CGD of the set partitions for BPSK constellation

DG | St S, LI T,
S; 0 256 0 2304
S, 256 0 2304 O
T 0 2304 O 256
T, 2304 O 256 O

6.1.1 Augmerted Code Design

Unfortunately we found that for higher rate codes,the pick-and-choosemethod alone
does not always improve the distance properties of the original (constituent) code-
books. In other words, the quasi-orthogonalfamilies mentioned above do not always
provide a su cien tly rich setof codewordsto choosefrom. In order to overcomethis
limitation, we allow the rotation of the constituert codebooks. To presene quasi-

orthogonality of the constituert codebooks, we useunitary operations, that is

T TU; (6.4)
whereU is a unitary rotation.

More speci cally, we proposeto use diagonal unitary rotations, for the fol-
lowing reason. One of the properties of the QOSTC is that the transmitted power
from ead antenna at ead transmissiontime is one. Using diagonalunitary rotation
matrix presenesthis property. In other words, peak-to-averagetransmitted power at

ead time instanceremainsone. Thus,
U = diag(é !;€ 2;¢€ ;€ 4); (6.5)
wherediag( ) denotesa diagonal matrix.

A unitary rotation doesnot changethe distanceproperty of a code. Therefore,

set partitioning of the code still remainsthe same,but ead subcode is rotated. Now
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Table 6.2. CGD of the set partitions for QPSK constellation
D(::) S S T T
T: 0 233 0 16
T, 2.33 0O 16 O
T,U 0 4394 0 16
T,U (4394 0 16 O

we can build the newcode. We can pick onesubcode from S and onerotated subcode
from T. The goal is to designa good unitary matrix that increasesthe minimum

distanceof the code, in other words

mUaxD(Sl; TLU):

U could be obtained by exhaustive seart. Table 6.2 shownsthe crossdistances
for QPSK constellation and U =diag(&%°® ;&1 ;& ;d%4 ) As shovn, U helps

to increasethe minimum distancefrom 16 to 43.94.

6.2 Decdling Algorithm

One of the advantages of quasi-orthogonalcodesis simple decaling. In particular,
eat quasi-orthogonalcodeword consistsof two typesof sub-matrices,eat of them
possibly an orthogonal or quasi-orthogonalcodeword of lower dimension. The stan-
dard decaling processfor quasi-orthogonalcodes allows the distance metric to be
written as a sum of metrics for thesetwo sections,thus simplifying the ML detec-
tion. We refer to this construction of the metric, and the correspnding detection

algorithm, as quasi-orth@onal decoding [42].

For our newcode, we areinterestedto maintain, asmuch aspossible the simple
decaling a orded by the quasi-orthogonalstructure, while achieving the performance

of ML decaling. In generalthe new codebook C doesnot by itself presen a direct
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way of simple ML decaling. Howewer, our knowledgethat the codewords of C come

from either S or T, can be usedto construct an e cien t decaling algorithm.

The decdling algorithm is motivated by the conditioning ideasthat have been
used,e.g.,in spheredecaling. Considerthat ead received codeword either belongsto
S orto T. Of coursethe decaler doesnot know a-priori which is the case.Therefore,
the decaler performstwo quasi-orthogonaldetections,accordingto codebooks S and
T, resulting in two codeword candidatesX s and X, respectively. We then ched to
seeif either or both of thesetwo candidatesare actually members of C. If exactly
oneis a valid codeword, the decaling is successfullf both are valid codewords, then
we choosethe onethat hasthe better ML metric. If neither is a valid codeword, we
have no choice but to do (the equivalent of) an exhaustive seart on C. Howewer,
thankfully the probability of this last evert is very small for reasonablecodeword
error rates, and thus the avemage complexity of decaling is minimally impacted by

the last case.The ow of decaling is summarizedin Figure 6.2.

. Do quasi-athogonal decading usingcodebook S, call the result X s.

[EEN

Do quasi-athogonal decaling using codebook T, call the result X ;.

If X5 or X (but not both) belongsto G, it is declaed the decaled codeword.

o owoDN

If both belongto C, then the one with the better ML metric is declaed the decaled
codeword.

5. If neither X s nor X belongsto the new codebook C, do exhaustiveseach.

Figure 6.2. Decaling algorithm

The computational complexity of this decaler dependson how often quasi-
orthogonal decaling producesa valid codeword. Wheneer that happens,no further
action is required and thus a codeword has been cheaply detected. Wheneer it

fails, the decaer can either declare failure (similar to the concept of a bounded



distance decaler) or if we wish to build a complete decaler, we must sear&t more
extensively among codeword candidates. Thankfully the probability of this evert is
low unlesscodeword error probability is very high, in which caseone might argue
that the decaler is not working and the questionof complexity is moot. For example,
simulations show that fora4 1 systememploying a BPSK constellation,at codeword
error rates P, = 10 2 and P, = 10 2 the probability of being forced into exhaustive

seard are only Pey = 0:0185and Pgy = 0:0021respectively.

We now proceedto calculatethe metric for the pairwise decaling. Each code-
word of the new code belongsto oneof the quasiorthogonal codebooks. The decaling

metric after simpli cation is
f1a(X1;Xs; 15 22U) + faa(XoXa; 15 2;U); (6.6)

where,

x4 _ .
fia(Xi;xs 1 2) = jhif?)(ix:€ *j%+ jxs€ ?j?)
i=1
2Re x;€ 1(r;hi€ t+ roh,e ) 2+ rhee 2+ rahe b4,

+ X3€ 2(r;had @+ ryhe ) 4+ rshie t+ rzhpe b 2)

+ 4Refx x,€( t 2gRefh;€ thye ) 2 + hoe 2h,e | 4g
(6.7)

and
x4 _ .
faa(X2;Xa; 1 2) = jhif?)(iX2€ *j%+ jx2€ ?j?)
i=1
2Refx,€ 1(r;h,d 2 ryhje ! 1+ rghue ¢ rihhe ) 2) (6.8)
+ X4€ 2(r;hsd ¢ rohge )l 2+ rghd 2 rghie ! g
+ 4Ref xox,e( t 2gRefhi€ thee | 2 + hoe 2h,e ! 4 g
and Ref :g is the real part of the argumert. For the BPSK code where ; = O for all

i, the decdaling is very simpler and the calculationsis signi cantly decreased.
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6.3 Simulations

We assumea slowv fading channel and one receive antenna. Figure 6.3 shows the
codeword error rate for the rate-onecode, which usesBPSK modulation. At codeword
error rate of 10 4, gainsof 1:3 dB and 1:7 dB have beenobtained over modi ed quasi-
orthogonal spacetime code [39 and orthogonal spacetime code [34], respectively.

Figures 6.4 shows the bit error rate for the code which usesBPSK modulation.

In order to clarify the gain adieved by the new code at rate 1 bit/s/Hz,
using BPSK modulation, we comparethe code performancewith that of super quasi-
orthogonal space-timecode [3§] in Figure 6.5. Howewer, the complexity of the latter
one is much higher than our block code, we just want to highlight the signi cant

coding gain that we can get without using any trellis structure.

Figure 6.6 depicts the performanceof the code for QPSK. The parametersof
the newcodesare ;= ,= =4 with U =diag(e®® ;%! ;&6 ;04 ) The code
has0:5 and 1:1 dB gain respectively over modi ed QOSTC [39] and LD codesof [16].

6.4 Conclusion

We proposea new space-timecode whosecodewords are derived from two di erent
guasi-orthogonalspace-timecodes (QOSTC). Employing constellation rotations on
di erent pairs of QOSTC givesthesetwo sets. We selectthe codewords from these
two setsthrough setpartitioning in order to increasethe minimum codeword pairwise
distance. The resulting codesexhibit very good performanceand signi cant coding

gain over existing codes.
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CHAPTER 7
SINGLE-BLOCK CODED MODULATION FOR MIMO SYSTEMS

We proposea new classof space-timecoding that provides coding gain without any
outer code or trellis. The new code derives its codewords from block space-time
codessud as orthogonal [34] and quasiorthogonal [36, 39, 40] space-timecodes. In

principle, this method canalsobe appliedto any other classof block space-timecodes.

Although a space-timeblock code may provide full diversity and a simple
decaling stheme, they usually do not provide much (if any) coding gain. This is in
cortrast to space-timetrellis codes[14], which provide full diversity aswell ascoding
gain but at a cost of higher decaling complexity. Thus there is a natural motivation
to combine better coding gain with the simple decaling o ered by STBC. One way
to do sois to build trellises over STBC, and in fact Jafarkhani and Seshadri[4Z]
and Siwamogsathamand Fitz [44] independerly proposeda full rate code which is
a concatenationof an outer trellis code with an inner space-timeblock code. These
codeswere namedsuper-orthogonal codesby [42]. Naturally the outer trellis imposes

somecomplexity on the decaler.

A natural question at this point would be: why not add coding gain to the
block code itself? One would expect that the methodology of Ungerbadck, namely
expandingthe constellation size, followed by a careful choice of codewords from the
enlarged constellation, should be applicable to block signaling for MIMO system.
Figure 7.1shonvsa gurativ eideaof how expansionand selectioncould helpto improve

the code performance.

For larger number of antennasand more complicated constellations, it is di -
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Figure 7.1. Expansionand selectionidea

cult to systematically perform set partitioning, which is equivalert to selectingcode-
wordsout of expandedconstellations,for two reasons:First, by increasingthe number
of antennasand constellation dimension,the number of choicesincreases.For exam-
ple, constellation expansionby a factor of two via QAM in an L, antenna system
results in a factor of 22-t expansionin total number of codewords. Second,this ex-
pansionhappensin a higher dimensionalspace,and in generalit is not clear how to
systematically approximate certers of padked spheresfrom the elemens of a given

higher-rate lattice in high-dimensionalspaces.

Howewer, considerthat setpartitioning is nothing but a systematicmethod for
pruning a larger codebook. Even without a systematic set partitioning, one should
still be ableto do the pruning. This basicideais the cornerstoneof the developmerts

in this chapter.

In this chapter, we presen a coded modulation technique for spacetime block
codes. In order to designa code, we employ the existing space-timeblock codes,e.g.,
orthogonal and quasi-orthogonalblock space-timecodes (OBSTC and QOBSTC).
Due to decaling simplicity of orthogonal codes,in this chapter we focuson this type
of codes, however the proposedmethod is generaland can be applied to any MIMO
block code, including, e.g., LD and TAST codes. We employ a coding technique

via selectionof certain space-timeconstellation to increasethe minimum distance
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betweenthe codewords. Becauseour codes do not involve a trellis, their decaling

complexity is smallerthan either trellis space-timecodesor super-orthogonalcodes.

7.1 SystemModel

The systemmodel consistsof a MIMO systemwith L, transmit and L, receiwe anten-
nas. A at fading channelis assumedwherethe channel gains are constart during
ead fade interval and independen in successig intervals. The received signal, de-

notedby aT L, matrix R, after matched Itering hasthe following form:
r__
R= —SH+N : (7.1)
Lt
T represens the number of time slots for transmitting oneblock of symbols. is the
averagereceiwed signal-to-noiseratio per antenna. The matrix Sis a block space-time
codeword of sizeT L. The channelmatrix H = fh; g hasthe sizeofL; L, where
h;j is the fading channel coe cien t betweenjth received antenna and ith transmit

antenna. The AWGN is showvn by the matrix N. The receiver employs maximum

likelihood (ML) decaler with perfect knowledgeof channel state information.

We usethe so-calledaverageunion bound (AUB) asthe designcriterion which
ensureggood performance[71]. We introduce AUB below in a mannersimilar to [69].

1 X
Pu = P Pe(Ci; Cj) (7.2)
6]
wherec; and ¢; are codewords from code S and n. is the total number of codewords
and P¢(ci; ¢;) is the PEP expression,
14 =2y L
Pe(Ci;Cj)igj = - (l+ —) d (73)
0

in2
- 4sin

wherer = min(L¢;L;) and ; are the singular valuesof

A= (Ci Cj)(Ci Cj)H:
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7.2 Code Design

The new code is derived from expurgation of the expandedoriginal code, i.e. our
code utilizes the codewords of the expandedorthogonal space-timecode. The expan-
sion is made possiblethrough the use of higher modulation constellation sizein the
orthogonal or quasi-orthogonalstructure. The resulting expandedcode obviously has
more codewords than we needfor our desiredrate. Then we use pruning to reduce
the number of codewords in a way that the minimum distance of the codebook is

increased,and thus the performanceof the code is improved.

We start with an exampleof Alamouti code [33] using 8PSK constellation. In

this case,we have L, = 2, and the code is

X1 X2

X =
2 2 X2 X]_

(7.4)

where x; and x, are taken from 8PSK constellation. The code consistsof 64 code-
words. We canexpandthe code by switching to 16QAM constellation, which increases
the number of codewords to 256. Then the expandedcode can be pruned down by a
factor of four to arrive at a new codebook which hasthe original rate. The new code
has shavn about 0:9dB gain when comparedwith the original Alamouti code using

8PSK.

The pruning method plays animportant role in achievingthis gain. We explain
the pruning through two steps. First considera basic greedyalgorithm. We will use
the following notation in the sequel: The basic (original) codebook will be denoted

C, the expandedcodebook C°, and the pruned (optimal) codebook C .

The basicalgorithm starts by picking a codeword at randomfrom the expanded
orthogonal codebook. We pick the codewords oneafter anotheraccordingto distance,

in other words, at ead step, we pick the next codeword to be asfar aspossiblefrom



2nd 3rd 4th
codeword codeword codeword

Figure 7.2. Incremertal codeword selectionalgorithm. Paths with bad distanceprop-
erties are terminated.
all previously picked codewords. We cortinue until the required number of codewords

have beenselectedfrom amongthe expandedcodebook.

The basic (greedy) algorithm, howewer, has a weaknesssharedby many sud
optimization algorithms: it hasatendencyof falling into a local minimum. Therefore,

we modify it slightly asfollows.

At ead step of the algorithm we may have seweral good choicesfor codewords
whoseminimum distancesare not that di erent. Picking the very best one might
be shortsighted becauset may block future options. Therefore,instead of only one,
we considerse\eral codewords as candidatesin ead step. This will lead to a tree-
basedalgorithm. Naturally, if we allow the tree to expand inde nitely, the design
complexity will run out of hand. Therefore,at eat step, we delete someof the least
attractiv e paths in the designtree. Without further enbellishmert, we mertion that

this method is similar to discrete optimization methods utilized in somedecaling
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algorithms, howewer, we omit a completedescription of lineageof sud algorithms in

the interest of brevity.

Figure 7.2 shows how the code selectionprocessworks for the rst four code-
words in a hypothetical example. The rst codeword is selectedrandomly. For the
secondcodeword, we keep a few of the best choices. For eat of the possibilities
that are alive, a third codeword is sough, and soon. At ead step, the paths that
do not yield attractiv e distance properties (between so-far selectedcodewords) are
eliminated. The others are kept alive to allow choicesfor the future. Experiencehas
shown that a fully greedyalgorithm that keepsonly the best codeword at ead step,

is too susceptibleto local optima.

The performanceof the algorithm depends also on a good choice of initial
point. Although it is possibleto start from (seweral) random point(s), a better way
is to do the set partitioning on the original code [42] and pick a set partition asan
initial set. In this way, we are surethat the initial codeword candidatesalready have

a good distancecriterion.

The algorithm consistsof simple stepsthat can be expressedas follows.

1. Selecta codeword or a set of codewords asinitial setS;,

2. Make new setsby augmering the setsS; via adding only one codeword from

the expandedcode C°

3. Ched the distanceof eat newnormalizedsetsand only keepthe setsthat give

minimum PEP,
4. If number of codewordsin S; is not su cient then goto Step 2,

5. All remaining S; are potential new codes.
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In casedhat the expansionis donethrough non-unit power constellationssuc
as 16QAM, power normalization should be performed. Although the averagepower
of the expandedcodeis unity at ead transmissiontime, but ead codeword may have
more or lessthan unit power at ead transmissiontime. Therefore,we may compare
di erent setsthat have di erent power level. In order to avoid sud a problem, power

normalization can be donefor ead setat ead step of the algorithm.

7.3 Decdling

The key issueat the decaler is to ensurethat the simplicity of the decaling is to
someextert maintained. In other words, to ensurethat we can still make use of
the structure of the codebook even though it is no longer quite as structured asthe
original codebook (due to expurgations). In particular, ead orthogonal codeword
consistsof elemetts of a given expandedconstellation. The standard decaling process
for orthogonal codes allows the distance metric to be written as a sum of elemert-
wise metrics, thus simplifying the ML detection. We refer to this construction of the

metric, and the correspnding detection algorithm, as orthogonal decoding [34].

For our newcode, we areinterestedto maintain, asmuch aspossible the simple
decaling a orded by the orthogonalstructure, while achieving the performanceof ML
decdaling. In generalthe new codebook C doesnot by itself presen a direct way of
simple ML decaling. Howeer, our knowledge that the codewords of C are also
memnbers of the expandedorthogonal code C° can be usedto construct an e cien t

decdaling algorithm.

The decding algorithm is motivated by the conditioning ideasthat have been
used, e.g., in spheredecaling [56. Considerthat ead received codeword belongs
to the expandedcode. The decaler performs orthogonal decaling accordingto the

expandedcodebook, arriving at a candidatesolution. Wethen ched to seeif this can-
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didate is actually a menber of the expurgatedcode. If it is, the decaling is successful.
If it is not a valid codeword, we have no choice but to do a wider sear®. Howeer,
thankfully the probability of this last ewvert is very small for reasonablecodeword
error rates, and thus the average complexity of decaling is minimally impacted by

the last case.The ow of decaling is summarizedbelow.

1. Do orthogonal (quasi-orthogonal) decaling on the expandedcodebook C°, call

the result €.
2. 1f €2 C, it is declaredthe decaled codeword.

3. If € 2 C, look for the other closestpoints till the closestvalid point is found.

The complexity of the wider seard, in the unlikely events whenit is required,
may be managedby usinga list decaling method. The list decaer successigly tests
for the secondor third, ::: closestcodeword to the receivedvector, from the expanded
codebook, until a valid codeword in the pruned codebook is found as illustrated in
Figure 7.3. Due to the orthogonal structure of the expandedcodebook, ead step of

the list decdling is easy

For the caseof orthogonal codes, we proposea simple searty method to nd
the closestvalid codeword to the received point. In this case,the metric for eah
symbol is calculated separately So the detection for every synmbol is reducedto a

2-dimensionalcase.

As an example,considerthe generalM-QAM constellation. Figure 7.4 shows
a simple scenarioof a received point. Similar to the spheredecaling method, the
closestneighbors to the received point has been labeled accordingly Now we can

pick the rst k closestneighbors of ead synmbols of the codeword. Then the metric



can be calculatedfor all possibleconbinations of the selectedneighbors (= k) and

the closetvalid point is the ML decaled codeword.

The relative distanceto nearby constellation points naturally dependson the
received signal. To arrive at an orderedlist of distances,we start from the nearest
constellation point, which was obtained in the rst step of decaling. Then, depend-
ing on the location of received vector with respect to that nearestpoint, we can
systematically list other nearby constellation points in increasingorder of distance.
Inspection showns that 8 sud lists exist. We divide the areaaround an MQAM point
into 8 regions,and dependingwherethe receiwe vector falls with respectto its closest
constellation point, one of thesezonesis chosen,and the respective list is used. The
idea is that, becausetheselists have to be calculated and stored only once, the list
itself doesnot impact the decaling complexity, sinceits executionis equivalern to a

table-lookup.

Figure 7.5illustrates the zoneassignmen for a given constellation point which
is labeledasij . The table in Figure 7.5 givesthe rst nine closestneighbors for eath
zone. The neighbors are represeted as s; wherei represems the column and j
represems the row of the given codeword in the QAM constellation structure. It
should be noted that the zonesfor the border points is lessthan eight. Howewer, the
ordering in the table is still valid but the neighbors with i or j negative or bigger

than the constellation size should be omitted.

We may also design new codes using quasi-orthogonalcodes. Each quasi-
orthogonal codeword consistsof two typesof sub-matrices,eat of them possibly an
orthogonal or quasi-orthogonalcodeword of lower dimension. The standard decaling
processfor quasi-orthogonalcodesallows the distance metric to be written asa sum
of metrics for these two sections, thus simplifying the ML detection. We refer to

this construction of the metric, and the correspnding detection algorithm, as quasi-
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Figure 7.3. Decaler cheds all candidate (expanded)codevectorsuntil a valid code-
vector is found.

° ° °g o °
SN
° /{4 *5 \% °
\ /< |
e 85 e, ,e5 o
_/
° o3 o7 o °

Figure 7.4. Symbol-wise detection using M-QAM constellation. Labeling shows the
order of the closetconstellation points to the received point
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1 o ° Zones around each constellation point

Zone| ng No N3 Ny Ng Ne , N7 Ng , Ng

a | Sj [ Si+nj | SiG 1 | Si+n(j v | Sig+) | SG vi 0 S+n(j+1) | S G 1) 0 S(i+2) ]
b | sj |Sig 1 | Si+1)j | Si+1(i 1 | Sig 1 | Sig+n » SG G 1) | S+ni+) 5 Sig 2)
C ISj |Sig v |Si vi|Si i v |Si+)j | S+ » Si+1(j 1) | S 1(i+1) » Si( 2)
d |sj |Si v [Sig n|Si nG v |Sig+n | Sig+1) »Si G+ | S+ 1 5 S 2)
€ |Sj | Si v |Sig+y | Si 1@+ | SiG v | S+ 2 S G 1) | S+1)(j+1) 2 S 2)j
f Sij | Sig+n) | S vj | S 1+ | SG+Dij | SiG 1) 0 S+n(j+) | S 1 1) » Si(j+2)
9 |Si |SiG+y | Si+y)j | Sa+nj+n) | S i | SiG 1) 0 S 1+ | SG+1(j 1) » Si(+2)
h o |si | Si+nj | Sig+n | Sa+n(i+1) | Sig 1 | Si i » S+ 1) | S 1)(+1) + S(i+2)]

Figure 7.5. Zone assignmen for s; , i andj respectively represemn the columnsand
rows of M-QAM constellationand the table shavsthe neighborslist ordereddistance-

wisefor ead zone
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orthogonal decoding [42]. The decaling algorithm is similar to the orthogonal codes
exceptthe type of decaling.

For the caseof quasi-orthogonalcodes, we can employ the spheredecaling
method suggestedby [72] incorporated in the samedecaling algorithm. In cases
that the decaled codeword is a non-valid codeword, the list decaling method can be
applied. It is neededto properly detectthe rst n neighbors of the received point for
a given reliability. The radius of the spherefor eaty decoupledmetric part can be
determined with regard to the noise power to make sure that we have selectedthe

required number of neighbors.

7.3.1 Decding Complexity

We study the decaling complexity alongtwo directions: the averagecomplexity and
the instantaneouscomplexity. Averagecomplexity, as the name implies, represefs
the complexity of decaling averagedover all possiblecodewords and received vectors.
This givesa rough overall idea about the requiremens of the algorithm, and as we
showv below, our codescan be decaled in an averagecomplexity that is polynomial
in constellation size. Instantaneouscomplexity represems the complexity for a given
codeword and receiwe noise. This is an important factor becauseany implemertation
of the decaling has nite processingpower, and real-time processingrequiresthat
if the calculation is not nished within the allowed time, a decaling error must be
issued. The instantaneouscomplexity is of coursea random quartit y, and we wish to

understandits distribution.

Average Complexity

De ne the expansionfactor a as follows

az ™ (7.5)



wherepe = jCY, po = jC j, and j:j givesthe cardinality of the argumert.

We assumethat our code is designedwell, thereforethe distance betweenthe
valid codewords are maximizedin the spaceof all codewords, asshown in Figure 7.3.
As shown in the gure, to decale, we can start from the received value and do a list
decaling of successig codewords, moving away from the received value, until a valid
codeword is found. Howewer, the gure also shows that we would visit at most a
codewords in this manner for a typical valid codeword. Eacd of thesevisits requires
an orthogonal decaling. Therefore, the overall complexity is represered by a times

a constart, which is independen of the constellation size.

Instantaneous Complexity

We now look at the list decaling mertioned above. We are now interestedto see
what is the probability of visiting a certain number of expandedcodewords before

arriving at a valid codeword, at which point the decaling terminates.

We note that in many practical scenarios,the closestcodeword is a valid
codeword with high probability, thereforethe seard terminatesafter the rst try. For
example,simulations show that for a4 1 systememploying a BPSK constellation,
at codeword error rates 10 2 and 10 2 the probability of being forced into a wider

seart (after the rst try) islessthan 0:01 and 0:001 respectively.

Now we calculate an approximation of the probability distribution of list de-
coding length. We know that on averagea neighbors are visited, howeer, for a
given codeword the seart depth could be higher or lower. This calculation is needed
becauseve needto designa receiwer sud that with high probability, it canaccommo-
date the depth of list decaling that is necessary The following result demonstrates

that the list decaling depth hasat worst a geometricprobability distribution.
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Theorem 4 Randomlylakel p, codewods of a code of sizep. as valid codewods and
lakel the rest as invalid. Then if we randomly pick n codewods, the prokability of

having at least one valid codewod amongthem is lower boundel by

1 (1 ahm

Pro of. he probability of having no valid codeword in n randomly selectedcodewords
is
Pe Po
Pav(N) = —p—;
n

where P givesthe number of all possiblecorrbinations of choosingn from pe. Now

the probability of having at leastonevalid codeword is

p(n) = 1 pw(n)
=g (P Po)(Pe P 1) (Pe Po N+1)
Pe(Pe 1) (e n+1)
Pe Poyn
> 1 Pe )
=1 (1 ahn (7.6)

Sincen is in the exponert in (7.6), p, corvergesto onevery fast, howewer, for
the code selectedvia our selectionalgorithm the corvergencas evenfasterovern. The
code selectionalgorithm tries to separatethe codewords as much as possiblein the
spacein a way that having codewords clusteredtogether is highly unlikely. In other
words, from every a neighbor codewords of C’, on average one codeword is valid.
Therefore, many possible outcomesof random selectionare ruled out. Figure 7.6
illustrate the lower bound and the exactp, for p, = 64 codewordstakenfrom p, = 256
codewords of the expandedcode. For instancep,(16) = 0:9915and p,(25) = 0:9995.

For the example code stated in Table 7.1 which is derived from an Alamouti code



using 16-QAM, p, equalsto 0:9828 0:9998 and 1 respectively for n equalsto 9;16
and 25. This meansthe seart for the rst 25 neighbors, or in other words the rst

5 neighbors for ead symbol, givesthe exact ML result.

7.4 Simulations

The simulation resultsare provided for two, three, and four transmit antennasin block
fading. In this chapter, we focus on examplesof Ly = 2 and L; = 3 for orthogonal
codes. Howewer the generalizationfor higher number of transmit antennasis straight

forward.

Figure 7.7 showns the codeword error rate for the code rate R = 3 bits/Hz/Sec
and two receiwe antenna system. The original orthogonal code is an Alamouti code
using 8PSK modulation. The code consistsof 64 codewords. Our code is a selection
of 64 codewords taken from Alamouti code using 16QAM constellation. A gain of

0:9dB hasbeenobtained over the original Alamouti code.

For the caseof L, = 3 the codeis

0 1
X1 Xo X3
X, X 0
Xs 3= % 2 1 § 7.7
4 3 X3 0 Xl ( )
0 X3 X,

wherex; X,, and Xz are synmbols from the chosenconstellationand\ " denotesthe

complex conjugate operator.

Figure 7.8shawvsthe codeword error rate for the coderate R = 3=4 bits/Hz/Sec.
The original orthogonal codesis a4 3 code of (7.7) using BPSK modulation. The
original code consistsof 8 codewords. Our codesare a selectionof 8 codewords taken
from the code usingthe samestructure but with QPSK and 8PSK constellation. Our
codesderived from 8PSK shaws a gain of 1dB and 1:3dB respectively for one-and

two receiwe antennas.
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Table7.1. Newcode expressedvith the indicesof the codewordstakenfrom expanded

code

Code Constellation L,

Indices

99

X22

Xa 3
Xa 3
Xa 3

X4 a

16-QAM

4-QAM
8-PSK
4-QAM
8-PSK

4-QAM

4-QAM

2

1,4,7, 13,16, 18, 26, 31, 37, 40, 43, 46, 49, 52, 55, 61,
64, 66, 72, 74, 85,87, 92, 93, 97, 99, 105, 111, 120, 122,
133,135,140,141,143,145,148,155,166,173,176,178,
181,188,190,193,196,202,208,210,215,217,220,222,
227,229,232,239,241,244,247,250, 253, 256
1,7,9,15,35,37,43,45

1, 21,107,160, 293,305, 335,444
1,7,9,15,35,37,43,45

1, 21,107,160, 293,305, 335,444

1, 11, 35, 41, 88, 94, 118, 128, 131, 137, 161, 171, 214,
224,248,254

1, 11, 35, 41, 88, 94, 118, 128, 131, 137, 161, 171, 214,
224,248,254



When L; = 4, ead codeword transmits four symbols at four timing slots.
To designour codes, we start with the modied QOSTC [39], which adieves full
diversity. The modi ed code appliesa constellation rotation either on the rst pair

or the secondpair of symbols. The code structure is

. . 1
e X1 e X2 X3 Xy
el x, el x X X
X :% 2 1 a4 A3 § 7.8
4.4 X3 Xa e‘ X1 e‘ X2 ( )
X, X el x, el x

where X1; X»; X3; and x4 are symbols from the constellation and is the rotation
angle applied on the rst pair of symbols. For eatch , matrices X, 4 constitute a
complete quasi-orthogonalcodebook. Thus by changing we can generatea family

of codebooks.

Figure 7.9 shows the codeword error rate for the code rate R = 1 bits/Hz/Sec.
The original modi ed quasi-orthogonalcodesis a 4 4 code of (7.8) using BPSK
modulation. The original code consistsof 16 codewords. Our code is a selectionof 16
codewordstakenfrom the code usingthe samestructure but with QPSK constellation.
Our code driven from QPSK shows a gain of 1:5dB and 1:8dB respectively for one
and two received antennasat 10 3 block error rate. The optimum rotation for the

original code is setto = =2.

Table 7.1 shavs the designedcodebook, via indicesin the expandedcodebook.
We usea simple labeling accordingto the following corvertion. Eadch M -ary constel-

lation is labelednaturally (not Gray) asshawvn in Figure 7.10. The codeword symbols

label of a constellation symbol. The indicesof the expandedcodebook are calculated

via the following simple expression:

X .
| =  label(x;) MN "+ 1 (7.9)

i=1
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Figure 7.10. Constellation labeling
7.5 Conclusion

We proposea new space-timecode designtechnique by pruning codewords from an
expandedset of orthogonal space-timecodewords. We selectthe codewords from
the expandedset through an expurgation algorithm. The resulting codes exhibit

attractiv e coding gains, while maintaining very reasonabledecaling complexity.

It isinstructiveto revisit the varietiesof space-timecodesdesignedor diversity
that alsoprovidecoding gain. The rst typeistrellis space-timecodes[14], which allow
coding gain but whosecomplexity is generally higher than block space-timecodes.
The secondtype is the super-orthogonal codes of [42, 44] which are constructed by
expandingblock codebooks (e.g. Alamouti) and building trelliseson them. The third
type consistsof codespresentied in this chapter, which incorporate coding gain into
the block codeitself. Becausethey do not involve a trellis, their decaling complexity

is smallerthan either [14] or [42, 44].
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