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Performance of Concatenated Channel Codes and
Orthogonal Space-Time Block Codes

Harsh Shah, Ahmadreza Hedayat, Member, IEEE, and Aria Nosratinia, Senior Member, IEEE

Abstract— In this paper we analyze the performance of an
important class of MIMO systems, that of orthogonal space-
time block codes concatenated with channel coding. This system
configuration has an attractive combination of simplicity and
performance. We study this system under spatially independent
fading as well as correlated fading that may arise from the prox-
imity of transmit or receive antennas or unfavorable scattering
conditions. We consider the effects of time correlation and present
a general analysis for the case where both spatial and temporal
correlations exist in the system. We present simulation results
for a variety of channel codes, including convolutional codes,
turbo codes, trellis coded modulation (TCM), and multiple trellis
coded modulation (MTCM), under quasi-static and block-fading
Rayleigh as well as Rician fading. Simulations verify the validity
of our analysis.

Index Terms— MIMO signalling, Correlated channels, Diver-
sity, Space-time codes, Concatenated-codes

I. INTRODUCTION

ORTHOGONAL space-time block codes (OSTBC) pro-
vide diversity but have little or no coding gain, therefore

in practice it is often necessary to use them in conjunction
with channel coding (see Figure 1). Unlike space-time trellis
codes [1], where coding gain and diversity are provided by
the same code, the concatenated approach divides the overall
problem such that two distinct codes are used: the inner
OSTBC and an outer channel code. The overall decoder con-
sists of two separable decoding operations, where the space-
time component has a simple, linear form, leading to a less
complex solution. In this paper, we analyze the performance of
concatenated channel codes and OSTBC under various fading
conditions.

A summary of past work in this area is as follows. Borran et
al. [2] and Gong and Ben Letaief [3] discuss design issues of
concatenated channel codes and orthogonal space-time block
codes. Bauch and Hagenauer [4] give analytical evaluation of
error probability without considering the effect of block fading
(which is typically assumed for OSTBC decoding). Uysal and
Georghiades [5] give error bounds for MTCM-STBC under
Rician fading, but without full interleaving. Schulze [6] gives
union bounds for channel codes and Alamouti signaling for
i.i.d. and temporally correlated channels, without considering
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block fading. None of the above mentioned works discusses
spatially correlated fading. Lai and Mandyam [7] simulate
concatenated convolutional/turbo codes with two temporally
and spatially correlated transmit antennas (one receive an-
tenna) in the framework of WCDMA, but they do not present
bounds or analytical results.

The contribution of the current work is as follows: We
present analyses for the concatenated system (Figure 1) un-
der temporally and spatially correlated fading channels. We
use the uniform interleaver concept to achieve a thorough
interleaver-independent analysis under block fading. We ana-
lyze a number of channel conditions, including fast1 and quasi-
static, Rayleigh and Rician fading. We present simulation
results for a variety of channel codes including convolutional
codes, turbo codes, TCM and MTCM. Our analyses in various
cases yield design rules and quantify the loss incurred by
correlation.

In addition to making new contributions, we complete and
augment past work, simplify certain results, and unify the new
and old results under one umbrella.

Our methodology is to construct a SISO equivalent repre-
sentation of the channel, resulting in a block fading channel.
We employ the moment generating function approach of [8]
to derive bounds on the bit- and frame-error probabilities. We
use a random (uniform) interleaver to overcome the problem
of interleaver-dependent error probabilities [9], [10]. The de-
velopments in this paper are mostly via simple first-principles
arguments, however, many of the results may alternatively be
obtained by using the moment generating function (MGF) of
the quadratic forms of Gaussians, a result originally due to
Turin [11] that was introduced to digital communications by
the book of Schwartz et al. [12]. Turin’s result was used in [13]
to analyze uncoded space-time systems operating in correlated
fading channels.

II. SYSTEM MODEL

We consider a coding-diversity scheme, shown in Figure 1,
where a channel code is concatenated with an orthogonal
space-time block code.2 We are interested in this system be-

1Our fast fading channel fades independently from one space-time block
to anther, but the fading is fixed over each space-time block. This model is
known as block-fading and we refer to it as such in the remainder of the
paper.

2Our analysis is valid for any orthogonal space-time code. For two transmit
antennas, Alamouti designed a code that is orthogonal and has full rate of one
symbol per transmission. It has been shown that for more than two transmit
antennas, general orthogonal codes do exist but have transmission rate of less
than one symbol per transmission. However, modulation-specific orthogonal
codes have been designed for nT > 2 that have full rate of one symbol per
transmission.

1536-1276/06$20.00 c© 2006 IEEE
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Fig. 1. Concatenated channel code and orthogonal space-time block code.

cause of practical advantages as well as its performance [14].
The channel encoder converts a sequence of k information bits
to n coded bits. Each coded bit is modulated by a signal with
unit energy. This is further encoded by the space time block
encoder with nT transmit antennas. The receiver employs nR
receive antennas and combines their output optimally. We
consider a frequency non-selective fading channel, where the
output of the channel is given by y = H s + n , where y
is nR × 1 received signal vector, s is the modulated nT × 1
vector transmitted over nT transmit antennas, and n is nR×1
i.i.d. Gaussian noise at the receive antennas, with mean zero
and variance N0. The nR × nT channel matrix is represented
by H whose elements hji are zero-mean complex Gaussian
channel coefficients for the pair of transmit antenna i and
receive antenna j.

When using an OSTBC with nT transmit antennas, it is
assumed that the channel coefficients hij remain fixed through
nT consecutive intervals [15], [16]. Hence, the channel is
block fading with block length nT . The outer code in our con-
catenated system also sees a block fading channel, although
the statistics of the channel have been altered through the
mapping induced by the OSTBC encoder and decoder. We
now proceed to discuss this equivalent channel in more detail.

The multiple-input multiple output (MIMO) channel, driven
by an orthogonal STBC, can be represented by an equivalent
single-input single-output (SISO) channel. Assuming that the
receiver combines the signals from nR receive antennas opti-
mally, the MIMO channel can be represented as an equivalent
SISO block fading channel with fading coefficient

heq =

√√√√ 1
nT

nT∑
i=1

nR∑
j=1

|hij |2 , (1)

whose equivalent SNR is γ = γ̄||H||2 , where || · || denotes
the Frobenius norm, γ̄ = 1

nT

RcEb

N0
is the average SNR per

information bit per transmit antenna, and Rc is the code rate.
The equivalent channel has a simplifying role in calculating
error probabilities, as seen in the sequel.

If the noise components of the MIMO channel are in-
dependent, so are the noise components of the equivalent
channel [4], [2]. Power is scaled by the number of trans-
mit antennas to keep the total transmitted power constant.
The equivalent fading coefficient heq follows a generalized
Rayleigh distribution [17]. The resulting instantaneous SNR
per bit, γ, follows chi-square distribution with degree of
freedom 2nTnR [4]. The problem is now reduced to the
analysis of a block fading SISO channel which is no longer
Rayleigh, but rather follows a generalized Rayleigh distribu-
tion. Spatially correlated and temporally correlated channels,
which we also consider in this paper, further modify the
probability distribution.
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Fig. 2. Dominant event (d=5) of a convolutional code, Alamouti signaling
with 1-Rx antenna, in block i.i.d. Rayleigh fading.

Here it is appropriate to make a note on interleaving.
Some coded space-time transmission systems, e.g. [3], have
been proposed that do not include full interleaving between
the outer and inner codes. For example, [3] uses a block
interleaver so that the outer code sees a block-fading channel.
Our simulations show that the codes of [3] can be improved
by over 2.5dB at FER=10−2 with a full interleaver (see
Section VI, Figure 6). In view of these gains and the relatively
low cost of interleaving, it is important to include interleaving
in the analysis of coded space-time systems.

Interleaving, however, necessitates a cumbersome book-
keeping for calculating pairwise error probabilities. To manage
this complexity and to avoid interleaver-dependent probabili-
ties, we use the concept of a uniform random interleaver. To
demonstrate the efficacy of this approach, Figure 2 shows the
pairwise error probability (PEP) of the dominant error event
of a convolutional code concatenated with Alamouti signaling
with BPSK modulation (Hamming distance 5). The (averaged)
uniform interleaver gives a good approximation to the best
interleaver in realistic signal-to-noise ratios.3 The usage of
random uniform interleaving was first proposed by Benedetto
and Montorsi [9] for the analysis of turbo codes and has also
been used by Zummo and Stark [10] to analyze the effects of
block fading.

III. PERFORMANCE ANALYSIS AND DESIGN ISSUES

The union bound for the bit error rate of a linear block code
C(n, k) is Pb ≤

∑k
i=0

∑n
d=0

i
nAi,dP (d) and the union bound

3At very large SNR bad interleavers will dominate, hence averaging over
all interleavers will eventually diverge from the best interleaver at arbitrarily
large SNR. Nevertheless, it is an excellent approximation at moderate SNR.
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for the frame error rate is Pe ≤ ∑k
i=0

∑n
d=0Ai,dP (d) ,

where Ai,d is the multiplicity of the codewords with input
weight i and output weight d. The coefficients Ai,d form
the input-output weight enumerating function (IOWEF) of C.
The pairwise error probability (PEP), P (d), is defined as the
probability of an error event with Hamming weight d.

The performance of channel codes in block fading environ-
ments is studied in [18], [10]. The original analysis in [18]
requires a generalized weight enumerating function of the
channel code (or generalized transfer function for convolu-
tional codes), which depends on the order of transmitted bits
of a codeword and is therefore affected by interleaving. To
address this issue we apply the concept of random (uni-
form) interleaving, in a manner closely following Zummo
and Stark [10]. The length of the coded sequence (frame
length) is denoted by n. The length of a fading block is �,
thus the number of fading blocks in each coded frame is
F = �n/��. We now need to determine how the error bits
are distributed among different blocks, i.e., how much error
weight is present in each fading block. To characterize that, we
build a histogram of weights as follows: assume the number
of blocks that have weight m is fm, and consider the vector
f = (f0, . . . , fw) where w = min(�, d). A given vector f is a
valid histogram if

∑
fm = F and

∑
mfm = d. Now, using

the uniform interleaving concept, one may average the PEP
over all valid error patterns (histograms) [10]

P (d) = Ef [P (d|f)] =
F∑

f1=1

F/2∑
f2=1

. . .

F/w∑
fw=1

P (d|f)p(f) ,

where p(f) is the weight of occurrence of the pattern f , that is,
the ratio of the number of times pattern f has occurred divided
by the total number of occurrences, and E is the expectation
operator.

A. PEP Based on Moment Generating Functions

Assuming the all-zero codeword is transmitted, the PEP of
a codeword with weight d given the pattern f of the fading
blocks, is

P (d|f ,γ) = Q

⎛
⎝
√√√√2

w∑
m=1

m

fm∑
i=1

γm,i

⎞
⎠ , (2)

where γm,i is the SNR for the i-th block that has weight
m, and γ is the vector of {γm,i}, m = 1 . . . w, i =
1, . . . , fm. Note that the subscripts of hij refer to transmitter
j and receiver i, whereas the subscripts of γm,i are temporal
subscripts with reference to the block fading patterns. Each
case should be clear from the context.

Using the alternative form of Q function [8], Q(x) =
1
π

∫ π/2
0 exp

(
−x2

2 sin2 θ

)
dθ , we rewrite the conditional PEP

in (2) and average over instantaneous SNR γ (assuming
independent γm,i) to get

P (d|f) = Eγ [P (d|f ,γ)]

=
1
π

∫ π
2

0

w∏
m=1

fm∏
i=1

∫ ∞

0

exp
(
−mγm,i

sin2 θ

)
pγ(γm,i) dγm,i dθ.

The inner integral is the moment generating function (MGF)
of γ, Φ(s) = E [esγ ], evaluated at s = −m/ sin2 θ. Since all
γm,i follow the same statistics we can write

P (d|f) =
1
π

∫ π
2

0

w∏
m=1

[
Φ
(
− m

sin2 θ

)]fm

dθ. (3)

B. Uncorrelated Fading

When the entries of the channel matrix H are independent,
the resulting SNR is the sum of nTnR independent exponen-
tial variables and hence has a chi-square distribution.

The MGF of this pdf is given by [8]

Φγ(s) = (1 − sγ̄)−D , (4)

where D = nTnR. Using this MGF in (3) we obtain the
following bound for P (d|f)

P (d|f) =
1
π

∫ π
2

0

w∏
m=1

(
1 +

mγ̄

sin2 θ

)−fmD

dθ (5)

≤ 1
2

w∏
m=1

(1 +mγ̄)−fmD , (6)

where the last inequality is the Chernoff bound4.
Chernoff bounds can be used to derive rules for code design,

see e.g. [1]. For the quasi-static channel, this expression
evaluates to

P (d|f) =
1
π

∫ π
2

0

(
1 +

dγ̄

sin2 θ

)−D
dθ ≤ 1

2
(1+dγ̄)−D . (7)

A diversity factor of D is evident, courtesy of the inner
OSTBC. The coding gain is maximized by increasing d, which
is lower bounded by the Hamming distance of the outer
code. Therefore we must use an outer code with maximum
Hamming distance, which is interestingly similar to the design
rule for the Gaussian channel, a fact previously noticed by [2].

For the block-fading channel, the Chernoff bound in high
SNR is given by

P (d|f) ≤ 1
2

w∏
m=1

(mγ̄)−fmD

=
1
2
(2f2 .3f3 · · ·wfw )−D · γ̄−D

�w
m=1 fm . (8)

To maximize the overall diversity,
∑w

m=1 fm = F − f0 ≤
d (the number of blocks with non-zero weight) must be
maximized. Usually F > d, thus the number of blocks with
weight-one must be maximized. This can be satisfied with
a S-random interleaver with judicious choice of S. This is
a simpler solution than, e.g. [2], where the optimization of
diversity was performed over all possible codes. In our case,
the outer code is designed to maximize d, and the error events
are mapped by the interleaver to give maximal diversity.

4With the exception of a factor of 1/2.
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C. Spatially Correlated Fading

If the antenna elements in either the transmitter or the
receiver are not far enough apart, the fading coefficients hij
will be correlated. We do not assume any specific structure
for the correlation of fading coefficients, and the analysis
is general in that sense. We do assume that the correlation
structure is stationary (time-invariant).

Lemma 1: The moment generating function of γ is given
by

Φγ(s) =
nT∏
i=1

nR∏
j=1

(
1 − sλ

(t)
i λ

(r)
j γ̄
)−1

, (9)

where λ(t) and λ(r) are eigenvalues of RTx and RRx respec-
tively.

Proof: This result is based on a diagonalization of the chan-
nel and deriving an equivalent i.i.d. channel H̃ . One such
decomposition is well known: H = R1/2

Rx H̃ Rt/2
Tx , where

RRx and RTx are, respectively, the receive and transmit side
correlation matrices. However, for our purposes the following
unitary transformation is more useful

vec(H) = R1/2
s vec(H̃) = UΛ1/2vec(H̃) ,

where Rs = UΛUH and Λ = ΛTx⊗ΛRx, where ΛTx and ΛRx

are the diagonal matrices whose elements are the eigenvalues
of RTx and RRx respectively. Then:

||H||2 = vec(H)Hvec(H) = vec(H̃)HΛvec(H̃)

=
nT∑
i=1

nR∑
j=1

λ
(t)
i λ

(r)
j |h̃ij |2 . (10)

From (10) we have

γ = γ̄ ||H||2 = γ̄

nT∑
i=1

nR∑
j=1

λ
(t)
i λ

(r)
j |h̃ij |2 .

The MGF of γ is
Φγ(s) = E {exp

(−s γ̄ ||H||2)}

=
nT∏
i=1

nR∏
j=1

E
{
exp

(
−s γ̄ λ(t)

i λ
(r)
j |h̃ij |2

)}
.

Each term in the last expression is the moment generat-
ing function of squared magnitude of zero-mean complex
Gaussian random variable (which is an exponential random
variable). Substitution gives (9). �

We can now substitute the MGF in (3) to obtain5

P (d|f) =
1
π

∫ π
2

0

w∏
m=1

nT∏
i=1

nR∏
j=1

(
1 +

mλ
(t)
i λ

(r)
j γ̄

sin2 θ

)−fm

dθ. (11)

We can verify the design rules when the channel is spatially
correlated from the Chernoff bound obtained from (11) and
quantify the loss in coding gain compared to the uncorrelated
case of Section III-B. Evaluating the Chernoff bound for the
quasi-static case in high SNR:

P (d|f) < 1
2
d−D̂(βdT

Rx β
dR

Tx )−1 · γ̄−D̂ , (12)

5In a related development, references [19], [20] report the Chernoff bound
on the PEP of a trellis space-time code.

where dR = rank(RRx), dT = rank(RTx) and D̂ = dT × dR.
The variables βTx and βRx are defined as the product of the
non-zero eigenvalues of RTx and RRx respectively. We notice
that the spatial diversity decreases if either of the correlation
matrices have a zero eigenvalue. When the correlation matrices
are full rank, a loss in coding gain can be defined which has
value β−dT

r β−dR
t = |RRx|−nT |RTx|−nR .

In the block-fading channel, the Chernoff bound at high
SNR is

P (d|f) < 1
2

(
w∏

m=1

m−D̂fm

)(
βdT

Rx β
dR

Tx

)−(F−f0) · γ̄−D̂(F−f0).

(13)
A diversity loss is incurred if either RTx or RRx is rank-
deficient; a loss in coding gain can be calculated when there
is no diversity loss.

In the spatially correlated channel, the design rules remain
similar to the uncorrelated case.

D. Joint Spatial and Temporal Correlation

For various reasons such as long data blocks or long fading
periods, it may not be practical to use interleavers to remove
the channel memory. In such cases, we need to analyze the
system with channel memory, a task which we undertake
in this section. We assume that the coherence time is much
greater than nT symbols, so that the channel remains effec-
tively constant over each OSTBC block and linear decoding
is possible.

For a given error event with weight d, we can limit our
attention to the channel matrix at time instances {k1, . . . , kd}
where the error event has nonzero value (the indices contribut-
ing to the Hamming distance). Let the channel matrix at time
ki be denoted as Hi and define the equivalent channel matrix
H = [vec(H1), vec(H2), . . . , vec(Hd)]. Each Hi may be
spatially correlated; the spatial correlations are modeled by a
matrix Rs as before. We assume the statistics to be stationary
(time-invariant), therefore only one spatial correlation matrix
suffices. We model the temporal correlation of the channel by
Rt, that is, Rt(i, j) is the correlation of the channel between
two time instances i and j.

The equivalent channel matrix H can be modeled as

H = R1/2
s H̃ Rt/2

t , (14)

or equivalently, vec(H) = R1/2vec(H̃) where R = Rt ⊗
Rs = Rt⊗RRx⊗RTx is the covariance matrix of H, and H̃ is
a (nTnR)×d matrix with zero-mean i.i.d. Gaussian elements.
This can be shown via Kronecker product identities.

Lemma 2: The MGF of γ is given by,

Φγ(s) =
d∏
k=1

nT∏
i=1

nR∏
j=1

(1 − s μk λ
(t)
i λ

(r)
j )−1 , (15)

where μ, λ(t) and λ(r) are eigenvalues of Rt, RTx and RRx

respectively.
The received SNR for the entire codeword is γ = γ̄||H||2,

thus one can show this result using arguments similar to
Lemma 1.
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Using Lemma 2, we can calculate the pairwise error prob-
ability as

P (d|f) =
1
π

∫ π/2

0

d∏
k=1

nT∏
i=1

nR∏
j=1

(
1 +

γ̄μkλ
(t)
i λ

(r)
j

sin2 θ

)−1

dθ. (16)

It is easy to see that for the special case of quasi-static fading,
(Rt)ij = 1 for all i and j. It follows that μ1 = d and all
other μk = 0, thus Equation (16) reduces to the familiar PEP
of quasi-static fading with no time diversity and a coding gain
of d.

To investigate the impact of correlations on diversity and
coding gain, consider the Chernoff bound at high SNR, derived
from (16)

P (d|f) ≤ 1
2
γ̄−d̂D̂

d̂∏
k=1

nT∏
i=1

nR∏
j=1

(
μkλ

(t)
i λ

(r)
j

)−1

, (17)

where d̂ = rank(Rt). The spatial diversity is, once again,
contingent on the rank of RRx and RTx, while temporal
diversity depends on the rank of Rt. Equation (17) generalizes
a result of [21], where it was noted that when RTx = RRx = I
and Rt �= I, the diversity loss is D(d − d̂), i.e., no loss in
temporal diversity if Rt is full rank. A non-identity matrix Rt

also affects the overall performance by reducing the coding
gain. The loss in coding gain is similar to that of (13) with a
factor representing the non-zero eigenvalues of Rt, as seen in
the product term of (17).

In the special case of the fully correlated channel, i.e.
ρ = 1, the correlation matrix is rank-deficient, thus only
one eigenvalue will be nonzero. A cursory examination of
Equation (9) validates the intuitive result that spatial diversity
order in this case is reduced to one, regardless of the number
of antennas. Transmit side correlation of ρ = 1 destroys
transmit diversity, and receive side correlation with ρ = 1
destroys receive diversity. A similar result holds for Rayleigh
and Rician channels, as well as for multilevel modulations.

IV. PERFORMANCE ANALYSIS WITH

MULTILEVEL MODULATION

We now proceed to the analysis of a concatenation of TCM
or MTCM with space-time block codes in correlated channels.
We also outline design rules in this case. Previous work in
TCM and MTCM [3], [2] has concentrated on design issues
in i.i.d. channels.

We need to consider error patterns f (histograms) in a man-
ner similar to Section III. In this case the errors can assume
multiple values (more than two), therefore the construction
of the patterns, albeit straight forward, is cumbersome. In the
interest of brevity we omit the details and refer the interested
reader to [22].

In a 2q-ary modulation, the pairwise conditional probability
of error between the all-zero codeword and a codeword e is
given by

P (0 → e|f ,γ) = Q

⎛
⎝
√√√√2

∑
m

fm∑
i=1

γm,i αm

⎞
⎠ , (18)

where m is the index of block patterns and γm,i is the
instantaneous SNR per bit for i-th block in fading pattern m.
We have defined an aggregate distance metric αm for each
block pattern m, calculated by

αm =
2q∑
k=0

vm,k d
2(sk, s0) ,

where vm,k is the multiplicity of symbol sk in the block
pattern indexed by m, and d(sk, s0) is the Euclidean distance
between constellation points sk and s0. Averaging over γ, we
find the PEP

P (0 → e|f) =
1
π

∫ π/2

0

∏
m

[
Φγ

(
− αm

2 sin2 θ

)]fm

dθ . (19)

For the useful class of uniform error probability (UEP)
codes, where the reference codeword can always be chosen
as the all-zero codeword [8], [23], the union bound on frame
error probability is shown in (20), where c� is a symbol
that belongs to the first level of set-partitioning of the 2q-
ary modulation [23]. Note that vm,i and fm depend on the
error word e, but the dependence has been suppressed in the
formula above for notational simplicity.

To calculate the union bound in the case of spatially and
temporally i.i.d. fading, the moment generating function (4) is
substituted in (20). To calculate the union bound in the case of
spatially correlated fading, we insert the moment generating
function (9) into (19).

In the case of temporally correlated channel, calculating
the union bound requires a little twist. In the previous cases,
the equivalent SNR was a function of ||H|| only, therefore
decorrelating H simplified the MGF expressions. However,
in the case of temporal correlations, the effective SNR is
expressed as

γ =
d∑
k=1

nT∑
i=1

nR∑
j=1

|hij(k)|2 δ2k , (21)

where δk is the Euclidean distance of the error event at k-th
error position. Obviously decorrelating H no longer works.
Define D = diag(δ1, . . . , δd) and note that γ = ||HD||2,
where H = [vec(H1) vec(H2) . . . vec(Hd)]. To obtain a
sum of independent SNR components, we must diagonalize
the autocorrelation of HD.

γ = ||HD||2 =
d∑
k=1

nT∑
i=1

nR∑
j=1

|hij(k)|2δ2k

=
d∑
k=1

nT∑
i=1

nR∑
j=1

|h̃ij(k)|2λ(t)
i λ

(r)
j μ̂k .

Recall that the spatial and temporally correlated H is modeled
as

H = R1/2
s H̃ RH/2

t ,

where H̃ has i.i.d. Gaussian entries and Rs and Rt are
the spatial and temporal correlation matrices, respectively.
It follows that μ̂k are the eigenvalues of DRtD. Therefore
we can still use equations (15) and (19) except we should
substitute μ̂k for μk.6

6The distinction is unnecessary in the case of binary codes with BPSK,
because in that case δk = 1 on all error positions.
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Pe ≤
∑
e�=0

1
π

∫ π
2

0

∏
m

⎛
⎝2−(q−1)

∑
c�

Φγ

(
−
∑2q

i=1 vm,id
2(c� ⊕ si, si)

2 sin2 θ

)−fm
⎞
⎠ dθ (20)

One can deduce design rules and calculate diversity and
losses of coding gain using the Chernoff bound similar to
Section III. For example, for a quasi-static spatially and
temporally uncorrelated channel, one can deduce from (19)
that the diversity is D and an outer code with the maximum
possible minimum Euclidean distance is to be selected. An-
other observation in the block-fading channel, the Euclidean
distance must be distributed to as many blocks as possible
by a good choice of interleaver.7 The choice of interleaver
is in fact responsible for the improvements obtained for the
diversity of the code of [3] as shown in Section VI, Figure 6.

V. PERFORMANCE UNDER RICIAN FADING

In this section we consider the Rician fading channels
with parameter K describing the ratio of the energy of the
line-of-sight component to the multipath component.8 For the
uncorrelated Rician channel, the moment generating function
of γ = γ̄||H||2 is given by [8]

Φγ(s) =
(

1 +K

1 +K − sγ̄

)D
exp

(
Ksγ̄

1 +K − sγ̄

)D
.

Substituting this MGF into equation (19) gives the PEP for
the block-fading Rician channel and multilevel modulation, as
shown in (22).

The resulting Chernoff bound of (22) indicates the same
design rules as in the Rayleigh fading explained in Sections III
and IV. To achieve higher diversity in the block-fading case,
the interleaver plays the same role as reported earlier.

For the case of spatially and temporally correlated fading,
the MGF can be derived as follows.

Lemma 3: For the case of spatially correlated fading

Φγ(s)

=
nT∏
i=1

nR∏
j=1

(1 +K)

1 +K − sλ
(t)
i λ

(r)
j γ̄

exp

(
Ksλ

(t)
i λ

(r)
j γ̄

1 +K − sλ
(t)
i λ

(r)
j γ̄

)
,

(23)
where λ(t) and λ(r) are the eigenvalues of transmit and receive
correlation matrices RTx and RRx respectively. For the case of
spatially as well as temporally correlated fading, (24) is true,
where μk are the eigenvalues of temporal correlation matrix
Rt.

Proof: For the spatially correlated case,

γ = γ̄||H||2 = γ̄

nT∑
i=0

nR∑
j=0

λ
(t)
i λ

(r)
j |h̃ij |2 ,

where hij are non-zero mean complex Gaussian random
variables. The MGF of γ can be given by product of individual

7This is equivalent to increasing the symbol-wise Hamming distance, a
well-known fact mentioned, e.g., in [23].

8As long as the size of antenna arrays are much smaller than the distance
between transmitter and receiver, physical arguments lead to the conclusion
that K is constant across the entries of the channel gain matrix.

MGFs. Assuming that all the channels have same Rician factor
K , the MGF of γ is given by (23). Similarly, for the case of
temporal and spatial correlation, the MGF of γ = γ̄||H||2 can
be proved to be the expression (24). �

Expressions (23) and (24) along with (20) directly yield the
desired bounds on error probability. In the interest of brevity
we do not repeat all results, but only mention that under high
SNR conditions, i.e., γ̄ 	 (K + 1)/d, the Chernoff bound in
the quasi-static case is:

P (d|f) < 1
2
e−D̂K d−D̂(βdT

Rx β
dR

Tx )−1 γ̄−D̂ ,

and the Chernoff bound for the block-fading channel is

P (d|f) < 1
2

(
e−D̂K

w∏
m=1

m−D̂fm

)(
βdT

Rx β
dR

Tx

)−w
γ̄−D̂(F−f0).

The only difference with the Rayleigh case is a coding gain
due to the line-of-sight component, represented by the factor
e−D̂K , therefore the design criteria remain unchanged.

VI. EXPERIMENTAL RESULTS

We evaluated union bounds for convolutional and turbo
codes with BPSK modulation, and for 4-state, 8-PSK TCM
and MTCM codes. The OSTBC for two-transmit antenna
used here is the Alamouti scheme [15]. In all figures, dashed
lines denote simulations, while solid lines denote bounds.
The correlation structure for a two-antenna system is fully
described by one correlation parameter, namely ρr for the
receive side and ρt for transmit-side. To evaluate analytical
expressions, we calculated the IOWEF of the codes based on
the approach of [24]. A random interleaver is placed between
the channel code and OSTBC. We evaluate exact expressions
for pairwise error probability.

We begin by stating numerical results for convolutional
codes, using a four-state rate–1/2 code with generator function
G(D) = (1+D2, 1+D2 +D3), concatenated with Alamouti
OSTBC with one receive antenna. Each frame contains k =
100 information bits (200 BPSK symbols). The diversity factor
is two, even with transmit-side correlation, but the coding gain
suffers about 1 dB (at BER= 10−5) with a transmit correlation
of ρt = 0.7. In a 2 × 2 system with spatial correlations
ρt = 0.7 and ρr = 0.7 the loss due to spatial correlation
is more than 1.5dB at BER=10−6. In Figure 3, we show
the application of convolutional codes in a four-transmit one-
receive antenna system in a block fading channel. The code
used in this experiment is the one designed by Tarokh et
al. [16]. For the four-antenna system, we model the spatial
correlation via an exponential structure [8] which represents
equi-spaced antennas with a decaying factor ρt.

In our final experiment with convolutional codes (Figure 4)
we demonstrate the effect of temporal correlation modeled
via Bessel functions [25] with fdTs = 0.1 (obviously with no
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P (0 → e) =
1
π

∫ π/2

0

∏
j

[
1 +K

1 +K + αj γ̄
2 sin2 θ

exp

(
− K

γ̄αj

2 sin2 θ

1 +K + γ̄αj

2 sin2 θ

)]D
dθ (22)

Φγ(s) =
d∏
k=1

nT∏
i=1

nR∏
j=1

(1 +K)

1 +K − sμkλ
(t)
i λ

(r)
j γ̄

exp

(
K sμk λ

(t)
i λ

(r)
j γ̄

1 +K − sμkλ
(t)
i λ

(r)
j γ̄

)
(24)
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Fig. 3. Convolutional code, 4-Tx and 1-Rx antennas, Rayleigh block fading
channel.
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Fig. 4. Convolutional code, 2-Tx and 1-Rx antennas, time correlated Rayleigh
Fading, FdTs = 0.1.

interleaving). For more detailed experiments and graphs, we
refer the reader to [22].

For a turbo coded Alamouti system, containing a rate-
1/3 code with four-state constituent recursive convolutional
codes with the generator function G(D) = (1, 1+D2

1+D+D2 ), The
degradation due to spatial correlation of ρt = 0.7 is about 0.8
dB at BER = 10−7 [22]. In this experiment, each frame has
500 information bits (1500 BPSK symbols), and we decode
with 12 iterations.

Our TCM experiments use a code from [3] whose trellis

5 10 15 20
10−6

10−5

10−4

10−3

10−2

10−1

Eb/N0(dB)

B
it 

E
rr

or
 R

at
e

ρt=0

ρt=0.4

ρt=0.7

ρt=0.9

1−Tx

Bound
Sim

0 4 2 6

1 5 3 7

4 0 6 2

5 1 7 3

Fig. 5. TCM, 2-Tx and 1-Rx antennas, Rayleigh block fading channel.
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Fig. 6. TCM, 2-Tx and 1-Rx antennas, Rayleigh block fading channel.

is shown in Figure 5. In this experiment, the system has two
transmit and one receive antenna, and frame length is 130
symbols (260 information bits). We have used partial input-
output weight enumerating function (IOWEF) to calculate the
upper bounds; the results appear in Figure 5. The performance
loss due to spatial correlation of ρt = 0.7 is about 1.2 dB at
BER = 10−5. To demonstrate the importance of interleaving,
Figure 6 gives the frame error rate in the case of two transmit
and one receive antennas under i.i.d. fading (conditions similar
to [3]). We use a S-random interleaver with S=4. Interleaving
gives a gain of 2.5 dB at FER=10−2, in addition to higher
diversity. In Figure 7 we repeat the experiment under a quasi-
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Fig. 7. TCM, 2-Tx and 1-Rx antennas, quasi-static Rayleigh fading channel.
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Fig. 9. TCM, 2-Tx and 1-Rx antennas, Rician Quasi-static fading K = 5dB.

static Rayleigh fading channel. The union bounds in the case
of quasi-static channels are tight only if the diversity order
is high, and the probability of deep fades is low [4]. To get
a relatively tighter bound, we use the limit-before-averaging
method of [18], but as reported in [18] the bounds are still
not as tight as the fast fading bounds.

Our MTCM experiments use a 4-state, 8-PSK code
from [23], concatenated with Alamouti signaling, with frame
length of 100 symbols (200 information bits). Again, we use
only the partial IOWEF to calculate upper bounds. Figure 8
shows that spatial correlation of ρt = 0.7 results in a 1dB
loss at high SNR. Quasi-static experiments under similar
conditions [22] show approximately 1.5dB loss at high SNR
due to spatial correlation ρt = 0.7.

Finally, we show results for the performance of space-time
coded TCM in Rician fading (Figure 9). The Rician fading
parameter is K = 5dB, and there are two transmit and one
receive antennas. The loss due to a spatial correlation of ρt =
0.7 is around 1dB.

VII. CONCLUSION

This work presents performance analysis for systems con-
sisting of a concatenation of channel codes and orthogonal
space-time block codes. Such systems are of theoretical and
practical interest. We use the concept of a uniform interleaver
in the context of block fading channel to calculate bit error
probabilities. This analysis is performed both for the case of
spatially uncorrelated fading, as well as spatially correlated
fading due to proximity of transmit or receive antennas. We
also consider joint spatio-temporal correlation. We give results
for a wide variety of codes and several types of fading chan-
nels. Simulations verify the accuracy of our analysis. Future
work in this area can address bit-interleaved modulation, as
well as the case where only partial channel state information
is available at the receiver.
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