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Abstract—The relay channel with private messages (RCPM) is a general-
ized relay channel model where in addition to the traditional communica-
tion from source to destination (assisted by relay), the source has a private
message for the relay, and the relay has a private message for the desti-
nation. This paper develops coding strategies for this channel based on de-
code-and-forward and compress-and-forward schemes. Achievable rate re-
gions as well as outer bounds on the capacity region are obtained for the dis-
crete memoryless relay channel with private messages. Then, the Gaussian
versions of this channel are studied and achievable rate regions are charac-
terized. Numerical results are provided that give insights into the trade-offs
between private messaging and relayed messaging in this hybrid three-node
network.

Index Terms—Channel capacity, channel coding, relay channels, wireless
networks.

I. INTRODUCTION

The three-terminal relay channel was proposed by van der Meulen
[1] and studied by Cover and El Gamal [2]. The relay node in this model
has no role aside from relaying, in particular, it is neither a source nor
a sink of information.

When dedicated relays are unavailable, relaying must be done by net-
work nodes that are also a source/sink of data. Thus, one is interested in
the network performance limits when a relay must handle both relayed
messages, as well as their own (private) messages. A representative
channel model is shown in Fig. 1, which we call relay channel with pri-
vate messages (RCPM). This is a network with both point-to-point as
well as relayed links, a generalization of the traditional relay channel.

In the following, we mention some of the literature that is most di-
rectly related to the present discussion. Liang and Veeravalli [3] studied
a cooperative relay broadcast channel. The bounds in this work are fur-
ther improved by Liang and Kramer [4]. Reznik et al. [5] address a
similar problem with multiple relays. Dabora and Servetto [6] study a
broadcast channel with a secure cooperative link between the receivers.
Lai et al. [7] study a half-duplex, fading, three-way channel.

In our analysis of RCPM we use new combinations of coding
strategies inspired by the MAC channel with generalized feedback,
and Marton’s approach to the broadcast channel. We derive achievable
rates for the discrete memoryless and Gaussian RCPM, and outer
bounds for the DMC case. The discrete memoryless and Gaussian
RCPM generalize their counterparts in the original relay channel and
relay-broadcast channels.

Throughout the paper, we use regular encoding and backward de-
coding [8]. Backward decoding has been used previously for degraded
relay channel in [9] and more recently for the general relay channel with
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Fig. 1. Relay channel with private messaging.

partial decode-and-forward in [10]. As a by-product of our work, we
demonstrate that backward decoding does not improve the achievable
rate of a non-degraded relay channel employing compress-and-forward
scheme.

II. DEFINITIONS AND SYSTEM MODEL

In this work,X ,X , and kXk denote a random variable, its range, and
cardinality. A(n)

� (X) denotes the �-typical set according to X , in the
strong or weak sense. Deterministic scalars and vectors are shown by
lower case and lower-case bold-face letters. We further define Xi

t

(Xt;1; Xt;2 . . . ; Xt;i), the capacity function C(x) = 1
2
log2(1 + x),

and for usage in convex combinations, we define �x = 1� x.

Definition 1: A relay channel with private messages consists of
a channel input alphabet X1, a relay input alphabet X2, two channel
output alphabets Y2 and Y3, and a probability transition function
p(y2; y3jx1; x2), where x1, x2 denote source and relay inputs, respec-
tively, while y2 and y3 denote the outputs at the relay and destination
nodes, respectively.

The channel is similar to the one defined in [2], however, we also
consider private messages in addition to relayed message.

Definition 2: A 2nR ; 2nR ; 2nR ; n code for the relay
channel with private messages consists of the following:

• three sets of integers, W12 = 1; 2; . . . ; 2nR , W23 =

1; 2; . . . ; 2nR , and W13 = 1; 2; . . . ; 2nR ;
• an encoder,

X1 : W12 �W13 ! Xn
1 ;

• a set of relay functions ffigni=1,

x2;i = fi(y2;1; . . . ; y2;i�1; w23); 1 � i � n;

• two decoding functions,

d1 :Yn
2 !W12

d2 :Yn
3 !W13 �W23:

Fig. 2 illustrates the encoding and decoding structure of different
messages. The channels considered in this paper are memoryless. Thus,
the current outputs depend on the past only through present input sym-
bols. The relay node is assumed to operate in full duplex mode and to
be causal, i.e., its input is allowed to depend only on its past observa-
tions.

Definition 3: A relay channel with private messages is said to be
degraded if its transition probability satisfies

p(y2; y3jx1; x2) = p(y2jx1; x2)p(y3jy2; x2) (1)

i.e., Y3 is independent of X1 conditioned on knowing Y2 and X2.
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Fig. 2. The encoding and decoding structure for relay with private messages.

Fig. 3. Gaussian relay channel with private messages.

Definition 4: An AWGN relay channel with private messages is a
RCPM with a continuous input and output alphabets and independent,
additive white Gaussian noise. The channel outputs of the relay and
destination are given by:

Y2 =X1 + Z2 (2)

Y3 =X1 +X2 + Z3 (3)

whereZ2 � N (0; N2) andZ3 � N (0;N3) are independent Gaussian
noise.

Fig. 3 illustrates this channel and the flow of information between the
three nodes. The input sequences are subject to the power constraints
E [x21] < P1 and E [x22] < P2.

Definition 5: A degraded AWGN relay channel with private mes-
sages is a AWGN RCPM where the source and destination signals are
independent given the relay input and output, which is equivalent to
saying that the relay knows everything that the destination knows. The
channel outputs at the relay and destination are given by

Y2 =X1 + Z2 (4)

Y3 =X1 +X2 + Z2 + Z
0 (5)

where Z2 and Z 0 are independent zero mean Gaussian random vari-
ables with variances N2 and N3 �N2, respectively, where N2 < N3.

Definition 6: The average probability of error is defined as the prob-
ability that the decoded messages are different from the transmitted
ones

P
(n)
e = P Ŵ12 6= W12 or (Ŵ13; Ŵ23) 6= (W13;W23) (6)

where, Ŵ denotes an estimate of W . We assume that the source and
relay nodes select their messages (W12;W23;W13) independently and
uniformly overW12�W23�W13. The probability of error at the relay
and destination, respectively, is defined as

P
(n)
e;R =P (Ŵ12 6= W12) (7)

P
(n)
e;D =P (Ŵ13; Ŵ23) 6= (W13;W23) (8)

where each codeword contains n symbols. Note that by the union
bound, we have

maxfP (n)
e;R ; P

(n)
e;Dg � P

(n)
e � P

(n)
e;R + P

(n)
e;D: (9)

Hence, if P (n)
e ! 0 then both P (n)

e;R and P (n)
e;D go to zero.

Definition 7: A rate triple (R12; R23; R13) is said to be achievable
for the relay channel with private messages if there exist a sequence of
codes 2nR ; 2nR ; 2nR ; n with average probability of error

P
(n)
e ! 0 as n ! 1.

III. ACHIEVABLE RATE REGIONS

In this section, we obtain achievable rate regions for RCPM when
the relay node use the well known decode-and-forward and compress-
and-forward schemes [2, Theorem 1, Theorem 6].

A. Relaying Via Decode-and-forward

Here, we assume the relay is able to fully decode both his private
message and the message intended for the destination. The relay node
then re-encodes the source node message W13 along with its message
for the destination W23.

Theorem 1: The rates (R12; R23; R13) are achievable for the dis-
crete memoryless relay channel with private messages if

R13 < minfI(U; V ;Y3); I(V ;Y2jU;X2)g (10)

R23 <I(X2;Y3jU; V ); (11)

R12 <I(X1;Y2jU; V;X2) (12)

for some joint distribution

p(u)p(vju)p(x1ju; v)p(x2ju)p(y2; y3jx1; x2) :

Proof: The coding arguments use ideas from relay channels,
broadcast channels and MAC channel with generalized feedback [2],
[11], [12]. The source uses a three-level superposition block Markov
encoding, while the relay uses superposition coding. Furthermore, we
use the regular encoding/backward decoding techniques.

Consider a transmission period of B blocks, each of n sym-
bols. We assume that n is sufficiently large to allow reliable
decoding. The source and relay send sequences of B � 1 mes-
sages (W13(b);W12(b)) and W23(b), respectively, over the
channel in nB transmissions, where b denotes the block index,
b = 1; 2; . . . ; B � 1. The rate tuple (R13

B�1
B

; R12
B�1
B

; R23
B�1
B

)
approaches (R13; R12; R23) as B ! 1. In the following, we use
random variables chosen according to an arbitrary probability distri-
bution p(u; v; x1; x2) = p(u)p(vju)p(x1ju;v)p(x2ju).

Random Codebook Construction:
1) Generate 2nR i.i.d.u = (u1; u2; . . . ::un) sequences, each with

distribution p(u) = n

i=1 p(ui). Label them u(w0

13).
2) For each u(w0

13) generate 2nR i.i.d. v sequences, each with
distribution p(v) = n

i=1 p(vijui). Label them v(w0

13; w13).
3) For every pair (u(w0

13);v(w
0

13; w13)) generate 2nR i.i.d x1 se-
quences, each with distribution

p(x1) =

n

i=1

p(x1;ijui(w
0

13); vi(w
0

13; w13)):

Label them x1(w
0

13; w13; w12).
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4) For each u(w0
13) generate 2nR i.i.d. x2 sequences, each

with distribution p(x2) = n

i=1 p(x2;ijui(w
0
13)). Label them

x2(w
0
13; w23).

Encoding: At Block b:
1) The source sends x1(w13;b�1; w13;b; w12;b), where w13;b�1 was

denoted above as w0
13.

2) Assuming the relay has estimated w13;b�1 correctly from the pre-
vious block, it then sends x2(w13;b�1; w23;b).

So, the transmitted codeword pair is

x1(1; w13;1; w12;1);x2(1; w23;1) b =1

x1(w13;b�1; w13;b; w12;b);x2(w13;b�1; w23;b) b=2; . . . ; B�1

x1(w13;B�1; 1; 1);x2(w13;B�1; 1) b =B:

Decoding:
1) Assuming the relay has decoded w13;b�1, it can decode

w13;b by looking for a unique ŵ13;b such that u(w13;b�1),
v(w13;b�1; ŵ13;b), x2(w13;b�1, w23;b) and y2(b) are jointly
typical. This step can be made reliable if:

R13 < I(V ; Y2jU;X2): (13)

2) The relay decodes w12;b by looking for ŵ12;b such that
u(w13;b�1), v(w13;b�1, w13;b) ;x1(w13;b�1; w13;b; ŵ12;b),
x2(w13;b�1; ŵ23;b), and y2(b) are jointly typical. The decoding
is reliable if:

R12 < I(X1;Y2jU; V;X2): (14)

3) The destination waits until all blocks are received before it starts
to decode. Suppose it has decoded w13;b in block (b + 1), then
in block b, it looks for a unique ŵ13;b�1 such that u(ŵ13;b�1),
v(ŵ13;b�1,w13;b), and y3(b) are jointly typical. Upon successful
decoding of w13;b�1, the destination decodes w23;b by looking
for a unique ŵ23;b such that u(w13;b�1), v(w13;b�1, w13;b),
x2(w13;b�1; ŵ23;b), and y3(b) are jointly typical.
This sequential decoding at the destination node clearly achieves
the following rates:

R13 <I(U; V ;Y3) (15)

R23 <I(X2;Y3jU; V ): (16)

The achievable rate region then follows directly from combining the
previous set of equations.

Remark 1: The capacity of partially cooperative relay broadcast
channel in [3] and also the capacity of the degraded relay channel [2]
can be recovered from the above rate region. To see that, set U = X2,
V = U and the region will reduce to that in [3, Theorem 3], also if we
let U = X2, V = X1, we have the result of [2, Theorem 1].

B. Relaying Via Compress-and-Forward

Even when the relay node cannot fully decode the message it is sup-
posed to relay, it can still render some help to the destination. If the
channel between relay and destination had unlimited capacity, Y2 could
be transferred to the destination, however, this is often not the case.
Therefore relay’s received signal is compressed into a new random
variable, Ŷ2, characterized by an index z—possibly via vector quan-
tization—which is conveyed to the destination via X2. Upon decoding
z, the receiver uses Ŷ2(z) to resolve the uncertainty in Y3 about the
source’s message. This strategy which was introduced in [2] has been
commonly known as estimate-and-forward or compress-and-forward.

Fig. 4. Relationship of auxiliary variables.

Theorem 2: In the discrete memoryless relay channel with private
messages, a set of private and relayed rates (R12; R23; R13) is achiev-
able if

R13 <I(U1; Ŷ2; Y3jV;X2) (17)

R12 <I(U2; Y2jX2) (18)

R13 +R12 <I(U1; Ŷ2; Y3jV;X2) + I(U2; Y2jX2)� I(U1;U2)

(19)

R23 <I(V ;Y3) (20)

subject to

I(Ŷ2; Y2jU2; V;X2) � I(X2; Ŷ2;Y3jV ) (21)

where the random variables are drawn from any joint distribution

p(u1; u2)p(v)p(x1ju1; u2)p(x2jv)p(ŷ2jy2; x2; v) p(y2; y3jx1; x2):

Proof: The proof uses ideas developed for the general nonde-
graded relay channels, the nondegraded broadcast channels and source
coding with side information at the decoder [2], [13], [14]. In partic-
ular, the source uses a Slepian–Wolf binning-type coding strategy de-
veloped by Marton for the general broadcast channels, while the relay
uses superposition coding. We note that the coding used by the source
corresponds to Marton’s simplified region (in the Remarks of [13, The-
orem 2]) where no condition on the independence of different random
variables of the source’s codeword is imposed and the random vari-
able representing the information decoded by both receivers is set to
a constant. Again, the regular encoding/backward decoding technique
is adopted. The relationship between the auxiliary random variables,
channel inputs and channel outputs are depicted in Fig. 4. We con-
sider a transmission over B blocks, each of n symbols. A sequence
of B � 1 messages W13(b), W12(b), and W23(b) will be sent over
the channel in nB transmissions, where b denotes the block index,
b = 1; 2; . . . ; B � 1. The rate tuple (R13

B�1
B

; R12
B�1
B

; R23
B�1
B

)
approaches (R13; R12; R23) as B ! 1.

Let A(n)(U1), A(n)(U2), denote the set of sequences u1 and u2

that are strongly typical in U1 and U2, respectively, and A(n)(U1; U2)
represents the set of strongly jointly typical sequences. Define the set
A(n)(U2ju1) to be [15, Theorem 5.9]

A
(n)(U2ju1) = u2 2 A

(n)(U2) : (u1;u2) 2 A
(n)(U1; U2) :

(22)
Let S(n)(U1) denotes the set of all sequences u1 2 A(n)(U1), such
that A(n)(U2ju1) is nonempty. Similarly, define S(n)(U2) for the se-
quence u2. Consider an arbitrary probability distribution

p(u1; u2; v; x1; x2; ŷ2)

= p(u1; u2)p(v)p(x1ju1; u2)p(x2jv)p(ŷ2jy2; x2; v):

Random Codebook Construction:
1) Generate 2nR(U ) sequences u1 by drawing i.i.d. according to the

probability

p(u1) =
1

kS (U )k
; u1 2 S(n)(U1)

0; otherwise.
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2) Generate 2nR(U ) sequences u2 by drawing i.i.d. according to the
probability

p(u2) =
1

kS (U )k
; u2 2 S(n)(U2)

0; otherwise.

3) Randomly assign u1’s into 2nR bins and the u2’s into 2nR

bins.
4) For each product bin find a pair (u1;u2) that belong in

A(n)(U1; U2). For a sufficiently large n, random binning ar-
guments ([16], [17]) guarantee that such a pair exist with high
probability if

R13 +R12 < R(U1) +R(U2)� I(U1;U2) (23)

5) For each product bin and its designated jointly typ-
ical pair (u1;u2), generate x1(u1; u2) according to

n

i=1 p(x1;iju1;i; u2;i). Label these x1(w13; w12).
6) Generate 2nR sequences v by drawing i.i.d. according to the

probability p(v) = n

i=1 p(vi). Label these v(w23).
7) For each v generate 2nR̂ sequences x2 according to

n

i=1 p(x2;ijvi). Label these x2(w23; z
0).

8) For each v(w23) and x2(w23; z
0), generate 2nR̂ sequences ŷ2

according to n

i=1 p(ŷ2;ijx2;i; vi). Label these ŷ2(w23; z
0; z).

Encoding: At Block b:
1) The source sends x1(w13;b; w12;b).
2) Assuming the relay has determined zb�1, -denoted above as z0-,

of the compressed signal ŷ2, it sends x2(w23;b; zb�1).
So, the transmitted codeword pair is given by:

x1(w13;1; w12;1);x2(w23;1; 1); b =1

x1(w13;b; w12;b);x2(w23;b; zb�1); b =2; . . . ; B � 1

x1(1; 1);x2(1; zB�1); b =B:

Decoding:
1) The relay decodes w12;b by looking for a unique ŵ12;b such that

u2(ŵ12;b), x2(w23;b; zb�1), and y2(b) are jointly typical. This
can be made possible with small probability of error if

R12 < I(U2; Y2jX2): (24)

2) The relay can determine the index zb of the hypothetical output
ŷ2(w23;b; zb�1; zb) given it has determined zb�1 correctly,
if ŷ2(w23;b; zb�1; ẑb), y2(b), x2(w23;b; zb�1), and v(w23;b)
are jointly typical. Correct decision of zb will occur with high
probability if

R̂ > I(Ŷ2;Y2jU2; X2): (25)

3) The destination waits until all blocks are received before it starts
to decode. At block B, we let (w12;B; w13;B; w23;B) = (0; 0; 0)
and consequently we let zB = 0. Thus, we are left only with
zB�1, which can be decoded if the receiver finds a unique ẑB�1

such that: ŷ2(w23;B; ẑB�1; zB), y3(B), x2(w23;B; ẑB�1), and
v(w23;B)) are jointly typical. This step can be made reliable if

R̂ < I(X2; Ŷ2; Y3jV ): (26)

4) Moving to block B � 1 and for a general block b, the destination
finds a unique ŵ23;b such that (v(ŵ23;b);y3(b)) are jointly typ-
ical. The decoding error can be made small if

R23 < I(V ;Y3): (27)

5) Now assuming zb, zb�1 and w23;b have been decoded correctly,
then w13;b can be decoded at block b if the receiver finds a

unique ŵ13;b such that: u1(ŵ13;b), v(ŵ23;b), x2(w23;b; ẑb�1),
ŷ2(w23;b; zb�1; zb), and y3(b) are jointly typical. The decoding
error can be made small if

R13 < I(U1; Ŷ2; Y3jV;X2): (28)

Therefore, as long as n is chosen sufficiently large, R(U1) �
I(U1; Ŷ2; Y3jV;X2) and R(U2) � I(U2; Y2jX2), we can decode
w13;b and w12;b, respectively with an arbitrarily small probability of
error.

The achievable rate region of Theorem 2 then follows directly from
combining (28), (24), (23) and (27), while the constraint given by (21)
follows from combining (25) and (26).

Remark 2: The symbols y2 are here compressed to ŷ2 after peeling
off the component of X1 intended for the relay node which is repre-
sented by U2. Hence, we condition on knowing U2 in (25). A similar
situation arises when using compress-and-forward for multiple relays
[8].

Remark 3: The achievability result for the general RCPM given
by Theorem 2 generalizes the achievability result of the general relay
channel in [2, Theorem 6]. This is can be shown by setting U1 = X1,
U2 = 0 and V = 0. The constraint on the relay observation com-
pression rate at the end Theorem 2 also corresponds to the constraint
provided in [2, Theorem 6]. To see that, (21) becomes

I(Ŷ2; Y2jX2) � I(X2; Ŷ2; Y3)

= I(X2;Y3) + I(Ŷ2;Y3jX2): (29)

But we have the Markov relation Y3 ! X2; Y2 ! Ŷ2, therefore,

I(Ŷ2;Y2; Y3jX2) � I(X2;Y3) + I(Ŷ2; Y3jX2): (30)

Further simplification leads to

I(Ŷ2;Y2jX2; Y3) � I(X2;Y3) (31)

which is the constraint given in [2, Theorem 6].

Hence, we see that backward decoding does not improve the achiev-
able rate of a relay channel employing compress-and-forward scheme.
This is in contrast to the results of [10] when the relay uses the partial
decode-forward of [2, Theorem 7].

Recall that in the strategy of Remark 2, the relay makes an observa-
tion, removes the part intended for relay, then compresses and transmits
X2 to destination. Alternatively,X2 may represent the compressed ver-
sion of Y2 together with W23. In this approach, the relay does not peel
off any component from its observation.1 The destination decodes X2

(and hence Z and W23), reconstructs Ŷ2, and decodes W12 with the
help of both Ŷ2 and Y3. It then decodesW13 knowing bothX2 and U2.
It can be shown, in a manner similar to Theorem 2, that the following
rate region is achievable:

R13 <I(U1; Ŷ2; Y3jU2; V;X2); (32)

R12 < minfI(U2; Y2jX2); I(U2; Ŷ2; Y3jX2)g (33)

R13 +R12 <I(U1; Ŷ2; Y3jU2; V;X2)� I(U1;U2)

+ minfI(U2;Y2jX2); I(U2; Ŷ2; Y3jX2)g

(34)

R23 <I(V ;Y3) (35)

subject to

I(Ŷ2; Y2jV;X2) � I(X2; Ŷ2;Y3jV ) (36)

1We are indebted to one of the anonymous reviewers for pointing out this
alternative.
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where the random variables are drawn from any joint distribution

p(u1; u2)p(v)p(x1ju1; u2)p(x2jv)p(ŷ2jy2; x2; v)p(y2; y3jx1; x2):

IV. UPPER BOUNDS ON THE CAPACITY REGION

A. Upper Bound via Cut-Set Theorem

The following upper rate bounds are obtained using the max-flow-
min-cut theorem [16, Theorem 14.10.1] with different choices of sub-
sets.

a) A cut through source-relay and source–destination links gives

R12 +R13 < I(X1;Y2; Y3jX2): (37)

b) A cut through source–destination and relay-destination links
gives

R13 +R23 < I(X1;X2;Y3): (38)

c) A cut through source-relay and relay-destination links gives:

R12 <I(X1;Y2jX2) (39)

R23 <I(X2;Y3jX1): (40)

B. Upper Bounds via Auxiliary Random Variables

We now proceed to improve the above cut-set bounds in several
ways. We incorporate the influence of the auxiliary random variables
into the bounds, add an explicit individual bound on R13 (which was
absent above), and obtain a tighter bound on R12 in the degraded case.

Given any 2nR ; 2nR ; 2nR ; n code for RCPM, the prob-
ability mass function on the joint ensemble spaceW13�W13�W23�
Xn
1 � Xn

2 � Yn2 � Yn3 is given by

p(w12; w13; w23;x1;x2;y2;y3)

= p(w12)p(w13)p(w23)

� p(x1jw12; w13)

n

i=1

p(x2;ijw23; y
i�1
2 )

p(y2;iy3;ijx1;ix2;i): (41)

Now, based on Fano’s inequality, we have

H(W12jY
n
2 ) �nR12P

(n)
e;R + 1 = n�R;n (42)

H(W13;W23jY
n
3 )�n(R13 +R23)P

(n)
e;D + 1 = n�D;n (43)

where �R;n; �D;n ! 0 as P (n)
e ! 0.

R13 can be upper bounded as follows:

nR13 =H(W13)

= I(W13;Y
n
3 ) +H(W13jY

n
3 )

(a)

� I(W13;Y
n
3 ) + n�D;n

=

n

i=1

I(W13; Y3;ijY
i�1
3 ) + n�D;n

=

n

i=1

H(Y3;ijY
i�1
3 )�H(Y3;ijY

i�1
3 ;W13) + n�D;n

�

n

i=1

H(Y3;i)�H(Y3;ijY
i�1
2 ; Y

i�1
3 ;W13) + n�D;n

=

n

i=1

H(Y3;i)�H(Y3;ijUi; Vi) + n�D;n

=

n

i=1

I(Ui; Vi; Y3;i) + n�D;n (44)

where (a) follows from Fano’s inequality since H(W13jY
n
3 ) �

H(W13;W23jY
n
3 ) and we define Ui = (Y i�1

2 ; Y i�1
3 ) and

V1 = V2 = � � � � � � = Vn = W13.
And R12 can be upper bounded as follows:

nR12 =H(W12)

= I(W12; Y
n
2 ) +H(W12jY

n
2 )

� I(W12; Y
n
2 ; Y

n
3 ;W13;W23) + n�R;n;

(b)
= I(W12; Y

n
2 ; Y

n
3 jW13; W23) + n�R;n

=

n

i=1

H(Y2;i; Y3;ijY
i�1
2 ; Y

i�1
3 ;W13;W23)

�H(Y2;iY3;ijY
i�1
2 Y

i�1
3 ;W12;W13;W23) + n�R;n

(c)
=

n

i=1

H(Y2;i; Y3;ijY
i�1
2 ; Y

i�1
3 ;W13;W23; X2;i)

�H(Y2;iY3;ijY
i�1
2 Y

i�1
3 ;W12;W13;W23; X2;i)

+ n�R;n

�

n

i=1

H(Y2;i; Y3;ijY
i�1
2 ; Y

i�1
3 ;W13;W23; X2;i)

�H(Y2;iY3;ijY
i�1
2 Y

i�1
3 ;W12;W13;W23;X1;i; X2;i)

+ n�R;n

(d)

�

n

i=1

H(Y2;i; Y3;ijY
i�1
2 ; Y

i�1
3 ;W13; X2;i)

�H(Y2;iY3;ijX1;i;X2;i) + n�R;n;

�

n

i=1

H(Y2;i; Y3;ijY
i�1
2 ; Y

i�1
3 ;W13; X2;i)

�H(Y2;iY3;ijY
i�1
2 Y

i�1
3 ;W13; X1;i;X2;i) + n�R;n

=

n

i=1

I(X1;i;Y2;iY3;ijUi; Vi; X2;i) + n�R;n: (45)

(b) follows from independence of W13, W13, and W23, (c) is due
to the fact that X2;i is a function of Y i�1

2 and W23, and (d) is jus-
tified because of removing W23 from the conditioning of the first term
and by noting that (W12;W13;W23; Y

i�1
2 ; Y i�1

3 )! (X1;i;X2;i)!
(Y2;i; Y3;i) form a Markov chain from the memoryless property of the
channel.

In case of degraded RCPM, X1;i ! (Ui; Vi; X2;i; Y2;i) ! Y3;i
form a Markov chain and so

n

i=1

I(X1;i;Y3;ijUi; Vi; X2;i; Y2;i) = 0: (46)

Hence R12 is upper bounded by

nR12 �

n

i=1

I(X1;i;Y2;ijUi; Vi; X2;i) + n�R;n: (47)

Finally, the single letter characterization for the two previous bounds
can be obtained by introducing a time-sharing random variable Q

which is uniformly distributed over the n symbols and independent
of W12, W13, W23, X1, X2, Y2 and Y3. Next, define U = (Q;UQ),
V = VQ, X1 = XQ, X2 = X2;Q, Y2 = Y2;Q, and Y3 = Y3;Q.
Following steps similar to those in [16, Ch. 14.3.4] the bounds can be
reduced to the single letter form given by

R13 <I(U; V ;Y3) (48)

R12 <I(X1;Y2jU; V;X2): (49)
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Fig. 5. Cross sections of achievable rate region of the degraded Gaussian relay channel with private messages, parameterized by the private rate R .

It can be easily shown that for the degraded RCPM, the bound on R12

is tighter than the cut-set bound of (39) and in fact comparing (12) and
(49), the bound is tight.

Remark 4: The auxiliary random variables U and V are not inde-
pendent, therefore their cardinality cannot be bounded using existing
methods (e.g., [18]). This problem has been previously noted in [6,
Comment 4.1].

V. APPLICATION TO GAUSSIAN CHANNELS

Characterizing the capacity region in Gaussian channels is of high
interest as Gaussian channel provide approximation to realistic wireless
channel models. Moreover, the DMC bounds developed in the previous
sections are incomputable due to the problem of bounding the cardi-
nality of the auxiliary random variables. Nevertheless, by applying pre-
vious results in Gaussian RCPM channel we can obtain some numer-
ical results and assess the behavior of various rates in our three-node
network. For simplicity, the following results assume the input distri-
butions to be Gaussian. Although, Gaussian inputs may not be optimal,
however, searching over all possible distributions is a tedious task. All
rate values in this section are expressed in (bps/Hz).

A. Decode-and-Forward

The following result applies to the Gaussian RCPM of Definition 4
and to its degraded form given by Definition 5.

Corollary 1: An achievable rate region for the AWGN relay channel
with private messages is the convex hull of the rates (R12; R23; R13)
satisfying

R13<min C
��P1 + �P2 + 2 �����P1P2

�P1 + P2 +N3

; C
� ��P1

�P1 +N2

(50)

R23 < C
P2

�P1 +N3

(51)

R12 < C
�P1

N2

(52)

for some �, � and  2 [0; 1].

Here � indicates the fraction of the source’s power allocated to
convey its private message to the relay, � controls the power allocated
to the source-to-destination message in the previous block and in the
current block and finally,  indicates the part of the power allocated to
convey the private message from the relay to the destination.

Proof: This rate region is achieved via the coding strategy de-
scribed in Theorem 1 and then evaluating mutual informations using
the following independent distributions:

• U � N (0; Pu), V 0 � N (0; � ��P1).
• X 0

1 � N (0; �P1), X 0

2 � N (0; P2).

Furthermore, we let V = ����P

P
U + V 0, X1 = V + X 0

1 and

X2 =
�P

P
U +X 0

2.

Remark 5: When setting � = 0 and  = 0, the rateR13 obtained in
this case is the capacity of the degraded Gaussian relay channel defined
in [2, Theorem 5].

Example 1: Consider the degraded Gaussian RCPM with P

N
=

10 dB, P

N
=. 5 dB. Fig. 5 shows contour plots of the achievable rate

region in the R13-R23 plane to demonstrate the trade-off between the
relayed rate and one of the private rates.

B. Compress-and-Forward

We consider a general (nondegraded) Gaussian RCPM. In addition
to the channel outputs relations given in Section II, the random variable
representing the compressed channel output of the relay is chosen as

Ŷ2 = U1 + Z2 + Zc (53)

where Zc refers to the compression noise whose variance Nc is deter-
mined by the constraint given in Theorem 2. Then, the following result
applies.

Corollary 2: An achievable rate region for the AWGN relay channel
with private messages is given by (54)–(57) shown at thetop of the
following page, subject to

Nc �
Pu Pu (1� �2) + Pu N3 +N2(P1 +N3)

�P2
(58)
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R13 < C Pu Pu (1� �2) + (Pu + 2� Pu Pu )(N2 +Nc) + Pu N3

Pu (N2 +Nc) +N3(N2 +Nc)
(54)

R12 < C Pu + 2� Pu Pu

Pu +N2

(55)

R13 +R12 < C (Pu + 2� Pu Pu )(N2 +N3 +Nc)

Pu (N2 +N3 +Nc) +N3(N2 +Nc)

+ C Pu + 2� Pu Pu

Pu +N2

+ C ��2 (56)

R23 < C P2

P1 + �P2 +N3

(57)

for some � and  2 [0; 1] and 0 < � < 1.

Pu � P1(1� �(1� �2))� �
p
�P1

2

(59)

Pu ��P1: (60)

We shall see that the variable � denotes the correlation coefficient
between the two Gaussian codebooks U1 and U2 used by the source, �
is the fraction of source power dedicated to its private message, and 
is the fraction of relay power dedicated to relay’s private message.

Proof: We attempt to find attractive compress-and-forward
achievable rates, according to (17)–(20), by finding suitable X1; X2;

U1; U2, and V , and their distributions. The extension of com-
press-and-forward DMC to the Gaussian channel faces two main
problems.

• The proof of achievability requires strong typicality. In general,
strong typicality does not apply to continuous random variables.
However, for Gaussian input distributions the problem can be
solved, as explained in [8, Remark 30].

• Every time we wish to extend DMC results to Gaussian channels,
we need to find optimal codebooks which are often left unspec-
ified in the DMC developments. In some early cases, e.g., dirty
paper coding of Costa [19], the optimum codebook was correctly
guessed, and the guess was verified by tightness against upper
bounds. In many cases, such as ours, it is not feasible to verify op-
timality of the guesses. We use jointly Gaussian U1 and U2 with
correlation � as our guess, where � will be optimized.

The codebook is therefore as follows.
• U1�N (0; Pu ), U2�N (0; Pu ) with correlation coefficient �.
• V � N (0; P2) and X 0

2 � N (0; �P2).
The transmit signals are X1 = U1 + U2 and X2 = V + X 0

2.
The achievability of (54)–(57) follows from this choice of codebooks
(the details of proof appear in the Appendix). The power constraint of
X1 gives rise to power constraints (59) and (60) for U1 and U2, re-
spectively. Equation (58) gives Nc, the compression noise variance, in
terms of other variables in the system.

Remark 6: One would recover the compress-and-forward rate in a
nondegraded Gaussian relay channel provided in [8] by setting � = 0
and  = 0.

Note that the above achievable rate was obtained by successive
nulling and cancellation in a particular order, namely, the private
messages are decoded first. Other achievable rates can be obtained by
different orderings of nulling and canceling the codeword components
representing Z and W12 at the relay, and W13 and W23 at the desti-
nation. This leads to a total of four possibilities. Each of the decoding
orders gives one achievable rate region, and naturally the overall

achievable rate region is the convex hull of the four (the remaining
rate regions can be similarly derived as Corollary 2).

We briefly comment on the various orderings possible for nulling
and canceling. Consider the achievable region in Corollary 2 where
the private messages are decoded first and peeled off, following by the
decoding of relayed message at rateR13. It is known that for successive
decoding to work well, one must start with the dominant signal in the
superposition. However, at least at some operating points we may have
very low rates for private messages, which translates into low power
allocated for these messages. Therefore the remainder of the power will
be available for relaying. This means that the private messages do not
always correspond to the dominant signal.

For example, consider the case whereR23 is small, that is, the signal
corresponding to the private message from relay to destination has
small power. If we insist on decoding the private message first, it will
limit the power and hence the rate associated withR13 below the levels
possible in the system, and hence is very suboptimal. It is then reason-
able to proceed with decoding as follows.

At the destination, we start by considering the signal component of
R23 as “noise” and decode the relayed signal at rate R13. This will
allow us to know (part of) the signal transmitted by the source, which
can now be peeled off. Note that the relay’s transmission cannot be
peeled off in general, because the system is not degraded. Now, the
private message from the relay is decoded.

As yet another example, consider that R12 is much smaller than the
other rates in the system. Therefore, if the relay wishes to peel offW12

from its input, this will severely limit the amount of information that
can be relayed in a decode-and-forward protocol, since this assumes
R12 is the dominant signal at the relay input. Once again, by reversing
the order of nulling and canceling whenever appropriate, one may be
able to obtain better achievable rates.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

We present a general form of the relay channel with private messages
from source to relay and from relay to destination. Coding strategies are
developed for this channel. Three-dimensional rate regions are charac-
terized in both DMC and Gaussian channels. Also, numerical results
are obtained that shed light on the trade-off between private messaging
and relaying in a hybrid relay system. Many of the previous results for
the original relay and relay-broadcast channels can be recovered as spe-
cial cases of the results presented in this correspondence.

Extensions to this work include developing tight outer bounds for the
Gaussian RCPM, inclusion of a common message from the source to
relay and destination, and finally, studying RCPM in fading channels
is a natural direction to follow. Specifically, power allocation policies
at the source and relay are worth studying.
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APPENDIX

DERIVATION OF (54)–(58)

Given the input–output relationship between different random vari-
ables in Gaussian channels, the rate region represented by (54)–(57) is
obtained as follows:

R13 � I(U1; Ŷ2; Y3jV;X2)

=h(Ŷ2; Y3jV;X2)� h(Ŷ2; Y3jU1; V;X2): (61)

Now

h(Ŷ2; Y3jV;X2)

=h(U1 + Z2 + Zc; X1 +X2 + Z3jV; X2)

=h(U1 + Z2 + Zc; U1 + U2 + Z3)

=
1

2
log(2�e)2

Pu +N2 +Nc Pu + � Pu Pu

Pu + � Pu Pu P1 +N3

=
1

2
log(2�e)2 Pu Pu (1� �

2) + P1(N2 +Nc) + Pu N3

+N3(N2 +Nc) (62)

while

h(Ŷ2; Y3jU1; V; X2)

=h(Z2 + Zc; U2 + Z3)

=
1

2
log(2�e)2

N2 +Nc 0

0 Pu +N3

=
1

2
log(2�e)2 (Pu +N3)(N2 +Nc) : (63)

After straightforward simplifications we get (64) shown at the
bottom of the page. Next

R12 � I(U2; Y2jX2)

=h(Y2jX2)� h(Y2jU2; X2)

=
1

2
log(2�e)(P1+N2)�

1

2
log(2�e)(Pu +N2) (65)

simplifying we get

R12 < C
Pu + 2� Pu Pu

Pu +N2

: (66)

To compute I(U1;U2), we have

I(U1;U2) =h(U1) + h(U2)� h(U1; U2)

=
1

2
log(2�e)(Pu ) +

1

2
log(2�e)(Pu )

�
1

2
log(2�e)2

Pu � Pu Pu

� Pu Pu Pu
: (67)

Simplifying, we get

I(U1;U2) = �C � �
2
: (68)

Combining (64), (66), and (68), we have

R13 +R12 < C
(Pu + 2� Pu Pu )(N2 +N3 +Nc)

Pu (N2 +N3 +Nc) +N3(N2 +Nc)

+C
Pu + 2� Pu Pu

Pu +N2

+ C ��2 : (69)

For R23, we have

R23 � I(V ;Y3)

=h(Y3)� h(Y3jV )

= C
P2

P1 + �P2 +N3

: (70)

We are left with computing the constraint on the compression noise
variance Nc. From (25),

R̂ > I(Ŷ2;Y2jU2; V; X2)

=h(Ŷ2jU2; V; X2)� h(Ŷ2jU2; V; X2; Y2)

=
1

2
log(2�e)(Pu +N2 +Nc)�

1

2
log(2�e)(Nc): (71)

Hence

R̂ > C
Pu +N2

Nc

: (72)

On the other hand, we have from (26)

R̂ < I(X2; Ŷ2;Y3jV )

= I(X2;Y3jV ) + I(Ŷ2; Y3jV;X2): (73)

Now

I(X2;Y3jV ) = C
�P2

P1 +N3

: (74)

Moreover, we have

I(Ŷ2; Y3jV;X2) =h(Ŷ2jV;X2)� h(Ŷ2jV;X2; Y3)

=h(Ŷ2)� h(Ŷ2jY
0

3) (75)

where we defined

Y
0

3 = Y3 �X2 = U1 + U2 + Z3:

Now

h(Ŷ2) =
1

2
log(2�e)(Pu +N2 +Nc) (76)

h(Ŷ2jY
0

3)=h(Ŷ2; Y
0

3)�h(Y
0

3)

=
1

2
log(2�e)2

Pu +N2+Nc Pu +� Pu Pu

Pu +� Pu Pu P1+N3

�
1

2
log(2�e)(P1 +N3): (77)

R13 < C
Pu Pu (1� �2) + (Pu + 2� Pu Pu )(N2 +Nc) + Pu N3

Pu (N2 +Nc) +N3(N2 +Nc)
: (64)
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h(Ŷ2jY
0

3) =
1

2
log(2�e)

Pu Pu (1� �2) + P1(N2 +Nc) + Pu N3 +N3(N2 +Nc)

P1 +N3

: (78)

I(Ŷ2;Y3jV;X2) = C
P1Pu � Pu Pu (1� �2)

Pu Pu (1� �2) + P1(N2 +Nc) + Pu N3 +N3(N2 +Nc)
: (79)

R̂ = C
�P2

P1 +N3

+ C
P1Pu � Pu Pu (1� �2)

Pu Pu (1� �2) + P1(N2 +Nc) + Pu N3 +N3(N2 +Nc)
: (80)

Simplifying, we get (78) shown at the top of the page. Combining (76)
and (78), we get (79) shown at the top of the page. Combining (74) and
(79), we get (80) also shown at the top of the page. Finally, from (72)
and (80), we have

Pu +N2 +Nc

Nc

�
�P2 + P1 +N3

P1 +N3

�
(P1 +N3)(Pu +N2 +Nc)

Pu Pu (1� �2) + P1(N2 +Nc)+Pu N3+N3(N2+Nc)
:

(81)

Solving (81) for Nc leads to

Nc �
Pu Pu (1� �2) + Pu N3 +N2(P1 +N3)

�P2
: (82)
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