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ARQ ANALYSIS UNDER FINITE-STATE HIDDEN MARKOV MODELS

Kamtorn Ausavapattanakun, M.S.E.E.
The University of Texas at Dallas, 2005

Supervisor: Dr. Aria Nosratinia

In this work, we analyze two basic ARQ protocols, Go-Back-N (GBN) and Selective
Repeat (SR). Previous analyses of ARQ protocol have concentrated on simple two-state
Markov models. We solve a wider class of problems by characterizing both the forward and
reverse channels by finite-state hidden Markov models. We show that a Hidden Markov
Model (HMM) can describe a block fading channel. We then calculate the throughput of
GBN with reliable feedback, as well as unreliable feedback using block transition proba-
bilities.

We also calculate the throughput and delay of SR ARQ under HMM. The moment gen-
erating function (MGF) technique is used to find throughput and delay. To calculate
the MGF, we construct matriz signal flow graphs for the hidden Markov process. This
procedure can be useful for a variety of other HMM problems and is therefore of interest
by itself. Practical issues such as erasure errors and timeouts are included in our analyses,

which are verified by extensive simulations.
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CHAPTER 1

INTRODUCTION

1.1 ARQ Protocols

Error control techniques are used to provide reliable communications over noisy
channels. The commonly used techniques are Forward Error Correction (FEC), Automatic
Repeat reQuest (ARQ) or a combination of them called hybrid-ARQ. In ARQ), data is
protected by error detecting codes. If the receiver detects errors, the corresponding frame

will be retransmitted.

There are three basic ARQ protocols namely Stop-and-Wait (SW), Go-Back-N
(GBN) and Selective Repeat (SR). In SW, after sending a frame, the transmitter waits
for feedback. A new frame is transmitted only when a positive acknowledgment (ACK)
for the current frame is received. In contrast to SW, both GBN and SR protocols transmit
frames continuously without waiting for acknowledgment messages. So GBN and SR are

collectively called continuous ARQ protocols.

GBN is designed to operate without a re-ordering buffer at the receiver. Whenever
a frame is missing or erroneous, the receiver simply discards all subsequent frames and
sends no feedback for these discarded frames. So the transmitter has to retransmit all
frames, starting with the erroneous one. If the error rate is high, the GBN protocol is

inefficient.

In SR, only lost frames are retransmitted. Subsequent frames, which are correctly
received, are stored in the receiver buffer so that the frames are sent to higher layer in the

correct order. Because only lost frames are retransmitted, SR protocol is more efficient,



resulting in higher throughput. Therefore there is a trade-off between bandwidth and
buffer space. Depending on the availability of these resources, GBN or SR protocol will

be used.

1.2 Wireless Fading Channel Models

ARQ protocols have long been analyzed when channels are subject to independent
errors and reliable feedback. However, this assumption is not valid for wireless channels
subject to time-varying fading. To capture the temporal dynamics of wireless channel, a
simple two-state Markov model is frequently used. However, the two-state Markov chain

is not an accurate model for fading channels.

Kanel and Sastry [1] review different models (including Gilbert-Elliott model) for
channels with memory. Wang and Chang [2] use mutual information to verify that a
first-order Markov process can accurately model Rayleigh fading channel. The result is

confirmed by a study in [3].

Markov models for wireless fading channels have been intensively investigated.
In [4], the Rayleigh fading channel is modeled by finite-state Markov chain where a prob-
ability of error is associated with each state and Markov transitions between states are
assumed. Received Signal-to-Noise Ratio (SNR) is partitioned into a finite number of in-
tervals. Each interval is represented by a channel state. The probability of error for each
state is calculated using the p.d.f. of the received SNR. Assuming slow fading, the transi-
tion probabilities are approximated by the ratio of the expected level crossing rate and the
average symbols per second. Zhang and Kassam [5] develop and analyze a methodology

to partition the received SNR.

Tan and Beaulieu [6] examine the validity of first-order Markov chains for Rayleigh

fading channel. Instead of using mutual information, autocorrelation function (ACF) of



both processes are compared. Because Markov processes have an exponentially decaying
ACF, the shape of the ACF is quite different from the fading channel’s. A new method
of modeling a fading channel is proposed in [7]. The Markov states are given by not only
partitioning the amplitude of fading envelope but also the variation speed. The model is

a better fit of the ACF of a fading process.

These models can be called Hidden Markov Models (HMM) because the transmis-
sion condition of a frame depends on the Markov states which are unobservable. Turin [§]
demonstrate that fading channel can be accurately modeled by HMMs. Even through the
two state Markov channels are traceable and simple to analyze, a number of states with

arbitrary probabilities of error might be required to accurately model fading channels.

1.3 ARQ Analysis

Throughput of Go-Back-N (GBN) under two-state Markov and k-order Markov
channels has been reported respectively in [9] and [10]. Both results assume error-free
feedback. Several papers [11, 12, 13] have analyzed GBN protocol when both forward
and reverse channels are described by two-state Markov errors. When the feedback is
unreliable, a mechanism is required to prevent deadlock. Cho and Un [12] studied two
GBN ARQ schemes, one with timer control and the other with buffer control. However,
with timer control, their result is actually upper bound of the throughput. The result
in [11] is a special case of the timer control in which the timer value equals round trip

time. The throughput of GBN with any timer value is presented in [13]

Turin [14] calculates the throughput of GBN under hidden Markov model (HMM)?.
The result is in the matrix form and can apply to any finite-state Markov channel but

valid for channels with reliable feedback or bit-reversal feedback errors. Nonetheless, our

I'The Markov model is, trivially, a special case of the HMM.



work has been influenced by the representation of a hidden Markov model in [14].

Throughput of Selective Repeat (SR) ARQ has been previously analyzed under
certain conditions. In particular, it is known that when the average packet failure prob-
ability is €, the throughput of the Selective Repeat ARQ is 1 — e. This simple answer is
independent of channel dynamics, but is valid only when feedback is reliable [10]. When
the feedback is unreliable, the analysis becomes complicated. Several works have studied
the throughput of SR under two-state Markov channels with noisy feedback. The feed-
back errors are modeled either by independent errors [11] or by a simple two-state Markov
process [12, 15, 16]. To date, the throughput of SR ARQ has not been analyzed under

more elaborate channel models.

In SR ARQ), there are three components of delay time called queuing delay, trans-
mission delay and re-sequencing delay. In this thesis, as we calculate the transmission
delay of SR ARQ, we use delay as a shorthand for transmission delay. In reliable feed-
back, the transmission delay can be calculated from the throughput using Little’s formula
in queuing theory (assuming the transmitter always have a frame to send). Kim and
Krunz [17] studied the total delay in a two-state Markov model. Defined as the sum of
transmission and re-sequencing delay, delivery delay under Markov channels is derived
in [18, 19]. Delay for in-sequence delivery of a higher-layer message consisting of multiple

link-layer frames has been presented in [20].

1.4 Scope and Outline of the Thesis

In this work, we analyze the performance of two basic ARQs, Go-Back-N (GBN)
and Selective Repeat (SR) under very general conditions for both the forward and reverse

channels. As discussed above, a wireless fading channel can be accurately described by

a hidden Markov model (HMM). We show that block fading, a popular model for slow



fading channels [21], can also be characterized as a HMM. Under HMM, we extend existing
results on throughput of GBN as well as present new results on throughput and delay
of SR. We assume the source always has data to transmit. To prevent deadlock when a

NACK is lost in transition, we use a time-out mechanism in both protocols.

We first generalize the results in [14] to find the throughput of GBN protocol. In
unreliable feedback, Turin [14] assumed bit-reversal errors, thus an error in the feedback
link would convert ACK to NACK and vice versa. Unfortunately this does not match
common practice. Modern packet communication systems use CRC to detect any errors,
and erroneous packets are discarded (erasure). We are able to address erasure errors on

both the forward and reverse link by using block-transition probabilities.

In SR analysis, We use the moment generating function approach, and for cal-
culation we employ the flow graph technique of Mason, which has been used for ARQ
analysis in [22, 10, 12]. However, the flow graph methods in the existing literature cannot
conveniently solve the multi-state Markov or the hidden Markov problem. We construct,
for the hidden Markov processes, an extension of Mason graphs with matrix-valued link
labels. Flow graphs with matrix labels, called matrix signal flow graphs (MSFG), were
introduced in 1957 for the purpose of multi-terminal circuit analysis [23], but have not

seen widespread use.

We use the MSFG to calculate the moment generating functions of two important
random variables: transmission time (how many times a packet must be transmitted) and

delay. From the generating functions, the average throughput and delay can be computed.

The outline of this thesis is as follows. Chapter 2 presents the analysis of GBN
protocol. The channel models used in our analyses are also discussed in this chapter. The
analysis of SR ARQ is presented in Chapter 3 including discussion of matrix flow graphs.

There are numerical results which verify the correctness of our analysis in both chapters.



CHAPTER 2

ANALYSIS OF GO-BACK-N ARQ

In this chapter, we provide throughput analysis of GBN ARQ under Hidden
Markov Models (HMM). We show that block fading can be represented by HMM. We
then discuss the results in [14] which can calculate the throughput of GBN under HMM
with reliable feedback. In noisy feedback, We assume erasure errors in the reverse channel

and analyze the throughput of GBN ARQ. Simulations verify our analysis.

2.1 Channel Models
2.1.1 Hidden Markov Models

At time t, the status of each transmission, denoted by X, is a Bernoulli random
variable taking values in X = {0, 1}, where value 0 denotes an error-free frame, and 1
means the frame is erroneous. The probability of error, denoted with ¢, is a function of
channel condition. This channel condition is modeled by a multi-state Markov process
Sy, with states S = {1,2,..., K} and probability transition matrix P. Each state S; = j
gives rise to a different error probability €;. We denote the set of all such probabilities
€ = [e1,€9,...,6K]|. The process X;, which is driven by the Markov process S;, is called

a hidden Markov process and is characterized by the quartet {S, X, P, e}.

For the purposes of future analysis, it is useful to define the joint probabilities of
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Figure 2.1. A diagram of a hidden Markov channel where S; is the Markov channel state
and X, is the Bernoulli observation

channel state and observation at time ¢, given the channel state at time ¢ — 1

P'T’(St :j,Xt = 1‘St,1 = Z) = P?”(St :j|St,1 = Z)PT(Xt = 1|St :j,st,1 = Z)
= P?”(St:j|5t,1 :Z)PT(Xt:1|St:]>
= P&
which we collect into a new matrix of transition probabilities P; = PB; where B; =

diag{e}. Similarly

PT(St:j,Xt:(”St_l:Z.) == PT(St:j|St_1:i)PT<Xt:O|St:j7St_1:Z')
= PT(St:j|St_1:Z)PT(Xt:O|St:]>
pij(1 —¢;)
which we collect into another matrix of transition probabilities Py = PBy where By =

diag{1 — e}. Figure 2.1 shows the transition of a hidden Markov channel.

Simply put, Py and P, are state transition probabilities when viewed jointly with
(conditional) channel observations. Note that Py + P; = P. With these definitions, it
is possible to formulate the HMM with {S, X, Po,P;}. This equivalent formulation is
similar to the one presented in [14] and is useful for the purposes of analysis. A similar

construction is possible for larger observation alphabets, leading to more P; matrices.
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2.1.2 Block Fading as a Hidden Markov Model

The hidden Markov model can describe a number of physical channels, for example
the fading wireless channel. However, for slow fading, often the block fading model is used,
where the channel condition does not transition every time, but only once every N time
intervals. Figure 2.2 shows the transition of a block fading channel. Thus, the transition

probabilities of the channel are not time-invariant.

To cast the problem once again in the framework of hidden Markov processes, we
need to expand the state space. We denote by Y; the channel quality at time ¢, taking
values from the set ) = {1,2,..., K}. Let the time index inside a block be represented
by the index n taking values over N' = {1,..., N}. Then the expanded state space is
defined as the Cartesian product s = (n, j) taking values over S = N x Y. The transition

probabilities between the states are as follows. For¢,j € Yandn=1,2,---N —1

. . 1, fm=n+landi=
PriSe = (m,i)[ S = (n. )] = { 0, otherwise ! (2.1)
Fori,j€Yand n=N
: . PriY,=i|Y,1 =7], ifm=1
Pris: = (mi)| S = (ng)] = { g 1T ERSL ey

Then S; is a Markov chain whose state transition matrix we denote with M. To

write the state transition matrix, we need a linear ordering of the states. The ordering



Figure 2.3. The state transition diagram of block fading with two channel qualities

does not affect the outcome of analysis, therefore we assume an arbitrary ordering and,
with an abuse of notation, show it with the same symbol s =1,2,..., NK. In each state
s the channel will have an error probability that we denote with €, and the vector of all

such probabilities is denoted with e.

For our examples we concentrate on the simple case where ) has only two values,
representing the good and bad fading situations. The state transition diagram is shown
in Figure 2.3. For clarity the states are labeled {G1, By, ...,Gn, By}, where G; and B;
represent the channel in a good or bad fading state, respectively, and the relative time

index within fading block is i.

Thus we have arrived at a HMM described by the quartet {S, X, M, e}, where S is
the state set, X = {0, 1} is the observation set, M is the state transition matrix and € is a
vector of error probabilities in all (hidden) states. For the purposes of analysis, we follow
the same formulation discussed above. Let A; = diag{e} and Ay = diag{1—e}. We have
M, = MA, and M; = MA;. Then the HMM is fully specified with {S, X', M, M } [14].
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2.1.3 Channels with Noisy Feedback

Now consider a channel with noisy feedback such that the forward and reverse
channels are mutually independent and each is described by a hidden Markov model.

Then the combined channel can also be characterized as a HMM, as shown below.

Let the forward and reverse channels respectively be {S) X/ ),Péf ),ng )} and
{S0), x0), P(()T), PY)}. The composite channel states are S(© = SU) x S the Cartesian
product of forward and reverse states. The transition probabilities of the composite states

are

Pr(s” = (om) |89 = (i.k) = Pr(s) = )57 =m| S =i 57, = k)
= Pr(s" =180 =) Pr(S” = m| ST = k)
= ppi
Or, in compact notation, P©© = PU) @ P, where ® denotes the Kronecker
product of matrices. Note that the stationary vector of this transition matrix is 7(9) =
7 @ 1) where 7(/) and 7(") are the stationary vectors of the transition matrices P(/)
and P() respectively. We can also define the combined observation set to be X(©) =
X x x™ = {00,01,10,11} where X = 00 means both forward and reverse channels
are good while X? = 01 means the reverse channel is erroneous. For X'© = 11, the
joint probability of the combined observation and the composite state at time ¢ given the

composite state at time £ — 1 is

Pr(Sy” = (j,m), X\ = 1118\, = (i,k))
= Pr(SY = 4,87 =m, X =1,x" =18, =i,87, = k)
= PS8 = X = 1S5 = )Pr(s” = m, ST = 1157 = k)

= (D) () el
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So we have P!Y = PY) @ P, The probability matrices for other observa-

tions can be found in the same way. Finally, the composite channel is characterized
by {8©, x©@ PY PL PY P where S© = §0) x SO X = x¥() x X® and
each of the observation probability matrices is described by a Kronecker product, i.e,

PZ(;) =PV g PY) for i,5 = 0,1 (see also [24]).

2.2 Analysis in Reliable Feedback

Turin [14] calculate the throughput of GBN under this channel. The GBN trans-
mitter is represented by a finite state machine with k£ + 1 states where k is the round trip
time. In state 0, an ACK is decoded and the next message is sent. In state 1, a NACK
is decoded and the frame is retransmitted together with all subsequent frames. Then
the transmitter has to wait for acknowledgment of the first frame. These waiting time is

represented by states 2,3,... k.

Let Px4 and Pxy be the probability matrix of decoding an ACK and NACK
respectively and Pxyxy = Pxa + Pxy. Also let Z ={0,1,...,k} represents these states.

The state transition probabilities are as follows. For Z;,_1 = 0 and k

PXA; lfg = O
PT[Zt:€|Zt_1] = PXN, ifr=1
0, otherwise

For Z, 1 =1,2,...,k—1

. Pxx, if¢=j+1
PT[Zt:mZt—l:J]:{OXX otherwise

Figure 2.4 show the state transition diagram of the GBN transmitter. Let T be

the block transition matrix and 7 = [mg 71 ... 7] be the stationary vector. Then the
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Figure 2.4. The state transition diagram of a finite state machine representing the trans-
mitter of GBN protocol

stationary vector can be obtained by solving the following system of equations.

il = =&
Z Te = T (2.3)
lez

where 7 is the stationary probabilities of the Markov state transition matrix. To find the
throughput of GBN, we do not need to find all elements of the stationary vector. The

throughput of GBN protocol is given by
’I’]:ﬂ'()]_ = W[I—PXNQ(]C)]_IPXA]_ (24)

where T is an identity matrix and Q(k) = 320 Pl ..

For example, consider block fading of length N = 3 and two channel qualities

(good and bad). Once every 3 time intervals, the channel quality is updated according to

the transition matrix

_|1=a q
SRR .
where the first row and column corresponds to the good channel condition, and the second
row and column to the bad channel condition. Now, for a Markov system that transitions

every time interval, using Equation 2.1 and 2.2, the state transition probability matrix

will be
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o, 1
| P o,

SO = O OO

S OO OO
o O oo~ O
S oo+~ OO

T

The error probability is equal to 5 and ep for the states corresponding to the
good and bad channel qualities, respectively. The vector of error probabilities is € =
[ ec € €¢ €B €¢ €p |. The diagonal matrices of the state error and success probabilities

are Ay = diag{e} and Ay =1— A,

Finally we have {S, X', My, M;} as a HMM channel where My = MA, and M; =
MA . Notice that the state transition probability M is periodic with period N so the
limiting state probabilities do not exist [25]. However, the stationary probabilities can be

found by solving the following system of equations.

™ = 7

= 1 (2.6)

where 1 is a column vector of ones. Because the reverse channel is error-free, we have
Pxa= M, Pxy =M and Pxx = My+ M; = M. From Equation 2.4, the throughput
of GBN protocol is

n=7[l—-MQ(k)] "Ml

2.3 Analysis in Unreliable Feedback

Let the composite channel be characterized by {S, X, Mgy, Mo1, My, My;}. In
this context, X; = 00 means both channels are good while X; = 01 means the reverse

channel is erroneous. Note that M = My + Mg + Mg + My;.
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In [14], it is assumed that ACK errors are seen as NACK and vice versa, i.e., the
transmitter will either decode ACK or NACK for every frame. Most data communication
systems do not follow this model, however, as the frame in data link layer is normally
protected by CRC. Thus we will assume feedback errors result in erasure. To prevent
deadlock, we assume a timer mechanism is used as in [12]. Moreover, due to the nature of
GBN, receiving ACK or NACK for the ith packet means all previous packets have been

correctly received.

Both transmitter and receiver follow the rules of GBN protocol as in [13]. The timer
is set when a frame is (re)transmitted. If the timer expires before any acknowledgments
are received, the frame is retransmitted together with all the succeeding frames. So the
timeout (77) has to be greater than or equal to round trip time (7" > k). When ACKs or
NACKSs are erroneous, the transmitter will simply discard them. If the discarded frame
is an ACK, the message can be implicitly acknowledged by subsequent ACKs or NACKSs.

If the discarded frame is a NACK, the transmitter has to wait until the timer expires.

Let us first consider the special case T' = k. In this case when the acknowledgments
are decoded incorrectly, the timer has expired and the message will be retransmitted

immediately. Therefore the discarded ACK or NACK will have the same effect as NACK

correctly received. So we have

PXA = MOO

Pxy = Moy +M;jp+M;; =M — My

We can use Equation 2.4 to find the throughput in this scenario of T" = k. Next
consider the case T' > k. Define d = T — k so that d is the maximum number of lost
ACK before timer is expired. Then the transmitter can be represented by a finite state
machine with T+d+1 states, in state 0 an ACK is correctly decoded. States Li, Lo, ..., Ly

correspond to 1,2,...,d lost ACKs respectively. Finally in states W;,j =1,2,...,T the



transmitter is in the waiting period. Let Z = {0, Ly, Lo, ..., Lg, Wy, Wrp_4,..

15

'7W1}

represent the set of all states. The block transition probabilities of these states can be

given as follows.

For Z;,_1 =0,W;

Moo, lf f - 0
M017 lf f == Ll
PT[Zt =/ | Zt—l] = MH, if ¢ = WT
My, if £ =W,
0, otherwise
For Zt—l = Ll, LQ, e 7Ld_1
Moo, if £ =0
M()l, if £ = Lj+1
PT[Zt =/ ’ Zt,1 = LJ] = Mll; if ¢ = WT—j
M107 lf g == Wk
0, otherwise
For Z,_1 = L4
Mgo, lf E = O
PT[Zt:€|Zt_1:Ld]: M_MOO’ 1f€:Wk
0, otherwise

For Zt—l = WT,...,WQ

M, lf f = Wj,1

Pr(Zy =102, =W;] = { 0, otherwise

Let T be the block transition matrix and 7 = [m 7, 7r, ..

(2.7)

(2.10)

ML, 7TWT...7TW1] be

the stationary vector. Then the stationary vector can be obtained by solving Equation 2.3

where 7 is the stationary probabilities of M given in Equation 2.6. The throughput of

GBN protocol is given by

n = {mo+ (mp, + 27, +---+dmr,) (Mg + Mjo)} 1

— {wo + (Z Wu) (Moo + 1\/[10)} 1

(2.11)

Let’s consider an example of k =5 and 7' = 7 as in [13]. So there are 10 states,

Z =40, Ly, Ly, Wy --- Wi} in the finite state machine. Denote the composite
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channel with {S, X', Mgy, Mq1, Myg, My }. From Equations 2.7-2.10, the block transition

probability matrix will be

Moo My, 0 My, 0 Mo 0
MOO 0 MOl 0 Mll MlU 0
Moo 0 0 0 0 M — My 0
0 0 0 0 M 0 0
T=1 o 0 0 0 0 M 0
0 0 0 0 0 0 M
| Moy Mon 0 My, 0 Mo 0 |

The stationary probability vectors are calculated from the following system of

equations

o = (mo+ 7L, + 7, + Tw,) Moo
T, = (7T0+7TW1)M01
TLy, — 7TL1M01
Tw, = (Mo + mw,)Mn
TWe — 7TL1M11 +7TW7M

7'I'W5 = (7T0 +7TL1 +7TW1)M10 +7TL2(M — Moo) —|—7TW6M

w, = Tw;, M, j=4,3,2and 1
domo =7 (2.12)
lez

Substitute u = my + mw,. After some algebra, the following equation is obtained

which yields p.

iz {I + Moy + Mg, + My; + Mg My; + MM [Myo + Mg My

+ Mg M — Mg Mg + MMM + My MM] Q(k)} = (2.13)

where I is an identity matrix and Q(k) = Zf:_g M¢. From the first three equations of
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Figure 2.5. Throughput, n, vs. ¢ : analytical and simulation results for r = 0.3, e = 0.2,
eg=08and N =1,2,3

Equation 2.12, we have

o = (Moo + Moi Moo + Mo Mg M)
T, = NM01
TLy, = 1Mo Mo,

Finally substituting mo, 7, and 77, into Equation 2.11 will give the throughput of
GBN protocol.

2.4 Numerical Results

We compute numerical results for a channel with two quality levels, whose tran-
sition matrix is given in Equation 2.5. When feedback is reliable, the parameters of the
forward channel are the probability of error in each state (eg and ep), round trip time

(k), length of block fading (N) and state transition probabilities (r and ¢). The block
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Figure 2.6. Throughput, n, vs. Length of Block Fading, N for e = 0.1, eg = 0.7, Block
error rate = 0.25 and » = 0.1,0.2,0.3

error rate will be sometimes used instead of g. The round trip time is set to 5 (k = 5).
Figure 2.5 shows the throughput vs ¢ under block fading channel for N = 1,2, and 3.
The throughput under block fading channels is higher than i.i.d. channels when r+¢ < 1
as reported in [9]. Figure 2.6 shows the throughput vs the length of block fading (),
exhibiting a limiting throughput as N goes to infinity. Let m¢ and 7w denote the good
and bad steady state probabilities respectively and 7;;4( P.) denote the throughput of GBN

protocol under i.i.d. channels with probability of error P.,. Then we have

Jim 7 = 76mia(e6) + TBmia(en)

This limit is shown in Figure 2.6. For the unreliable feedback case, we assume the
reverse channel has the same statistics as the forward channel, i.e., {S (N, x, Mgf ), M(()f ) }
={s", x), M[(JT), Mgr)}. Because first-order Markov models are a special case of HMM,

we first compare our results with the analytical results reported by [13] (Figure 2.7),
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Figure 2.7. Throughput vs. block error rate in a Markov channel for » = 0.3, £ = 5 and
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observing that the same throughput can be obtained by both methods. Then we plot the
throughput under block fading channel with N = 3 in Figure 2.8. The difference between
the simulation and analytical result is negligible. Each of the above simulations uses at
least 1 million frames. The 95% confidence interval for all simulations lies within +0.2%

of the reported results.

2.5 Summary

We study Go-Back-N ARQ under hidden Markov channels. We show that Turin’s
results can apply to block fading which is generally neither Markov or hidden Markov chan-

nels. When feedback is unreliable, we assume erasure errors and calculate the throughput

of GBN.



CHAPTER 3

ANALYSIS OF SELECTIVE REPEAT ARQ

We first give a brief overview of matrix signal graphs (MSFG), a new technique
for analysis of ARQ protocols. From protocol description, we use MSFG to calculate the

throughput and delay of SR ARQ. Our analysis is verified by simulation results.

3.1 Matrix Signal Flow Graphs

A signal flow graph [26] is a diagram of directed branches connecting a set of
nodes. The graph also represents a system of equations. The nodes are variables in
the equations and the branch labels, a.k.a. branch transmissions, represent relationships
among the variables. To simplify the flow graphs, there are three basic equivalences known
as parallel, series and self-loop. These equivalences are shown in Figure 3.1. A thorough

discussion of signal flow graphs can be found in [25].

Scalar flow graphs have been used to find the moment generating functions (MGF)
of transmission time and delay time in throughput and delay analysis respectively [22, 10,
12]. The transmission time (7) is defined as the number of frames being transmitted per
a successful frame while the delay time (D) is defined as the time from a frame is first
transmitted to its ACK is received. Both transmission time and delay time are discrete
random variables with positive integer outcomes. Using the MGF, the expected values

can be calculated and the throughput is the reciprocal of the transmission time.

We briefly review the basic technique for building flow graphs. The graph nodes

correspond to states of the transmitter. One input node (I) represents the start of trans-

21
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a
X Y X Y

b
(b) oO—2—-0—2-0 = O ab O
X Y X Y

b
© o2 @ .0 = o—¥Be .9
X Y X Y

Figure 3.1. Three basic equivalences. (a) parallel, (b) series and (c) self-loop.

mission, and one output node (O) represents correct reception of acknowledgment. Other
nodes represent intermediate states. As events in the network unfold, the transmitter
goes from one state to the other. Each state transition takes a certain amount of time
n, and a probability p, which together appear in the branch gain p z”. The input-output
gain of the entire graph is thus a polynomial in z whose coefficients are the probabilities
of corresponding delay values. A moment’s thought reveals that this is nothing but E[z"],

the moment generating function.

Scalar flow graphs are useful for two-state Markov channels, but for multi-state
models and hidden Markov models the flow graphs become prohibitively complicated. To
streamline the analysis, we propose to label the branches with observation probability
matrices. Flow graphs with matrix branch transmissions and vector node values are
called matrix signal flow graphs (MSFG). In this method, the matrix gain of the graph is
calculated using the usual basic operations, then the desired MGF is calculated by pre-

and post-multiplications of row and column vectors respectively, as shown in the sequel.
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P;

zP" P,

Figure 3.2. Matrix flow graph for throughput analysis of SR Protocol in reliable feedback

To demonstrate the MSFG methodology, we compute the throughput of SR ARQ
in HMM with noiseless feedback. Let Py and P; respectively be the success and error
probability matrices of a HMM. P = P, + P, is the state transition probability matrix.
Let k£ be round trip time so that a feedback will be received k — 1 time slots after a frame

1s sent.

Figure 3.2 shows the matrix flow graph for SR ARQ), assuming error-free feedback.
In this figure, node I represents transmission of a new frame. Node A represents reception
of a feedback. The feedback can either be an ACK (transition to node O) or a NACK
(transition to node B). At node O, an ACK is received and the frame will exit the system.
At node B, the lost frame will be retransmitted, so the loop between node A and B
represents retransmission of the erroneous frame until it is correctly received. Using basic

node reduction, the matrix generating function of transmission time will be

®.(z) = P (I-2P,P"1) P,

— z(I-2P"'P,) PP,

where I is identity matrix. Let 7; be the probability vector of transmitting a new frame.

In this simple case, 7; = 7Py where 7 is the stationary vector of P. The stationary vector
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() can be found by solving the following system of equations

TP = 7

1 = 1 (3.1)

where 1 is a column vector of ones. Let € be the frame error rate. In this scenario, we
have ¢ = 7P11 and 1 — ¢ = wPy1. The generating function can be calculated by left-
and right-multiplying the matrix generating function with the input row vector and the

column vector of ones.

b(z) = 2N (32)

7T[]_

1
= 7= 67TP0<I>T(2;)1

The average transmission time (7) can be found by evaluating the derivative of

¢-(z) at z = 1. Substituting and taking the derivative, we get:

1 _
o= P |(I-P"Py)

+ (1= PP T PRI (12 PR T PR
1

= Py (I-P"'P)) " (I-P*'P)) P*'Pl

- inklPo (I—P*'P)) " (I-P"'P,) PPyl
1

o 1-—e

where we have used the following identity for square matrices A

d%(l — AN =(T-Az) AT - Az

Throughput is the reciprocal of the average transmission time, thus n = 1/7 = 1—e.
The throughput of SR ARQ under HMM is therefore similar to the well-known previous

results in k-order Markov channels [10].
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3.2 Protocol Description

SR ARQ allows the receiver to accept frames out of order. The out-of-order frames
will be stored in a buffer, sorted, and passed to higher layers in the correct order. For the
purposes of this analysis we disregard buffer overflows. The feedback consists of ACKs
and NACKSs for error-free frames and erroneous frames respectively. The round trip time
is k, i.e., it takes k — 1 time slots between transmission of a frame and receipt of its

feedback (ACK or NACK).

At the transmitter, a timeout mechanism is used to prevent deadlock. When a
frame is (re)transmitted, the timeout associated with this frame is set to T'. If the timeout
expires and no acknowledgment is received, the frame will be retransmitted. Clearly the

timeout has to be greater than or equal to the round trip time (7" > k).

We assume ACK/NACK will include the information about all correctly received
frames. So the frame whose ACK is lost will be acknowledged by subsequent ACKs/NACKs.
If the succeeding ACKs/NACKs is successfully received before timer expiration, the frame
will not be retransmitted. When a frame is lost and its NACK is received, the frame will
be retransmitted immediately. If the NACK is also lost, the frame will be retransmitted

after timer expires.

In practice, ACK and NACK do not update the transmitter about the status of any
previous frames. A frame whose ACK is lost has to always be retransmitted. We observe
that the timeout has negligible effect on the throughput but it increases the delay, so to
minimize the delay the timeout should be as small as possible (T' = k). The performance

of SR variations are compared in Section 3.5.
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ZP*! P,

Figure 3.3. Matrix flow graph for throughput analysis of SR Protocol in unreliable feed-
back with 7' =k

T
ZPx1

z(I4P,,+...+Py )P,

zP*! Py

Figure 3.4. Simplified matrix flow graph for throughput analysis of SR Protocol in unre-
liable feedback with T" = k

3.3 Throughput Analysis

Consider the composite channel {S, X', Pgo, Po1, P1o, P11}. For simplicity, We de-
fine

Py, = Poo + Py P,=Pi+Py

P.o =Py + P P, =Py +Pny

So Py, is the probability matrix of error in the forward channel and P, is the

probability matrix of success in the reverse channel.
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The flow graph in Figure 3.3 describes the operation of Selective Repeat ARQ),
where the timeout equals the round trip time (7" = k). Node I represents that a new
frame is transmitted. After sending the new frame, its feedback will be received k& — 1

time slots later. This state is represented by node A.

At this point there are three possibilities, an error-free ACK (transition to node O),
an erroneous ACK (transition to node C) and an error-free or erroneous NACK (transition

to node B).!

If ACK is correctly received, the frame will be removed from the system at node
O. At node B, the lost frame will be retransmitted so that the loop between node A and B
represents retransmission of the erroneous frame until it is correctly received. At node C,
the ACK is lost and the timer expires so the frame will be retransmitted and the timeout
will be reset. The frame will then be acknowledged when a succeeding ACK/NACK is cor-
rectly received. Nodes D, E and F represent the case where the subsequent ACK/NACK
is erroneous. If the timer expires before receiving any ACKs/NACKs, the frame will be
retransmitted again. This algorithm is expressed by the loop C-D-E-F. Using basic node
reduction, the graph can be simplified as shown in Figure 3.4. For T" = k, the matrix

generating function (the input-output relationship) is

T-1
@T(Z) = ZPk_l (I — Zf)le)k_l)_1 Po() + P01 (I - ZPfl)_l z <Z P?ﬂ) P(DO
=0

We now generalize the timeout to an arbitrary value 7" > k. Let d =T — k. The
matrix flow graph for this case is shown in Figure 3.5, and the matrix generating function

is

'With timeout set to T' = k, receiving an error-free NACK or an erroneous NACK has the same effect
upon the transmitter. If NACK is received, frame is retransmitted. If it is lost, timeout expires and the
frame is again retransmitted.
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T
ZPX1

P, P 2(4P, +..+P)P,,

) 4

ZPk>1 P00+P01 Px0+"'+P01 P)<d1-1 PxO

Figure 3.5. Simplified matrix flow graph for throughput analysis of SR Protocol in unre-
liable feedback with T" > k

®.(z) = 2P (I- 2P P! — 2P PT )

d—1
Py + Py (Z Pi1> P,
=0

T—1
+ Py PL(1—2PT)7 2 (Z P;1> P.o
1=0

As mentioned earlier, to calculate the desired MGF, one also needs a vector proba-
bility, in this case 7y, the probability vector of transmitting a new frame. This is achieved
by solving a system of equations involving several vector probabilities, which are derived

as follows.

From Figures 3.4 and 3.5, node I, B, and C represent respectively transmission of
a new frame, retransmission of an erroneous frame and retransmission of a frame that was
correctly received, but its timer expires. We can simplify the graph with z = 1 to consist
of only these nodes as shown in Figure 3.6. Let 77, 7 and 7o be the probability vectors

of states I, B, and C', respectively. These probability vectors can be found by solving the
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T
x1

Figure 3.6. The finite state machine to derive the probability vector of transmitting a
new frame.

following system of equations

T = (7T]—|-7TB) Pk_l (Plo—l—PllPT_k)
T = (7T[+7TB)Pk 1P01PT k —|—7T0P3;1

T = T+ TR+ TC (33)

where the last equation comes from the fact that the transmitter always has a frame
to transmit and 7 is the stationary vector of the state transition matrix. Solving for
77 from the system of equations 3.3, the generating function of transmission time (¢, )
can be derived by Equation 3.2. Substituting and taking the derivative, the expected

transmission time is computed as follows. For T' = k,

- LﬂlPk 1{ (I - Plek_l)_l ]-:)1:1:]-:)]6_1 (I — Plsz_l)_l
7T[]_

Poo + Py (I-P (ZP )

T—1
Poo Poy (1 PT) BT, (1-P7,) " (z le) Py

ll

+ (I — Plek_l)_l

T-1
+2Pg, (I-P7) ™" (Z P;1> P
=0
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zP

x1

Figure 3.7. Matrix flow graph for delay analysis of SR Protocol in unreliable feedback

For T > k,
1 -
Fo= —17r1Pk_1{ (I- PP — P, PT1) (P, P! + P, PT )
T
d—1 _
. (I — PPl — P11PT—1>—1 Py + Py (Z chl) P+ P()1P;l1
Jj=0

+ (I—Py P — P, PT )7

T-1
(1-PL)" (Z PL) Py

d
Poo 1 P ( Pﬁgl) Py PP (1 PT,) BT (1 PT,)

j=0
b

The throughput is the reciprocal of the expected transmission time (n = 1/7).

e
—
o

T—1 T-1
. (Z P;'d) P.o+ 2P P (I — PT)! (Z Pf;l) P.o
i=0 =0

3.4 Delay Analysis

The matrix flow graph for delay analysis is shown in Figure 3.7. Nodes I, A, B
and O represent the same states as in the throughput analysis. The transmitter receives
a feedback at node A. There are four possibilities, an error-free ACK (transition to node

O), an erroneous ACK (transition to node C), an error-free NACK (transition to node
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B) and an erroneous NACK (transition to node G). Node G represents a NACK is lost
and the transmitter is waiting for timeout and node C represents an ACK is lost and the
frame will be acknowledged by a subsequent ACK/NACK. The self-loop around node C
represent the delay from losing subsequent ACKs/NACKs. When the NACK is lost, the
corresponding frame cannot be retransmitted immediately, but it will be retransmitted
after timer expires, which involves a delay (transition from node G to node B). At node
B, the lost frame will be retransmitted. Using basic manipulations, the matrix generating

function of delay is

@D(Z) = Zk_lpk_l (I - ZkPl()Pk_l — ZTPHPT_l)_l [ZPO() + ZPOl (I - Zle)il ZPxQ]

— PFU (1= 2"PyP ! — TP PT ) T [Py + 2F Py (I — 2Py) " Py

The generating function of delay can be computed as

7T[<I)D(Z)]_
71'[]_

¢p(z) =

where 77 can be also computed from the system of equations 3.3. Finally the average

delay will be the derivative of ¢p(z) at z = 1.

_ d
D = e ¢p(z)

z=1

1 B
_ —m{Pkl (I—PyP*! — Py PY) 7 [kPy P!
71'[1
+ PP (I— PP ! = PP ) 7 [Pog + Poi (I — Pyy) ' Py
+ P (T = PP — PP ) T [KPoo + (k 4+ 1Py (T— Puy) ' Pyg

-+ POI(I - le)_lle<I - le)_lpr] }1
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3.5 Numerical Results and Discussions

We consider channels with two states (good and bad). Let the state transition

matrix be

[t

r 1—7r
where the first row and column corresponds to the good state (G) and the second row and
column to the bad state (B). From the transition matrix, the stationary probability vector
can be found using Equation 3.1. The probability of block error (€) can be computed
from the stationary vector and the probability of error in each state (¢ and ). We
will therefore use r, €, and ep as parameters of the forward channel. Note that 1/r
represents the average error burst. We assume that the reverse channel has the same
parameters as the forward channel. As in GBN analysis, at least 1 million frames are
simulated and the 95% confidence interval for all simulations lies within £0.2% of the

reported results.

The two-state Markov channel is a special case of HMM where e and €5 equal 0
and 1 respectively. The throughput and delay of SR protocol in Markov channel is shown
in Figure 3.8. As expected when the timer (7') is increased, both throughput and delay
are higher. The throughput is upper bounded by (1 —€) as T" — oo; naturally there is no

such bound for delay.

The analytical and simulation results agree for the throughput. Simulation and
analysis also agree for delay, except for a small difference in the case where the block error
rates are high. The difference comes from the fact that a retransmitted frame might need
to wait in retransmission queue. A frame will be retransmitted if its NACK is received or
its timer expires. There is a possibility (especially when the block error rates are high)
that a NACK is received for a frame and at the same time another frame’s timer expires.

In this case, one frame is retransmitted and the other frame has to wait in the queue.
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To show that this is the only source of discrepancy, we analyze the SR protocol
without NACK. When an erroneous frame is received, feedback is sent to update the
transmitter about the receiver status. In this scenario, a frame is retransmitted only
because of timer expiration so two frames cannot experience time-out at the same time
(this is the source of the aforementioned discrepancy). We derive the expected throughput
and delay in the same manner as before. Figure 3.9 shows that now, analytical and
simulation results agree perfectly. Note the throughput of SR with and without NACK
is almost the same. Similar behavior can also be observed from the SR performance in

hidden Markov and block fading channels as shown in Figure 3.10, 3.11, 3.12 and 3.13.

We analyze the effect of timeout on the SR performance. The plots of the through-
put and delay vs. timeout are shown in Figure 3.14. The plots compare the SR perfor-
mance in both Markov and hidden Markov channels. With noiseless feedback, the error
burst will not effect the SR throughput, a fact that has been reported in [10]. We see
that the higher the error burst, the lower the SR throughput in noisy feedback. We also
notice that the throughput in HMM is less sensitive to parameter r, compared to the
Markov channel. Moreover the throughput approaches the bound faster in HMM than in
Markov channel. Also note that the delay increases almost linearly with timeout. So the
timeout should be configured such that the throughput is maximized, while maintaining

acceptable delay.

Figure 3.15 compares two SR variations. In method SR;, the feedback includes
information about all successfully received frames while the information is excluded in
method SRy. For brevity, the we omit the flow graphs and analysis of the individual
variations, and only mention that the same technique that was developed earlier in the

paper was used for their analysis.

We observe that method SR; has higher throughput and lower delay. Also, the

throughput of SR, is less sensitive to the value of timeout compared to SRy, however,
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Figure 3.10. Throughput, n and delay, D, vs. block error rate, € in hidden Markov errors
forr=0.3,e¢=0.07,ep=07and k=5
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Figure 3.15. Throughput, n and delay, D, vs. block error rate, ¢ in Markov errors for

r=01and k=5
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Figure 3.16. Throughput, n and delay, D, vs. block error rate, € in hidden Markov errors

forr=0.1,e¢=0.07,eg=07and k=5
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the delay of SRy is more sensitive. Similar results are obtained in hidden Markov and

block fading channels as shown in Figure 3.16 and 3.17 respectively.

3.6 Summary

We present a generalization of Mason’s graphs to analyze the performance of Se-
lective Repeat ARQ. We find the moment generating function (MGF) of transmission and

delay time. Using the MGF, we calculate the average throughput and delay.



CHAPTER 4

CONCLUSION AND FUTURE WORK

We analyze the performance of two basic ARQ protocols, Go-Back-N (GBN) and
Selective Repeat (SR). Our results can apply to any finite-state hidden Markov models
on the forward and reverse channels. In SR analysis, we also present a new technique to

derive the moment generating function.

We start in Chapter 2 by discussing a representation of a hidden Markov model
(HMM) as described in [14]. Although this representation is not as streamlined as the
canonical HMM representation, it simplifies calculations and plays an important role in
our analysis. We show that block fading can also be characterized by a HMM. Using some
of the results in [14], we calculate the throughput of GBN under block fading. We also
calculate the throughput of GBN with erasure feedback errors and a timeout mechanism.

These results are verified by simulations.

In Chapter 3, we calculate the throughput and delay of SR ARQ. We first present
a generalization of Mason’s graph with matrix weights, called matrix signal flow graphs
(MSFG). Using MSFG, we derive the moment generating function (MGF) of transmis-
sion and delay time. Using the MGF, we calculate the throughput and delay of SR ARQ
with erasure errors and a timeout mechanism. We analyze the effect of timeout on the
throughput and delay, assuming that the feedback updates the transmitter about all cor-
rectly received frames. We also compare the performance of SR ARQ when the feedback

either does or does not include information about previous frames.

Possible future directions include finding the delay time of GBN. Because GBN
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only receives frames in order, the delay analysis has to take into account the transmission
condition of previous frames. Moreover in GBN analysis, we focus mainly on the trans-
mitter and ignore the receiver. GBN protocol with more advanced receivers has better

performance and is frequently used in practice.

In SR analysis, we have analyzed the transmission delay. The delay analysis can
be extended to include other delay time such as re-sequencing delay. Our analysis of
SR ARQ ignores buffer overflow. In practice, it is unlikely that the receiver will have
a infinite buffer. If there is a finite buffer, we expect the throughput of SR to be lower
and the delay to be higher. An interesting problem is how the finite buffer will affect on
the performance of SR so that we can get the expected throughput and/or delay with

minimum buffer.

With matrix signal flow graphs, we can potentially analyze other protocols in
hidden Markov channels. This extension can be very useful because a hidden Markov
model can accurately describe wireless fading channels and the result will be in matrix

form.
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