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Abstract

We examinethe outagecapacityof of codedcooperation.Codedcooperationis a wirelessuser
cooperationprotocol that integratescooperative signaling with channelcoding. Each user's code
word is partitionedinto two subsetsthat are transmittedfrom the user's andthe partner's antennas,
respectively. A notableoutcomeof this researchis that,unlike thedecode-and-forward protocolthat
wasshown by Lanemanto have diversity of one,codedcooperationachievesdiversity order in the
numberof cooperatingusers.Thuswe show that codedcooperationis fundamentallydistinct from
decode-and-forward, despitetheir super�cial similarities.We also apply our analysisto space-time
cooperationandstudytheeffectsof cooperationresourceallocation.Numericalevaluationof outage
expressionsshow that codedcooperationhasa performanceadvantageacrossa wide rangeof SNR
over several othercooperationprotocols.

I . INTRODUCTION

Cooperationbetweenpairsof usersis a methodof providing spatialdiversity in wirelesscommu-

nication [1]–[6]. User cooperationemploys a signalingschemewhich allows two partneringusers

to eachsendversionsof their informationusingboth of their antennas.Spatialdiversity thusresults

from versionsof eachuser's dataarriving at the destinationthroughtwo independentfadingpaths.

Following the works of Sendonariset al. [1], [2], and in parallel to Laneman's work on amplify-

and-forward,decode-and-forward,andadaptive protocols[3], analternative framework wasproposed,

calledcodedcooperation, in which cooperative signalingis integratedwith channelcoding.Thebasic

ideais thateachuser, insteadof repeatingthereceivedbits (eithervia ampli�cation or decoding)tries

to transmitincrementalredundancy for its partner. The basicdifferencewith the decode-and-forward

protocolof Lanemanis that in codedcooperation,eachcodeword is effectively split betweentheuser

andits relay. The operationof this protocol �rst appearedin [4] andwill be reviewed in the sequel.

In this work, we study the outagebehavior of codedcooperation.A key result arising from this

work is that, despitesuper�cial similaritiesbetweendecode-and-forward andcodedcooperation,the

former (as shown by Laneman)has diversity one while the latter enjoys diversity in the number

of cooperatingpartners.The outageanalysisin this paperis more cumbersomethan those,e.g.,by

Lanemanet al., partially dueto the natureof codedcooperation,andpartially becausein additionto

asymptoticresults,we alsoprovide generaloutageexpressionsfor arbitrarySNR.

Numericalresultsillustratetheoutageprobabilityfor codedcooperationandspace-timecooperation

for variouschannelconditionsbetweenthepartnersandto their destination,andfor variousdatarates.

Theseresultsalso show the advantagesof the codedcooperationframework over non-cooperative

transmissionandrepetition-basedcooperative protocols.



I I . OUTAGE PROBABILITY ANALYSIS

In the following, we considerboth that channelsbetweenthe two usersaremutually independent

(independentinter-userchannels),andthat the two usersseean identicalinstantaneousSNRbetween

them (reciprocalinter-user channels).1 In addition, we examine the outageprobability expressions

in the high-SNRregime, when the usertransmitpower becomeslarge, and demonstratethat coded

cooperationachieves full diversity (order two for two users).

As a baseline,we considernon-cooperative direct transmissionbetweensourceand destination.

Thecapacityconditionedon thechannelrealization,characterizedby the instantaneousreceivedSNR


 , canbe expressedby the familiar ShannonformulaC(
 ) = log2(1 + 
 ) b/s/Hz.Outageprobability

is de�ned as the probability that the conditionalcapacityfalls below a thresholdrateR,

Pout = Prf 
 < 2R � 1g =
Z 2R � 1

0
p
 (
 )d
 ; (1)

where px (x) denotesthe probability density function (pdf) of randomvariable x. For the caseof

Rayleighfading, 
 hasan exponentialpdf with parameter1=� , where� denotesthe meanvalueof

SNR over the fading and accountsfor the combinationof transmitpower and large-scalepath loss

andshadowing effects.The outageprobability for Rayleighfading is thusevaluatedas

Pout =
Z 2R � 1

0

1
�

exp
�
�



�

�
d
 = 1 � exp

�
�

2R � 1
�

�
: (2)

A. CodedCooperation

Eachusersegmentsits datainto codedtransmitblocksconsistingof N codesymbols,with allocated

rateR b/s/Hzfor eachblock. Userscooperateby dividing the transmissionof eachN -symbolblock

over two successive time segments,or frames.In the �rst frame eachuser transmitsa rate R=�

(0 < � � 1) code word consistingof N1 = � N symbols.If the user successfullydecodesthe

partner's �rst-frame transmission,in thesecondframetheusertransmitsN2 additionalparity symbols

for the partner's dataaccordingto someoverall coding scheme,whereN1 + N2 = N . Otherwise,

the usertransmitsN2 additionalparity symbolsfor its own data.Eachuseralways transmitsa total

of N bits per sourceblock over the two frames,andthe usersonly transmitin their own orthogonal

multiple accesschannels.Theparameter� givesthedegreeof cooperation,or theportion theN total

channelsymbolsallocatedfor the �rst frame.

Sinceeachuseracts independently, thereare four possiblecasesfor second-frametransmission

(see[5, Fig. 4]). We parameterizethe four casesby � 2 f 1; 2; 3; 4g and expressthe corresponding

conditionalcapacitiesandoutageeventsfor eachcaseas follows:

� Case1 (� = 1) : In this case,both partnerscorrectly decodeeachother. In an information-

theoreticsense,correctdecodingcorrespondsto the following events:

E1 : C1;2(
 1;2) = log2(1 + 
 1;2) > R=�

E2 : C2;1(
 2;1) = log2(1 + 
 2;1) > R=�
(3)

1The natureof the inter-userchannel,i.e., independent,reciprocal,or correlatedto somedegree,dependsin part on the
multiple accessschemeemployed. This issueis discussedin moredetail in [5].



wherethe subscriptform i; j denotestransmissionfrom User i to User j . In the secondframe

bothuserstransmitadditionalparity for eachother. For a givenuser, thedestinationwill receive

a transmissionfrom both the user(�rst frame)and the partner(secondframe).The �rst frame

usesa fraction � of thetotal N allocatedsymbols,while thesecondframeuses1� � . Thesetwo

transmissionscanthusbeviewedasparallel(conditionally)Gaussianchannels,whosecapacities

addtogether[7, Section10.4].Equivalently, thetwo transmissionscanbeviewedastime sharing

betweentwo independentchannels,wherethe �rst channelis useda fraction � of the time. We

canthuswrite the outageeventsfor Users1 and2 as

C1;d(
 1;d; 
 2;dj� = 1) = � log2(1 + 
 1;d) + (1 � � ) log2(1 + 
 2;d) < R

C2;d(
 1;d; 
 2:dj� = 1) = � log2(1 + 
 2;d) + (1 � � ) log2(1 + 
 1;d) < R
(4)

wherethe subscriptd denotesthe destination.

� Case2 (� = 2) : In this case,neitherusercorrectlydecodestheir partner. This correspondsto

both usersbeing in outagewith respectto their partner, given by the eventsEC
1 andEC

2 . In the

secondframebothuserstransmitadditionalparity for their own data.Thecorrespondingoutage

eventsare

C1;d(
 1;dj� = 2) = log2(1 + 
 1;d) < R

C2;d(
 2:dj� = 2) = log2(1 + 
 2;d) < R:
(5)

� Case3 (� = 3) : In this case,User2 correctlydecodesUser1, but User1 doesnot correctly

decodeUser2. Thiscorrespondsto theeventsE1 andEC
2 respectively. In thesecondframe,User1

and User 2 both transmit the sameadditionalparity symbolsfor User 1, while no additional

parity is transmittedfor User2. SinceUsers1 and2 transmitin orthogonalchannels,two sets

of paritiesfor User 1 can be optimally combinedat the destination.The correspondingoutage

eventsare

C1;d(
 1;d;
 2;dj� = 3) = � log2(1 + 
 1;d) + (1 � � ) log2(1 + 
 1;d + 
 2;d) < R

C2;d(
 2:dj� = 3) = log2(1 + 
 2;d) < R=� :
(6)

� Case4 (� = 4) : This caseis identical to Case3 with the roles of Users1 and 2 reversed.

Thusfor the �rst framewe have the eventsEC
1 andE2, andthe outageeventsfor Users1 and2

are

C1;d(
 1:dj� = 4) = log2(1 + 
 1;d) < R=�

C2;d(
 1;d;
 2;dj� = 4) = � log2(1 + 
 2;d) + (1 � � ) log2(1 + 
 1;d + 
 2;d) < R:
(7)

Theabove assumesanindependentinter-userchannel(
 1;2 and
 2;1 independent),themostgeneral

condition.Sincethe four casesare disjoint, and f 
 1;2; 
 2;1; 
 1;d; 
 2;dg are all mutually independent,

we canwrite the overall outageprobability for User1 as

Pout; 1 = Prf 
 1;2 > 2R=� � 1g � Prf 
 2;1 > 2R=� � 1g � Prf (1 + 
 1;d) � (1 + 
 2;d)1� � < 2Rg

+ Prf 
 1;2 < 2R=� � 1g � Prf 
 2;1 < 2R=� � 1g � Prf 
 1;d < 2R � 1g

+ Prf 
 1;2 > 2R=� � 1g � Prf 
 2;1 < 2R=� � 1g � Prf (1 + 
 1;d) � (1 + 
 1;d + 
 2;d)1� � < 2Rg

+ Prf 
 1;2 < 2R=� � 1g � Prf 
 2;1 > 2R=� � 1g � Prf 
 1;d < 2R=� � 1g:

(8)

Due to symmetry, we canobtainan identicalexpressionfor User2 by simply reversingthe rolesof

Users1 and 2. In the remainderof this paper, we considerthe outageprobability for User 1 only,

with the understandingthat correspondingresultsfor User2 are identical.



For the caseof Rayleighfading,we canevaluate(8) as

Pout; 1 = exp
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(9)

where

A � f (1 + 
 1;d) � (1 + 
 2;d)1� � < 2Rg

B � f (1 + 
 1;d) � (1 + 
 1;d + 
 2;d)1� � < 2Rg

�( 
 1;d; 
 2;d) =
1

� 1;d
exp

�
�


 1;d

� 1;d

�
�

1
� 2;d

exp
�

�

 2;d

� 2;d

�
:

(10)

We canfurther simplify (9) to obtain

Pout; 1 = exp

 
1 � 2R=�

� 2;1

!

�

"

1 � exp

 
1 � 2R=�

� 1;d

!

� exp

 
1 � 2R=�

� 1;2

!

� 	 1

#

+

"

1 � exp

 
1 � 2R=�

� 2;1

!#

�

"

1 � exp
�

1 � 2R

� 1;d

�
� exp

 
1 � 2R=�

� 1;2

!

� 	 2

# (11)

where

	 1 =
Z 2R =� � 1

0

1
� 1;d

exp
�

�

 1;d

� 1;d
�

a
� 2;d

�
d
 1;d

	 2 =
Z 2R � 1

0

1
� 1;d

exp
�

�

 1;d

� 1;d
�

b
� 2;d

�
d
 1;d

a =
2R=(1� � )

(1 + 
 1;d) �= (1� � )
� 1

b =
2R=(1� � )

(1 + 
 1;d) �= (1� � )
� 1 � 
 1;d:

(12)

In the caseof reciprocal inter-user channels(
 1;2 = 
 2;1), Cases3 and 4 do not occur. As a

result, (8) simpli�es to

Pout; 1 = Prf 
 1;2 > 2R=� � 1g � Prf (1 + 
 1;d) � (1 + 
 2;d)1� � < 2Rg

+ Prf 
 1;2 < 2R=� � 1g � Prf 
 1;d < 2R � 1g:
(13)

Basedon the above results,we canevaluate(13) for Rayleighfadingas

Pout; 1 = exp

 
1� 2R=�

� 1;2

! "

1� exp

 
1� 2R=�

� 1;d

!

� 	 1

#

+

"

1� exp

 
1� 2R=�

� 1;2

! #�
1� exp

�
1� 2R

� 1;d

� �
:

(14)

where	 1 is the sameas in (12).

We seefrom (11) and(14) that thedegreeof cooperation� is a freeparameterthatcanbevariedto

optimizeperformance.Obtaininga generalexpressionfor an optimal valueof � asa function of the



otherparametersis complicatedby the fact that � appearsin the limits of integrals in (11) and(14).

Nevertheless,for any given parameterset,an optimal � may be determinedthroughiteration.

To examine the behavior of outageprobability in the high-SNRregime, we re-parameterizethe

meanSNR � i;j as

� i;j =) � T � � i;j ; (15)

wherenow � T is theratio of theusertransmitpower to thereceivednoise,and� i;j is a �nite constant

accountingfor large-scalepathlossandshadowing effects.For the purposesof this work we assume

that � T is the samefor both users.Relative differencesin quality betweenthe variouschannelsare

still capturedby the � i;j values.This re-parameterizationdecouplesthe user transmitpower from

the physical impairmentsof the channelitself. Thus,by expressingoutageprobability asa function

of 1=� T , and then letting � T ! 1 (e.g., the high-SNRregime), the diversity order is given by the

smallestexponentof 1=� T .

To obtain the outageprobability as a function of 1=� T for the caseof independentinter-user

channels,we expandeachexponentialtermin (11) usingtheequivalentTaylor's seriesrepresentation

(i.e., [8, p. 299]). Collecting like-ordertermsandsimplifying resultsin the following expressionfor

User1:

Pout; 1 =
1

� 2
T

"
(2R=� � 1)2

� 1;d� 1;2
+

�( R; � )
� 1;d� 2;d

#

+ O
�

1
� 3

T

�
; (16)

where

�( R; � ) =

(
2R=(1� � )

�
1� �
1� 2�

�
�
�
2R(1� 2� )=� (1� � ) � 1

�
� 2R=� + 1 � 6= 1=2

R � 22R+1 � ln 2 � 22R + 1 � = 1=2
(17)

andO
�

1
� 3

T

�
denotesthe orderof the remainingtermsin the Taylor's seriesexpansion.

For the caseof reciprocalinter-userchannels,we canobtaina similar expression:

Pout; 1 =
1

� 2
T

"
(2R � 1)(2R=� � 1)

� 1;d� 1;2
+

�( R; � )
� 1;d� 2;d

#

+ O
�

1
� 3

T

�
(18)

where�( R; � ) is given in (17).

We see from (16) and (18) that, as � T ! 1 , the outageprobability is a function of 1=� 2
T .

This shows that codedcooperationachieves full diversity, in this casediversity order two for two

cooperatingusers.

B. Space-Time Cooperation

With space-timecooperation,in the secondframe, insteadof allocatingall power to transmitting

additionalparity for thepartner, theusersplits thepower accordingto theratio � i (i 2 f 1; 2g denotes

User i ). The user's own additional parity symbolsare transmittedwith power � i P and additional

parity for the partneris transmittedwith power (1 � � i )P , whereP denotesthe user's total average

transmitpower. If the partneris not successfullydecodedall the power is allocatedthe the user's

own parity.

The original motivation for space-timecooperationwas to provide improved performanceover

codedcooperationin a fast-fading environment;i.e., when the fading coef�cients are i.i.d. for each



transmittedsymbol[6]. Our interestin space-timecooperationin thecontext of this work stemsfrom

the fact that in a senseit representsa generalizationof the original framework. Codedcooperation

can be viewed as a specialcasefor � i = 0, i = 1; 2, and thus we would like to seeif this power

splitting (e.g. � i 6= 0) providesany advantages.

Space-timecooperationinvolvesthe samefour cases,resultingfrom the �rst frametransmissions,

ascodedcooperation.The outageevents(4)–(7) for User1 become

C1;d(
 1;d; 
 2;dj� = 1) = � log2(1 + 
 1;d) + (1 � � ) log2 [1 + � 1
 1;d + (1 � � 2)
 2;d] < R

C1;d(
 1;dj� = 2) = log2(1 + 
 1;d) < R

C1;d(
 1;d; 
 2;dj� = 3) = � log2(1 + 
 1;d) + (1 � � ) log2 [1 + 
 1;d + (1 � � 2)
 2;d] < R

C1;d(
 1;dj� = 4) = � log2(1 + 
 1;d) + (1 � � ) log2(1 + � 1
 1;d) < R:

(19)

Througha developmentsimilar to SectionII-A, we obtainoutageprobabilityexpressionsfor User1

for the caseof Rayleighfading(we omit the detailsherefor spaceconsiderations).For independent

inter-userchannels,we obtain
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(20)

and for reciprocalinter-userchannelswe obtain

Pout; 1 = exp

 
1 � 2R=�

� 1;2

!

�
� Z

E

1
� 1;d

exp
�

�

 1;d

� 1;d

�
d
 1;d � 	 3

�

+

"

1 � exp

 
1 � 2R=�

� 1;2

!# �
1 � exp

�
1 � 2R

� 1;d

��
;

(21)
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E � f (1 + 
 1;d) � (1 + � 1
 1;d)1� � < 2Rg

(22)

andb is the sameas(12).

In addition to the cooperationlevel � , with space-timecooperationwe have two additional free

parameters,thepower splitting ratios� 1 and� 2. Determiningoptimalvaluesfor � 1 and� 2 is beyond

the scopeof this work. In all the resultsfor space-timecooperationpresentedin SectionIII, we use

� 1 = � 2 = 0:5. Somepreliminary resultson optimal power splitting aregiven in [6].

To determinethediversityachievedby space-timecooperation,we re-parameterize� i;j andexpand

theexponentialtermsusingTaylor'sseriesaswedid for codedcooperation.For independentinter-user

channels,we obtain

Pout; 1 =
1

� 2
T

" Z

E

 
2R=� � 1
� 1;d� 1;2

+
c

� 1;d(1� � 2)� 2;d

!

d
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#

+ O
�

1
� 3

T

�
; (23)
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andfor reciprocalinter-userchannelswe have

Pout; 1 =
1

� 2
T

"
(2R � 1)(2R=� � 1)

� 1;d� 1;2
+

Z

E

c � d
 1;d

� 1;d(1� � 2)� 2;d

#

+ O
�

1
� 3

T

�
; (24)

wherec is the sameasin (22). We seefrom (23) and(24) that space-timecooperationalsoachieves

full diversity order.

I I I . NUMERICAL RESULTS

For eachof the curves shown, the outageprobability for codedcooperationat eachpoint corre-

spondsto the � which minimizesthe averageoutageprobability over both the users.For eachcase

we set � 1;2 = � 2;1 (obviously true for reciprocalinter-userchannels,andreasonablefor independent

inter-userchannelssincepath loss is reciprocal,as is large-scaleshadowing in many cases).As a

result, the outageprobabilitiesfor both usersare equal if their channelsto the destination(uplink

channels)have equalmeanSNR (� 1;d = � 2;d).

Fig. 1 shows outageprobability vs. meanuplink SNR (� 1;d = � 2;d) for inter-user channelsof

variousqualities,with rateR = 1=2. The curvesdemonstratethat codedcooperationandspace-time

cooperationachieve full diversity. Codedcooperationperformsslightly betterthanspace-timecoop-

eration,althoughthe differenceis small. The outageprobability with reciprocalinter-userchannels

is always lessthan that with independentinter-userchannels,sincethe latter admitsCases3 and4,

in which no additionalparitiesaretransmittedfor oneof the users.However, this differenceis again

quite small.

Fig. 2 shows outageprobability vs. meanuplink SNR for User2 for � 1;d 6= � 2;d, again with rate

R = 1=2. In this case,User1 hasa betteruplink channel,with meanSNR � 1;d = � 2;d + 10dB. For

simplicity, only resultsfor reciprocalinter-userchannelsareshown; resultsfor independentinter-user

channelsare similar. We that both usersimprove with cooperation,which is an importantpractical

result. In addition,we seethat codedcooperationnoticeablyreducesthe differencein performance
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variousinter-userchannelqualities.For all cases� 1;d = � 2;d .

betweenthe two users,indicating that the systemresourcesare inherently being re-allocatedin a

moreequitableandeffective way.

For comparison,we considertwo repetition-basedmethods,theamplify-and-forwardandselection

decode-and-forward protocolsintroducedin [3]. For both schemes,the cooperationlevel � is 1=2

by de�nition, and their respective outageprobability expressionsare given in [3]. We note that the

outageprobability for amplify-and-forward is thesamefor bothreciprocalandindependentinter-user

channels.Fig. 3 comparesoutageprobabilityvs. ratefor thevariouscooperative schemes.In the low-

rate regime, all of the methodsprovide signi�cant improvement,with codedcooperationgiving the

bestperformance.At higher rates,the repetition-basedmethodsperformworsethanno-cooperation,

which is a resultof the inef�ciency of repetitioncoding.An inherentpropertyof codedcooperation,

illustratedin all the Figures,is that even underworse-caseconditionsit alwaysperformsat leastas

well as no cooperation.Also for higher rates,the outageprobability for codedcooperationexceeds

that of space-timecooperationfor independentinter-userchannels.Space-timecooperationis more

robust to the effectsof Cases3 and4 in this region.

Fig. 4 shows optimalvaluesof cooperationlevel � for codedcooperationcorrespondingto various



degreesof inter-userchannelquality. Again we considerrate R = 1=2 and � 1;d = � 2;d. With the

exceptionof extremeconditions(e.g.,very high meaninter-userSNRor very low meanuplink SNR),

the optimal � value is almostalways greaterthan 1=2. This indicatesthat it is generallybetter to

allocateahigherportionof thetotal rateR to the�rst frame,which improvesthechancesof successful

detectionof a userby its partner. As the inter-userchannelquality decreasesrelative to the uplink

channels,the optimal � value increasescorrespondingly, which allocateseven more rate to the �rst

frame.Finally, we notethat, for a �x ed inter-userchannelquality relative to the uplink channels,the

optimal � valuefor independentinter-userchannelsis greaterthanfor reciprocalinter-userchannels.

This differencecorrespondsto trying to reducethe probability of occurrencefor Cases3 and 4 for

independentinter-userchannels.

IV. CONCLUSIONS

In this work, we examinethe outagebehavior of the codedcooperationframework. We develop

outageprobability expressionsfor codedcooperation[4], [5] and space-timecooperation[6], and

demonstratethatbothachieve full diversity(diversityordertwo for two cooperatingusers).Numerical

outageprobabilityresultsdemonstratethatbothcodedcooperationandspace-timecooperationprovide

signi�cant gains,especiallyin the low-rateregime (R � 1 b/s/Hz).The resultsalsoshow that coded

cooperationperformsbetter than repetition-basedcooperative protocols.Due to the inef�ciency of

repetitioncoding, the repetition-basedschemescanperformworsethanno cooperationat low SNR

or higher rates.In contrast,we seethat codedcooperationand space-timecooperationin the worst

casealwaysperformat leastaswell asnon-cooperative transmission.
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