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Abstract

We examinethe outagecapacityof of codedcooperationCodedcooperatioris a wirelessuser
cooperationprotocol that integratescooperatie signaling with channelcoding. Each users code
word is partitionedinto two subsetghat are transmittedfrom the users andthe partners antennas,
respectrely. A notableoutcomeof this researchs that, unlike the decode-and-forard protocolthat
was shovn by Lanemanto have diversity of one,codedcooperatiorachie/es diversity orderin the
numberof cooperatingusers.Thuswe shov that codedcooperationis fundamentallydistinct from
decode-and-forard, despitetheir super cial similarities. We also apply our analysisto space-time
cooperatiorandstudythe effects of cooperatiorresourceallocation.Numericalevaluationof outage
expressionshav that codedcooperatiorhasa performanceadvantageacrossa wide rangeof SNR
over several other cooperatiorprotocols.

I. INTRODUCTION

Cooperatiorbetweenpairs of usersis a methodof providing spatialdiversity in wirelesscommu-
nication [1]-[6]. User cooperationemploys a signaling schemewhich allows two partneringusers
to eachsendversionsof their informationusingboth of their antennasSpatialdiversity thusresults
from versionsof eachusers dataarriving at the destinationthroughtwo independenfading paths.

Following the works of Sendonarist al. [1], [2], andin parallelto Lanemans work on amplify-
and-forward, decode-and-forard,andadaptve protocols[3], analternatve framevork wasproposed,
calledcodedcoopeation, in which cooperatre signalingis integratedwith channelcoding. The basic
ideais thateachuser insteadof repeatinghe recevved bits (eithervia ampli cation or decoding)tries
to transmitincrementakedundanyg for its partner The basicdifferencewith the decode-and-forard
protocolof Lanemaris thatin codedcooperationgachcodavord is effectively split betweenthe user
andits relay. The operationof this protocol rst appearedn [4] andwill be reviewed in the sequel.

In this work, we study the outagebehaior of codedcooperationA key resultarising from this
work is that, despitesuper cial similarities betweendecode-and-forard and codedcooperationthe
former (as shavn by Laneman)has diversity one while the latter enjoys diversity in the number
of cooperatingpartners.The outageanalysisin this paperis more cumbersomeahanthose,e.g., by
Lanemanret al., partially dueto the natureof codedcooperationand partially becauseén additionto
asymptoticresults,we also provide generaloutageexpressiondor arbitrary SNR.

Numericalresultsillustratethe outageprobabilityfor codedcooperatiorandspace-timesooperation
for variouschannekonditionsbetweerthe partnersandto their destinationandfor variousdatarates.
Theseresultsalso shav the advantagesof the codedcooperationframeavork over non-cooperatie
transmissiorand repetition-basedooperatie protocols.



I1. OUTAGE PROBABILITY ANALYSIS

In the following, we considerboth that channelsbetweenthe two usersare mutually independent
(independeninter-userchannels)andthatthe two usersseeanidenticalinstantaneouSNR between
them (reciprocalinter-user channels}. In addition, we examine the outageprobability expressions
in the high-SNRregime, when the usertransmitpower becomedarge, and demonstratehat coded
cooperatiorachiezesfull diversity (ordertwo for two users).

As a baseline,we considernon-cooperatie direct transmissionbetweensourceand destination.
The capacityconditionedon the channelrealization,characterizedby the instantaneouseceved SNR
, canbe expressedy the familiar ShannorformulaC( ) = log,(1+ ) b/s/Hz.Outageprobability

is de ned asthe probability that the conditional capacityfalls below a thresholdrate R,
Z o g
Pou = Prf <28 1g= p()d; 1)
0

where px(x) denotesthe probability density function (pdf) of randomvariable x. For the caseof
Rayleighfading, hasan exponentialpdf with parameterl= , where denoteshe meanvalue of
SNR over the fading and accountsfor the combinationof transmitpower and large-scalepath loss
and shadwving effects. The outageprobability for Rayleighfadingis thus evaluatedas
Zx g R
Pout = 1exp —d =1 exp 2 !
0

(2)

A. CodedCoopeation

Eachusersegmentdts datainto codedtransmitblocksconsistingof N codesymbols with allocated
rateR b/s/Hzfor eachblock. Userscooperateby dividing the transmissiorof eachN -symbolblock
over two successie time sggments,or frames.In the rst frame eachusertransmitsa rate R=
(0 < 1) code word consistingof N; = N symbols.If the user successfullydecodesthe
partners rst-frame transmissionin the secondramethe usertransmitsN, additionalparity symbols
for the partners dataaccordingto someoverall coding schemewhereN1 + N, = N. Otherwise,
the usertransmitsN, additionalparity symbolsfor its own data.Eachuseralwaystransmitsa total
of N bits per sourceblock over the two frames,andthe usersonly transmitin their own orthogonal
multiple accesshannelsThe parameter givesthe degreeof cooperationpr the portionthe N total
channelsymbolsallocatedfor the rst frame.

Since eachuser actsindependentlythere are four possiblecasesfor second-framdransmission
(see[5, Fig. 4]). We parameterizahe four casesby 2 f 1;2; 3; 4g and expressthe corresponding
conditional capacitiesand outageeventsfor eachcaseasfollows:

Casel ( = 1): In this case,both partnerscorrectly decodeeachother In an information-
theoreticsense correctdecodingcorrespondgo the following events:

B Cio( 12) = logx(1+ 1;2) > R=

B Cai( 21) =10gy(l+ 21) > R=

1The natureof the inter-userchannel,i.e., independentreciprocal,or correlatedto somedegree,dependsn part on the
multiple accessschemeemployed. This issueis discussedn more detail in [5].
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wherethe subscriptform i; j denotestransmissiorfrom Useri to Userj. In the secondframe
both userstransmitadditionalparity for eachother For a given user the destinationwill receive
a transmissiorfrom both the user( rst frame) andthe partner(secondframe). The rst frame
usesafraction of thetotalN allocatedsymbolswhile thesecondrameusesl . Thesetwo
transmissiongsanthusbe viewed asparallel(conditionally) Gaussiarchannelsywhosecapacities
addtogethel]7, Section10.4]. Equivalently thetwo transmissionsanbe viewed astime sharing
betweentwo independenthannelswherethe rst channelis useda fraction of thetime. We
canthuswrite the outageeventsfor Usersl and2 as

Crd( 1as 2di = 1= logy(1+ 14)+ (1 )logy(l+ 24) <R

Cod( 1a; 2dl =1)= 1001+ 24)+ (1 )logy(1+ 14) <R
wherethe subscriptd denoteshe destination.
Case2 ( = 2): In this case neitherusercorrectlydecodegheir partner This correspondso
both usersbeingin outagewith respectto their partner given by the eventsES andES . In the
secondframe both userstransmitadditionalparity for their own data.The correspondingutage
eventsare

(4)

Crd( 10l = 2)=l0gx(1+ 14) <R

Cod( 2d] = 2)=logx(1+ 2q) < R:
Case3 ( = 3): Inthiscase,User2 correctlydecodedJser1, but User1 doesnot correctly
decoddJser2. This correspondso theeventsE; andES respectiely. In thesecondrame,Userl
and User 2 both transmitthe sameadditional parity symbolsfor User 1, while no additional
parity is transmittedfor User 2. SinceUsers1 and 2 transmitin orthogonalchannelsiwo sets
of paritiesfor User 1 canbe optimally combinedat the destination.The correspondingputage

(5)

eventsare
Crd( 1a5 2] =3)= l0g(1+ 14)*+ (1 )I0g(1+ 14+ 24) <R )
Cod( 2d] = 3)=10g(1+ 24) < R=:
Case4 (= 4): This caseis identicalto Case3 with the roles of Usersl and 2 reversed.
Thusfor the rst framewe have the eventsEf andE,, andthe outageeventsfor Usersl and2
are
Cra( 1:af = 4)=logy(1+ 14) < R= @)
Cod( 1d5 2a] =4)= 10G(1+ 24)+ (1 )logy(l+ 14+ 24) <R:

The abore assumesinindependeninter-userchannel( 1.2 and .1 independent)the mostgeneral
condition. Sincethe four casesaredisjoint, andf 1.2; 2:1; 1.4; 299 areall mutually independent,
we canwrite the overall outageprobability for User1 as

Pougz = Prf 12> 2% 1g Prf 21> 2% 1g Pri(1+ 1) (1+ 290 < 2%g

+Prf 1< 2R 1g Prf 50 < 2R 1g Prf 1 9< 2R 1g
+Prf 15> 287 1g Prf 51 < 2% 1g Pri(l+ 1) (1+ 14+ 20)0 < 2Rg
+Prf o< 2R 1g Prf 51> 2% 1g Prf 14< 2R%°  1g:
(8)
Due to symmetry we canobtainan identical expressionfor User2 by simply reversingthe roles of

Usersl and 2. In the remainderof this paper we considerthe outageprobability for User1 only,
with the understandinghat correspondingesultsfor User 2 areidentical.



For the caseof Rayleighfading,\{ve can evaluate(8l) as

_ _ 7
2R= 1 2R= )
Pour1= exp ———— exp ——— (1 2d)d 1.0d 2d
1;2 2,1 A
" I #" I #
1 2R 1 2R 2R
+ 1 exp —— 1 exp — 1 exp
|1;2" l#2;1 1;d 9
1 oR= | ore T ZZ (9)
texp ——— 1 exp ——— ( 1ds 2d)d 1,0d 24
1;2 2,1 B
" | # P I#
1 2R 1 2R 1 2R
+ 1 exp —— exp —— 1 exp —
1;2 2;1 1;d

where
A fA+ 1) A+ 29t < 2Rg

B f(l+ 1a) 1+ 1a+ 20" < 2°g (10)
( 1ds 2d) = —€Xp 2 — exp 24
1;d 1;d 2:d 2,d
We can further simplify (9) to obtain
I ! ! #
2R= 1 2R= 1 2Rs
Pout1=exp ——— 1 exp — exp —— 1
2,1 1;d 1;2
" g " ! # (12)
1 2Rs 1 2R 1 2Rs
+ 1 exp —— 1 exp exp — 2
2;1 1;d 1;2
where
Z 2R: 1
1= — ex e
0 1d 1d d
2= w0
0 ;
R ) . (12)
(1 + l;d) @)
2R=(1 )
T @+ =@ ) 1 1
In the caseof reciprocalinteruser channels( 1.2 = 21), Cases3 and 4 do not occur As a
result, (8) simpli es to
I:)out;l = Prf 1;2 > ZR: 19 Prf (1+ 1;d) (1+ 2;d)1 < ZRg (13)
+Prf 1< 2R g Prf 1< 2R g
Basedon the abore re|sLJIts,we can waluatF(ls) fgr R’Igyleighfading as |
1 2R 1 R 1 R 1 R
Pout:1 = exp 1 exp 1 + 1 exp 1 exp
1;2 1;d 1;2 1;d
(14)

where ; is the sameasin (12).

We seefrom (11) and(14) thatthe degreeof cooperation is afree parametethatcanbevariedto
optimize performanceObtaininga generalexpressionfor an optimal valueof asa function of the



otherparameterss complicatedby the factthat appearsn the limits of integralsin (11) and (14).
Neverthelessfor ary given parametesset,an optimal may be determinedthroughiteration.

To examinethe behaior of outageprobability in the high-SNRregime, we re-parameterizéhe

meanSNR j; as
ST i (15)

wherenow 1 is theratio of the usertransmitpower to therecevednoise,and ; isa nite constant
accountingfor large-scalepathlossandshadaving effects. For the purposesf this work we assume
that T is the samefor both users.Relative differencesn quality betweenthe variouschannelsare
still capturedby the ;; values.This re-parameterizatiodecouplesthe usertransmitpower from
the physical impairmentsof the channelitself. Thus, by expressingoutageprobability asa function
of 1= 1, andthenletting t! 1 (e.g.,the high-SNRregime), the diversity orderis given by the
smallestexponentof 1= .

To obtain the outageprobability as a function of 1= 1 for the caseof independeninter-user
channelswe expandeachexponentialtermin (11) usingthe equivalentTaylor's seriesrepresentation
(i.e., [8, p. 299]). Collectinglike-ordertermsand simplifying resultsin the following expressionfor

User1: " . ) #
1 (2R 1 R; 1
Pout1= — ( ) + ( ) +0 —5 (16)
T 1d 1;2 1d 2d T
where (
oR=(1 ) 1 R 2)=@ ) 1 2R= +1 61=2
(R; )= 12 a7)
R 22R+1 In2 22R+ 1 = 1=2

andO -1 denoteshe orderof the remainingtermsin the Taylor's seriesexpansion.

For the caseof reciprocalinter-userchannelswe can obtaina similar expression:

#
1 (2R 1pER= 1 R; 1
T 1d 1,2 1,d 2d T

where ( R; ) is givenin (17).

We seefrom (16) and (18) that,as 1 ! 1 , the outageprobability is a function of 1= %
This shaws that coded cooperationachiares full diversity, in this casediversity order two for two
cooperatingusers.

B. Space-ime Coopeation

With space-timecooperationjn the secondframe, insteadof allocatingall power to transmitting
additionalparity for the partner the usersplitsthe power accordingto theratio ; (i 2 f1;2g denotes
Useri). The users own additional parity symbolsare transmittedwith power ;P and additional
parity for the partneris transmittedwith power (1 )P, whereP denoteghe users total average
transmitpower. If the partneris not successfullydecodedall the power is allocatedthe the users
own parity.

The original motivation for space-timecooperationwas to provide improved performanceover
codedcooperationin a fast-fiding ervironment;i.e., whenthe fading coefcients arei.i.d. for each



transmittedsymbol[6]. Our interestin space-timecooperatiorin the context of this work stemsfrom

the factthatin a senseit represents generalizatiorof the original framevork. Codedcooperation
canbe viewed as a specialcasefor ; = 0, i = 1;2, andthuswe would like to seeif this power

splitting (e.g. ; 6 0) providesary adwantages.

Space-timecooperatiorninvolvesthe samefour casesresultingfrom the rst frametransmissions,
as codedcooperationThe outageevents(4)—(7) for User1 become

Crd( 105 2di =1)= l0ga(1+ 1,9)+ (1  )logy[l+ 1 19+ (1  2) 24l <R
Crd( 1 =2)=logy(1+ 14) <R

Crd( 105 2d] =3)= logy(l+ 149)+ (1 )logy[1+ 14+ (1  2) 20l <R
Crd( 1) =4)= logy(l+ 14)+ (1 )logx(l+ 1 14) <R:

(19)

Througha developmentsimilarto Sectionll-A, we obtainoutageprobability expressiongor Userl
for the caseof Rayleighfading (we omit the detailsherefor spaceconsiderations)For independent
inter-userchannelswe obtain

P ! #
R= Z R=
2 1 1;d
Pout1= exp ——— —exp —— d g exp 3
21 E 1d 1d 12
n | # " ! # (20)
1 2R 1 R 1 2R
+ 1 exp — 1 exp exp —— 4
2;1 1;d 1,2
and for reciprocalinteruserchannelswe o'btain
R= £
2 1d
Pout1 = €xp ———— — exp — d 14 3
1;2 E 1d 1,d
" !# (21)
R= 2R
+ 1 exp 1 exp ;
1;2 1;d
where 7 )
3= ——exp Ld d 14
E 1d 1d (1 2) 24
z 2R 1 b
1,d
4= —ex d 14
0 1d P W @ 2 2 (22)
2R=(1 )

c= —
1+ 10)7
E f(l+ 19) I+ 110" <2

andb is the sameas (12).

In additionto the cooperationlevel , with space-timecooperationwe have two additional free
parametersthe power splitting ratios 1 and ». Determiningoptimal valuesfor 1 and » is beyond
the scopeof this work. In all the resultsfor space-timecooperatiorpresentedn Sectionlll, we use

1= 2= 0:5. Somepreliminary resultson optimal power splitting are givenin [6].

To determinethe diversity achieved by space-timeooperationye re-parameterize; andexpand
theexponentiatermsusingTaylor's seriesaswe did for codedcooperationfFor independeninter-user

channelswe obtain
n Z ! #

oR= 1 c
+ diqg +0
E  1d 12 1d(1  2) 24

Pout;1 = (23)

—H\)‘ =
—|w‘ =
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and for reciprocalinteruserchannelsve have
7 #
1 @R pERr= 1 c d g 1
Pout1 = — ( X )+ : +0 — (24)
z 1d 12 e 1d(l  2) 2d =

wherec is the sameasin (22). We seefrom (23) and (24) that space-timecooperatioralsoachieves
full diversity ordetr

I11. NUMERICAL RESULTS

For eachof the curves shown, the outageprobability for codedcooperationat eachpoint corre-
spondsto the  which minimizesthe averageoutageprobability over both the users.For eachcase
weset 120 = 21 (obviously truefor reciprocalinteruserchannelsandreasonabldor independent
interuser channelssince path loss is reciprocal,as is large-scaleshadaving in mary cases)As a
result, the outageprobabilitiesfor both usersare equalif their channelsto the destination(uplink

channelshave equalmeanSNR ( 1.4 =  2.4)-

Fig. 1 showvs outageprobability vs. meanuplink SNR ( 1.4 = 2.4) for inter-user channelsof
variousqualities,with rateR = 1=2. The curvesdemonstrateéhat codedcooperatiorand space-time
cooperatiorachiese full diversity Codedcooperatiorperformsslightly betterthan space-timecoop-
eration, althoughthe differenceis small. The outageprobability with reciprocalinteruserchannels
is always lessthan that with independeninter-userchannelssincethe latter admitsCases3 and 4,
in which no additionalparitiesaretransmittedfor one of the users.However, this differenceis again
quite small.

Fig. 2 shavs outageprobability vs. meanuplink SNR for User2 for 1.4 6 2.4, again with rate
R = 1=2. In this case,User1 hasa betteruplink channelwith meanSNR 1.4 = 2.4+ 10dB. For
simplicity, only resultsfor reciprocalinter-userchannelsareshawvn; resultsfor independeninter-user
channelsare similar. We that both usersimprove with cooperationwhich is an importantpractical
result. In addition, we seethat codedcooperationnoticeablyreducesthe differencein performance



0.05 - ™ 05 - !
—— No cooperation / / —— No cooperation /
—+— Amplify and forward 4 F/ /w —+— Amplify and forward A 9
0.0451 —=— selection decode and forward G / /] 0.45) = selection decode and forward B
—&— Coded cooperation / il —&— Coded cooperation ,//
0.04 L —7—_Space time cooperation 0.4} =¥~ Space time cooperation r
= . . = + /
3 —— Reciprocal inter user channel 3 —— Reciprocal inter user channel 4 ,F /
8 0035~ ~ Independent inter user 8  0.35}— ~ Independent inter user channel i %
% channel o
o3 5 /g 7
[%] 12 o/
S 003f S 03f it 2,
< < )
S 5] ‘m )
= =3 L/ 7
2 0025¢ z 025¢ - /
5 - lef L
g 0.02f S o02f 7t 5
o & 5y g
S o015 S o015 -
g g / @
=1 =1 e p
o o
0.011- 0.1 7 %
7
H
0.005 0.051 oA
e
e - 0= Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.5 1 15 2 25
Rate (b/s/Hz) Rate (b/s/Hz)
(@) (b)

Fig. 3. Outageprobability vs. rate. All channelshave meanSNR of 10dB. Part (a) shows the low-rate regime, while (b)
shavs a broaderrangefor rate.

—— Mean inter user SNR = mean uplink SNR
—%— Mean inter user SNR = mean uplink SNR  10dB
—&— Mean inter user SNR = mean uplink SNR + 10dB

—— Noiseless inter user channel

0.9 q
——Reciprocal inter user channel
— — -Independent inter user channel
«
e
2 0.8 4
c
E<]
o
@
o -
8 e - S R |
(8}
©
£
2
(¢}
T T T = e
I I I I I
5 0 5 10 15 20 25

Mean Uplink SNR (both users equal) (dB)
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betweenthe two users,indicating that the systemresourcesare inherently being re-allocatedin a
more equitableand effective way.

For comparisonwe considertwo repetition-basednethodsthe amplify-and-forward andselection
decode-and-forard protocolsintroducedin [3]. For both schemesthe cooperationlevel is 1=2
by de nition, and their respectre outageprobability expressionsare givenin [3]. We note that the
outageprobability for amplify-and-forvard is the samefor both reciprocalandindependeninteruser
channelsFig. 3 comparesutageprobability vs. ratefor the variouscooperatre schemesln the low-
rate regime, all of the methodsprovide signi cant improvement,with codedcooperationgiving the
bestperformanceAt higherrates,the repetition-baseanethodsperformworsethan no-cooperation,
which is a resultof the inef ciency of repetitioncoding.An inherentpropertyof codedcooperation,
illustratedin all the Figures,is that even underworse-caseonditionsit always performsat leastas
well asno cooperationAlso for higherrates,the outageprobability for codedcooperationexceeds
that of space-timecooperationfor independentnter-user channels Space-timecooperationis more
robust to the effects of Cases3 and4 in this region.

Fig. 4 shawvs optimal valuesof cooperatiorlevel for codedcooperatiorcorrespondingo various



degreesof inter-userchannelquality. Again we considerrate R = 1=2 and 1.4 = 24. With the
exceptionof extremeconditions(e.g.,very high meaninter-userSNR or very low meanuplink SNR),
the optimal value is almostalways greaterthan 1=2. This indicatesthat it is generallybetterto
allocatea higherportionof thetotal rateR to the rst frame,whichimprovesthechance®f successful
detectionof a userby its partner As the interuserchannelquality decreaseselative to the uplink
channelsthe optimal valueincreasesorrespondinglywhich allocateseven morerateto the rst
frame.Finally, we notethat, for a x ed interuserchannelquality relative to the uplink channelsthe
optimal valuefor independeninteruserchannelds greaterthanfor reciprocalinteruserchannels.
This differencecorresponddo trying to reducethe probability of occurrencdor Cases3 and 4 for
independentinteruserchannels.

IVV. CONCLUSIONS

In this work, we examinethe outagebehaior of the codedcooperationframenork. We develop
outageprobability expressionsfor codedcooperation[4], [5] and space-timecooperation[6], and
demonstratéhatbothachieve full diversity (diversity ordertwo for two cooperatingisers) Numerical
outageprobabilityresultsdemonstrat¢hatboth codedcooperatiorandspace-timeooperatiorprovide
signi cant gains, especiallyin the low-rateregime (R 1 b/s/Hz).The resultsalso shav that coded
cooperationperformsbetter than repetition-basedooperatre protocols.Due to the inef ciency of
repetitioncoding, the repetition-basedchemesan performworsethan no cooperationat low SNR
or higherrates.In contrast,we seethat codedcooperationand space-timecooperationin the worst
casealways performat leastaswell asnon-cooperatie transmission.
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