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New Kernels for Fast Mesh-Based Motion Estimation
Aria Nosratinia

Abstract—Mesh-based motion estimation—also known ascon-
trol grid interpolation or warping—provides a smoother estimated
intensity field compared to the traditional block-matching algo-
rithm (BMA), resulting in most cases in a more realistic motion
field and smaller estimation error. In mesh-based motion, unlike
BMA, the computation of a motion vector is affected by its neigh-
boring vectors. This interdependence necessitates a costly, iterative
computation of motion vectors. The computational cost of mesh-
based motion has been a main drawback of this otherwise pow-
erful technique. We propose to use noniteratively computed mo-
tion vectors, such as BMA motion vectors, for node motions in the
mesh model. However, we found that a straightforward insertion
of BMA motion vectors in the deformable mesh leads to unpre-
dictable and erratic results, and were thus motivated to carefully
analyze the interaction of motion vectors and interpolation ker-
nels in mesh models. This analysis leads to a methodology for com-
puting optimal motion interpolation kernels for a given set of mo-
tion vectors (e.g., BMA motion vectors). We find a generalized or-
thogonality condition for these kernels; optimality is achieved only
if the projections of vertex motions on the local intensity gradients
are statistically orthogonal to mesh-based estimation errors. Ex-
periments show that optimal kernels are often very different from
the traditional bilinear kernels, and exhibit interesting variations.
The new kernels benefit a variety of applications, including motion
estimated interpolation, denoising, and compression.

Index Terms—Image sequence analysis, video coding.

I. INTRODUCTION

M OTION ESTIMATION and compensation through a de-
formable mesh (also known ascontrol grid interpola-

tion or warping) is one of the more advanced methods for the
representation and processing of video. Compared to the better
known—and widely used—block matching algorithm (BMA),
warping is capable of producing a more accurate representation
of motion fields, and thus is an attractive tool for many applica-
tions in video processing.

The key advantage of the mesh-based method is the ability to
generate continuously varying motion fields. This is especially
important because natural video sequences generally give rise
to smooth or slowly varying motion fields. In particular, camera
zoom, movement of the objects toward or away from the camera,
and rotational motion of objects are much better described in
a mesh-based model than in the traditional block-based motion
model. The estimated intensity fields in these cases are smoother
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than the blocky estimated fields generated by BMA, and the
corresponding estimation error usually has smaller energy.1

The earliest work on mesh-based geometrical transformation
of digital images appeared in the field of remote sensing
[1], where transformations were used to compensate for the
distortions introduced by the imaging system. Image warping
was also used to generate special effects in computer graphics
[2], [3]. Applications in video signal processing quickly
followed. Bruzewitz [4] and Sullivan and Baker [5] explored
mesh-based systems for motion compensation and video
compression. Others [6]–[8] also developed similar results.
Huang and Hsu [9] introduced a hierarchical version of the
motion mesh. Wanget al. [10] used a finite-element approach
to the mesh problem, and explored its application in video
coding [11]–[13]. Tekalpet al. [14], [15] used the mesh model
for manipulation of synthetic objects as well as representations
in joint natural-synthetic environments. Mesh-based methods
have also been used with great success in processing medical
image sequences [16]–[18].

The mesh motion model is based on a transformation that
maps one set of polygons in the past frame to another set of
polygons in the present frame. The pixels within the polygons
are mapped from one frame to another through interpolation.
To perform motion estimation, the present frame is covered by a
regular tiling of polygons. Motion estimation consists of finding
the vertices of the corresponding polygons in the past frame,
such that the overall motion field results in the smallest possible
error metric.

Fig. 1 shows an example of block-based and mesh-based in-
terframe estimation, with rectangular tiling.2 The pixel values
inside each tile are estimated from the warped tile in the past
frame. Fig. 1 does not show the the correspondence of the indi-
vidual pixels in the two frames, which is generated by interpo-
lation (typically bilinear) between the vertex positions.

Motion meshes with triangular and rectangular tiling of the
plane have attracted the most attention in the literature. Hexag-
onal tiling and nonuniform tiling of the plane are also possible,
but introduce significant complexity, as well as problematic ef-
fects at the image boundaries. To our knowledge, these other
tilings have not been actively pursued for motion models. This
paper concentrates on the rectangular tiling, however, the re-
sults are general and can be directly extended to any uniform
tiling.

1Not all scenarios are equally well modeled by warping. For example, a con-
tinuous warping model cannot describe occlusions.

2There is another version of mesh-based motion estimation where the tiling is
regular in the originating frame instead of the destination frame. This alternative
form is known as forward tracking. Although our results extend to that case
directly, we do not address it explicitly in this paper.
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Fig. 1. Top: block-matching motion estimation. Bottom: Mesh-based motion
estimation; new frame is tiled and corresponding tiles in the old frame are
warped to give best match to current frame.

A. A Question of Complexity

Mesh-based motion estimation is a useful tool in describing
motion fields, but is handicapped due to its computational com-
plexity. To shed light on the mechanics of this handicap, and to
search for ways of addressing it, we revisit model-based mo-
tion estimation. By “model based,” we refer to systems where
pixel motions are not computed independently, but are gener-
ated through a relatively small number of parameters. This class
includes both BMA and warping.

In model-based motion estimation, we wish to determine the
best mapping parameters for a model that describes one frame in
terms of another, such that some quality measure (often squared
frame difference) is optimized. The choice of the model indi-
cates one’s underlying beliefs regarding the properties of the
motion fields, but also reflects the degree of willingness to ac-
cept complexity (conceptual or computational) in order to rep-
resent the true motion fields. BMA is one of the simplest of such
models and has been widely applied. In BMA, motion estima-
tion reduces to a simple correlation problem. The simplicity of
BMA is due to the following facts: 1) motion vectors can be
computed independently from one another (divide and conquer)
and 2) the optimality of each vector depends only on a small
subset of pixels in the frame.

In contrast, in a mesh-based model, the motion-compensated
intensity estimate at each pixel depends on more than one node
(see Figs. 1 and 2. Therefore, the computation of the optimal
position for each node depends on the position of neighboring
nodes. The inter-dependence necessitates a recursive computa-
tion of node positions, which can be costly. This effect is com-
pounded by the fact that testing each candidate node position
is expensive, because the motion of each pixel inside a polygon

Fig. 2. Two candidates for nodev are shown. Node position affects PSNR of
the shaded area, therefore all pixels in that area are used to compute best position
for v .

Fig. 3. Using block-matching motion vectors for node motions, without any
refinement.

has to be computed via interpolation. Together, these two factors
lead to a heavy computational load. In fact, the computational
cost of mesh-based motion estimation is the primary drawback
of this powerful technique.

While demanding a higher computational cost, mesh-based
motion also offers smaller estimation error energy, and perhaps
more importantly for many applications, a smooth estimated in-
tensity field. It is then natural to ask: is it possible to achieve
some of these desirable properties at a lower cost? One alterna-
tive would be to use the mesh-based motion model, but marry it
to a simpler—perhaps suboptimal—motion estimation method.
But is it possible to do so and yet maintain some of the advan-
tages of mesh-based motion?

A candidate solution is to directly insert BMA motion vectors
into the mesh model (see Fig. 3). Unfortunately, this direct ap-
proach, while simple and inexpensive, does not work very well.
Experiments in Section V show that BMA motion vectors, when
used in the traditional mesh model, generate erratic and unpre-
dictable performance. Thankfully this is not the end of the road;
significantly better results are possible if the motion interpo-
lation of the mesh-based algorithm is matched to the statistics
of the motion vectors and the video sequence. The analysis re-
quired for this matching is the subject of this paper.

We show that a careful design of motion interpolation kernels
indeed makes it possible to use simplified motion estimation for
mesh-based models. We call these motion interpolatorswarping
kernels. We present a method to compute optimal warping ker-
nels for any kind of node motion vectors (e.g., BMA motion vec-
tors). Optimal warping kernels often look very different from
the traditional bilinear interpolators. They perform better than
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Fig. 4. Bilinear interpolation kernel, used in traditional mesh-based motion
estimation.

BMA, while maintaining the motion-estimation complexity at
the same level as BMA.

B. Interpolation Kernels and Intensity Fields

We use an analogy to describe some of the issues concerning
motion interpolation kernels: one can think of mesh-based
motion representation as a warping or stretching action with
a rubber sheet. The rubber sheet has the image of one frame
on it, and is stretched or warped until it matches the other
frame. This warping is performed through the movement of a
discrete number of control points at the vertices of the polygons
(Fig. 2). The movement of these control points deforms the
rubber sheet according to its elastic properties. The elasticity of
the sheet is characterized by the warping kernel. The shape of
these kernels will determine how the sheet will deform (motion
estimation) as a function of the position of the control points
(motion vectors).

Traditional warping uses a bilinear kernel (see Fig. 4), re-
flecting the belief that the rubber sheet should have uniform
elasticity. The questions we raise here are: what is the optimal
distribution of elasticity of the rubber sheet, and knowing the
intensity sequence, how can we find this optimal distribution.
These questions not only have an immediate impact on the com-
putational complexity, as seen in Section I-A, they also give in-
sight on the properties of the underlying (true) motion fields.

We will show that the answer to this question is nontrivial;
that in fact the best distribution of elasticity for our fictitious
rubber sheet is highly nonuniform. The best rubber sheet in most
cases is rigid close to the control points (vertices of polygons)
and more elastic away from them.

We also show that optimality for the warping kernel requires
a generalized orthogonality condition. The warping kernel is op-
timal only if the motion estimated error is statistically orthog-
onal to the projection of vertex motions on the local intensity
gradients.

C. Organization

The organization of this paper is as follows. Section II intro-
duces the terminology used for mesh-based motion estimation,
and presents optimality criteria for warping kernels. In some ap-
plications, the number of coefficients associated with the op-
timal kernel may be an impediment, and a constrained version

of the kernel with fewer parameters is desirable. Section III
presents results for a constrained optimal kernel, with only one
or two independent parameters. Section IV discusses computa-
tional aspects of the new method, comparing with the traditional
mesh-based systems. Section V presents experimental and nu-
merical results, and Section VI has concluding discussions.

II. OPTIMAL WARPING KERNELS

Let represent the intensity of frameat pixel , and
the intensity of the past frame3 . Let be the (interpo-

lated) motion at pixel and the set of vertex (node) motion
vectors. represents the intensity gradient of frameat lo-
cation . In our experiments, we use a rectangular tiling of the
plane, and all references to “blocks” refer to a set of pixels in
the present frame belonging to one of the rectangles, with four
nodes at four corners. We note, however, that all developments
are completely general and can be applied to arbitrary tilings.
Blocks are enumerated by , and the set of pixels be-
longing to a block is denoted by . All vectors are column
vectors, and the superscriptdenotes vector transpose.

Following [19], the optimality condition for the warping
kernel is given below.

Proposition 1: Given an th order linear interpolation model
for motion

(1)

a set of necessary conditions for optimal interpolation parame-
ters is

(2)

where denotes the expected value, taken over .
This condition is derived by setting the partial derivatives of

the distortion cost function to zero. The distortion function is
defined as

(3)

where the expectation is typically computed as an average over
a training sequence of blocks

(4)

Consider the total differential

3For coding and compression applications, replaceI in all succeeding
developments with~I , the decoded past frame.
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Fig. 5. Optimal kernel for various test sequences.

Then

(5)

(6)

where the last step makes use of (1). Substitution in (4) gives (2).
It is noteworthy that (2) is a generalized orthogonality condi-

tion. is simply the (deterministic) projec-
tion of motion vectors of the vertices of blockonto the inten-

sity gradients of frame . Equation (2) states that optimality
is achieved only if this projection is statistically orthogonal to
estimation errors. Projections are our net
“observations” in this estimation problem, since only the com-
ponent of motion vector along the intensity gradient contributes
to the intensity estimate.

Fig. 5 demonstrates optimal warping kernels for five different
video test sequences. These kernels were computed via gradient
descent, using the gradient expressions of this section on the
first 50 frames of each sequence (CIF resolution, 30 frames per
second). The block motion vectors were computed using
blocks, search area, and exhaustive search. Observe that
the optimal kernel varies significantly from one video sequence
to another. Details of the computation of these kernels are ad-
dressed in Section IV.
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III. PARAMETRIC WARPING KERNELS

The warping kernel corresponding to motion blocks,
withquadrantalsymmetry,has256degreesof freedom.Thesepa-
rameters could be updated typically every few seconds in a video
stream. Insomeapplications,suchasmotionestimateddenoising
or interpolation, the largenumberofparameters isnotnecessarily
a problem. But in video compression applications, these param-
eters are transmitted to the decoder as overhead. This overhead
cannot be very large, especially at low-bit-rate applications.

One can avoid the issue of overhead by a backward-looking
computation of the kernels at the encoder and decoder, using
information from the past frames. This removes the necessity
of transmitting the parameters. Experiments show that the op-
timal kernels vary slowly within the same video sequence, thus
a backward-looking approach is feasible as far as performance
is concerned. Unfortunately, however, the backward-looking ap-
proach is not without its problems, such as loss of tracking (e.g.,
due to channel errors). This and other related issues motivate us
to remain with a “forward” approach, where there are strong
incentives to reduce the overhead as much as possible. In the
following, we present a parametric version of our kernels which
captures almost all the performance of optimal kernels with only
a small (almost negligible) fraction of the overhead.

An efficient parameterization is possible because the op-
timal kernels have a recognizable regularity. A look at Fig. 5
indicates that warping kernels are far from arbitrary. Generally
these kernels are dome shaped, with higher values in the
middle (close to the polygon vertex, i.e., the motion vector),
and smaller values away from the motion vector. This makes
intuitive sense: a motion vector is more efficient in estimating
close-by pixel values than those far away. The exact nature of
this relationship depends on the characteristics of the video
sequence, and the optimal strategy can be anywhere between
completely discontinuous (e.g., block matching) to very smooth
(e.g., bilinear warping). The constrained kernels presented
below are parameterized by the degree of this “smoothness.”

A. One-Parameter Warping Kernels

To capture the variations of warping kernels, we propose to
use the following function:

(7)

Thesymmetry of this functionand its derivativemake it acom-
putationallyattractivechoice forouroptimizationprocedure

(8)

(9)

The simple closed-form derivative is especially useful in the de-
velopment of descent algorithms. We introduce the smoothness
parameter , which controls the effect of each motion vector on
the motion field in its surrounding -pixel region of in-
fluence. The function is designed to normalize to unity at
origin and go to zero at the boundaries of the region

(10)

This family of functions is depicted in Fig. 6. We use a sepa-
rable construction to generate one quadrant of the warping kernel

(11)

Fig. 6. Family of parametric interpolation functionsh (x). From  = 1
representing almost a straight line to = 50 representing almost a brick-wall.
Intermediate values are = 3; 5; 10.

(a) (b)

(c) (d)

Fig. 7. Corresponding family of 2-D kernels. (a)–(d), respectively:
 = 1; 3; 10; and50.

is defined over the domain , using a
symmetric extension of (11)

(12)

Fig. 6 shows , and Fig. 7 shows examples of the corre-
sponding 2-D kernels.

To find the optimal parameter, we use the same technique
used in Section II, except this time the optimization is only
over a single parameter. The cost function representing the
overall distortion is shown in (3), and the computation of opti-
mality conditions follow the same lines as developed in Propo-
sition 1. In particular

(13)
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The derivative of the motion-compensated past frame is express-
ible in terms of the local intensity gradients and derivative of
pixel-wise motion values

(14)

Now we incorporate the parametric interpolator. Denoting the
pixel location as the vector , and the motion vectors at
the vertices of a given rectangle by

(15)

where we have used the identity
. For notational convenience, let the prime denote differ-

entiation with respect to the subscript, i.e., .
After some algebra

(16)

Substitution in (14) completes the derivation of the optimality
conditions. Notice that and its derivative do not depend on
either the intensity or motion data. Therefore, in the optimiza-
tion process, they can be pre-computed and stored in a lookup
table. It is straightforward to show

(17)

where

(18)

The single-parameter optimization resulting from this
approach is not only more convenient for communication
purposes, it is also computationally easier and the computed
optimal point is more reliable, due to the reduced dimen-
sionality. It is worth noting again that this parameterization
includes, as special cases, both the block-matching and the
standard warping kernels. Application of this parametric opti-
mization to test video sequences is shown in Fig. 8. We discuss
the computational aspects of the parametric optimization in
Section IV, and performance issues are addressed in Section V.

B. Two-Parameter Warping Kernels

A comparison of the parametric kernels computed in the last
section, and the corresponding unconstrained kernels shown in

Fig. 5 indicates that the one-parameter family of kernels are
a fairly good representation of the unconstrained kernels. It is
only at the boundaries of the -pixel area that some dis-
crepancies are observed. More specifically, the one-parameter
kernel goes to zero at these boundaries, while the unconstrained
kernel may not (compare Figs. 5 and 8). In the following, we
present a modification of the parametric kernel to account for
this effect. We propose a two-parameter family of interpolation
kernels

(19)

This allows one more degree of freedom.is the same “smooth-
ness” parameter as before, andcontrols the value of the kernel
at the boundaries, as shown in Fig. 9. The optimality conditions
are

(20)

They lead to a derivation virtually similar to Section III-A,
which we do not repeat. The only difference is in the derivatives
of , easily shown to be

(21)

(22)

Similar to the one-parameter case, the derivatives ofdo not
depend on the intensity and/or motion data, and thus can be pre-
computed and stored in a lookup table. The second component
( ) adds very little complexity compared to the one-pa-
rameter case, because its denominator is already computed in
(21), and its numerator is easily calculated with no new func-
tion evaluations.

Optimizing the two-parameter family of kernels on the test
sequences yields the shapes shown in Fig. 10. The gradient de-
scent optimization is made relatively easy through the closed
form gradients, as shown in the subsequent section on com-
putational issues. Notice that differences between one-param-
eter and a two-parameter kernels depend on the video stream.
While the two kernels are almost indistinguishable in the case of
“tennis,” in other examples the kernels take a slightly different
shape, especially close to the boundaries, where the two-param-
eter kernels does not go to zero.

IV. COMPUTATIONAL ISSUES

This section presents an analysis of the computational
cost of various components of mesh-based motion estimation
and compensation systems. We look into the complexity of
block-matching motion search, fully iterative mesh-based
motion search, as well as the cost of computing and using the
new warping kernels.

We start with block matching. BMA motion vectors are used
directly with the kernels introduced in this paper, and are also
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Fig. 8. One-parameter optimal kernels for several test sequences.

used as a seed or initial point in traditional (iterative) mesh-
based motion estimation. We concentrate on simple full-search
algorithms at single-pel accuracy, which we used in our exper-
iments.4 Assume each frame is divided into blocks. The
search area is assumed to be approximately . This is

4There exist various fast algorithms for computing motion vectors [20]. These
fast algorithms rely on downsampling strategies, either in the intensity fields, or
in the candidate motion fields. Such shortcuts achieve varying amounts of com-
putational savings, at the cost of some level of distortion. Also, intelligent or-
dering and branching in the computation of frame differences reduces the com-
putational complexity of the motion search, but makes it sequence-dependent.
Analysis of these variations, with their associated heuristics, is beyond the scope
of this paper. We limit ourselves to a comparison of exhaustive search methods
for all algorithms in this study.

usually a good upper bound on the typical practical search areas.
Using the mean absolute distance (MAD) measure

(23)

The block-matching motion search requires on the order of
additions, comparisons, and no multiplies, per motion

vector. We note also that there are various methods of ordering
and halting partial computation in (23), such thaton average
computational complexity is reduced. The exact effects of such
strategies are not easily quantified, and we do not consider
them in our comparisons.
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(a) (b)

Fig. 9. Two-parameter family of functionsh in 1-D. (a) With� = 0:1 and = 3; 5; 10;50. (b) With  = 5 and� = 0; 0:1;0:2; 0:3.

The computational complexity of block matching was ex-
pressed above in terms of number of operations per motion
vector. In what follows, we continue to normalize the computa-
tions per motion vector to hide extraneous parameters that have
no direct bearing on our comparisons, e.g., frame size.

A. Complexity of Iterative Mesh-Based Motion Estimation

In mesh-based motion search, the candidate positions for each
node in the past frame constitute an area bound by neighboring
nodes, such that the resulting polygons do not overlap. A typical
example is shown in Fig. 2. It is not difficult to see that, over
all nodes and disregarding boundary effects, the shaded area
averages to , since the sum of all such shaded
areas is four times the area of the frame.

At each of these candidate points, one needs to find the
minimum absolute distance computed by

where is the set of pixels in the four blocks corresponding to
the shaded search area, and

Computation of the effective motion vector at each
pixel requires eight multiplications and eight additions. How-
ever, because of the structure of bilinear kernel, one can use a
shortcut in computation known as thescanline algorithm[3].
This method utilizes the linearity of bilinear kernel along the
horizontal and vertical directions, and thus needs only two ad-
ditions per pixel (plus a few overhead operations).

Because is generally not integer valued, interpolation
between pixels is necessary to compute the luminance estimate
from the past frame. An intelligent implementation of bilinear
interpolation (to a given accuracy, and using table lookup for
coefficients) requires four multiplications and three additions
per pixel. Then, one more addition is needed to form the frame
difference at this pixel. The total computation up to this point is
six additions and four multiplications per pixel.

The framedifferencemustbecomputedover theshadedareaof
Fig.2,whichhas pixels (onaverage).Tocombineall thepixel
values to form the cost function, we need another addi-

tions. This means multiplications and additions
to calculate the cost function at each candidate node position.

To complete the motion search, this computation has to be re-
peated times (once for each candidate node position), giving
a total of multiplies and additions, per mo-
tion vector.

Then the whole process has to be repeated iteratively for rea-
sons mentioned in Section I. Typically, two to four repetitions
are needed for convergence.

Once the optimal motion vectors are found, they are used to
find the estimated frame intensity . At
each pixel, this requires four multiplications and five additions,
totaling multiplies and additions per motion vector.

B. Complexity of Computing and Using the New Kernels

For the general warping kernel, scanline algorithms can no
longer be used. Therefore, the computation of requires
eight additions and multiplies, and considering the inter-pixel
interpolation, the cost of computing the estimated intensity is

multiplications and additions per motion vector. The
other issue is the cost of computing the optimal kernels. In par-
ticular, one is interested to know if the cost of finding suitable
kernels is small compared to the cost of iterated mesh-based mo-
tion search, which is .

The computation of optimal kernels is performed through an
iterative optimization process, with two dominant elements in
each iteration: calculation of the cost function and its gradient.
The cost function is nothing but the displaced frame difference,
whose computation is essentially the same as the intensity es-
timate, with one more operation. Therefore, the cost function
requires multiplications and additions per motion
vector.

The computational complexity of the cost gradient depends
on the kernel. First, we consider the general unconstrained
kernel developed in Section II. Recall that the cost gradient is
calculated through

The computation of requires eight addition and mul-
tiplications. Calculating intensity gradients and intensity dif-
ference would require interpolation, but
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Fig. 10. Two-parameter optimal kernels for several test sequences.

we find that for the purposes of optimization, a nearest pixel
approximation is sufficient, resulting in two and one more ad-
ditions, respectively. The expression inside the expected value
contains three more multiplications and one addition, and the
computation of the expectation on average requires one addi-
tion per motion vector; a total of 13 additions and 11 multipli-
cations. These operations have to be repeated for each =
0, 1, 2, 3, and for each pixel over the support of the kernel, of
size . This means a total of multiplications and
additions for both the cost function and its derivative.

For the parametric kernel, recall that the cost function gra-
dient is computed through

where is given in (16). With suitable arrangement
of terms, and noting that and are computed off-line,
(16) requires 8 multiplications and 14 additions. Along the same
lines as the previous case, it is easily verified that the cost func-
tion gradient requires 11 multiplications and 18 additions for the
expression inside the expected value. In contrast to the previous
case, however, this expectation is computed once over all pixels,
not individually for each point in the support of the kernel, re-
sulting in multiplications and additions
per motion vector for the gradient. The cost function requires

operations per motion vector, thus the total comes up to
multiplications and additions.

The cost function and its gradient have to be recomputed
in each iteration of the optimization process. Typically three
to four iteration steps are sufficient for convergence. Table I
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TABLE I
COMPARISON OFCOMPUTATIONAL COMPLEXITIES. THE NEW OPTIMAL AND PARAMETRIC KERNELS HAVE MUCH SMALLER

COMPUTATIONAL COMPLEXITIES THAN THE TRADITIONAL MESH-BASED METHOD (ITERATIVE MESH-BASED)

TABLE II
ESTIMATION GAIN (dB) OVER BLOCK MATCHING, FOR 50 FRAMES OF TEST SEQUENCESUSING VARIOUS KERNELS. ALL TESTSUSE

BLOCK-MATCHING MOTION VECTORS, EXCEPT THELAST COLUMN WHERE ITERATIVE WARPING MOTION VECTORS AREUSED

presents a comparison of the computational complexity of var-
ious methods discussed in this section. “Full mesh” refers to tra-
ditional, iteratively computed mesh-based motion, and the num-
bers in that column show the cost of one iteration of motion es-
timation. is the number of iterations in traditional full-mesh
motion search, and is the number of iterations in the opti-
mization of our new kernels. Both and take typical values
of three to four. The numbers in Table I show that computation
and usage of new kernels is dominated by the cost of block-
matching motion search, and is far more economical than fully
iterative mesh-based motion estimation. The additions ap-
pearing in all cases reflect the cost of block matching, which is
used in all methods to compute either the motion vectors them-
selves, or to compute the initial condition in the case of fully
iterative mesh-based motion.

In practical situations, the new kernels are even more eco-
nomical than implied by Table I for the following reason. When
the motion vectors at the vertices of a polygon are equal, the
motion inside the polygon will be constant (translational). This
is due to the symmetries of the kernel. It follows that when the
vertex motions are equal, the shape of the kernel has no effect on
the pixel-wise motion values, and hence it does not affect the in-
tensity estimate or the estimation error. Therefore, all blocks that
have equal motion vectors at the vertices can be removed from
the computation of the cost function and its gradient. In prac-
tice, as many as one half of the blocks may be inactive, leading
to a large computational saving.

V. NUMERICAL RESULTS

We computed general and parametric warping kernels for five
video test sequences “football,” “tennis,” and “suzie,” (

) “claire,” and “miss america,” ( ) all at 30 frames
per second. Motion vectors were computed using a full search
block-matching algorithm with blocks and
search area. In each case the first 50 frames of the sequence
were used for our tests. The results appear in Table II.

The numbers in the table show average estimation gain (deci-
bels) in each case, over the simple block-matching motion com-
pensated estimator. The motion vectors in all cases are found
using the block-matching algorithm.

The first column, labeled “Bilinear,” shows the performance
of the bilinear kernel. The results are very erratic: in some cases
there is some gain with respect to block matching, but in other
cases there is significant loss, e.g. for “tennis” and “claire.” The
unreliable performance of the bilinear kernel was the primary
motivation for finding the new kernels.

The next three columns, respectively, show the performance
of the unconstrained optimal kernel, and the one- and two-pa-
rameter kernels. The kernel designs for each case are shown in
Figs. 5, 8 and 10. The gains over block matching vary, but the
performance is always superior to the bilinear kernel. There is
a slight loss of performance when going from optimal to para-
metric kernels, but depending on the application, the simplicity
of the parametric version may be an overriding factor. Except
for “claire,” the two-parameter kernel is within 0.02 dB of the
optimal kernel.

All experiments mentioned so far use the block-matching mo-
tion vectors. For completeness, we offer one more set of exper-
iments. The last column of Table II shows PSNR results with
fully iterative warping. This method, as seen in the last sec-
tion, is much more computational than the ones represented in
the other columns, therefore a direct comparison of results may
not be appropriate. With that caveat, we note that the perfor-
mance of iterative warping is sometimes better (“claire,” “miss
america,” and “suzie”) but also sometimes worse than the new
kernels (“football” and “tennis”).

The main result of our experiments is that with proper ker-
nels, one can capture some of the gain of warping, while using
computationally cheap, noniterative motion vectors.

Figs. 11 and 12 show traces of estimation gain for 150 frames
of “tennis” and “claire.” These figures show experiments with
the nonparametric kernels; the results for parametric kernels are
similar (see Table II). The new kernel in each case is trained only
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Fig. 11. Performance of various kernels on the “tennis” sequence.

Fig. 12. Performance of various kernels on the “claire” sequence.

over the first 50 frames of the sequence. The sustained perfor-
mance after frame 50 suggests that, while optimal kernels can
vary significantly between different video sequences, they gen-
erally vary only slowly within the same sequence. This observa-
tion points to further computational advantages, since one may
be able to recompute optimal kernels less often, or use fewer
frames in their computation.

VI. DISCUSSION ANDCONCLUSION

This paper presented a new method for the design of inter-
polation kernels for mesh-based motion estimation. Traditional
mesh-based motion estimation uses a bilinear interpolator, and
requires an iterative process for the estimation of motion vec-
tors. This process is typically very cumbersome, leading us
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to ask if we can use BMA motion vectors in a mesh-based
system.

It was shown that such a direct simplification is not possible
within the confines of traditional warping kernels. However,
it is possible to use BMA motion vectors with appropriately
chosen warping kernels. We developed optimality conditions for
these kernels and analyzed their computational complexity. It
was shown that, even with optimization, the complexity is still
smaller than the fully iterative (traditional) mesh-based motion
estimation, and is comparable to the order of computation of the
block-matching algorithm.

The new warping kernels depend on the statistics of the
video sequence, and vary from one sequence to another. Using
a rubber sheet analogy for warping motion estimation, the
optimal warping rubber sheet is nonuniform; it is more rigid
close to the control points (motion vectors) and more elastic
away from them. The necessary condition for optimality can
be characterized as a generalized orthogonality condition. It
requires that the projection of motion vectors on image intensity
gradients be statistically orthogonal to estimation errors.
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