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Space-timeblock codesalonegenerallyhavelittle or no coding gain. To extract coding

gain, space-timeblock codeshave beenpreviously concatenatedwith an outer trellis

to generatesimple and powerful codes,known as super-orthogonalcodes. This work

has two main themes: it exploresmethods and algorithms that generatecoding gain

in block codeswithout a trellis, aswell as improve the coding gain in the presenceof

a trellis.

When an outer trellis is available, our resultsgeneralizethe super-orthogonalcodesby

�nding new code supersetsand corresponding set partitioning, resulting in improved

coding gain. New algorithms are developed to e�cien tly build trellises for various

full-rate MIMO codes,thereforewe extend the conceptof trellis-block MIMO coding

beyond orthogonal and quasi-orthogonalcodes.

In the absenceof a trellis, a techniquecalledsingle-block coded modulation is proposed

to improve the coding gain of all varieties of space-timeblock codes. Becauseno

trellis is used,there is no dependencybetweensuccessive transmissionblocks, which
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hasfavorableconsequencesin terms of delay and complexity. This new classof block

codesoutperformscorresponding known space-timeblock codes.
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CHAPTER 1

INTR ODUCTION

Space-timecoding reducesthe detrimental e�ect of channel fading. The space-time

receiver takesadvantage of diversepropagation paths betweentransmit and receive

antennasto improve the performanceof wirelesscommunication. Chapter 2 contains

a literature survey of the recent developments in MIMO signaling.

The main types of space-timecodes are block and trellis codes. Space-time

block codes(BSTC) operateon a block of input symbols, producing a matrix output.

Space-timeblock codesdo not generallyprovide coding gain. Their main feature is

the provision of diversity with a very simple decoding scheme.

Concatenationof orthogonal space-timeblock codes(OSTBC) with an outer

trellis has led to simple and powerful codes, known as super-orthogonal codes or

STB-TCM. In Chapter 3, we generalizethesecodes by �nding new code supersets

and corresponding set partitioning, resulting in improved coding gain. We provide

designguidelinesfor the labeling of the generalizedcode trellises and demonstrate

the gainsby several exampledesignsfor two and four transmit antennas.

In Chapter 4, we develop algorithms to e�cien tly build trellises for various

full-rate MIMO codes. By full-rate, we refer to codes for multiple antenna systems

whoserate scaleswith the minimum of the number of transmit and receive antennas,

e.g., BLAST and the linear dispersion codes of Hassibi and Hochwald. This is in

part inspired by the so-calledsuper-orthogonal codes, which build e�cien t trellises

on orthogonal block space-timecodes(e.g. the Alamouti code). Unfortunately that

approach cannot be directly applied to a code with insu�cien t structure, because

1



2

set partitioning over an irregular set, such as the one represented by an arbitrary

space-timecode, is not straight forward. The central contribution of this chapter is

an e�cien t set partitioning algorithm for an arbitrary set. We then built trellises for

the resulting set partitions and demonstratevia simulations the gains obtained by

such trellis codes.

It is well-known that diversity, despitebeingwidely usedasa designcriterion,

may not be enoughto ensuregood performanceof a wirelesssystem. This is partly

due to the fact that the diversity factor may not appear until unrealistically high

valuesof SNR. Chapter 5 proposesa new classof layered space-timecodes with a

new design criterion that works well in moderate SNR's. Speci�cally, we propose

to relax someof the constraints of Threaded Algebraic Space-Time(TAST) codes,

leading to a class of codes with better error performance, which we call Relaxed

Threaded Space Time (RTST) codes. We also proposea modi�ed designcriterion,

the AverageUnion Bound (AUB), which ensuresgood performanceat medium SNR.

In Chapter 6, we proposea new classof block codesthat outperformsknown

space-timeblock codes at low rates. The new codes are designedby starting with

a quasi-orthogonalstructure, and then making certain modi�cations to increasethe

coding gain distance. By usingappropriate rotations and set partitions for two quasi-

orthogonal codes, and combining subsetsof their codewords, we are able to obtain

higher coding gain distanceat a given rate, and thus improve performance.Simula-

tions con�rm the advantagesof this code comparedto other codesoperating at the

samerate and SNR. We alsoprovide an e�cien t ML decoding algorithm for the new

code.

Chapter 7 presents a method for increasingthe coding gain of all varieties of

space-timeblock codes (STBC), without using a trellis or introducing dependency

between successive transmission blocks. For a given STBC, we �rst increasethe



3

constellation size,then prune the codewords of the expandedcodebook accordingto

distancecriteria, so that we arrive at the original transmissionrate. We show that

it is possibleto improve the performanceof a wide variety of space-timesignalings,

including orthogonalcodes,quasi-orthogonalcodes. An algorithm for the codedesign

is presented. In the caseof orthogonal codes,a decoding algorithm for the modi�ed

orthogonal codesis presented, showing that despitealtering the regular structure of

the orthogonal code, the complexity of decoding is only a�ected by a small constant.

The sameprinciple also applies to a wide variety of codes such as LD and TAST

codes.



CHAPTER 2

LITERA TURE SURVEY

Multiple-input multiple-output (MIMO) techniques are one of the most brillian t

breakthroughs in the history of wirelesscommunications. It has already being ap-

plied in commercialwirelessproducts and networks such asbroadbandwirelessaccess

systems,wirelesslocal area networks (WLAN), third-generation (3G) networks and

beyond.

2.1 MIMO Overview

A wirelesscommunication systemwith multiple transmitting and receivingantenna

elements is calleda MIMO system. The purposeof this setup is that transmit signals

can be so designed,and receive signalsso processed,that bit-error rate (quality) or

data rate (bit/sec) of the communication is improved.

MIMO signalingoperatesby spreadingthe information acrossboth spaceand

time. Signalprocessingin time is the natural dimensionof the digital communication

data. Spatial processingis possiblethrough the useof multiple spatially distributed

antennas.

MIMO spatial processingtakesadvantageof multipath propagation,which is a

key featureof wirelesschannel. Multipath fading hasbeentraditionally a di�cult y in

wirelesstransmission. However, MIMO e�ectiv ely takesadvantage of random fading

[1, 2, 3, 4, 5], and when available, multipath delay spread[6, 7], for improving the

quality of wirelesscommunication. This improved performancerequires no extra

spectrum, but demandsaddedhardware and complexity.

4
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Demod/Decoding
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Channel
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Input bits Output bits. . .. 
. 

.

Figure 2.1. MIMO wireless system diagram. The transmitter and receiver have
multiple antennas. Coding, modulation, and mapping are part of MIMO signaling
which may be realizedjointly or separately.

Figure 2.1 illustrates a MIMO system. The MIMO transmitter potentially

includeserror control coding aswell asa complexmodulation symbol mapper. After

frequencyup-conversionto RF, �ltering and ampli�cation, the signalsaretransmitted

through the wirelesschannel. The signal is captured by multiple receive antennas

on the receive side. The receiver performs demodulation and demappingoperation

are performed to recover the message.The coding method and antenna mapping

algorithm may vary due to several considerationssuch as channel estimation and

complexity.

In MIMO systems,data is transmitted over a matrix rather than a vector

channel, which createsmany opportunities beyond just the added diversity or ar-

ray gain bene�ts. In [4, 8, 9], the authors show one may, under certain conditions,

transmit independent data streamssimultaneously over the eigenmodesof a matrix

channel createdby transmit and receive antennas.

Among the methods that utilize this spatial multiplexing one may name the

Bell Labs LayeredSpace-Timecodes(BLAST). Other schemesin this family include

vertical-BLAST (VBLAST) and diagonal-BLAST (DBLAST). There are also other

codesthat achieve high transmissionrates. Linear dispersion(LD) coding is a space-

time transmissionschemethat has many of the coding and diversity advantagesof

the above codes, but also has the decoding simplicity of V-BLAST at high data
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rates. Furthermore, LD codes can be considereda generalization of many other

MIMO structures. For example, threaded algebraic space-time(TAST) codes and

quaternionic lattices for space-timecodes can be consideredas special examplesof

linear dispersioncodes.

Although the number of independent input streamsis very important factor

in MIMO communication, from an engineeringperspective, the link e�ciency can

be determinedby both the number of transmitted streams(throughput per transmit

antenna) aswell as the BER of each stream. To improve this BER, or in general,the

reliabilit y of reception, one may use diversity methods. The classof methods that

leveragediversity to improve the quality of multi-antenna wirelesscommunication is

known as space-timecoding.

Two outstanding examplesof transmit diversity schemesfor the multiple-

antenna 
at-fading channels are space-timetrellis coding (STTC) and space-time

block coding (STBC). Space-timetrellis codesare designedto achieve full diversity

via a trellis structure (Section2.3). However, space-timetrellis coding hashigh decod-

ing complexity. In comparison,space-timeblock coding is much simpler (Section2.4).

Block space-timecodescanberepresented in a simplematrix format. Orthogonaland

quasi-orthogonalspace-timeblock codes provide a low complexity transmit/receive

communication systemwith good performanceat low rates. Thesecodesprovide lim-

ited or no coding gain. However, by concatenatingthem with an outer trellis, onemay

achieve signi�cant coding gain. Thesecomposite codes are called super-orthogonal

space-timecodes.

To summarize,therearetwo major categoriesfor current transmissionschemes

over MIMO channelswhich are data rate maximization [10, 11] and diversity maxi-

mization [12, 13, 14] schemes.Data rate maximizing schemesfocuson improving the

averagecapacity behavior and the diversity maximizing schemesimprove the perfor-
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mancein terms of BER. There has beensomee�ort toward uni�cation of thesetwo

methods [15, 16].

2.2 MIMO Information Theory

For L t transmit and L r receive antennas, we have the famouscapacity equation [3,

5, 17]

CE P = log2[det(I L t +
�
N

HH � )] b/s/Hz (2.1)

where I L t is the identit y matrix of sizeL t , � is the SNR at any receive antenna, (� )

meanstranspose-conjugateand H is the L R � L t channelmatrix. Note that both (2.1)

is basedon equal power (EP) uncorrelatedsources,hence,its subscript. Foschini [3]

and Telatar [5] both demonstrated that the capacity in (2.1) grows linearly with

m = min(L r ; L t ) rather than logarithmically. This result can be intuited as follows:

the determinant operator yields a product of min(L r ; L t ) nonzeroeigenvaluesof its

(channel-dependent) matrix argument, each eigenvalue characterizing the SNR over

a so-calledchannel eigenmode. An eigenmode corresponds to the transmissionusing

a pair of right and left singular vectors of the channel matrix as transmit antenna

and receive antenna weights, respectively. Thanks to the propertiesof the log(�) , the

overall capacity is the sumof capacitiesof each of thesemodes. Clearly, linear growth

in the number of antennasis dependent on the properties of the eigenvalues. If they

decay rapidly, then linear growth would not occur in practice. However (for simple

channels),the eigenvalueshave a known limiting distribution [18]; it is unlikely that

most eigenvaluesare very small and the linear growth is indeedachieved.

The capacity (2.1) is a random variable and does not give a single-number

representation of channel quality. Two simple summariesare commonly used: the

mean (or ergodic) capacity [5, 17, 19] and capacity outage [3, 20, 21, 22]. Capacity

outagemeasures(usually basedon simulation) are often denotedC0 :1 or C0 :01 , i.e.,
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those capacity values supported 90% or 99% of the time, and indicate the system

reliabilit y.

Now we can focus on the information theoretic capacity of a MIMO system.

The MIMO signal model is

r = Hs + n; (2.2)

wherer is the L r � 1 receivedsignalvector, s is the L t � 1 transmitted signalvectorand

n is an L r � 1 vector of additive noiseterms, assumedi.i.d. complexGaussianwith

each element having a varianceequal to � 2 . For conveniencewe normalizethe noise

power soin this chapter weassume� 2 = 1. Note that the systemequationrepresents a

singleMIMO usercommunicating over a fading channelwith additive white Gaussian

noise (AWGN). The only interferencepresent is self-interferencebetween the input

streamsto the MIMO system. Someauthors have consideredmore generalsystems

but most information theoretic results can be discussedin this simple context, sowe

use (2.2) as the basicsystemequation.

Let Q denote the covariancematrix of , then the capacity of the systemde-

scribed by (2.2) is given by [5, 17]

C = log2[det(I L t +
�
N

HQH � )] b=s=Hz; (2.3)

wheretr( Q) � � holdsto provide a globalpower constraint. Note that for equalpower

uncorrelatedsourcesQ = (�=L t )I L t and (2.3) collapsesto (2.1). This is optimal when

H is unknown at the transmitter and the input distribution maximizing the mutual

information is the Gaussiandistribution. With channel feedback H may be known

at the transmitter and the optimal Q is not proportional to the identit y matrix but

is constructedfrom a water�lling argument[22, 23, 24].
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2.3 Space-TimeTrellis codes

For every input symbol sl , a space-timeencodergeneratesL t codesymbolscl1; cl2; :::; clL t .

TheseL t code symbols are transmitted simultaneously from the L t transmit anten-

nas. We de�ne the code vector as cl = [cl1 cl2 ::: clL t ]
T . Supposethat the code

vector sequence

C = f c1; c2; :::; cL g

was transmitted. We considerthe probability that the decoder decideserroneously

in favor of the legitimate code vector sequence

~C = f ~c1; ~c2; :::; ~cL g:

Consider a frame or block of data of length L and de�ne the L t � L t error

matrix A as

A (C; ~C) =
LX

l=1

(cl � ~cl )(cl � ~cl )� : (2.4)

If ideal channel state information (CSI) H (l); l = 1; :::; L , is available at the

receiver, then it is possibleto show that the probability of transmitting C anddeciding

in favor of ~C is upper boundedfor a Rayleigh fading channel by [25]

P(C ! ~C) � (
rY

i =1

� i )� L r :(Es=4No)� r L r ; (2.5)

where Es is the symbol energy and No is the noise spectral density, r is the rank

of the error matrix A and � i ; i = 1; : : : ; r are the nonzeroeigenvalues of the error

matrix A. We can easily seethat the bound in (2.5) is similar to the probability of

error bound for trellis coded modulation in fading channels. The term gr =
Q r

i =1 � i

represents the coding gain achieved by the STC and the term (Es=4No)� r L represents
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a diversity gain of rL r . Sincer � L t , the overall diversity order is always lessor equal

to L r L t . It is clear that in designinga STTC, the rank of the error matrix r shouldbe

maximized (thereby maximizing the diversity gain called rank criterion) and at the

sametime gr should alsobe maximized (determinant criterion), thereby maximizing

the coding gain.

As an example for STTCs, consideran 8-PSK eight-state STC designedfor

two transmit antennas[14]. Figure 2.2 providesa labeling of the 8-PSK constellation

and the trellis description for this code. Each row in the matrix shown in this �gure

represents the edgelabelsfor transitions from the correspondingstate. The edgelabel

S1S2 indicates that symbol s1 is transmitted over the �rst antenna and that symbol

s2 is transmitted over the secondantenna. The input bit streamto the ST encoder is

divided into groupsof 3 bits and each group is mapped into oneof eight constellation

points. This code hasa bandwidth e�ciency of 3 bits per channel use.

Sincethe original STTC were introduced by Tarokh et al. in [14], there has

beenextensive research aiming at improving the performanceof the original STTC

designs.Theseoriginal STTC designswere hand crafted (according to the proposed

designcriteria) and, therefore, are not optimum designs. More recently, new code

constructions have been proposed,either using systematic search, or by employing

variations of the original design criteria proposed by Tarokh et al. Examples in-

clude [26, 27, 28, 29, 30, 31]. We note that there also exist many other published

results that addressthe sameissue. These new code constructions provide better

coding gain comparedto the original schemeby Tarokh et al., however, only small

gains were obtained in most casesin the presenceof one receive antenna. In the

special caseof two transmit and two receive antennas, gains of up to 1dB over the

original work of Tarokh hasbeenreported [32].
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Figure 2.2. The 8-State 8-PSK STC with two transmit antennas.
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2.4 Block spacetime codes

The decoding complexity of space-timetrellis coding (measuredby the number of

trellis statesat the decoder) increasesexponentially asa function of the diversity level

and transmission rate [14] for a given number of transmit antennas. In addressing

the issueof decoding complexity, space-timeblock coding givesa promising solution.

Space-timeblock codesoperate on a block of input symbols producing a ma-

trix output. One dimensionof the matrix represents time and the other represents

antennas. Unlike traditional single-antenna block codes,most space-timeblock codes

do not provide coding gain. Their key feature is to provide diversity with very low

encoder/decoder complexity. In this section,we reviewseveral well-known space-time

block codes.

2.4.1 Orthogonal Space-TimeCodes

The Alamouti space-timecode[33] supports maximum-likelihood (ML) detectionwith

linear processingat the receiver. The simple structure and linear detection of this

codemakesit very attractiv e; it hasbeenadoptedfor both the W-CDMA and CDMA-

2000standards. This schemewas later generalizedin [34] to an arbitrary number of

antennas. Here, we will brie
y review the basicsof STBCs. Figure 2.3 shows the

basebandrepresentation for Alamouti STBC with two antennas at the transmitter.

The input symbols to the space-timeblock encoder are divided into groups of two

symbols each. At a given symbol period, the two symbols in each group f c1; c2g

are transmitted simultaneously from the two antennas. The signal transmitted from

Antenna 1 is c1 and the signal transmitted from Antenna 2 is c2. In the next symbol

period, the signal � c�
2 is transmitted from Antenna 1 and the signalc�

1 is transmitted

from Antenna 2. We assumea single-antenna receiver, and denote with h1 and h2

be the channelsfrom the �rst and secondtransmit antennasto the receive antenna,
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Figure 2.3. Transmitter diversity with space-timeblock coding.

respectively. The channel gains are constant over two consecutive symbol periods.

The received signalscan be expressedas

r1 = h1c1 + h2c2 + n1 (2.6)

r2 = h1c�
2 + h2c�

1 + n2; (2.7)

where r1 and r2 are the received signals over two consecutive symbol periods and

n1 and n2 represent the receiver noiseand are modeled as i.i.d. complex Gaussian

random variables with zero mean and power spectral density No=2 per dimension.

We de�ne the received signal vector r = [r 1 r �
2]T , the code symbol vector c = [c1 c2]T ,

and the noisevector n = [n1 n�
2]T . Equations (2.7) and (2.7) can be rewritten in a

matrix form as

r = H c + n; (2.8)

where

H =
�

h1 h2

h�
2 � h�

1

�
: (2.9)

The matrix H represents a concatenationof the channel vector (h1 h2)t and

the Alamouti code. The vector n is a complex Gaussianrandom vector with zero

mean and covariance NoI 2. Let us de�ne C as the set of all possiblesymbol pairs

c = f c1; c2g . Assuming that all symbol pairs are equiprobable,and sincethe noise
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vector n is assumedto be a multiv ariate AWGN, we can easilyseethat the optimum

ML decoder is

ĉ = argmin
ĉ2 C

jj r � H :ĉ jj 2 : (2.10)

The ML decoding rule in (2.10) can be further simpli�ed by realizing that the

channel matrix H is always orthogonal regardlessof the channel coe�cien ts. Hence,

H � H = � I 2 where� = jh1j2 + jh2j2 . Considerthe modi�ed signal vector given by

~r = H � :r = � :c + ~n; (2.11)

where~n = H � n. In this case,the decoding rule becomes

ĉ = argmin
ĉ2 C

jj ~r � � :ĉ jj 2 : (2.12)

SinceH is orthogonal, we can easily verify that the noisevector ~n will have

a zeromeanand covariance� NoI 2, i.e., the elements of ~n are i.i.d. Hence,it follows

immediately that by using this simple linear combining, the decoding rule in (2.12)

reducesto two separate,and much simpler decoding rules for c1 and c2, asestablished

in [33].

When the receiver usesL r receive antennas, the received signal vector r m at

receive antenna m is

r m = H mc + nm ; (2.13)

wherenm is the noisevector at the two time instants and H m is the channel matrix

from the two transmit antennasto the mth receiveantenna. In this case,the optimum

ML decoding rule is

ĉ = argmin
ĉ2 C

L rX

m=1

jj r m � H m :ĉ jj 2 : (2.14)

As before,in the caseof L r receive antennas,the decoding rule can be further

simpli�ed by premultiplying the received signal vector r m by H �
m . In this case,the
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Figure 2.4. Receiver for orthogonal space-timeblock coding.

diversity order provided by this schemeis 2L r . Figure 2.4shows a simpli�ed block di-

agramfor the receiver with two receiveantennas. Note that the decisionrule in (2.12)

and (2.14)amounts to performinga hard decisionon~r and~r M =
P L r

m=1 H �
m r m , respec-

tiv ely. Therefore,as shown in Figure 2.4, the received vector after linear combining,

~r M , can be consideredas a soft decisionfor c1 and c2, which can be utilized by any

outer channelcodesusedin the system. Note alsothat for the above 2� 2 STBC, the

transmissionrate is onesymbol/transmission, and it achievesthe maximum diversity

order of 4 that is possiblewith a 2 � 2 system.

The method of Alamouti can be generalizedto more than two transmit an-

tennas [34, 14, 35, 36]. The resulting orthogonal codes are still optimally decoded

with a linear receiver [33]. Unfortunately, only a few codeswith a rate of one sym-

bol/transmission are available, and for the caseof general complex-valued signals,

there is no orthogonal rate-1 code beyond the Alamouti code [34]. However, it is

possibleto designorthogonal codesby relaxing the rate requirement below onesym-

bol/transmission. For example,for L t = 4, a rate 1/2 STBC is given by

C =

0

B
B
@

c1 � c2 � c3 � c4 c�
1 � c�

2 � c�
3 � c�

4
c2 c1 c4 � c3 c�

2 c�
1 c�

4 � c�
3

c3 � c4 c1 c2 c�
3 � c�

4 c�
1 c�

2
c4 c3 � c2 c1 c�

4 c�
3 � c�

2 c�
1

1

C
C
A : (2.15)
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In this case,at time t = 1, c1; c2; c3; c4 are transmitted from antenna 1

through 4, respectively. At time t = 1, � c2; c1; � c4; c3, are transmitted from

antenna 1 through 4, respectively, and soon. For this example,rewriting the received

signal in a way analogousto (2.8) (where c = [ c1; :::; c4] ) will yield a 8 � 4 virtual

MIMO matrix H that is orthogonal i.e., the decoding is linear, and H � H = � 4:I ,

where� 4 = 2:
P 4

i=1 jhi j2 (fourth-order diversity). This schemeprovidesa 3-dB power

gain that comesfrom the intuitiv e fact that eight time slots are usedto transmit four

information symbols.

2.4.2 Quasi Orthogonal Space-timecodes

Earlier we saw that orthogonal codes allow a linear receiver, but in general they

support a rate smallerthan onesymbol per transmissionfor L t > 2. Quasi-orthogonal

codescompromiseon a fully orthogonal code in order to achieve the full rate of one

symbol per transmissionfor L t > 2

Recall that the Alamouti code is de�ned by the following transmissionmatrix

A 12 =
�

c1 c2

� c�
2 c�

1

�
; (2.16)

wherethe subscript12 is to represent the indeterminatesc1 and c2 in the transmission

matrix. Now, let us considerthe following space-timeblock code for four transmit

antennasas

A =
�

A 12 A 34

�A �
34 A �

12

�
=

0

B
B
@

c1 c2 c3 c4

� c�
2 c�

1 � c�
4 c�

3
� c�

3 � c�
4 c�

1 c�
2

c4 � c3 � c2 c1

1

C
C
A : (2.17)

For decoding, the maximum-likelihood decisionmetric canbecalculatedasthe

sum of two terms, each representing two transmit symbols. The metric calculation is

the sameas (2.14) which simpli�es to
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f 14(c1; c4) + f 23(c2; c3); (2.18)

where f 14 and f 23 have been calculated in [36]. Since f 14(c1; c4) is independent of

(c2; c3) and f 23(c2; c3) is independent of (c1; c4), the pairs (c2; c3) and (c1; c4) can be

decoded separately.

For L r receive antennas, a diversity of 2L r is achieved, while the rate of the

code is one. Note that it hasbeenproved in [37] that the maximum diversity of 4L r

for a rate one complex quasi-orthogonalcode is impossiblein this caseif all signals

are chosenfrom the sameconstellation.

The quasi-orthogonalspace-timecode,despitelower diversity, hasgood perfor-

manceat low SNR. Simulations (Figure 2.5) show that full transmissionrate is more
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important for low SNRsand high BERs, while full diversity is the right choicefor high

SNRsand low BERs. This is due to the fact that the degreeof diversity dictates the

slope of the BER-SNR curve. Therefore,although a rate-onequasi-orthogonalcode

starts from a better point in the BER-SNR plane, a code with full-diversity bene�ts

more from increasingthe SNR. Therefore, the BER-SNR curve of the full-diversity

schemepassesthe curve for the new code at somemoderate SNR.

It is possibleto modify quasi-orthogonalcodesto give them full diversity [38,

39, 40, 41]. The idea is to usedi�eren t constellationsfor the two components of the

quasi-orthogonalcode, by rotating symbols c3 and c4 beforetransmission. We denote

~c3 and ~c4 as the rotated version of c3 and c4 respectively. The resulting code with

optimal rotation is very powerful, sinceit provides full diversity, rate of one symbol

per transmission,and simple pairwise decoding with good performance.

2.4.3 Super-OrthogonalSpacetime codes

Space-timeblock codes(STBC) provide full diversity and small decoding complexity,

however, one of the drawbacks of STBC is that it has little or no coding gain. To

solve this problem, STBC could be treated asa modulation schemeand concatenated

with an outer trellis code [42, 43, 44]. In this way we can achieve coding gain while

preservingthe bene�ts of STBC. The basic idea is similar to space-timetrellis code

explainedin Section(2.3). Super-orthogonalcodesaredesignedusingsetpartitioning

ideassimilar to TCM [45]. In particular, for slow fading channel, it is shown in [46]

that the trellis code should be basedon the set partitioning concept of Ungerb•ock

codesfor AWGN channel. The super-orthogonalcodeswereshown to perform better

than STTC of similar complexity.

To designsuper-orthogonalcodes,we considereach of the possibleorthogonal

matrices generatedby a STBC as a constellation point in a high dimensionalspace.
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Figure 2.6. Left: set partitioning in a BPSK 2 � 2 system. Right: corresponding
two-state code.

The outer trellis selectsoneof thesehigh dimensionalsignalpoints to be transmitted

basedon the current state and the input bits.

The code designprocessfor SOSTC is through a set partitioning technique.

Intuitiv ely, we separatethe codewordswhich may be mistaken with each other easily,

into separatepartitions. Figure 2.6 shows a set-partitioning exampleof the Alamouti

code using BPSK constellation. The codesconsistsof four codewords which are

S00 =
�

1 1
� 1 1

�
S01 =

�
1 � 1
1 1

�
S10 =

�
� 1 1
� 1 � 1

�
S11 =

�
� 1 � 1
1 � 1

�
: (2.19)

The same�gure illustrates a two state trellis code using BPSK modulation.

As shown, at State 0 the original set has been used. However on State 1, a new

set has beencreatedby multiplying each codeword of the original code by a matrix

U = diag(� 1; 1). In this way, we can build a rate-one trellis code without having

catastrophic events [42].

Jafarkhani and Hassanpour [38] extend the idea of super orthogonal codesto

four transmit antennas. The code employs a family of quasi-orthogonalspace-time

block codesasbuilding blocks in a trellis codes. Thesecodescombine setpartitioning

and a super set of quasi-orthogonalspace-timeblock codes in a systematic way to

provide full diversity and improved coding gain.
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Figure 2.7. Simple block diagram of VBLAST

2.4.4 Spatial Multiplexing

Using multiple antenna systemsincreasesthe capacity of the MIMO channelsshown

in (2.2), which can be achieved via spatial multiplexing. For example, the data is

demultiplexed into N separatestreams,using a serial-to-parallel converter, and each

stream is transmitted from an independent antenna. As a result, the throughput is

L t symbols per channel use. This is L t times more than the rate of the orthogonal

space-timecode. This increasein throughput will generally come at the cost of a

lower diversity gain comparedto space-timecoding. Therefore,spatial multiplexing

is a better choicefor high-rate systemsoperating at relatively high SNR while space-

time coding is moreappropriate for transmitting at relatively low ratesand low SNR.

Foschini proposedthe �rst high throughput space-timearchitecture [4]. Since

then, di�eren t 
a vors of such a space-timearchitectures have beenproposedunder

the generalframework of Bell Labs LayeredSpace-Time(BLAST) architectures [47]

such as vertical-BLAST (VBLAST) and diagonal-BLAST (DBLAST) .

The encoder of VBLAST is depicted in Figure 2.7. The input bitstream is

�rst multiplexed into L t parallel substreams.Then each substreamis modulated and

transmitted from the corresponding transmit antenna. It is alsopossibleto usecoding

for each substreamto improve the performancein a trade-o� with the bandwidth [47].

Sincethe substreamsare independent from each other, their decoding is similar to

that of synchronizedmulti-user systems.
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The decoder looks for the best codeword that

min
c2Z m

jj r � Hc jj 2; (2.20)

wherer 2 R n and H 2 R n� m , Z m is the �eld of possiblem-dimensionalreceived vec-

tors. To solve this least-squaresproblem all practical systemsemploy someapprox-

imations, heuristics or combinations thereof. Theseapproximations can be broadly

categorizedinto three classes.

� Solve the unconstrained least-squaresproblem to obtain ĉ = H yr , where H y

denotesthe pseudo-inverseof H . Sincethe entries of ĉ will not necessarilybe

integers,round them o� to the closestinteger (a processreferred to as slicing)

to obtain

ŝB = [H yr ]Z : (2.21)

The above ĉB is often called the Babai estimate [48]. In communications par-

lance, this procedureis referredto as zero-forcingequalization.

� In nulling and cancellingmethod, the Babai estimateis usedfor only oneof the

entries of c, say the �rst entry c1, which is then assumedto be known and its

e�ect is subtracted from the received signal to obtain a reducedorder integer

least-squareproblem with m � 1 unknowns. The processis then repeated to

�nd c2, etc. In communications parlance this is known as decision-feedback

equalization.

� Nulling and cancelling can su�er from error-propagation. If c1 is estimated

incorrectly it can have an adverse e�ect on the estimation of the remaining

unknowns c2, c3 etc. To minimize the e�ect of error propagation, it is advan-

tageousto perform nulling and cancelling from the strongest to the weakest

signal [4, 49]. The above heuristic method called nulling and cancellingwith

optimal ordering.
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l

Figure 2.8. Spheredecoding

� In [50], it is shown that in the context of V-BLAST that the exact solution sig-

ni�can tly outperformseven the best heuristicsfrom the above mentioned meth-

ods. However, the complexity of the exact ML method is growing exponentially

with the size of the code. There do, however, exist exact methods that are

lesscomplexthan the full search. Theseinclude Kannansalgorithm [51](which

searchesonly over restricted parallelograms),the KZ algorithm [52] (basedon

the Korkin-Zolotarev reducedbasis[53]) and the spheredecoding algorithm of

Fincke and Pohst [54]. It is noteworthy that the spheredecoding algorithm has

beenrediscoveredseveral times in diversecontexts.

The basic premise in spheredecoding is rather simple. The decoder limits

the search to the lattice points that lie in a certain hypersphereof radius � around

the receive vector r , thereby reducing the search spaceand limiting the required

computations. Figure 2.8 shows a simpleexampleof spheredecoding. Obviously, the

closestlattice point inside the hyperspherewill also be the closestlattice point for

the whole lattice [55, 56].

A variation on vertical BLAST is known asdiagonalBLAST (DBLAST). The

encoder of DBLAST is very similar to that of VBLAST as illustrated in Figure 2.9.

The main di�erence is in the ordering of transmit signals In VBLAST all signal in

each layer are transmitted from the sameantenna. However, in DBLAST the signals

areshifted beforetransmission,sothe signalsfrom each layer aretransmitted through



23

1 
:L

D
em

ul
tip

le
xe

r

Input Data

Encoder/Mod
Layer 1

Layer 2

Layer L

t

t

o
 o

 o o
 o

 o

C
yc

lic
 S

hi
ft

o
 o

 o

Encoder/Mod

Encoder/Mod

Figure 2.9. Simple block diagram of DBLAST

all antennas. The distribution of symbols exposeseach streamto the fading channels

of all antennas,thus providing diversity.

Assuming that one path is in deep fade, then only one out of L t blocks of

each layer is a�ected by the deepfade. Therefore it is easierto overcomethe fading

through transmit diversity. The role of cyclic shifting in combating the fading is

similar to the job of the interleavers to overcomeburst errors.

The receiver architecture of the DBLAST is similar to the VBLAST although

the shifting createsmore complexity. Layers are detectedone by one following the

diagonalpattern of the transmitter. For moredetails the interestedreaderis referred

to [4].

2.4.5 Linear Dispersioncodes

The linear dispersion (LD) code is a space-timetransmissionschemethat has many

of the coding and diversity advantagesof previously designedcodes,but alsohasthe

decoding simplicity of V-BLAST at high data rates. LD codeswork with arbitrary

numbers of transmit and receive antennas. LD codes break the data stream into

substreamsthat are dispersedin linear combinations over spaceand time.

The LD code is a block code, so the transmitted signal is a T � L t matrix

S. We assumethat the data sequencehas beenbroken into Q substreamsand that

c1; c2; :::; cQ are the complexsymbols chosenfrom an arbitrary, say r -PSK or r -QAM,
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constellation. We call a rate R = (Q=T) log2 r linear dispersioncode onefor which S

obeys

S =
QX

q=1

(� qA q + j � qB q); (2.22)

wherethe real scalarsf � q; � qg are determinedby

cq = � q + j � q; q = 1; :::;Q:

The designof LD codesdependscrucially on the choicesof the parametersT,

Q and the dispersionmatrices f A q; B qg. To choosethe f A q; B qg onemust optimize

a nonlinear information-theoretic criterion: namely, the mutual information between

the transmitted signalsf � q; � qg and the received signal.

The capacity of the LD code is [15]

CLD (�; T; M ; N ) = max
A q ;B q ;q=1 ;:::Q

1
2T

E logdet(I 2L r T +
�
L t

HH t ); (2.23)

whereE denotesexpectation and

H =

0

B
@

A 1
�h1 B1

�h1 � � � A Q
�h1 BQ

�h1
...

...
. . .

...
...

A 1
�hL r B1

�hL r � � � A Q
�hL r BQ

�hL r

1

C
A ; (2.24)

A q =
�

R(A q) �I (A q)
I (A q) �R (A q)

�
; (2.25)

Bq =
�

�I (B q) �R (B q)
R(B q) �I (B q)

�
; (2.26)

�hn =
�

R(hn )
I (hn )

�
; (2.27)

and R(�) and I (�) denotethe real and imaginary part of their arguments respectively.

hn is the column n of channel matrix H .
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The original LD codesin [15] weredesignedto maximizethe ergodic capacity of

the system. However, it hasrecently beenpointed out that such capacity-optimal LD

codesdo not necessarilyperform well in practice [16, 57]. Moreover, the maximization

of the ergodic capacity is performed under an implicit assumption that maximum-

likelihood (ML) detection will be performed at the receiver (a task that requires

an exhaustive search that is often computationally infeasible). These observations

prompt the search for codes that jointly achieve high data rates and perform well

when only a suboptimal detector is available at the receiver.

In [16], a simpler format of the LD codeshasbeenproposedwhich is

S =
N � 1X

n=0

M ncn ; (2.28)

where M n ; n = 0; ::N � 1 are the set of L t � T codeword matrices. The received

signal at the decoder is

r =
r

�
L t

H t S + n

r =
r

�
L t

H t
N � 1X

n=0

M ncn + n; (2.29)

where r is a L r � T matrix constructed by concatenatingthe receive vectors, H t is

the transposeof the L t � L r channel matrix H , and n is L r � T a matrix whose

columnsrepresent realizations of an i.i.d. circular complex additive white Gaussian

noise (AWGN) process. To continue analysis, it is desirable to write the matrix

input-output relationship in (2.29) in an equivalent vector notation. De�ne the linear

transformation matrix

X
4
= [vec(M 0); vec(M 1); :::; vec(M N � 1)]; (2.30)

and the stacked channel matrix �H
4
= I T 
 H t (where vec denotesthe stacking of all

columnsof the input matrix in a vector and 
 denotesKronecher product). Taking
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the vec of both sidesof (2.29) gives

�r =
r

�
LT

�HX c + �n; (2.31)

where�r = vec(r ), c = [c0; c1; :::; cN � 1]t , and �n = vec(n). Essentially , matrix modula-

tion transforms the L r � L t linear systeminto an expandedL tT � N system.

The ML decoding rule, assumingequally likely transmitted symbols, is usedat

the receiver. In a vector AWGN channel, the detectedvector symbol obtained using

the ML decoder is the solution of

ĉ = argmin
c2S

jj r �
r

�
L t

�HX c jj 2; (2.32)

whereS is the set of all possiblevector symbols .

Using the input-output relationship in (2.29), the ergodic capacity of this

AWGN systemwith Rayleigh fading for capacity-optimum complexLD codesis given

by

C = max
tr( X X � )� T

1
T

E logdet(I L r T + � �HX X � �H � ): (2.33)

In general,�nding a code designthat inducesan equivalent channel with full

channelcapacity is di�cult sincethe mutual information cost function is non-convex.

In [16], it hasbeenshown that for the special caseof N = L tT, we have the following

result.

Theorem 1 For N = M tT, any X suchthat X X � = 1
L t

I L t is a capacity-optimal LD

code.

This theoremwill help us to analyzeeasiersomeof the propertiesof specialLD

codes, such as diagonal algebraic space-timecodes (DAST) and threaded algebraic

space-codes(TAST) and quaternion block space-timecodesin future.
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2.4.6 ThreadedAlgebraic Space-TimeCodes

Threaded algebraic space-time(TAST) code [58] is a generalizedform of BLAST

architecture (specialcaseof LD). Westart by explaininga simplerprecedent of TAST,

the diagonalalgebraicspace-time(DAST) code. DAST is de�ned asan L t � L t block

code such that

GL t =

0

B
B
B
@

x1 0 � � � 0
0 x2 � � � 0
...

...
. . .

...
0 0 � � � xL t

1

C
C
C
A

:A L t ; (2.34)

wherex1; x2; ::; xL t are de�ned as

(x1; x2; :::; xL t )
T = M L T :(c1; c2; :::; cL t )

T ; (2.35)

whereM L t is an L t � L t orthogonal matrix and A L t is an L t � L t Hadamardmatrix

which is de�ned as a binary matrix with elements f� 1; 1g such that

A L t A
T
L t

= A T
L t

A L t = LT I L t : (2.36)

By the use of transform matrix M L T , full diversity can be achieved. The

resulting STBC is not orthogonaland a spheredecoder in generalmust beused. Also,

becausesymbols are combined we have transmissionconstellationexpansionwith the

accompanying peak-to-averagepower issues,in a manner similar to LD codes. The

transmitted constellation consistsof all linear combinations of the symbols in the

original constellation.

Now we proceedto explain TAST [59, 60].. First, data is demultiplexed into

several streams,each of them called a thread. We must also de�ne the notion of a

layer, which consistsof a set of locations in spaceand time. An exampleof layers in

a code for L t = T = 4 is

(Time � Space) � !

0

B
B
@

Layer1 Layer2 Layer3 Layer4
Layer4 Layer1 Layer2 Layer3
Layer3 Layer4 Layer1 Layer2
Layer2 Layer3 Layer4 Layer1

1

C
C
A : (2.37)
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Much like DAST, the vector of transmit symbols is multiplied by a rotation

matrix to generatediversity. The di�erence with DAST is that now we have more

than one such vector, in fact there is one vector per thread.1 Denoting the symbols

transmitted in thread i by x i 1; x i 2; :::; x iL t , we have

x i = (x i 1; x i 2; :::; x iL t )
T = M i

L T
(ci 1; ci 2; :::; ciL t )

T ; (2.38)

wherecij are data symbols to be transmitted, and M i
L t

is an L t � L t rotation matrix

to be used for thread i . It is possiblethat the samerotation could be used for all

threads, in which casethe code is known as a symmetric TAST code.

The resulting signals x i are multiplied by constants � i chosenfrom among

Diophantine numbers [59], and then the results are fed into the threads mentioned

above.

For two transmit antennas,a TAST code is given as
�

x11 �
1
2 x21

�
1
2 x22 x12

�
; (2.39)

wherex11 and x12 belongto the �rst thread and can be obtain by
�

x11

x12

�
= M 2

�
c11

c12

�
: (2.40)

The secondthread formula is calculated similarly. The transform matrix M 2 is in

this form [61]

M 2 =
1

p
2

�
1 ej �

4

1 � ej �
4

�
; (2.41)

and � is set to maximize the coding gain. For the QPSK example, � = ej �
6 is the

optimal choice.

For three transmit antennasTAST code structure is
0

@
x11 �

1
3 x21 �

2
3 x31

�
2
3 x32 x12 �

1
3 x22

�
1
3 x23 �

2
3 x33 x13

1

A ; (2.42)

1In this way spatial multiplexing is generated.
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where� = ej �
12 is the best choice.

In order to ensurethat ML decoding can be performedusing the polynomial

complexity spheredecoder [62, 50, 63], the number of threadsshouldbe restricted to

minf L t ; L r g threads.

2.4.7 Quaternionic Lattices for Space-TimeCodes

Quaternionic lattices for space-timeblock codesarea structure proposedto maximize

the coding gain [64, 65]. TAST codessatisfy the rank criterion but they have a draw-

back: the eigenvaluesof c�
i ci is vanishing specially for higher rates. This causesless

coding gain for higher SNR. Quaternionic designproposesa method usingquaternion

algebrathat ensurea lower bound on the value of

min
ci 2C;ci 6=0

det(c�
i ci ); (2.43)

where C is the code and ci are codewords. The resulting code for two transmit

antennasis

c =
�

(c1 + c2� ) p
1
2 (c3 + c4� )

p
1
2 (c3 � c4� ) (c1 � c2� )

�
; (2.44)

wherep = 1 + 2j and � = ej �
4 give a non-vanishing determinant on (2.43) (� 1) no

matter what the spectral e�ciency of the QAM constellation is.

The linear transformation (2.30) of the code can be shown as

X =

0

B
B
@

1 � 0 0
0 0 p

1
2 p

1
2 �

0 0 p
1
2 � p

1
2 �

1 � � 0 0

1

C
C
A : (2.45)

It can be shown that X X � 6= I which meansthe code doesnot provide maxi-

mum mutual information (Theorem 1) and alsomodulated symbols ci are not trans-

mitted with equalpower.
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Figure 2.10. TAST and Quaternionic code performancecomparison for rate = 4
bits/s/Hz using QPSK with two transmit and two receive antennas.

Figure 2.10 illustrates the performanceof this code for two transmit and two

receive antennas using 4-QAM constellation. As seen,the code gives somegain at

high SNR regimesover TAST. On the other hand at low SNR, the code has about

0.3 dB loss. This can be due to the capacity lossof the code.



CHAPTER 3

IMPROVED SUPER-ORTHOGONAL CODES THROUGH GENERALIZED
ROTATIONS

Ever since the �rst works on space-timecoding appeared, the research community

hasbeenseekingspace-timecodeswith good complexity/p erformancetradeo�. Thus,

as in other branchesof coding, a continual e�ort has beenmade to �nd codeswith

a structure that allows simple decoding, while maintaining good performance. An

attractiv e tradeo� betweenstructure and performanceis madepossibleby a concate-

nation of orthogonal space-timeblock codes(OSTBC) with a trellis, which provides

high performanceat a relatively small computational cost. The contribution of this

chapter consistsof generalizations,improvements, and systematiccodedesignfor this

new classof codes.

A brief background of work in this areais asfollows. Recently, Jafarkhani and

Seshadriproposedsuper-orthogonalspace-timecodes[42] (SOSTC).Super-orthogonal

codesconsistof an orthogonal space-timeblock code concatenatedwith a block-wise

trellis. The designprocessis similar to the TCM of Ungerb•ock: the codebook of the

orthogonal block codesis expandedand then partitioned into setswith suitable dis-

tance properties. Then the trellis is labeledappropriately with the set partitions. At

the sametime, Siwamogsathanand Fitz [44] independently proposedsimilar trellis-

block codes,with an approach that is somewhatmore general. Both of thesecodes

must be hand crafted.

In this chapter we addressthe problem of building trellises over space-time

block codes,and proposea generalizedmappingof modulations to the antennasignals

that leadsto better codes. We provide designcriteria for the generalizedblock-trellis

31
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codes. The proposedsystematicmethod for the designof OSTBC ensuresthat good

codes are not overlooked. The search complexity is reduced by observing certain

properties of trellises over OSTBC.

We use the following notation throughout this chapter. Uppercasebold let-

ters denote matrices, for examplecodewords are denotedwith X ; Y ; Z and unitary

transformswith U ; V ; W which we concisely(but not entirely accurately) refer to as

\rotations" in the sequel. Script letters denote sets of codewords, e.g. T ; S. Sub-

scripts are usedto denoteset partitioning and assignment of codeword setsto trellis

states and trellis branches. In particular, T =
S

i Ti , where Ti is a set partition for

trellis state i , and Ti =
S

j Ti;j , where Ti;j denotesthe set of codewords assignedto

the trellis branch going from state i to state j . For conveniencewe de�ne the mul-

tiplication of a set and a matrix, for exampleT0U , as a new set whosemembers are

the membersof T0 each multiplied by U . The function D(�; �) computesthe minimum

distance between two sets of codewords. With an abuseof notation we may seea

codeword as one of the arguments of this function, which should be interpreted as

the set consistingof that singlecodeword.

The systemmodel consistsof a MIMO systemwith L t transmit and L r receive

antennas. The overall code is a concatenationof a multiple trellis coded modulation

(MTCM) outer code and an orthogonal space-timeblock (OSTBC) inner code. To

each state of the trellis code NB OSTB codewords of sizeT � L t are assigned.There-

fore the overall rate of the code is log2(NB )=T.

A 
at fading channel is assumed,where the channel gains are constant dur-

ing each fade interval and independent in successive intervals. The received sig-

nal, denotedby a T � L r matrix R, after matched �ltering has the following form:

R =
q

�
L t

XH + N . The averagereceived signal-to-noiseratio per antenna shown by

� . The matrix X is an OSTB codeword of sizeT � L t . The channelmatrix H = f hij g
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hasthe sizeof L t � L r wherehij is the fading channelcoe�cien t betweenj th received

antenna and i th transmit antenna. The AWGN is shown by the matrix N . The re-

ceiver employs maximum likelihood (ML) decoder with perfect knowledgeof channel

state information.

3.1 Trellis Designfor Block Space-TimeCodes

Wefollow the well-known trellis designprinciplesdevelopedby Ungerb•ock andapplied

to OSTBC in [42, 44]. Ungerb•ock extendedthe original constellationset into a larger

codebook (a superset), each subset of the expandedcodebook is called a subcode.

Subcodesare designedand allocated to trellis branchesin a manner that maximizes

the performanceof the code.

In the context of OSTBC, the extensionof the original codebook is accom-

plished via transformations U i . Each trellis state is allocated one rotation of the

codebook Ti = T0U i . Then, within each trellis state, we partition the codebook

Ti = Ti; 0 [ � � � [ Ti;M � 1 into subsetseach assignedto a trellis transition, where M

is the number of connectedstates. Thus, Ti;j is the set of codewords assignedto

the trellis branch that connectsstate i to state j . If a transition doesnot have par-

allel branches, Ti;j will consist of one codeword, otherwise it will have more than

one codeword. The designquestion boils down to �nding good transformations U i .

Our contribution consistsof generalizations,as well as providing designcriteria that

systematizecode design,thus leading to improvements over existing codes.

The processcan be mademore clear by an example. Considera systemwith

two transmit antennas,with the following orthogonal block code due to Alamouti:

X (s0; s1) =
�

s0 s1

� s�
1 s�

0

�
: (3.1)
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which, with BPSK modulation, has the four codewords

X 0 =
�

1 1
� 1 1

�
X 1 =

�
� 1 1
� 1 � 1

�
X 2 =

�
1 � 1
1 1

�
X 3 =

�
� 1 � 1
1 � 1

�
: (3.2)

The four codewordsof the above block code form the subcodeT0, which we as-

signto state 0 of the trellis (seeFigure 3.1(a)). For the other state of the trellis, weuse

a di�eren t set of codewords obtained using a transformation U = diag(ej � =2; ej 3� =2),

i.e., the four codewords used in state 1 are T1 = f X i U ; i = 0; : : : ; 3g. We denote

T1 = T0U . For the exampleabove, the rotation U suggestedby our designprocedure

results in 1 dB gain comparedto similar codesfrom [42] (seeFigure 3.2).

From this exampleit is seenthat our unitary transforms,unlike [42], generate

modulation symbols that may not be in the original constellation. This is similar to

the constellation expansionof Ungerb•ock [66], and much like that case,the peak-to-

averagepower ratio remainsthe sameand detector complexity is not much a�ected,

becausefor each trellis state only a smaller(original) constellationis transmitted. We

further comment on computational complexity in the sequel.

We now proceedto analyze the structure of the rotation matrices U . The

per-antenna power constraint implies that the matrices U must be not only unitary,

but also either diagonal or anti-diagonal, as shown below. Becauseeither will serve

our purposes,we choosediagonalmatrices in the sequel.

Lemma 1 Assumingequaltransmit powerfrom all antennas,the transformationma-

trices U used for expanding codeword setsmust be either diagonal or anti-diagonal.

Pro of: Transform onecodeword to anther via Y = XU , i.e.,

Y = X
�

a b
c d

�
=

�
as0 + cs1 bs0 + ds1

� cs�
1 + ds�

0 � bs�
1 + ds�

0

�
:
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Becausethis must be true for any two modulation symbolss0 and s1, the per-antenna

power constraint yields that either c = b = 0 and jaj = jdj = 1, or a = d = 0

and jcj = jbj = 1. We have two acceptablerepresentations, thus without loss of

generality we can choose the diagonal transform between two codewords, namely

U = diag(ej � 1 ; ej � 2 ). �

The next step is set partitioning and trellis labeling. Set partitioning requires

a distancemeasure. Following [42], we introduce the Coding Gain Distance (CGD)

thus: For two codewords X and Y construct A
4
= (X � Y )(X � Y )H , and then

de�ne CGD = det(A ). By extension,the minimum CGD of a codebook T is de�ned

as the minimum of CGD of all non-identical codeword pairs in T � T . Similarly

the distancebetweentwo codebooksT ; S is D(T ; S) = min det(A (X ; Y )), wherethe

minimization is over all pairs (X ; Y ) 2 T � S.

3.1.1 Reduced-Complexity Code Design

The set partitioning and index assignment involve CGD calculations. A complexity

problem arisespartially from the fact that our overall codesare not only nonlinear,

they may not evenpossessa uniform error probability (UEP) property, soin principle,

code designrequiresan exhaustive search over all error events. Also, in general,CGD

of each pair of branchesrequirescalculation of distancesbetweenall codeword pairs.

In this section we simplify and streamline the code design processby highlighting

certain properties of our codes.

The key result of this sectionshows that a largenumber of calculationscanbe

bypassed,becausedespitethe lack of UEP, many of the distancesremain symmetric.

Theorem 2 The distances between two converging trellis paths are invariant to the

converging state, i.e., D(Tm;0; Tn;0) = D(Tm;i ; Tn;i ); 8m; n; 8i . Furthermore, this dis-
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tance can be calculated by considering only one reference codeword, that is, for any

X 2 Tm;0

D(Tm;0; Tn;0) = D(X ; Tn;0):

To prove this result, we needthe following lemma, which shows that OSTBC code-

words(for MPSK) canbemappedto oneanotherby simplepre-andpost-multiplication

by diagonalmatrices.

Lemma 2 Assuminga constant-modulus (MPSK) modulation, for any two OSTBC

codewordsX 1; X 2 2 T there exist unitary matricesV and W suchthat X 2 = VX 1W .

The transform matrices obviouslydepend on the codewords.

Pro of: First considerL t = 2, where

X 1 =
�

s0 s1

� s�
1 s�

0

�
;

and s0 and s1 areMPSK symbols. Takeany other codeword X j 2 T with two symbols

s0
0 = s0ej � and s0

1 = s1ej � where� and � are multiples of 2�
M . Then

X 2 =

 
ej � + �

2 0
0 e� j � + �

2

!

X 1

 
ej � � �

2 0
0 e� j � � �

2

!

:

For generalL t , each entry of the STBC codeword is either a modulation symbol or its

conjugate,thus the mappingbetweentwo OSTBC codewordsconsistsof element-wise

phasechangeon the codeword matrix. Element-wise multiplication of a matrix can

be accomplishedvia multiplying rows and columns of the matrix by scalars. This

in turn is accomplishedby left-multiplication by a diagonal matrix (multiplies rows

by diagonal elements) and right-multiplication by another diagonal matrix (multi-

plies columnsby diagonalelements). Thus the mapping of oneOSTBC codeword to

another is always possibleby left- and right-multiplication by diagonalmatrices. �
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Pro of: (Theorem 1)

D(Tm;0; Tn;0) = D(V i Tm;0W i ; V i Tn;0W i ) (3.3)

= D(V i Tm;0W i ; V i Tm;0U nW i ) (3.4)

= D(V i Tm;0W i ; V i Tm;0W i U n ) (3.5)

= D(Tm;i ; Tn;i ); (3.6)

whereV i and W i are codeword transform matrices in the senseof Lemma 2. Equa-

tion (3.3) holdsbecauseunitary transformsaredistancepreserving,andEquation (3.5)

holdsdue to commutativit y of diagonalmatrices. To get the secondpart of the result

we can write

D(Tm;0; Tn;0) = min
X i 2T m; 0

D(X i ; Tn;0) ; (3.7)

However, D(X i ; Tn;0) is the samefor all X i 2 Tm;0 because

D(X 1; Tn;0) = D(X 1; Tm;0U n )

= min
i =0 ;:::;M � 1

D(X 1; V i X 1W i U n )

= min
i =0 ;:::;M � 1

D(V j X 1W j ; V j V i X 1W i U nW j )

= min
i =0 ;:::;M � 1

D(X j ; V i X j W i U n )

= D(X j ; Tm;0U n ) (3.8)

= D(X j ; Tn;0);

where in Equation (3.8) we have used the property that if Y = VXW for some

X ; Y 2 Tm;0, then VZW 2 Tm;0 for all Z 2 Tm;0. �

Using the above results, we can illustrate the CGD calculations. Consider

a section of a trellis with length two in Figure 3.1(b), and considerevents Ei that

start at State 0, go to State i , and terminate on State 0, i.e. Ei = T0;i � Ti; 0. There



38

may be multiple such events becausethere may be parallel paths. Likewisede�ne

Ej = T0;j � Tj ;0. The distancebetweenEi and Ej is de�ned as

D(Ei ; Ej ) = min
(X ; ~X )2Ei ; (Y ; ~Y )2Ej

det
�

A (X ; Y ) + A ( ~X ; ~Y )
�

:

Knowing that for positive semi-de�nite matricesdet(A 1 + A 2) � det(A 1) + det(A 2),

we can bound the distance

D(Ei ; Ej ) � min
(X ; ~X )2Ei ; (Y ; ~Y )2Ej

det(A (X ; Y )) + det(A ( ~X ; ~Y ))

= min
(Y ; ~Y )2Ej

det(A (X 0; Y )) + min
(Y ; ~Y )2Ej

det(A ( ~X 0; ~Y )); (3.9)

where (X 0; ~X 0) is an arbitrary codeword in Ei . The simpli�cation is achieved by

invoking Theorem2: the distanceof two setsis identical to the distanceof oneset to

an arbitrary codeword of the other. Finally, we identify the dominant error event by

�nding the minimum of D(Ei ; Ej ) over all pairs (Ei ; Ej ).

This result is easily extendedto partially connectedtrellises wheredominant

error events can have length greater than two. In that casethe CGD is boundedby

det(
X

k

A k) �
X

k

det(A k) � det(A 1) + det(A k) : (3.10)

In this casewe bound the CGD by the distancesof the diverging and converging

paths det(A 1) and det(A k), respectively, becausethe contribution of the interior

trellis sectionsto the CGD is generally unclear, a phenomenonfamiliar from TCM

design[66]. Therefore,only the contribution of the beginningand end trellis sections

are usedin the cost function, leading to a result similar to (3.9).

The developments in this sectionweregearedtowards generality and insights,

thus only boundswereobtained. However, for the special caseof the fully connected

trellis with length-two error event, it is possibleto obtain a precisecalculation, which

is as follows.



39

Considera sectionof a trellis with length two in Figure 3.1(b), and denotethe

set of events starting at State k, ending at State p, and passingthrough State i with

Ek;i;p , i.e. Ek;i;p = Tk;i � Ti;p . Likewisede�ne Ek;j ;p = Tk;j � Tj ;p. The distancebetween

Ek;i;p and Ek;j ;p is de�ned as

D(Ek;i;p ; Ek;j ;p) = min
X 2T k ;i ; ~X 2T i;p ; Y 2T k ;j ; ~Y 2T j ;p

det
�

A (X ; Y ) + A ( ~X ; ~Y )
�

: (3.11)

To simplify the expression(thus saving computation) we note that

A (X ; Y ) = (X � Y )(X � Y )H = ( �X � �Y )U kU H
k ( �X � �Y )H = A ( �X ; �Y ) ;

where �X 2 T0;i and �Y 2 T0;j , which meansthe starting State k can be set to a �xed

state, e.g. State 0, without loss of generality, i.e. D(Ek;i;p ; Ek;j ;p) = D(E0;i;p ; E0;j ;p).

Sincethe set partitioning for T0 is carried out before�nding the rotations, this term

is calculated only once. Therefore, in the calculation of (3.11) only the secondterm

involvesthe rotation matrices U i and U j .

The dominant error event is the minimum of D(E0;i;p ; E0;j ;p) over all pairs

(E0;i;p ; E0;j ;p). In the design process,a search is conducted to �nd rotations that

maximize the minimum distanceobtained above.

3.2 Code DesignExamples

Wenow proceedwith speci�c codeexamples,simulations, andcomparisonswith codes

in the literature. In our simulations, a frame consistsof 130 transmissionsand the

number of receive antennas is one. We have extensively used the designtools that

we developed in Section3.1 to reducethe search space. While in the literature the

search over the spaceof codes is basedon CGD criterion, we choosepartial union

bound criterion which takesinto account the multiplicities and providesbetter codes.

In the trellises demonstrating our designexamples(Figure 3.1(c), (d), and (e)) we

follow the signalingnotation of [42].
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Figure 3.1(c) shows a 4-state fully connectedtrellis designedfor BPSK mod-

ulation, full-rate 1 bit/s/Hz, and L t = 2. We designedthe code to maximize the

minimum CGD of events with length two, the minimum length error event. The

transforms (rotations) for states 1, 2 and 3 are U 1 = diag(� j ; j ), U 2 = diag(j ; � 1),

and U 3 = diag(� 1; � j ). Figure 3.2 shows the frame error probability versusSNR for

our 2-state (Figure 3.1(a)) and 4-state code (Figure 3.1(c)), both labeled as new, in

slow fading and comparethem with the 2-sateand 4-statecodesgiven in [42] (labeled

asJS). Our 2-statecode outperformsJS by about 1 dB and performsthe sameasJS

4-state code.

Figure 3.3comparesour proposed4-statecode and the JS 4-statecode in slow

and fast fading. Sincethe new 4-state code of (Figure 3.1(c)) doesnot have parallel

branches,it enjoys higher time diversity and thus outperformsJS signi�cantly in fast

fading.

Figure 3.1(d) shows the 4-statetrellis designedfor QPSK, full-rate 2 bit/s/Hz,

using two transmit antennas. The structure of our 4-state trellis is the sameas the

trellis in [42, 44] (JS, SF). The only di�erence is in the rotation U . Our rotation is

U = diag(ej 3� =4; e� j 3� =4) but the rotation in [42, 44] is U = diag(ej � ; 1). A gain of

0.3dB over the JS, SF code is achieved.

Our 8-state QPSK trellis is shown in Figure 3.1(e), whose performance is

slightly better than the 16-statecode given in [44]. The transformation matrices for

our 8-state trellis is as follows: U i = diag(ej � i � ; ej � i � ) where the pairs of (� i ; � i ) for

the states i = 1; � � � ; 7 are respectively ( 7
4; 5

4),( 3
2; 3

2),( 5
4; 3

4),( 5
4; 1

4), (1; 3
2), ( 3

4; 7
4) , ( 1

2; 1).

Now considerfour transmit antennas. Figure 3.4 shows the the frame error

rate and bit error rate for a simple 2-state trellis code with 4 transmit antennas in

slow fading. For this code U = diag(ej 3� =2; ej � =2, ej 3� =2; ej � =2). This code givesabout
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1 dB gain over the code given in [42] which also outperforms the code in [38] which

usesa quasi-orthogonalcode.

As a �nal note, we mention that the decoding complexity is essentially unaf-

fectedby rotations U , becausea coherent receiver can mergethe diagonalmatrix U

into the channel matrix. Speci�cally, the received signal is R =
p

� XUH + N . The

e�ectiv e channelgain ~H = UH hasthe samestatistics asH , sinceU is unitary. From

the receiver point of view, ~H is the e�ectiv e channel gain matrix. The complexity

consistsof re-calculation of ~H whenever channel state information is updated.

3.3 Conclusion

We proposea generalizationof the codes known as super-orthogonal codes or, al-

ternatively, STC-TCM codes. In thesecodes,an inner orthogonal block space-time

code is concatenatedwith an outer trellis code to yield a powerful overall code with

reasonabledecoding complexity. Our generalizationextendsthe number of allowable

rotations, yielding more powerful codes. We present several properties of codewords

and set partitions so that the designprocesscan be simpli�ed. Simulations demon-

strate the performanceof our generalizedcodes.
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S00U5 S10U5 S01U5 S11U5 
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S00U3 S01U3 S10U3 S11U3 

S0     S1   

S0U   S1U 

S1     S0   

S1U   S0U 

Figure 3.1. (a) A two-state trellis code for L t = 2. X i , i = 0; 1; 2; 3, are de�ned
in (3.2), and U = diag(ej � =2; ej 3� =2). (b) A fully-connectedtrellis. The trellisesof (c)
4-stateBPSK, (d) 4-stateQPSK, and (e) 8-stateQPSK codes. In parts (c), (d), and
(e) we follow the signalingnotation of [42] for set partitions.
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Figure 3.3. L t = 2, four-state BPSK codesin slow and fast fading



44

9 10 11 12 13 14 15 16

10
�5

10
�4

10
�3

10
�2

10
�1

SNR (dB)

F
E

R
/B

E
R

FER JS
FER new
BER JS
BER new

Figure 3.4. L t = 4, two-state BPSK code in slow fading



CHAPTER 4

GENERALIZED BLOCK SPACE-TIME TRELLIS CODES

Space-timecodeshave beendesignedto take advantage of the structure of the fading

channel in various ways. Some,like block space-timecodes,aim to transfer at most

onesymbol per transmission. Others, the so-called\full rate" 1 codes,transmit mul-

tiple symbols per transmission,depending on the degreesof freedomof the MIMO

channel. Many of thesetechniques,such as block space-timecodes,do not have any

coding gain. Others, such as trellis space-timecodes[14] include somecoding gain.

Recently, Jafarkhani and Seshadri[42] showedthat, by building an appropriate

trellis on a block space-timecodes(which they call super-orthogonalspace-time codes)

one may achieve a complexity-performancetradeo� that is not easily attained by

trellis space-timecodes. Furthermore, certain codes were obtained in [42] that did

not have a direct counterpart in ordinary trellis space-timecodes.

Motivated by this past work, we seekto build trellises on linear dispersion

codes and other MIMO signaling methods. The di�cult y, however, is that many

of these codes do not enjoy the samestructure that made super orthogonal codes

possible. In particular, set partitioning on a non-lattice signaling is not straight

forward.

There hasbeensomealgorithms in the literature on graph theory and compu-

tational geometryfor partitioning. On the problem of metric min-bisection[67], they

divide a �nite setof points into two equalpartitions such that the sumof the distances

1Here by \full rate" we mean multiple symbols per transmission. This is not to be mistaken
with the interpretation of this phrase in the block space-timecoding, which meansone symbol per
transmission.

45
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from the points of one part to the points of the other is minimized. In the metric

k-clustering [68], the objective is to minimize the sum of all intra-cluster distances.

However, for our set-partitioning, we needto maximizethe minimum distanceof each

point within each partition.

In this chapter, we �rst produce a generalset partitioning algorithm on an

arbitrary signal constellation and show its optimalit y. We then use this set parti-

tioning to build space-timetrellis codes (STTC). In order to achieve full rate, we

build a supersetby creating new codesvia usingunitary matrices. We then show the

code designprocedure for someexamplecodes and demonstrate their performance

via simulations.

Throughout this chapter, we usethis notation. Uppercasebold letters denote

matrices, e.g. H . The codewords of the block code are also matrices, e.g., G i
m , the

subscriptdenotesthe setpartition to which the codeword belongs,and the superscript

denotesthe rotation2 of the codeword, a matter that will becomeclear in the sequel.

Script letters denotesetsof codewords, e.g. Si
m , whereagain superscripts meanthat

the entire set has beenrotated, and the subscript denotesthe location of this set in

the partitioning. We de�ne the multiplication of a set and a matrix, e.g.,Si
mX , as a

new set whosemembers are the members of Si
m each multiplied by X . jSj denotes

the cardinality of S.

4.1 SystemModel

We consider a space-timesystem with L t transmit and L r receive antennas. We

use a concatenatedcoding schemewhere the outer code is a multiple trellis coded

modulation (MTCM) code and the inner code is a space-timeblock code such as

2Strictly speaking, the codewords undergo a unitary transform that may not be a rotation. But
we usethe word rotation in a genericsensefor all unitary transforms.
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Figure 4.1. Merging of groups

linear dispersioncodes,and orthogonal space-timeblock codes. To each state of the

trellis code NB OSTB codewords of sizeT � L t are assigned.Therefore the overall

rate of the code is log2(NB )=T.

The channelsbetweenthe transmit and receive antennasare modeled as fre-

quency non-selective 
at Rayleigh fading. For slow fading channel assumption, the

channel is constant during a frame and fadesindependently from frame to frame.

The received signal, denotedby a T � L r matrix R, after match �ltering has

the following form:

R =
p

� SH + N ;

The averagedreceived signal to noiseratio scaledby L t is shown by � . The matrix S

is an OSTB codeword of sizeT � L t . The channel matrix H = f hij g has the sizeof

L t � L r wherehij is the fading channel coe�cien t betweenj th received antenna and

i th transmit antenna. The additive white Gaussiannoisewith zero mean and unit

variancei.i.d. components is shown by the matrix N . The receiver employs maximum

likelihood (ML) decoder with perfect knowledgeof channel state information.
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4.2 Set-Partitioning Algorithm

We assumethat a code set S with 2N codewords is given. The codewords of S are

taken from a constellationset, i.e. a scalersuch asMPSK, MQAM or a matrix space

such as a space-timecode. The goal is to divide S into two disjoint subsets,S1 and

S�
1 , so as to maximize the minimum pairwise distancesof each subset. Each subset

hasN codewords and S = S1 [ S�
1 .

The ultimate goalof set-partitioning is to achievea better coding gain through

using a trellis code structure. The pairwisedistanceis a measurethat can be usedto

achieve a better coding gain. Depending on the kind of code, the pairwise distance

could be de�ned di�eren tly. For examplefor the orthogonal space-timeblock codes

the pairwisedistanceis the determinant criterion. However pairwiseerror probability

and Euclidean distancecould be other criteria for di�eren t kind of codes. We maxi-

mizethe minimum pairwisedistancein each subsetvia our setpartitioning algorithm.

The function D(�; �) denotesthe minimum distancebetweentwo setsof code-

words. With an abuseof notation we sometimesseea codeword as one of the argu-

ments of this function, which shouldbe interpreted asthe set consistingof that single

codeword.

The job of (one stage)of a set partitioning algorithm is to separatethe code-

words into two sets, such that each set has maximal (internal) minimum distance.

This objective can be achieved if any two codewords that have small distancebelong

to separatesets. To achieve this end,we construct pairs of sets,denotedby Si and S�
i

(which we call dual sets)and we usethem as depository of codewords that are close

to each other, to ensurethey are separated. It is a property of our algorithm that

throughout, two sets that are dual will never be mixed or combined, thus assigning

a pair of codewords to dual setsguaranteesthat henceforth that minimum distance
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will never be visited again.

Thus, the strategy is to visit all codeword pairs in increasingorder of pairwise

distance. Whenever we seea (close)pair, if oneof them already belongsto a set, we

put the other in the dual set. If noneof them belongsto a set, in order not to restrict

future action, we createa pair of dual setsfor them and assignthe pair to them. This

proliferation of setswill have to be dealt with in mergingstepslater in the algorithm.

In a mergingstep, as shown in Figure 4.1, there is more than onepair of sets

remaining,sowe mergethem in such a way asto maximizethe resulting min distance

inside each set. As illustrated, the codewords of the pair, (cp; c
0

p) which should be

separatedbelongsto set S1 and S2. Therefore S2 shouldn't be in the samesubset

that S1 is. On the other hand, S1 and S�
1 are to be separateddue to the previous

stepsof the algorithm. Thereforewe mergeS2 and S�
1 into onesubsetand the same

is donefor S1 and S�
2 .

We note that this algorithm is a greedyprocess.Thankfully, we canshow that

this greedyalgorithm with its small associated computational complexity, is optimal.

The algorithm itself is given in Figure 4.2, and we describe it below.

At the beginning, the algorithm starts with the minimum-distance pair of

codewords. Two setsS1 and S�
1 arecreatedand each of the two mentioned codewords

is assignedto one of them. Recall that these two sets are \duals," which means

they will never merge together in any step of the algorithm. Now, calculate the

minimum distance between all other pairs of so far unassigned codewords and call

it d1. Let de�ne d2 as the minimum of distance between sets and codewords and

d3 as the minimum of distance between two sets (we de�ned the distance function

above). If d1 < min(d2; d3), it meansthe distancebetweenunassignedcodewords is

the bottleneck, thus the two codewords involved in d1 are separatedby creating a

new pair of dual setsand assigningthe codeword pair to them.
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1. Find mini;j D(ci ; cj ) then S1 := f ci g andS�
1 := f cj g

2. whilef thereare unassignedcodewordsg

(a) recalculatemini;j D(ci ; cj ) := d1

�nd mink;l D(Sk ; cl ) := d2

�nd minm;n D(Sm ; Sn ) := d3

(b) if d1 < min(d2; d3)
Createnewdual setsf ci g and f cj g
continue

elseifd2 < min(d1; d3)
absorb cl in S�

k
elsedo merging:

Sm  Sm [ S�
n

S�
m  S�

m [ Sn

EliminateSn andS�
n

end

end

3. whilef maxjSi j < N g Do merging
end

Figure 4.2. Set partitioning algorithm

On the other hand, if d2 < min(d1; d3), the bottleneck is a codeword which is

too closeto a set, thus we take the o�ending codeword and put it in the dual of the

mentioned set.

Now, we check to seeif there are sets that have grown too closein terms of

minimum distance. In this cased3 < min(d1; d2)) then we mergeeach set with the

dual of the other, thus eliminating the problem of closenessof the two sets. The

algorithm continuesuntil all codewords are assignedto a set. To ultimately end up

with two sets, we do the merging of sets while one set cardinality reaches the N

codewords. If it goesover N , the two setscardinality should be equalized.
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Theorem 3 The mentioned set partitioning algorithm yields an optimal partition,

in the sensethat no other partition provides sets with larger within-set minimum

distance.

Pro of: ssumethat the pair of codewords (ci ; cj ) belong to one subsetand give the

minimum distance. In order to increasethe minimum distanceof that subset,oneof

thesecodewords must be moved to the other subset. On the other hand, this pair

of points have beenassignedto one subsetby the algorithm becausethere has been

another codeword in the other subset which gives a lesserminimum distance with

thesetwo codewords. Thereforehaving a better minimum distanceis impossible. �

4.3 Block Space-TimeTrellis code Design

To designa full rate trellis code, the original space-timeblock codemust beexpanded.

The expandedcodebook is called a superset and denotedby S. Each subsetof the

expandedcodebook is called a sub-code. For example the original code is called a

sub-code.

We assigna sub-code to each state of the trellis. The sub-code at state k is

denotedwith Sk , whereSk 2 S. Using the set partitioning algorithm in Section4.2,

each sub-codecanbedivided into several subsetsdenotedasSk
i , wherethe cardinality

of Sk
i are equal to the emergingbranchesat each state of the trellis. Each Sk

i in Sk is

assignedto the outgoing branchesof state k. Figure 4.3 is an examplefor two-state

trellis whereS0 = S0
0 [ S0

1 and S1 = S1
0 [ S1

1.

To build a superset, more sub-codes must be designed. A sub-code can be

obtained from the original sub-code S0 as follows

Sk = U kS0; (4.1)
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Figure 4.3. Two-State Trellis
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Figure 4.4. Error events for two-State trellis

whereU k is a unitary transform. The choiceof rotation matrices, U k is our goal to

achieve the optimal coding gain. The advantagesof building the sub-codesby unitary

rotations is asfollows, First, the set partitioning schemeremainsthe sameasthat for

the original sub-code,i.e.

Sk
i = U kS0

i ; (4.2)

becausethe distancebetweeneach pair of rotated codewords remainsthe same,sec-

ond, the capacity of each sub-code is the sameasthe original sub-code [15], and third,

the transmitted power of each codeword remainsthe same.

Set partitioning helps to increasethe minimum distancefor parallel branches

emergingfrom a state. As shown in Figure 4.4, the minimum distanceof the error

events with length two or higher are alsoneededto be maximizewith the best choice

of U k . A key challengein the designprocessis that the codes are nonlinear, and

unlessthey possessa uniform error probability(UEP) property, it does not su�ce

to analyze the performancefor the all-zero codeword. Therefore, for every pair of

codewords starting and endingat the samestate (any state) must be included in the

error analysis. However, dependingon the structure of the original code, it is possible

to narrow down the set of the events consideredin our search.
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4.3.1 Code DesignExample

In this section,we provide an exampleof the two-state trellis code designfor linear

dispersioncode with L t = 3. As in [16], the code is

S =
NX

i =1

M i si ; (4.3)

whereM i is the LD basematrix of sizeT � L T , T = 3, and si is the signal symbol.

Following the designprocedureof [16], we designedan LD code for N = 3 and si

taken from BPSK constellation. The overall rate for this example is 1 bit/sec/Hz.

The distancecriterion is the pairwiseerror probability of each two pair of codes. The

resulting LD code is

M 1 =

0

@
0:168+ 0:432i � 0:057� 0:310i 0:127� 0:038i

� 0:101� 0:001i � 0:164+ 0:184i 0:511� 0:013i
0:257+ 0:202i 0:218+ 0:352i 0:000+ 0:231i

1

A

M 2 =

0

@
0:418� 0:105i 0:322+ 0:095i � 0:076+ 0:168i

� 0:139+ 0:188i � 0:003� 0:054i 0:040+ 0:523i
0:030� 0:301i � 0:308+ 0:349i 0:046+ 0:147i

1

A

M 3 =

0

@
0:018+ 0:195i 0:273+ 0:396i � 0:228+ 0:102i
0:083+ 0:269i 0:136+ 0:040i 0:304� 0:375i

� 0:252� 0:389i 0:267+ 0:096i 0:050� 0:186i

1

A :

By applying the set partitioning algorithm, the total eight codewords, ci for

i = 1; 2; ::; 8 of this code is divided into two subsets,S1 = f c1; c4; c6; c7g and S2 =

f c2; c3; c5; c8g. Figure 4.5 shows the block error rate of the original code and subset

S1. As shown, the algorithm hassuccessfullypartitioned the original set into subsets

that a gain of 2.5 dB is obtained.

Next step is to expand the original code by deriving the rotation matrix, U .

By maximizing PEP of the error events with length two, we can obtain the best U .



54

5 10 15 20
10

�6

10
�5

10
�4

10
�3

10
�2

10
�1

SNR (dB)

B
lo

ck
 E

rr
or

 R
at

e

Original LD code
U

1
 (Subset # 1)

Figure 4.5. r = 1 bit/sec/Hz, LD codes,L t = 3, and L r = 1

10 11 12 13 14 15 16 17 18
10

�4

10
�3

10
�2

10
�1

Averaged Received SNR (dB)

F
E

R

2x1 Super�Orthogonal Code
3x1 Linear Dispersion Code

Figure 4.6. Two-state LD-STTC for L r = 1



55

2 3 4 5 6 7 8
10

�4

10
�3

10
�2

10
�1

10
0

Averaged Received SNR (dB)

F
E

R

r=1, LD�STTC
r=1.33, LD�STTC
r=1.67, LD�STTC
r=1, LD
r=1.33, LD
r=1.67, LD

Figure 4.7. Two-state LD-STTC for L t = 3, and L r = 3

It can be written as,

max
U

D(fS 0
0 ; S0

0g; fS 0
1 ; U S0

0g) (4.4)

However, becauseS1 = �S 2, it is easyto show that it su�ces to compute the
optimization for only all zerocode. The resulting U after 100,000search over unitary
matrices is,

U =

0

@
0:385� 0:481i � 0:142+ 0:614i � 0:044+ 0:469i
0:007+ 0:562i 0:374� 0:041i � 0:079+ 0:731i
0:128+ 0:535i 0:081+ 0:673i 0:297� 0:385i

1

A :

4.3.2 Simulation Results

For the simulations, we considera two-state linear dispersion spacetime code (LD-

STTC). A frameconsistsof 129transmissions.The length of the LD code is T = 3 for

L t = 3. All the simulations is for the quasi-static 
at Rayleigh fading. The symbols

for the LD codesis taken from BPSK constellation.
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Figure 4.6shows the frameerror rate for the rate 1 bit/Sec/Hz and onereceive

antenna. The diversity of three can be seenwhen comparedwith the diversity two

super-orthogonalcodesusing Alamouti code with two transmit antennas[42].

Figure 4.7 shows FER for several LD-STTCs with rates 1; 1:33, and 1:67

bit/Sec/Hz. As seen,a gain of 2 dB is archived through using this method when

comparedwith the LD code results. However moregain canbe archived by designing

trellis codeswith morememoryand setting the codesmoreapart in parallel branches.

Also this method can be applied to di�eren t coding schemeswhich more results are

part of our future work.



CHAPTER 5

RELAXED THREADED SPACE-TIME CODES

MIMO systemshave introducedthe possibility of unprecedented data ratesin wireless

communication, through the conceptof spatial multiplexing. Several classesof MIMO

codeshave beendesignedthat take advantageof this concept,amongthem variations

of BLAST [4], Linear Dispersioncodes[15, 16], and ThreadedAlgebraic Space-Time

codes(TAST) [59]. Also, alongsidehigh capacity, we would like the systemsto have

high reliabilit y, which at high SNR is characterizedby the diversity advantage.For

example,TAST is known to provide full-diversity aswell asa rate of up to L T symbols

per transmission,whereL T is the number of transmit antennas. In the following we

refer to codesthat provide this rate as full-rate codes.

Unfortunately the presenceof full diversity may not be enoughto ensuregood

performance,becausethe diversity may apply at unrealistically high valuesof SNR.

This chapter is dedicatedto the designof improved full-rate codesthat work well in

realistic SNR.

We proposea new threadedspacetime code with improved performance.We

keep the layered structure proposedin TAST, but remove its algebraic constraint.

This is equivalent to using non-unitary matrices in the code designprocess,where

TAST usedunitary matrices.

The search for the best rotation matrix is done by a new design criterion,

the averageunion bound (AUB), to ensuregood performanceat medium SNR. The

resulting codesare called Relaxed Threaded Space Time (RTST) codes.

We are motivated to concentrate on the medium SNR regimedue to the de-

57
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velopment of modern wirelesssystemswith fast power control. Thesesystemsare

able to maintain the e�ectiv e averageSNR of the wirelesslink within a fairly narrow

range. It is within this rangethat most of the existing codesmust operate.

We proposethe averageunion bound (AUB) as a comprehensive criterion for

the medium SNR regime. For full rate codessuch asLD and TAST codes,full diver-

sity advantage appearsat very high SNR which practically is not useful. AUB gives

a better approximation of the codeword error rate at medium rangeSNR. Sincemul-

tiplicit y at medium rangeSNR is asimportant asthe worst casescenario.Simulation

results show signi�cant coding gain for the new RTST codes. The result show that

the AUB is a tight upper bound for the codeword error rate.

In Section 5.1, we discussthe systemmodel. In Section 4.3.1, the new code

designalgorithm is proposed. In Section5.2.2,we explain the AUB criterion for full

rate codesand give someexamples.Section5.3 proposessomeexamplecode design

with simulation results.

5.1 SystemModel

We considera wirelesssystemwith L t transmit and L r receive antennas. The channel

is assumedto be quasi-static 
at Rayleigh fading. The channel coe�cien t between

any pair of antennasis independent and perfectly known at the receiver. In the system

under consideration,we usethe space-timethreading which inducesa partitioning of

the space-timecode into multiple independent codes. The K � 1 information symbol

vector u = (u1; :::; uK )T , which belongsto a given alphabet YK , is �rst partitioned

into a setof L disjoint component vectorsu j of length K j , j = 1; :::; L . Each oneof the

component vectoru j is then mappedby a constituent channelencoder 
 j : YK j ! ST ,

j = 1; :::; L , sothat K = K 1+ K 2+ :::+ K L . Each constituent encoder, 
 j , operateson

independent information streams,and givesa set of constituent codeword 
 j (u j ) of
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length T. Then a component space-timeformatter assignsthe constituent codeword


 j (u j ) to the thread l j , j = 1; :::; L and sets all o� thread elements to zero. For

simplicity we assumethat K j = K =L for j = 1; :::; L . The nr � T space-timeblock

code C is the summation of all space-timethreads, where nr encoded symbols cit

(i = 1; :::; nr ) are transmitted simultaneously from all transmit antennas at time t

(t = 1; :::; T).

At time instant t, the received signal by antenna j is given by

r j t =
p

Es

L tX

i =1

hi;j (t)cit + wj t ; (5.1)

wherehi;j (t) is the channelcoe�cien t betweentransmit antenna i and receiveantenna

j with zero mean and variance 0:5 per dimension. Es is the energy per symbol at

each transmit antennas. wj t is the additive white complex Gaussiannoisereceived

by antenna j at time slot t with zeromeanand variance N0
2 per dimension. Therefore

the averagereceived SNR at the receiver is � = Es
N0

.

Let R be the nr � T received signal matrix, H be the nr � nt channelmatrix,

and W be the nr � T noisematrix; then we have

R =
p

EsHC + W : (5.2)

Whenever an erroneouscodeword e is detected,then the codeword di�erence

matrix is de�ned asB(c; e) = c � e. We alsode�ne A(c; e) = B(c; e)B(c; e)H , where

superscript H denotesthe conjugatetransposeoperation.
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5.2 Code Design

5.2.1 Code Structure

We use the layered structure of the TAST code as the starting point of our code

design. In TAST with an arbitrary number of threads,


 j (u j ) = � j M j u j (5.3)

is transmitted over thread l j , where M j are nt � nt real or complex rotations that

achieve full diversity, and � j areDiophantine numberswhich ensurefull diversity and

maximize the coding gain for the composite code.

We remove the algebraic constraints, thus M j could be any arbitrary non-

uniform matrices and � j could be any numbers with unit magnitude. Relaxing the

constraint will provide a larger code search spaceand, as will be observed, doesnot

incur a seriouspenalty, a fact that to our knowledgehas not beennoticed to date.

The result is a layered code; we call it a Threaded Space Time (RTST) code. The

RTST codewords can be written as:

c =
K � 1X

i =0

V i ui ; (5.4)

whereV i are the dispersionmatrices and K is the total number of symbols usedin

all threads.

Substituting (5.4) in (5.2), the received signal is

R =
p

EsH
KX

i =0

V i ui + W : (5.5)

By rewriting (5.5) in an equivalent vector notation as described in [16], we

have

r =
p

EsHX u + W ; (5.6)
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where

u = [u0; u1; :::; uk� 1];

X = [vec(V 0); vec(V 1); :::; vec(V k� 1];

H = I T 
 H ; and

w = vec(W );

where I T is an identit y matrix of size T, 
 denotesKronecher product, and vec

function of a matrix createsa vector by stacking columns of that vector. We can

show that for the layered codes such as RTST when ntT = k, in order to have a

capacity optimal code, X should be unitary or equivalently M i should be unitary.

This meansthat by selectingnon-unitary M i , the code may be capacity sub-optimal.

We addressthis concernin the sequel.

In order to meet the power constraint and achieve a better coding gain as

suggestedin [15], we normalize the dispersionmatrices by

V i  V i (V H
i V i )� 1

2 ; (5.7)

which givesunitary dispersionmatrices.

5.2.2 Designcriteria

We proposethe averageunion bound as a comprehensive designcriterion. In this

chapter, we focusour investigation on the designof RTST codes,however, this crite-

rion can be usedto designall kinds of full rate codessuch as linear dispersion(LD)

codes.

In [14], the rank and determinant criteria have beenderived for high SNR.

Full diversity is achievable when the eigenvaluesof A (ci ; cj ) for all i and j are non-

zero. The rangeof SNR wherethe e�ect of full diversity advantage can be observed

dependson the eigenvaluesof A .
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In our experiments weobservedthat many full-rate codes,despitefull diversity,

do not perform well in intermediate SNR. This is due to ill-conditioned A matrices,

i.e., the ratio of largestand smallesteigenvaluesof A , � max =� min , is large. Figure 5.2

and 5.3 respectively depict the � min and � max =� min of A over all pairs for the TAST

code [59] for two transmit and two receive antennas,using4-QAM constellation. The

minimum � min = 0:02 and the number of codewords are 28. As illustrated, there are

many codeword pairs which have very small � min (< 0:1).

In many communication systemssuch as 3G cellular networks, the quality of

the received signal is controlled via a fast power control mechanism. Power control

mechanism keepsthe transmitted power at a certain range in order to minimize the

interferenceand maximize the capacity of the networks. Therefore, the goal is to

designa code operating in moderate BLER or medium rangeSNR.

For pragmatic designof the full rate codes,we concentrate on the SNR range

� � 1
� min

. The advantage of full diversity appearsat � � 1
� min

which meansit is only

achievableat very high SNR,correspondingly very high BER (� 10� 6). Thereforethe

full diversity advantage is not an appropriate practical measure.The designcriterion

should help to get better performanceat medium rangeSNR.

Let's de�ne the AverageUnion Bound as

PU
4
=

1
nc

X

i;j ;i 6= j

Pe(ci ; cj ); (5.8)

wherenc is the total number of codewords and Pe(ci ; cj ) is the PEP expression[69],

Pe(c; e) =
1
�

Z � =2

0

rY

i =1

(1 +
� i �

4sin2�
)� L r d� ; (5.9)

wherer = min(L t ; L r ) and � i are the singular valuesof A (c; e).

AUB givesa better estimation of the codeword error rate of full-rate codesat

mediumSNR.This is dueto the fact that AUB considersthe multiplicit y of the worst-
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Figure 5.1. 2D examplesof two di�eren t codeword scenarios

Table 5.1. LD codesdesignedwith di�eren t criteria at SNR= 20dB, QPSK symbols
with R = 4, and T = 2

Max PEP Avg. PEP AUB (20dB) AUB (30dB)
XT AS T 1.84E-05 2.40E-04 4.01E-04 1.53E-07
XAU B 1.78E-05 7.60E-04 3.62E-04 1.06E-07
XP E P 1.51E-05 6.36E-04 4.00E-04 2.17E-07
XAP E P 1.77E-05 1.40E-04 3.69E-04 2.70E-07

casescenarios.AUB criterion is a sum over all PEPs, so it also considersthe e�ect

of having many codewords closeto worst casescenario. We can clarify this through

an example. Figure 5.1 illustrates two di�eren t scenarios.Scenario1 is better than

Scenario2 in terms of minimum distancehowever, at medium range SNR, Scenario

2 performsbetter.

We investigatedi�eren t designcriteria to designan LD code for two transmit

and two receives antennas. Table 5.1 shows the the result for various code design

criteria such as averageunion band (XAU B ), minimum PEP (XP E P ), and average

PEP [15] (XAP E P ). The dispersion matrix of these codes have been reported in

(5.10).

Figure 5.4 shows codeword error rate (BLER) of these codes. The target
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Figure 5.3. � max =� min of A i for T2;2;2.
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XAP E P =

0

B
B
@

0:4319+ 0:6660i � 0:5615+ 0:2337i 0 0
0 0 0:3007+ 0:7385i 0:5454� 0:2582i
0 0 0:5774� 0:1755i 0:2739+ 0:7489i

� 0:1716+ 0:5835i 0:7088+ 0:3573i 0 0

1

C
C
A

XP E P =

0

B
B
@

0:1481+ 0:2235i � 0:0112+ 0:1655i � 0:2757+ 0:3675i 0:3925� 0:1700i
0:2787+ 0:3170i 0:4658� 0:0743i � 0:1458� 0:1331i � 0:2498+ 0:0681i

� 0:2222� 0:3588i 0:4199+ 0:2149i � 0:0392+ 0:1935i 0:0928+ 0:2417i
0:1707+ 0:2067i � 0:0406+ 0:1608i 0:4394+ 0:1339i 0:0949+ 0:4171i

1

C
C
A

XAU B =

0

B
B
@

� 0:2578� 0:0023i 0:0163+ 0:1702i 0:3075+ 0:3711i 0:1654+ 0:2916i
0:1920+ 0:3830i 0:2202� 0:4151i 0:1329+ 0:0101i � 0:2586+ 0:2659i
0:3092� 0:2966i 0:4152+ 0:2200i 0:1161� 0:0655i 0:1305+ 0:3472i
0:2437+ 0:0841i 0:0820+ 0:1500i � 0:1214+ 0:4664i 0:2683� 0:2010i

1

C
C
A

(5.10)

BLER for the design is at about 10� 4 for SN R = 20dB. As shown, AUB gives a

better approximation of the BLER specially for medium rangeSNR. As seen,XAU B

shows better performance.

5.3 RTST Code DesignExample and Simulation Results

Weperform this designexampleby modifying a known TAST code,namely, T2;2;2 [59]

for a 2 � 2 system,8PSK, with rate R = 6bits/sec/Hz. The rotation matrix in T2;2;2

is

M = m(� ) = (1=2)
�

1 ej �

1 � ej �

�
; (5.11)

whereat � = � =4 M is unitary. Thereforethe resulting X is unitary and the T2;2;2 is

capacity optimal.

We employ the samestructure of (5.11) but usetwo di�eren t rotation matrices
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Figure 5.4. TAST and LD codesfor two transmit and receive antennas, two layers,
R=6 bit/transmission, and QPSK modulation.

M i = m(� i ), i = 1; 2, one for each thread. Following the designalgorithm in Sec-

tion 5.2.1, the best X is obtained via exhaustive search over � i and � i to minimize

AUB. The optimization is done at SNR= 20dB and the resulting parametersare

M 1 = m(� =4); M 2 = m(0:06� ), � 1 = 1 and � 2 = ej 0:26� .

Figure 5.5 shows the codeword error rate of the RTST code and comparesit

with the TAST code. As shown, there is 1dB and 1.6dBcoding gain at codeword error

rate 10� 5 and 10� 6 respectively which is achieved over the TAST code. It should be

mentioned that both of thesecodeshave the samelayeredstructure, so the decoding

complexity of both codesis the same.As illustrated in the �gure, the AUB is a tight

upper bound.

Similarly, for the designof RTST code for three transmit and three receive

antennas,we usethe rotation matrix of T3;3;3 [59]. The rotation matrix in T3;3;3 is
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Figure 5.5. TAST codesand new code, for two transmit and two receive antennas,
R=6 bit/c hannel use,with 8PSK modulation.

M = m(� ; � ) = (1=3)

0

@
1 � ej � e2j �

1 � ej � ej � � (1 + ej � )e2j �

1 � e2j � ej � � (1 + e2j � )e2j �

1

A ; (5.12)

wherefor TAST � = 2� =9 and � = 2pi=3. The rotation matrix M is unitary therefore

resulting X is alsounitary, so the T3;3;3 is capacity optimal.

We employ three di�eren t rotation matrices M i = m(� i ; � i ) for i = 1; 2; 3 in

the code designalgorithm explainedin Section5.2.1. Then the best X is obtained by

minimizing AUB over � i ,� i , and � i . The optimization is done at SNR= 20dB. The

resulting parametersare M 1 = m(0:222� ; 0:667� ); M 2 = m(0:135� ; 0:900� ), M 3 =

m(1:10� ; 0:800� ), � 1 = 1, � 2 = ej 0:553� and � 3 = ej 1:107� . The linear transformation

matrix of the RTST code is shown in (5.13)

Figure 5.6 illustrate the capacity of the newRTST code. Obviously, the lossin

capacity of the new code comparedto the optimal-capacity TAST code is negligible.
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Figure 5.6. TAST codesand the new code, for three transmit and receive antennas,
R=6 bit/c hannel use,with QPSK modulation.

XRT ST =

0

B
B
B
@

0:3333 � 0:2553 0:0579 0 0 0 0 0 0
0 0 0 0:3321 � 0:2357 0:0291 0 0 0
0 0 0 0 0 0 0:3283 � 0:2143 0:0000
0 0 0 0 0 0 0:3283 0:3283 0:2887

0:3333 0:3132 0:2553 0 0 0 0 0 0
0 0 0 0:3321 0:3220 0:2731 0 0 0
0 0 0 0:3321 � 0:0863 � 0:3021 0 0 0
0 0 0 0 0 0 0:3283 � 0:1140 � 0:2887

0:3333 � 0:0579 � 0:3132 0 0 0 0 0 0

1

C
C
C
A

+ i

0

B
B
B
@

0 � 0:2143 0:3283 0 0 0 0 0 0
0 0 0 0:0291 � 0:2357 0:3321 0 0 0
0 0 0 0 0 0 0:0579 � 0:2553 0:3333
0 0 0 0 0 0 0:0579 � 0:0579 � 0:1667
0 � 0:1140 � 0:2143 0 0 0 0 0 0
0 0 0 0:0291 � 0:0863 � 0:1912 0 0 0
0 0 0 0:0291 0:3220 � 0:1409 0 0 0
0 0 0 0 0 0 0:0579 0:3132 � 0:1667
0 0:3283 � 0:1140 0 0 0 0 0 0

1

C
C
C
A

(5.13)
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Figure 5.7. TAST codes and the Modi�ed TAST, for three transmit and receive
antennas,R=6 bit/transmission, and QPSK modulation.

Figure 5.7 shows the codeword error rate of the RTST code and comparesit

with the TAST code. As shown, there is 0.5dB gain at codeword error rate of 10� 6

which is achieved over the TAST code.

5.4 conclusion

In this chapter, we introduceda new layeredspace-timecode by modifying Threaded

Algebraic Space-Time(TAST) codes. The new code has the layered structure of

the TAST code without having its algebraic constraint. We also propose a new

design criterion for medium range SNR, Average Union Bound (AUB). The new

codesdesignedwith AUB criterion show a signi�cant coding gain over TAST codes

without any addedcomplexity.



CHAPTER 6

EFFICIENT SPACE-TIME BLOCK CODES DERIVED FROM
QUASI-ORTHOGONAL STRUCTURES

In this chapter, We designa new classof codeswith excellent performancewhich are

derived from a quasi-orthogonalstructure (but are not quasi-orthogonalcodes).

Quasi-orthogonalspace-timecodes(QOSTC) [36] were designedwith an eye

towards low-SNR performancewhile having simple decoding complexity. However,

QOSTC could not achieve full diversity. A pairwise constellation rotation was pro-

posed [39, 40] to overcomethis problem. It is possible to apply the constellation

rotation to either of the two parts of the quasi-orthogonalcode, so two di�eren t fam-

ilies of quasi-orthogonalcodes can be obtained for the caseof, e.g., four transmit

antennas.

We design a new code by combining these modi�ed quasi-orthogonalcodes

and then pruning codewords from the combined code to achieve superior coding

gain. To be speci�c, we choose our codewords from among a superset consisting

of the union of two modi�ed quasi-orthogonalcodes. The pruning is achieved by a

set partitioning algorithm applied to each of the constituent quasi-orthogonalcodes.

This set partitioning is inspired by the techniques�rst proposedby [38] and further

enhancedby the authors in [70]. The former method is speci�cally for QOSTC and

the secondone is the generalspace-timecode set partitioning method.

As a result of the manner in which we construct our code, the overall designis

no longerquasi-orthogonaland thereforeit doesnot directly inherit the easydecoding

enjoyed by quasi-orthogonalcodes. Therefore,we proposean e�cien t ML decoding

algorithm whoseaveragecomplexity is closeto twice the complexity of the quasi-

70
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orthogonal decoder of similar rate. The performanceof the new code, in terms of

error rate, is superior to any of the block space-timecodeswe tested,whencompared

at the samerate and SNR. This includes enhancedquasi-orthogonalcodesand the

enhancedLD codesof [16].

We usethe following notation throughout this chapter. Uppercasebold letters

denotematrices, for examplecodewords are denotedwith X ; Y ; Z and unitary trans-

form with U which we concisely(but not entirely accurately) refer to as \rotations"

in the sequel.Script letters denotesetsof codewords, e.g. S; T . Subscriptsare used

to denoteset partitioning. For conveniencewe de�ne the multiplication of a set and

a matrix, for exampleSU , as a new set whosemembers are the members of S each

multiplied by U .

The function D(�; �) computes the distance between two sets of codewords.

With an abuseof notation we may seea codeword as one of the arguments of this

function, which should be interpreted as the set consistingof that singlecodeword.

6.0.1 SystemModel

The systemmodel consistsof a MIMO systemwith L t transmit and L r receive an-

tennas. A 
at fading channel is assumed,where the channel gains are constant

during each fade interval and independent in successive intervals. The received sig-

nal, denotedby a T � L r matrix R, after matched �ltering has the following form:

R =
p

�=L t XH + N . T represents the number of time slots for transmitting one

block of symbols. � is the averagereceived signal-to-noiseratio per antenna. The

matrix S is a QOSTB codeword of sizeT � L t . The channel matrix H = f hij g has

the sizeof L t � L r where hij is the fading channel coe�cien t between j th received

antenna and i th transmit antenna. The AWGN is shown by the matrix N . The re-

ceiver employs maximum likelihood (ML) decoder with perfect knowledgeof channel
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state information.

6.0.2 Modi�ed Quasi-OrthogonalSpace-TimeCodes

We focus on the caseof L t = 4 whereeach codeword transmits four symbols at four

timing slots. We start with the modi�ed QOSTC [39], which achieves full diversity.

The modi�ed codeappliesa constellationrotation either on the �rst pair or the second

pair of symbols. The code structure is

X (� 1; � 2) =

0

B
B
@

ej � 1 x1 ej � 1 x2 ej � 2 x3 ej � 2 x4

� e� j � 1 x �
2 e� j � 1 x �

1 � e� j � 2 x �
4 e� j � 2 x �

3
ej � 2 x3 ej � 2 x4 ej � 1 x1 ej � 1 x2

� e� j � 2 x �
4 e� j � 2 x �

3 � e� j � 1 x �
2 e� j � 1 x �

1

1

C
C
A ; (6.1)

where x1; x2; x3; and x4 are symbols from the constellation consideredand � 1 and

� 2 are the rotation angles. For each pair (� 1; � 2), matrices X (� 1; � 2) constitute a

completequasi-orthogonalcodebook. Thus by changing (� 1; � 2) we can generatea

family of codebooks, to be usedin our designprocessbelow.

6.0.3 DistanceCriterion

We usethe Coding Gain Distance(CGD) asthe designcriterion, which we introduce

below in a manner similar to [42]. For two codewords X and Y construct A
4
=

(X � Y )(X � Y )H , and then de�ne CGD = det(A ). By extension, the minimum

CGD of a codebook S is de�ned asthe minimum of CGD of all non-identical codeword

pairs in S � S. Similarly the distancebetweentwo codebooks S and T is D(S; T ) =

min det(A (X ; Y )).

6.1 Code Design

To designthe new codebook, we start from a union of quasi-orthogonalcodebooks,

which obviously has more code vectors than we needfor our desiredrate. Then we
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usepruning to reducethe number of codewords in a way that the minimum distance

of the codebook is increased,and thus the performanceof the code is improved.

In particular, westart with the union of two quasi-orthogonalcodebooksT [ S,

whereS = f X (� 1; 0)g and T = f X (0; � 2)g. SinceS[ T hastwiceasmany codewords,

the union is pruned down by one-halfto arrive at the new codebook C, which hasthe

original rate.

Clearly the performanceof the new codebook C is bounded below by the

performanceof quasi-orthogonalcodesS and T , becauseeach of them is onepossible

pruning of S [ T . Therefore,this processcan only improve the code. The empirical

fact is that it indeeddoesso in a signi�cant way, and the resulting code is better, for

examplein the caseof BPSK it is better by 1.3 dB.

Next, weexplorethe pruning of the supersetS[ T . The most general(globally

optimal) pruning of this superset would be very di�cult. Instead, we present one

systematic way of doing so. We note that the new codebook can be written as

C = S� [ T � , whereS� and T � are the surviving membersof S and T after pruning.

It is evident that if the code C is to be a good code, then constituent codesS� and

T � must alsohave good distanceproperties.

The above observation suggestsa technique for designingthe new code. We

�rst partition the codebooks S and T such that each partition has good distance

properties. Then we combine partitions in a judicious way to construct C.

In order to clarify the method, let's �rst focuson the code designexamplefor

BPSK symbols where � 1 = � 2 = � =2 is the optimum value. The set partitioning of

the code S into two subcodesgives

S1 = f 0000; 0011; 0101; 0110; 1001; 1010; 1100; 1111g (6.2)

S2 = f 0001; 0010; 0100; 0111; 1000; 1011; 1101; 1110g; (6.3)
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Figure 6.1. New code designfrom quasi-orthogonalusing BPSK modulation

whereeach codeword hasbeenrepresented by its four binary symbols (x1; x2; x3; x4).

In the samemanner, the code T can be set partitioned into T1 and T2, which are,

respectively, similar to S1 and S2 with the secondpairs in each codeword rotated by

� =2.

Table 6.1 shows the inter subcode distances.The minimum CGD of the new

code S or T is

D(S1; S2) = D(T1; T2) = 256:

Looking at the inter-distancesof subcodes,we can pick S1 from S and T2 from T to

form a new code as shown in Figure 6.1. The minimum CGD of the code has risen

up to

D(S1; T2) = 2304

which is much greater than the distanceof the code S or T . This guaranteesbetter

performance.
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Table 6.1. CGD of the set partitions for BPSK constellation
D(:; :) S1 S2 T1 T2

S1 0 256 0 2304
S2 256 0 2304 0
T1 0 2304 0 256
T2 2304 0 256 0

6.1.1 Augmented Code Design

Unfortunately we found that for higher rate codes,the pick-and-choosemethod alone

does not always improve the distance properties of the original (constituent) code-

books. In other words, the quasi-orthogonalfamilies mentioned above do not always

provide a su�cien tly rich set of codewords to choosefrom. In order to overcomethis

limitation, we allow the rotation of the constituent codebooks. To preserve quasi-

orthogonality of the constituent codebooks, we useunitary operations, that is

T  T U ; (6.4)

whereU is a unitary rotation.

More speci�cally, we propose to use diagonal unitary rotations, for the fol-

lowing reason. One of the properties of the QOSTC is that the transmitted power

from each antenna at each transmissiontime is one. Using diagonalunitary rotation

matrix preservesthis property. In other words,peak-to-averagetransmitted power at

each time instanceremainsone. Thus,

U = diag(ej � 1 ; ej � 2 ; ej � 3 ; ej � 4 ); (6.5)

wherediag(�) denotesa diagonalmatrix.

A unitary rotation doesnot changethe distanceproperty of a code. Therefore,

set partitioning of the code still remainsthe same,but each subcode is rotated. Now
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Table 6.2. CGD of the set partitions for QPSK constellation
D(:; :) S1 S2 T1 T2

T1 0 2.33 0 16
T2 2.33 0 16 0

T1U 0 43.94 0 16
T2U 43.94 0 16 0

we canbuild the newcode. We canpick onesubcode from S and onerotated subcode

from T . The goal is to designa good unitary matrix that increasesthe minimum

distanceof the code, in other words

max
U

D(S1; T2U ):

U could be obtainedby exhaustive search. Table6.2shows the crossdistances

for QPSK constellation and U =diag(ej 0:9� ; ej 1:1� ; ej 1:6� ; ej 0:4� ). As shown, U helps

to increasethe minimum distancefrom 16 to 43.94.

6.2 Decoding Algorithm

One of the advantagesof quasi-orthogonalcodes is simple decoding. In particular,

each quasi-orthogonalcodeword consistsof two typesof sub-matrices,each of them

possibly an orthogonal or quasi-orthogonalcodeword of lower dimension. The stan-

dard decoding processfor quasi-orthogonalcodes allows the distance metric to be

written as a sum of metrics for these two sections,thus simplifying the ML detec-

tion. We refer to this construction of the metric, and the corresponding detection

algorithm, as quasi-orthogonal decoding [42].

For our newcode,weareinterestedto maintain, asmuch aspossible,the simple

decoding a�orded by the quasi-orthogonalstructure, while achieving the performance

of ML decoding. In generalthe new codebook C doesnot by itself present a direct
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way of simple ML decoding. However, our knowledgethat the codewords of C come

from either S or T , can be usedto construct an e�cien t decoding algorithm.

The decoding algorithm is motivated by the conditioning ideasthat have been

used,e.g.,in spheredecoding. Considerthat each receivedcodeword either belongsto

S or to T . Of coursethe decoder doesnot know a-priori which is the case.Therefore,

the decoder performstwo quasi-orthogonaldetections,accordingto codebooksS and

T , resulting in two codeword candidatesX̂ s and X̂ t respectively. We then check to

seeif either or both of these two candidatesare actually members of C. If exactly

oneis a valid codeword, the decoding is successful.If both are valid codewords, then

we choosethe one that has the better ML metric. If neither is a valid codeword, we

have no choice but to do (the equivalent of) an exhaustive search on C. However,

thankfully the probability of this last event is very small for reasonablecodeword

error rates, and thus the averagecomplexity of decoding is minimally impacted by

the last case.The 
o w of decoding is summarizedin Figure 6.2.

1. Do quasi-orthogonaldecoding usingcodebook S, call the result X̂ s.

2. Do quasi-orthogonaldecoding usingcodebook T , call the result X̂ t .

3. If X̂ s or X̂ t (but not both) belongsto C, it is declared the decoded codeword.

4. If both belong to C, then the one with the better ML metric is declared the decoded
codeword.

5. If neither X̂ s nor X̂ t belongsto the new codebook C, do exhaustivesearch.

Figure 6.2. Decoding algorithm

The computational complexity of this decoder depends on how often quasi-

orthogonal decoding producesa valid codeword. Whenever that happens,no further

action is required and thus a codeword has been cheaply detected. Whenever it

fails, the decoder can either declare failure (similar to the concept of a bounded
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distance decoder) or if we wish to build a complete decoder, we must search more

extensively amongcodeword candidates. Thankfully the probability of this event is

low unlesscodeword error probability is very high, in which caseone might argue

that the decoder is not working and the questionof complexity is moot. For example,

simulations show that for a 4� 1 systememploying a BPSK constellation,at codeword

error rates Pe = 10� 2 and Pe = 10� 3 the probability of being forced into exhaustive

search are only Pex = 0:0185and Pex = 0:0021respectively.

We now proceedto calculatethe metric for the pairwisedecoding. Each code-

word of the newcodebelongsto oneof the quasiorthogonalcodebooks. The decoding

metric after simpli�cation is

f 13(x1; x3; � 1; � 2; U ) + f 24(x2; x4; � 1; � 2; U ); (6.6)

where,

f 13(x1; x3; � 1; � 2) = (
4X

i =1

jhi j2)( jx1ej � 1 j2 + jx3ej � 2 j2)

� 2Re
�

x1ej � 1 (r �
1h1ej � 1 + r2h�

2e� j � 2 + r �
3h3ej � 3 + r4h�

4e� j � 4 )

+ x3ej � 2 (r �
1h3ej � 3 + r2h�

4e� j � 4 + r �
3h1ej � 1 + r4h�

2e� j � 2 )
	

+ 4Ref x1x �
3ej ( � 1 � � 2 )gRef h1ej � 1 h�

3e� j � 3 + h2ej � 2 h�
4e� j � 4 g

;

(6.7)

and

f 24(x2; x4; � 1; � 2) =(
4X

i =1

jhi j2)( jx2ej � 1 j2 + jx2ej � 2 j2)

� 2Ref x2ej � 1 (r �
1h2ej � 2 � r2h�

1e� j � 1 + r �
3h4ej � 4 � r4h�

3e� j � 3 )

+ x4ej � 2 (r �
1h4ej � 4 � r2h�

3e� j � 3 + r �
3h2ej � 2 � r4h�

1e� j � 1 )g

+ 4Ref x2x �
4ej ( � 1 � � 2 )gRef h1ej � 1 h�

3e� j � 3 + h2ej � 2 h�
4e� j � 4 ; g

(6.8)

and Ref :g is the real part of the argument. For the BPSK code where � i = 0 for all

i , the decoding is very simpler and the calculationsis signi�cantly decreased.
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6.3 Simulations

We assumea slow fading channel and one receive antenna. Figure 6.3 shows the

codeword error rate for the rate-onecode,which usesBPSK modulation. At codeword

error rate of 10� 4, gainsof 1:3 dB and 1:7 dB have beenobtainedover modi�ed quasi-

orthogonal spacetime code [39] and orthogonal spacetime code [34], respectively.

Figures6.4 shows the bit error rate for the code which usesBPSK modulation.

In order to clarify the gain achieved by the new code at rate 1 bit/s/Hz,

usingBPSK modulation, we comparethe code performancewith that of super quasi-

orthogonal space-timecode [38] in Figure 6.5. However, the complexity of the latter

one is much higher than our block code, we just want to highlight the signi�cant

coding gain that we can get without using any trellis structure.

Figure 6.6 depicts the performanceof the code for QPSK. The parametersof

the new codesare � 1 = � 2 = � =4 with U =diag(ej 0:9� ; ej 1:1� ; ej 1:6� ; ej 0:4� ). The code

has0:5 and 1:1 dB gain respectively over modi�ed QOSTC [39] and LD codesof [16].

6.4 Conclusion

We proposea new space-timecode whosecodewords are derived from two di�eren t

quasi-orthogonalspace-timecodes (QOSTC). Employing constellation rotations on

di�eren t pairs of QOSTC gives thesetwo sets. We selectthe codewords from these

two setsthrough setpartitioning in order to increasethe minimum codeword pairwise

distance. The resulting codesexhibit very good performanceand signi�cant coding

gain over existing codes.
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CHAPTER 7

SINGLE-BLOCK CODED MODULATION FOR MIMO SYSTEMS

We proposea new classof space-timecoding that provides coding gain without any

outer code or trellis. The new code derives its codewords from block space-time

codessuch as orthogonal [34] and quasi orthogonal [36, 39, 40] space-timecodes. In

principle, this method canalsobeappliedto any other classof block space-timecodes.

Although a space-timeblock code may provide full diversity and a simple

decoding scheme,they usually do not provide much (if any) coding gain. This is in

contrast to space-timetrellis codes[14], which provide full diversity aswell ascoding

gain but at a cost of higher decoding complexity. Thus there is a natural motivation

to combine better coding gain with the simple decoding o�ered by STBC. One way

to do so is to build trellises over STBC, and in fact Jafarkhani and Seshadri[42]

and Siwamogsathamand Fitz [44] independently proposeda full rate code which is

a concatenationof an outer trellis code with an inner space-timeblock code. These

codeswerenamedsuper-orthogonal codesby [42]. Naturally the outer trellis imposes

somecomplexity on the decoder.

A natural question at this point would be: why not add coding gain to the

block code itself? One would expect that the methodology of Ungerb•ock, namely

expandingthe constellation size, followed by a careful choiceof codewords from the

enlarged constellation, should be applicable to block signaling for MIMO system.

Figure 7.1showsa �gurativ eideaof how expansionandselectioncouldhelp to improve

the code performance.

For larger number of antennasand more complicatedconstellations,it is di�-

82
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Original Codewords Expanded Codebook Selected Codewords

Figure 7.1. Expansionand selectionidea

cult to systematicallyperform set partitioning, which is equivalent to selectingcode-

wordsout of expandedconstellations,for two reasons:First, by increasingthe number

of antennasand constellation dimension,the number of choicesincreases.For exam-

ple, constellation expansionby a factor of two via QAM in an L t antenna system

results in a factor of 22L t expansionin total number of codewords. Second,this ex-

pansionhappensin a higher dimensionalspace,and in generalit is not clear how to

systematically approximate centers of packed spheresfrom the elements of a given

higher-rate lattice in high-dimensionalspaces.

However, considerthat setpartitioning is nothing but a systematicmethod for

pruning a larger codebook. Even without a systematic set partitioning, one should

still be able to do the pruning. This basicidea is the cornerstoneof the developments

in this chapter.

In this chapter, we present a coded modulation technique for spacetime block

codes. In order to designa code, we employ the existing space-timeblock codes,e.g.,

orthogonal and quasi-orthogonalblock space-timecodes (OBSTC and QOBSTC).

Due to decoding simplicity of orthogonal codes,in this chapter we focuson this type

of codes,however the proposedmethod is generaland can be applied to any MIMO

block code, including, e.g., LD and TAST codes. We employ a coding technique

via selection of certain space-timeconstellation to increasethe minimum distance
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between the codewords. Becauseour codes do not involve a trellis, their decoding

complexity is smaller than either trellis space-timecodesor super-orthogonalcodes.

7.1 SystemModel

The systemmodel consistsof a MIMO systemwith L t transmit and L r receive anten-

nas. A 
at fading channel is assumed,where the channel gains are constant during

each fade interval and independent in successive intervals. The received signal, de-

noted by a T � L r matrix R, after matched �ltering has the following form:

R =
r

�
L t

SH + N : (7.1)

T represents the number of time slots for transmitting oneblock of symbols. � is the

averagereceivedsignal-to-noiseratio per antenna. The matrix S is a block space-time

codeword of sizeT � L t . The channelmatrix H = f hij g hasthe sizeof L t � L r where

hij is the fading channel coe�cien t between j th received antenna and i th transmit

antenna. The AWGN is shown by the matrix N . The receiver employs maximum

likelihood (ML) decoder with perfect knowledgeof channel state information.

We usethe so-calledaverageunion bound (AUB) asthe designcriterion which

ensuresgood performance[71]. We introduceAUB below in a mannersimilar to [69].

PU =
1
nc

X

i;j ;i 6= j

Pe(ci ; cj ) (7.2)

whereci and cj are codewords from code S and nc is the total number of codewords

and Pe(ci ; cj ) is the PEP expression,

Pe(ci ; cj ) i 6= j =
1
�

Z � =2

0

rY

i =1

(1 +
� i �

4sin2�
)� L r d� (7.3)

wherer = min(L t ; L r ) and � i are the singular valuesof

A = (ci � cj )(ci � cj )H :
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7.2 Code Design

The new code is derived from expurgation of the expandedoriginal code, i.e. our

code utilizes the codewords of the expandedorthogonal space-timecode. The expan-

sion is made possiblethrough the useof higher modulation constellation sizein the

orthogonalor quasi-orthogonalstructure. The resulting expandedcode obviously has

more codewords than we needfor our desiredrate. Then we usepruning to reduce

the number of codewords in a way that the minimum distance of the codebook is

increased,and thus the performanceof the code is improved.

We start with an exampleof Alamouti code [33] using 8PSK constellation. In

this case,we have L t = 2, and the code is

X 2� 2 =
�

x1 x2

� x �
2 x �

1

�
(7.4)

where x1 and x2 are taken from 8PSK constellation. The code consistsof 64 code-

words. Wecanexpandthe codeby switching to 16QAM constellation,which increases

the number of codewords to 256. Then the expandedcode can be pruned down by a

factor of four to arrive at a new codebook which hasthe original rate. The new code

has shown about 0:9dB gain when comparedwith the original Alamouti code using

8PSK.

The pruning method playsan important role in achieving this gain. Weexplain

the pruning through two steps. First considera basicgreedyalgorithm. We will use

the following notation in the sequel: The basic (original) codebook will be denoted

C, the expandedcodebook C0, and the pruned (optimal) codebook C� .

The basicalgorithm starts by picking a codeword at randomfrom the expanded

orthogonalcodebook. Wepick the codewordsoneafter anotheraccordingto distance,

in other words, at each step, we pick the next codeword to be as far aspossiblefrom
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Figure 7.2. Incremental codeword selectionalgorithm. Paths with bad distanceprop-
erties are terminated.

all previouslypickedcodewords. We continueuntil the requirednumber of codewords

have beenselectedfrom amongthe expandedcodebook.

The basic (greedy) algorithm, however, has a weaknesssharedby many such

optimization algorithms: it hasa tendencyof falling into a local minimum. Therefore,

we modify it slightly as follows.

At each step of the algorithm we may have several good choicesfor codewords

whoseminimum distancesare not that di�eren t. Picking the very best one might

be shortsighted becauseit may block future options. Therefore, instead of only one,

we considerseveral codewords as candidatesin each step. This will lead to a tree-

basedalgorithm. Naturally, if we allow the tree to expand inde�nitely , the design

complexity will run out of hand. Therefore,at each step, we deletesomeof the least

attractiv e paths in the designtree. Without further embellishment, we mention that

this method is similar to discrete optimization methods utilized in somedecoding
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algorithms, however, we omit a completedescription of lineageof such algorithms in

the interest of brevity.

Figure 7.2 shows how the code selectionprocessworks for the �rst four code-

words in a hypothetical example. The �rst codeword is selectedrandomly. For the

secondcodeword, we keep a few of the best choices. For each of the possibilities

that are alive, a third codeword is sought, and so on. At each step, the paths that

do not yield attractiv e distance properties (between so-far selectedcodewords) are

eliminated. The others are kept alive to allow choicesfor the future. Experiencehas

shown that a fully greedyalgorithm that keepsonly the best codeword at each step,

is too susceptibleto local optima.

The performanceof the algorithm depends also on a good choice of initial

point. Although it is possibleto start from (several) random point(s), a better way

is to do the set partitioning on the original code [42] and pick a set partition as an

initial set. In this way, we are surethat the initial codeword candidatesalready have

a good distancecriterion.

The algorithm consistsof simple stepsthat can be expressedas follows.

1. Selecta codeword or a set of codewords as initial set S1,

2. Make new setsby augmenting the setsSi via adding only one codeword from

the expandedcode C0,

3. Check the distanceof each newnormalizedsetsand only keepthe setsthat give

minimum PEP,

4. If number of codewords in Si is not su�cien t then go to Step 2,

5. All remaining Si are potential new codes.
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In casesthat the expansionis donethrough non-unit power constellationssuch

as 16QAM, power normalization should be performed. Although the averagepower

of the expandedcode is unity at each transmissiontime, but each codeword may have

more or lessthan unit power at each transmissiontime. Therefore,we may compare

di�eren t setsthat have di�eren t power level. In order to avoid such a problem, power

normalization can be donefor each set at each step of the algorithm.

7.3 Decoding

The key issueat the decoder is to ensurethat the simplicity of the decoding is to

someextent maintained. In other words, to ensurethat we can still make use of

the structure of the codebook even though it is no longer quite as structured as the

original codebook (due to expurgations). In particular, each orthogonal codeword

consistsof elements of a givenexpandedconstellation. The standarddecoding process

for orthogonal codes allows the distance metric to be written as a sum of element-

wisemetrics, thus simplifying the ML detection. We refer to this construction of the

metric, and the corresponding detection algorithm, as orthogonal decoding [34].

For our newcode,weareinterestedto maintain, asmuch aspossible,the simple

decoding a�orded by the orthogonalstructure, while achieving the performanceof ML

decoding. In generalthe new codebook C� doesnot by itself present a direct way of

simple ML decoding. However, our knowledge that the codewords of C� are also

members of the expandedorthogonal code C0, can be usedto construct an e�cien t

decoding algorithm.

The decoding algorithm is motivated by the conditioning ideasthat have been

used, e.g., in spheredecoding [56]. Consider that each received codeword belongs

to the expandedcode. The decoder performs orthogonal decoding accordingto the

expandedcodebook, arriving at a candidatesolution. Wethen check to seeif this can-
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didate is actually a member of the expurgatedcode. If it is, the decoding is successful.

If it is not a valid codeword, we have no choice but to do a wider search. However,

thankfully the probability of this last event is very small for reasonablecodeword

error rates, and thus the averagecomplexity of decoding is minimally impacted by

the last case.The 
o w of decoding is summarizedbelow.

1. Do orthogonal (quasi-orthogonal)decoding on the expandedcodebook C0, call

the result ĉ.

2. If ĉ 2 C� , it is declaredthe decoded codeword.

3. If ĉ =2 C� , look for the other closestpoints till the closestvalid point is found.

The complexity of the wider search, in the unlikely events when it is required,

may be managedby usinga list decoding method. The list decoder successively tests

for the second,or third, : : : closestcodeword to the receivedvector, from the expanded

codebook, until a valid codeword in the pruned codebook is found as illustrated in

Figure 7.3. Due to the orthogonal structure of the expandedcodebook, each step of

the list decoding is easy.

For the caseof orthogonal codes,we proposea simple search method to �nd

the closestvalid codeword to the received point. In this case,the metric for each

symbol is calculated separately. So the detection for every symbol is reducedto a

2-dimensionalcase.

As an example,considerthe generalM-QAM constellation. Figure 7.4 shows

a simple scenarioof a received point. Similar to the spheredecoding method, the

closestneighbors to the received point has been labeled accordingly. Now we can

pick the �rst k closestneighbors of each symbols of the codeword. Then the metric
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can be calculatedfor all possiblecombinations of the selectedneighbors (= kL t ) and

the closetvalid point is the ML decoded codeword.

The relative distanceto nearby constellation points naturally dependson the

received signal. To arrive at an ordered list of distances,we start from the nearest

constellation point, which was obtained in the �rst step of decoding. Then, depend-

ing on the location of received vector with respect to that nearest point, we can

systematically list other nearby constellation points in increasingorder of distance.

Inspection shows that 8 such lists exist. We divide the areaaround an MQAM point

into 8 regions,and dependingwherethe receive vector falls with respect to its closest

constellation point, oneof thesezonesis chosen,and the respective list is used. The

idea is that, becausetheselists have to be calculated and stored only once, the list

itself doesnot impact the decoding complexity, sinceits executionis equivalent to a

table-lookup.

Figure 7.5 illustrates the zoneassignment for a givenconstellationpoint which

is labeledas ij . The table in Figure 7.5 givesthe �rst nine closestneighbors for each

zone. The neighbors are represented as sij where i represents the column and j

represents the row of the given codeword in the QAM constellation structure. It

should be noted that the zonesfor the border points is lessthan eight. However, the

ordering in the table is still valid but the neighbors with i or j negative or bigger

than the constellation sizeshould be omitted.

We may also design new codes using quasi-orthogonalcodes. Each quasi-

orthogonal codeword consistsof two typesof sub-matrices,each of them possiblyan

orthogonalor quasi-orthogonalcodeword of lower dimension. The standard decoding

processfor quasi-orthogonalcodesallows the distancemetric to be written as a sum

of metrics for these two sections, thus simplifying the ML detection. We refer to

this construction of the metric, and the corresponding detection algorithm, asquasi-
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Figure 7.3. Decoder checks all candidate (expanded)codevectorsuntil a valid code-
vector is found.
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Figure 7.4. Symbol-wisedetection using M-QAM constellation. Labeling shows the
order of the closetconstellation points to the received point
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Zones around each constellation point

i i+1i-1

j

j+1

j-1

Zone n1 n2 n3 n4 n5 n6 , n7 n8 , n9

a sij s(i +1) j si ( j � 1) s(i +1)( j � 1) si ( j +1) s(i � 1)j , s(i +1)( j +1) s(i � 1)( j � 1) , s(i +2) j

b sij si ( j � 1) s(i +1) j s(i +1)( j � 1) si ( j � 1) si ( j +1) , s(i � 1)( j � 1) s(i +1)( j +1) , si ( j � 2)

c sij si ( j � 1) s(i � 1)j s(i � 1)( j � 1) s(i +1) j si ( j +1) , s(i +1)( j � 1) s(i � 1)( j +1) , si ( j � 2)

d sij s(i � 1)j si ( j � 1) s(i � 1)( j � 1) si ( j +1) si ( j +1) , s(i � 1)( j +1) s(i +1)( j � 1) , s(i � 2)j

e sij s(i � 1)j si ( j +1) s(i � 1)( j +1) si ( j � 1) s(i +1) j , s(i � 1)( j � 1) s(i +1)( j +1) , s(i � 2)j

f sij si ( j +1) s(i � 1)j s(i � 1)( j +1) s(i +1) j si ( j � 1) , s(i +1)( j +1) s(i � 1)( j � 1) , si ( j +2)

g sij si ( j +1) s(i +1) j s(i +1)( j +1) s(i � 1)j si ( j � 1) , s(i � 1)( j +1) s(i +1)( j � 1) , si ( j +2)

h sij s(i +1) j si ( j +1) s(i +1)( j +1) si ( j � 1) s(i � 1)j , s(i +1)( j � 1) s(i � 1)( j +1) , s(i +2) j

Figure 7.5. Zone assignment for sij , i and j respectively represent the columnsand
rowsof M-QAM constellationand the table shows the neighbors list ordereddistance-
wise for each zone
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orthogonal decoding [42]. The decoding algorithm is similar to the orthogonal codes

except the type of decoding.

For the caseof quasi-orthogonalcodes, we can employ the spheredecoding

method suggestedby [72] incorporated in the samedecoding algorithm. In cases

that the decoded codeword is a non-valid codeword, the list decoding method can be

applied. It is neededto properly detect the �rst n neighbors of the received point for

a given reliabilit y. The radius of the spherefor each decoupledmetric part can be

determined with regard to the noisepower to make sure that we have selectedthe

required number of neighbors.

7.3.1 Decoding Complexity

We study the decoding complexity along two directions: the averagecomplexity and

the instantaneouscomplexity. Averagecomplexity, as the name implies, represents

the complexity of decoding averagedover all possiblecodewordsand receivedvectors.

This givesa rough overall idea about the requirements of the algorithm, and as we

show below, our codescan be decoded in an averagecomplexity that is polynomial

in constellation size. Instantaneouscomplexity represents the complexity for a given

codeword and receive noise. This is an important factor becauseany implementation

of the decoding has �nite processingpower, and real-time processingrequires that

if the calculation is not �nished within the allowed time, a decoding error must be

issued.The instantaneouscomplexity is of coursea random quantit y, and we wish to

understandits distribution.

AverageComplexity

De�ne the expansionfactor a as follows

a
4
=

pe

po
(7.5)
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wherepe = jC0j, po = jC� j, and j:j givesthe cardinality of the argument.

We assumethat our code is designedwell, thereforethe distancebetweenthe

valid codewords are maximized in the spaceof all codewords, asshown in Figure 7.3.

As shown in the �gure, to decode, we can start from the received value and do a list

decoding of successive codewords, moving away from the received value, until a valid

codeword is found. However, the �gure also shows that we would visit at most a

codewords in this manner for a typical valid codeword. Each of thesevisits requires

an orthogonal decoding. Therefore, the overall complexity is represented by a times

a constant, which is independent of the constellation size.

Instantaneous Complexity

We now look at the list decoding mentioned above. We are now interested to see

what is the probability of visiting a certain number of expandedcodewords before

arriving at a valid codeword, at which point the decoding terminates.

We note that in many practical scenarios,the closest codeword is a valid

codeword with high probability, thereforethe search terminatesafter the �rst try. For

example,simulations show that for a 4 � 1 systememploying a BPSK constellation,

at codeword error rates 10� 2 and 10� 3 the probability of being forced into a wider

search (after the �rst try) is lessthan 0:01 and 0:001respectively.

Now we calculate an approximation of the probability distribution of list de-

coding length. We know that on averagea neighbors are visited, however, for a

given codeword the search depth could be higher or lower. This calculation is needed

becausewe needto designa receiver such that with high probability, it canaccommo-

date the depth of list decoding that is necessary. The following result demonstrates

that the list decoding depth hasat worst a geometricprobability distribution.
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Theorem 4 Randomly label po codewords of a code of sizepe as valid codewords and

label the rest as invalid. Then if we randomly pick n codewords, the probability of

having at least one valid codeword amongthem is lower bounded by

1 � (1 � a� 1)n :

Pro of: he probability of having no valid codeword in n randomly selectedcodewords

is

pnv (n) =

� pe � po
n

�

� pe
n

� ;

where
� pe

n

�
givesthe number of all possiblecombinations of choosingn from pe. Now

the probability of having at least onevalid codeword is

pv(n) = 1 � pnv (n)

= 1 �
(pe � po)(pe � po � 1) � � � (pe � po � n + 1)

pe(pe � 1) � � � (pe � n + 1)

> 1 � (
pe � po

pe
)n

= 1 � (1 � a� 1)n : (7.6)

�

Sincen is in the exponent in (7.6), pv convergesto onevery fast, however, for

the codeselectedvia our selectionalgorithm the convergenceis evenfasterover n. The

code selectionalgorithm tries to separatethe codewords as much as possiblein the

spacein a way that having codewords clusteredtogether is highly unlikely. In other

words, from every a neighbor codewords of C
0
, on averageone codeword is valid.

Therefore, many possibleoutcomesof random selection are ruled out. Figure 7.6

illustrate the lower bound and the exactpv for po = 64codewordstakenfrom pe = 256

codewords of the expandedcode. For instancepv(16) = 0:9915and pv(25) = 0:9995.

For the examplecode stated in Table 7.1 which is derived from an Alamouti code
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using 16-QAM, pv equals to 0:9828; 0:9998 and 1 respectively for n equals to 9; 16

and 25. This meansthe search for the �rst 25 neighbors, or in other words the �rst

5 neighbors for each symbol, givesthe exact ML result.

7.4 Simulations

The simulation resultsareprovided for two, three,and four transmit antennasin block

fading. In this chapter, we focus on examplesof L t = 2 and L t = 3 for orthogonal

codes. However the generalizationfor higher number of transmit antennasis straight

forward.

Figure 7.7 shows the codeword error rate for the code rate R = 3 bits/Hz/Sec

and two receive antenna system. The original orthogonal code is an Alamouti code

using 8PSK modulation. The code consistsof 64 codewords. Our code is a selection

of 64 codewords taken from Alamouti code using 16QAM constellation. A gain of

0:9dB hasbeenobtained over the original Alamouti code.

For the caseof L t = 3 the code is

X 4� 3 =

0

B
B
@

x1 x2 x3

� x �
2 x �

1 0
� x �

3 0 x �
1

0 � x �
3 x �

2

1

C
C
A (7.7)

wherex1; x2, and x3 are symbols from the chosenconstellation and \ � " denotesthe

complexconjugateoperator.

Figure 7.8showsthe codeword error rate for the coderate R = 3=4 bits/Hz/Sec.

The original orthogonal codesis a 4 � 3 code of (7.7) using BPSK modulation. The

original code consistsof 8 codewords. Our codesare a selectionof 8 codewords taken

from the code using the samestructure but with QPSK and 8PSK constellation. Our

codesderived from 8PSK shows a gain of 1dB and 1:3dB respectively for one- and

two receive antennas.
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Figure 7.6. Probability of having at least onevalid codeword for n closestneighbors
wherea = 1=4, po = 64 and pe = 256.
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Figure 7.7. Orthogonal spacetime codesand expurgatedorthogonal code for L t = 2,
T = 2 and rate 3 bits per channel usein slow fading.
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T = 4 and rate 3=4 bits per channel usein slow fading.
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Figure 7.9. Modi�ed quasi-orthogonalspacetime codes and expurgated codes for
L t = 4, T = 4, and rate 1 bits per channel usein slow fading.
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Table7.1. Newcodeexpressedwith the indicesof the codewordstakenfrom expanded
code

Code Constellation L r Indices

X 2� 2 16-QAM 2 1, 4, 7, 13, 16, 18, 26, 31, 37, 40, 43, 46, 49, 52, 55, 61,
64, 66, 72, 74, 85, 87, 92, 93, 97, 99, 105, 111, 120, 122,
133,135,140,141,143,145,148,155,166,173,176,178,
181,188,190,193,196,202,208,210,215,217,220,222,
227,229,232,239,241,244,247,250,253,256

X 4� 3 4-QAM 1 1, 7, 9, 15, 35, 37, 43, 45

X 4� 3 8-PSK 1 1, 21, 107,160,293,305,335,444

X 4� 3 4-QAM 2 1, 7, 9, 15, 35, 37, 43, 45

X 4� 3 8-PSK 2 1, 21, 107,160,293,305,335,444

X 4� 4 4-QAM 1 1, 11, 35, 41, 88, 94, 118, 128, 131, 137, 161, 171, 214,
224,248,254

X 4� 4 4-QAM 2 1, 11, 35, 41, 88, 94, 118, 128, 131, 137, 161, 171, 214,
224,248,254
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When L t = 4, each codeword transmits four symbols at four timing slots.

To design our codes, we start with the modi�ed QOSTC [39], which achieves full

diversity. The modi�ed code appliesa constellation rotation either on the �rst pair

or the secondpair of symbols. The code structure is

X 4� 4 =

0

B
B
@

ej � x1 ej � x2 x3 x4

e� j � x �
2 e� j � x �

1 x �
4 x �

3
x3 x4 ej � x1 ej � x2

x �
4 x �

3 e� j � x �
2 e� j � x �

1

1

C
C
A (7.8)

where x1; x2; x3; and x4 are symbols from the constellation and � is the rotation

angle applied on the �rst pair of symbols. For each � , matrices X 4� 4 constitute a

completequasi-orthogonalcodebook. Thus by changing � we can generatea family

of codebooks.

Figure 7.9 shows the codeword error rate for the code rate R = 1 bits/Hz/Sec.

The original modi�ed quasi-orthogonalcodes is a 4 � 4 code of (7.8) using BPSK

modulation. The original code consistsof 16 codewords. Our code is a selectionof 16

codewordstakenfrom the codeusingthe samestructure but with QPSK constellation.

Our code driven from QPSK shows a gain of 1:5dB and 1:8dB respectively for one

and two received antennas at 10� 3 block error rate. The optimum rotation for the

original code is set to � = � =2.

Table7.1shows the designedcodebook, via indicesin the expandedcodebook.

We usea simple labeling accordingto the following convention. Each M -ary constel-

lation is labelednaturally (not Gray) asshown in Figure 7.10. The codeword symbols

are x1; : : : ; xN taking valueson this constellation. The function label(�) returns the

label of a constellationsymbol. The indicesof the expandedcodebook are calculated

via the following simple expression:

I =
NX

i =1

label(x i ) � M N � i + 1 (7.9)
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Figure 7.10. Constellation labeling

7.5 Conclusion

We proposea new space-timecode designtechnique by pruning codewords from an

expandedset of orthogonal space-timecodewords. We select the codewords from

the expandedset through an expurgation algorithm. The resulting codes exhibit

attractiv e coding gains,while maintaining very reasonabledecoding complexity.

It is instructiveto revisit the varietiesof space-timecodesdesignedfor diversity

that alsoprovidecoding gain. The �rst typeis trellis space-timecodes[14], which allow

coding gain but whosecomplexity is generally higher than block space-timecodes.

The secondtype is the super-orthogonalcodesof [42, 44] which are constructed by

expandingblock codebooks(e.g. Alamouti) and building trelliseson them. The third

type consistsof codespresented in this chapter, which incorporate coding gain into

the block code itself. Becausethey do not involve a trellis, their decoding complexity

is smaller than either [14] or [42, 44].
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