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Abstract

A quantitative, adaptive process control technique is described using an industrially validated model of the software system test phase
(STP) as the concrete target to be controlled. The technique combines the use of parameter correction and Model Predictive Control to
overcome the problems induced by modeling errors, parameter estimation errors, and limits on the resources available for productivity
improvement.

We present an example of the technique applied to data from the execution of the STP of a commercial software development effort at
a large software manufacturer. The example shows that the control technique successfully achieves the schedule and quality objectives
despite uncertainty in the estimation of the model parameters.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

We define the term software system test phase (STP) to
refer to a set of activities intended to assess the performance

and interoperability of the completed features of an appli-
cation with respect to its requirements. By software cyber-

netics we refer to the set of techniques through which a
software system may be adapted to meet changing goals
in an evolving environment (Cai et al., 2003); in the present
case the software system is a model intended to capture the
progress of the STP. Lastly, we use control in the sense of
the collection of quantitative techniques in the field of Con-
trol Engineering which provide methods for determining
the best set of system adjustments which drive the behavior
of the controlled system to within desired limits. The spe-
cific control method evaluated in this paper is derived from
0164-1212/$ - see front matter � 2006 Elsevier Inc. All rights reserved.
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the techniques in the area of Model Predictive Control
(MPC) (Camacho and Bordons, 2004).

The subsequent sections detail a method for guiding the
performance of the STP to a desired level in the presence of
a changing environment, and indeed, fixed or varying qual-
ity and duration objectives.

The need for effective software process management
(and control) is evidenced by nearly 50 years of literature
on the topic and the high cost associated with large-scale
software development. In the discipline of Control Engi-
neering, there is also a large body of literature dedicated
to techniques for eliciting a desired behavior from systems
whose dominant behavior is captured mathematically. To
date, little work has been done to draw the well developed
control techniques from the engineering disciplines into the
domain of software development. Software cybernetics, the
name given to work directed toward that aim, is applied in
this paper to a small piece of the management activities
associated with software development—namely, the
STP–such that this work may be considered a step toward
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importing the aims of software cybernetics into the field of
software process control.

We are concerned with a model of the STP that aims to
support the management tasks of (i) resource allocation;
(ii) schedule/duration updates with respect to planning and
budgeting of the STP; (iii) estimation of future support
staff/hours and (iv) customer satisfaction with respect to
the budgeting and planning of future maintenance and sup-
port activities for a project. The specific model to which we
apply our technique is the CDM model first described in
Cangussu et al. (2002) (where CDM refers to the authors
of that model).

We define the management control objectives as (i)
reduce, to the extent possible, the error in the estimate of
the initial number of defects present in the project at the
beginning of the STP; (ii) determine a set of quantitative
changes to return a deviating STP to within the desired
operational limits; (iii) incrementally update (i) and (ii) as
additional process data becomes available for model re-cal-
ibration and error correction.

The concrete case upon which the goals and assump-
tions are validated is a testing scenario at large software
manufacturer, detailed elsewhere (Cangussu et al., 2004),
where the product under test is a Storage Area Network
(SAN) management environment based on storage man-
agement standards. The product provides a graphical view
of the physical, logical, and topological characteristics of
the network, and allows the user to query for health, diag-
nostic, and configuration information. The environment
provides reporting and fault management capabilities in
a context sensitive manner via a graphical interface. Other
features of the SAN management environment allow
administrators to perform operations, e.g. volume and
storage pool creation, across heterogeneous arrays under
system management, and provide search capabilities based
on various criteria, such as available service levels.

For this project, the STP was part of a testing regimen
composed of unit and integration testing; functional testing
(i.e. product matches the specification) and system testing.
The management goals are set in terms of the target release
gates defined as:

(1) a-gate: product has all intended functionality.
(2) b-gate: more than 70% defect reduction (DR) from

the initial number of defects.
(3) Revenue Release: more than 90% DR; target date is

narrowly fixed and must be met.

We note that the b- and Revenue Release gates are
determined in terms of a software quality metric—percent
reduction of initial defects—and will focus our attention
on the task of reaching the Revenue Release on time.

1.1. Contributions

Following are the key contributions of the work
reported here.
(1) A Model Predictive Control (MPC) technique for the
CDM model that provides sub-optimal process con-
trol adjustments to drive the performance of the
STP within desired operational limits. The technique
adapts robustly to changes in process parameters and
changes in the process environment (Camacho and
Bordons, 2004).

(2) A new calibration (parameter identification) algo-
rithm for the CDM model which is more resilient to
variation in the training data than that reported in
Cangussu et al. (2002).

We note that Contribution 1 is a significant improve-
ment over the partial eigenvalue assignment technique in
Cangussu et al. (2002) in that (i) a cost function is used
to select from the (potentially large) set of control adjust-
ments that attempt to minimize the cost function over the
(finite) control horizon; (ii) The MPC algorithm updates
its suggested process adjustments at successive time
instants thereby overcoming unforeseen changes in the pro-
cess and its environment and (iii) The new controller can
incorporate more of the information which may be known
a priori to the test manager, such as workforce availability,
expected down-time, etc.
1.2. Organization

The remainder of this paper is organized as follows: Sec-
tion 2 briefly ties our work to the existing body of litera-
ture. In Section 3 we summarize the existing CDM model
of the STP that is the primary focus of our work. Some
common problems in modeling, relevant to the current
work, are addressed in Section 4. Section 5 defines the
process management goals captured in the CDM model
and Section 6 lays out the MPC-based control algorithm.
Section 7 touches on some fortuitous features of our
approach and how they may be exploited to implement
some practical restrictions on the control suggestions
generated by the algorithm. Section 8 suggests a method
for selecting the parameters of the optimization cost
functional. An example in Section 9 presents the results
obtained by applying the proposed technique to the data
obtained from the STP phase of the SAN project. Section
10 summarizes the data required and the overall process
of applying the technique in industrial practice. Details of
parameter calibration essential for the application of the
CDM model, are discussed in Section 11. Our conclusions
appear in Section 12.
2. Related work

The literature in Software Engineering spans nearly
five decades in many sub-disciplines. Here, we isolate
those disciplines most closely related to the current work
and elucidate the similarities while highlighting the differ-
ences.
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2.1. Software testing

While we are aware of the vast body of literature on
Test Generation and Test Selection, such issues are out-
of-scope for the CDM model. Improvements in these tech-
niques will likely be reflected in the CDM model through
the scalar test process quality parameter, leading most
likely to an increased defect removal rate. Interestingly,
the ideas of Software Cybernetics have been applied to
issues in Software Testing as well (Cai, 2001, 2002; Cai
et al., 2005).

2.2. Software process control

Literature in Software process control has focused on
the task of monitoring and adjusting software processes
so that they remain within acceptable limits of operation,
or that they return quickly to within acceptable tolerance
limits once a deviation outside such limits is detected.
Among the approaches are statistical process control (e.g.
Card, 1994; Jalote and Saxena, 2002; Dalal et al., 1993),
defined by the philosophy that ‘‘. . .as long as you perform
a process consistently it will demonstrate consistent results,
in measures like productivity, error rate, and cycle time
from project to project’’ (Card, 1994), discrete event and
hybrid simulations and the familiar ‘‘what-if’’ mechanism
for determining process change (Martin and Raffo,
2000a,b), and process simulation for the purpose of process
comprehension (Andersson and Karlsson, 2001; Andersson
et al., 2002; Kellner et al., 1999; Martin and Raffo, 2000b)
where the idea is that a better process understanding will
lead to better process improvement decisions.

We highlight that our approach uses neither the ‘‘what-
if’’ trial-and-error-based approach for process change
determination, nor are our assumptions anchored in the
mandatory reuse of prior processes (except for the atypical
case where the CDM model is initially trained from past-
project data). We calibrate and re-calibrate our model to
the data available from the ongoing project and provide
rigorously derived quantitative control suggestions to the
project management as an indication of those changes
which they could implement to achieve the desired behav-
ior specified to the controller; a ‘‘how-to’’ approach. In
reference to this goal, our work is related to the majority
of the software process control literature, though we
believe it to be unique in its method derived from Model
Predictive Control and novel in its approach to the correc-
tion of errors in the parameter estimates.

2.3. Software process modeling

Starting with software life cycle models, then progress-
ing to software process models, and finally to software pro-
cess simulation (Scacchi, 2002); thus is the chronology
found in the software process modeling literature. Scacchi
distinguishes two categories of process models: prescriptive

and descriptive (Scacchi, 2002); prescriptive models are
used to determine, ‘‘what character should I build into
my process?’’ (e.g. Cass et al., 2000), while descriptive mod-
els answer the question, ‘‘what is the character of the pro-
cess that I have?’’ (e.g. Boehm et al., 2000; Cangussu et al.,
2002). Let us focus on descriptive models as this is the class
under which the CDM model falls.

Noting that the CDM model has a simulation—whose
output represents productivity—we further limit the com-
parison to those descriptive models which predict progress,
and have an associated simulation.

Abdel-Hamid and Madnick (1989, 1991) are credited
with an early attempt at applying techniques from the field
of system dynamics to the modeling of software processes.
Their work treats the phases of software development as
black boxes, and models their interaction. Our work looks
explicitly into one particular phase, the STP, and brings its
behavior into focus.

Another related work is that of Iida et al. (1996), in
which a model is developed to study the effect of concur-
rent (in contrast to serial) development of multiple feature
sets. This is a rate-based system dynamics model of an
aspect of the software development process which uses an
approach analogous to ours, though the model itself is tar-
geted to a different domain (i.e. completion of coding vs.
our focus on completion of software testing).

We note that much of the work in simulation-based soft-
ware process control deserves mention under the category
of process modeling as well. While this has been by no
means a complete survey of the vast area of software pro-
cess modeling and simulation, we note that the CDM
model is a novel descriptive model of the STP which may
be simulated to predict the defect removal behavior of
the test environment to which it is calibrated. To our
knowledge, it is unique in character.

2.4. Software cybernetics

Software cybernetics is an emerging field concerned with
the fusion of techniques for adaptation and control with
the issues that arise in all aspects of Software Engineering
(Cai et al., 2003). Given this broad definition, the literature
contains contributions in software cybernetics applied to
related but different areas as varied as Adaptive Test-Set
Selection (Cai, 2001, 2002; Cai et al., 2005) and Optimal
Schedule Generation (Padberg, 2005).

To our knowledge, there has not been another attempt
to apply techniques of adaptation and control to a predic-
tive model for the purpose of guiding management decision
making during the execution of the STP.

3. State model of the STP

Our work treats the problem of managing the STP as a
feedback control problem. This approach requires two
components: (i) a quantitative state model of the process
to be controlled (in our case the STP) and (ii) a state-
model-based control law which minimizes a cost function/
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performance index tailored to management objectives for
the STP.

In this section we review the formal state-based model of
the STP, proposed in Cangussu et al. (2002), which is called
the CDM model. Fig. 1 illustrates the usage of the CDM
model in conjunction with an error correction algorithm
which is detailed in Cangussu et al. (2004) and summarized
in Section 4.2; it is this scenario upon which we build our
algorithm based on model predictive control in Section 6.

The CDM model is composed of three assumptions built
via analogy with physical systems. The first is based on
Newton’s second law: F = ma, where, in the context of
the STP, force maps to the net effort (en) applied by the
workforce, mass corresponds to the complexity of the soft-
ware (sc), and acceleration ð€rÞ is understood to be the deriv-
ative of the rate (i.e. velocity) at which defects are removed

enðtÞ ¼ sc � €rðtÞ ð1Þ
The second analogy is drawn with the Lotka-Volterra
predator-prey model (Lotka, 1925; Luenberger, 1979; Vol-
terra, 1926), and represents the effective effort (ef) applied
by the workforce. Here, effective refers to that effort which
has been productive in detecting and removing defects. At
any given time, each member of the testing workforce can
encounter only as many defects as are present in the soft-
ware under test. Thus the workforce size (wf), multiplied
by the remaining defects (r(t)), serves to enumerate the po-
tential encounters between testers and defects. The term
f=sb

c is understood as the probability that the testing activ-
ities cause an encounter to actualize; this probability is in-
versely proportional to a power of the software complexity
ðsb

cÞ, where b reflects economies of scale in the COCOMO
(Boehm et al., 2000) family of models. The factor f is cal-
ibrated to project data yielding the equation

efðtÞ ¼
f
sb

c

� wf � rðtÞ ð2Þ

The third assumption posits a notion termed error reduc-
tion resistance which is analogous to friction. In Eq. (3) be-
low, the error reduction resistance (er) is proportional to
the rate of defect removal ð_rÞ which implies that the faster
one works, the more likely they are to make mistakes, suf-
fer from fatigue, etc. Also, er is inversely proportional to
the quality factor (c) of the test process—both in terms of
the workforce and the testing environment. The constant
of proportionality (n) is calibrated to project data

erðtÞ ¼ �n
_rðtÞ
c

ð3Þ

Writing the force balance equation (equilibrium equation),
one observes that

enðtÞ ¼ �efðtÞ þ erðtÞ ð4Þ
Substituting Eqs. (1)–(3) into Eq. (4) yields the differential
equation model

sc€r ¼ �
fwf

sb
c

rðtÞ � n
c

_rðtÞ ð5Þ

By defining the state variables to be r(t) (the number of
remaining defects at time t) and _rðtÞ (the defect removal
rate at time t) Eq. (5) yields the following non-linear
state-based model for the STP:

_r

€r

� �
¼

0 1
�fwf

sð1þbÞ
c

�n
csc

" #
r

_r

� �
ð6Þ

We note that the values of f and n evolve over the course
of the STP. At periodic checkpoints, these parameters are
re-estimated; hence Eq. (6) can be thought of as a piece-
wise constant linear model provided that the inputs (wf

and c) and calibration factors (n and f) are held constant
between checkpoints. Otherwise, the model becomes non-
linear and time-varying.

4. Problems of modeling

In this section we briefly address some of the common
problems in modeling as the motivation to take a software
cybernetic approach to management of the STP.

4.1. Errors in the model

According to Box and Tiao (1992) (also commonly
attributed to W. E. Deming) ‘‘All models are wrong, some
models are useful’’. The task of constructing a model is that
of taking an infinite-dimensional real process, capturing its
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dominant aspects, which seem most relevant, and rendering
them into a formalism such as a state model or set of
differential equations. This stripping away of the non-
essential, uninteresting, or secondary aspects leads to the
notion that there is an infinite-dimensional actual model

which is equivalent to a finite-dimensional analytical model
plus some modeling error. For the test process manager,
this means that the output from the predictive models is
inaccurate; management must then decide whether the
degree of predictive error is sufficient to render the predic-
tion useless. In terms of the CDM model, one may capture
this relationship as STP = CDM + �; where � denotes the
difference between the incomputable ‘‘perfect’’ model
(STP) and the constructed, approximate model (CDM).
Here, it is obvious that � is neither known nor computable,
however it may be bounded, and those bounds may be
computable or known a priori.

For example, consider the evolution, during the STP, of
the calibration parameters f and n as mentioned in Section
3. Though the model periodically updates these parameters
at the checkpoints, in the interim they are treated as con-
stants. Stated more formally, ni = n(ti) is the value of the
parameter at time ti which denotes the time that the ith
checkpoint is reached. The exact nature of the evolution
that the calibration parameters undergo is unknown; they
may be constant (i.e. ni = N, for some N) or time-varying
(i.e. $(i, j) s.t. ni 5 nj), however experience suggests that
they are not constant. The assumption that a parameter
is piece-wise constant is a common modeling simplification
used to preserve analytical viability (McClure, 1975).

To mitigate the predictive error induced by model inac-
curacy, the test process manager may opt to search for
(more complex) models shown to have less significant
modeling error, or they may select models which make
use of one or more algorithms for correction (e.g. parame-
ter correction). Section 6 outlines a software cybernetic
approach to dealing with the modeling error in the CDM
model by the construction of a model-predictive feedback
control technique which incorporates model re-calibration
and parameter correction.

4.2. Errors in the parameters

Parameter estimation is confounded by the modeling
error as well; typically the parameters are tuned using
least-squares fit of the available data to the model equa-
tions. Thus a tuning algorithm will choose parameters
which cause the (incorrect) analytical model (in our case,
CDM) to provide the best fit to the available (correct) data
produced by the actual process (STP, which is CDM + �).

Implicitly, the parameter estimates compensate for the
modeling error (�). If the parameters denote physically
meaningful quantities (e.g. defects remaining in the soft-
ware), then the estimated values will be inaccurate and
may even fall beyond reasonable physical limits leading
to incorrect analysis and response (e.g. premature release
of a software product from the STP).
In the CDM model, the training data is used to calibrate
the parameters f and n, as well as r0—the initial number of
defects in the code. It was noticed that early in the execu-
tion of the STP the relative lack of available data induced
error in the estimation of r0, which significantly impacted
the performance of the CDM model (Cangussu et al.,
2003). In Cangussu et al. (2004), the following linear error
corrector is proposed for r0 in the CDM model.

Let p denote an arbitrary parameter in the CDM model.
We then define

eðtkÞ ¼
pðtkÞ � pðtk�1Þ

pðtkÞ
ð7Þ

to be the normalized difference between the most recent
successive estimates of p (i.e. p(tk�1) and p(tk)), relative to
the most recent estimate, where p(tk) denotes the estimate
made using all data up to time tk (i.e. at the kth check-
point). Implicitly, p(tk) is assumed to be the more accurate
than p(tk�1), hence the normalization to p(tk).

A linear error corrector for p is then given by

pnewðtkÞ ¼ ð1þ eðtkÞÞpoldðtkÞ ð8Þ

where it is clear that Eq. (8) applies the relative difference
between the most recent calculations of p again to the cur-
rent calculation. In an environment where the available
data for parameter tuning increases with time, this tech-
nique has elicited more rapid convergence of tuned param-
eters to their final values than successive model re-tuning
alone (Cangussu et al., 2004).
5. Control objectives

The objectives we define for the system illustrated in
Fig. 1 are twofold: (i) quantitatively estimate the progress
of the STP for evaluation purposes and (ii) provide infor-
mation to management in terms of process changes
required for the STP to meet its schedule and quality objec-
tives. Here, the schedule and quality objectives are assumed
to be defined in terms of the proportion of defects remain-
ing at various offsets in calendar time.

The CDM model identifies two parameters as being
readily under the control of the project management: wf

and c. These parameters are used to exert control over
the STP process in system objective (ii) in order to meet
the schedule and quality objectives as per Fig. 2.
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We provide a MPC-based alternative to the partial
eigenvalue assignment control technique in Cangussu
et al. (2002) toward the following goals: (i) better tolerate
the modeling error referred to in Section 4.1; (ii) incorpo-
rate the parameter corrections described in Section 4.2;
(iii) allow for the specification of limits on the control vari-
ables to limit the control suggestions to that set which the
manager is capable of implementing; (iv) allow more flexi-
bility and finer temporal granularity as to when process
changes are to be implemented and (v) provide a method-
ology that may be applied to other non-linear process
models.

For the test manager, this new controller would then
incorporate any specified limits on the resources available
to the manager, and would provide suggestions which
could be interpreted as ‘‘Make an addition of X team mem-
bers for the remainder of the STP, and bring on Y tempo-
rary team members for 5 weeks. Increase the quality of the
process by Z after the temps have left’’.
6. A model predictive control approach

Model Predictive Control (MPC) is a methodology that,
for a given process model, solves a finite horizon (N time
unit) optimal control problem based on a desired perfor-
mance to be elicited from the process over the finite horizon.
The resulting control, however, is implemented only over
the first j < N time units. At j, the optimization is repeated
over the new horizon [j, j + N]. This technique is motivated
by the scenarios such as the following: (i) the process model
is inaccurate; (ii) numerical computations introduce signif-
icant error in the control calculation; (iii) the process goals
change as a result of management discretion, in the presence
of process disturbances and (iv) additional modeling error is
introduced to simplify the complexity of the control calcu-
lation (e.g. model discretization).

This section presents an algorithm based on MPC for
the CDM model. We have chosen to build our technique
on MPC based on its origin in environments where a prac-
tical need for explicit parameter re-calibration and revision
of the suggested control inputs was necessitated by
frequent environment changes, known model inadequacies,
and uncertainty in measurements.

Algorithm 1 (A model-predictive control algorithm for the

CDM model).
For example, consider the discussion in Section 4.1
regarding parameter and modeling error, and the fact that
at any checkpoint an arbitrary change in our estimate of r0

may result from model re-calibration. Algorithm 1 pro-
vides the steps which are discussed in detail below. The
algorithm builds on concepts in Dutka and Grimble
(2004) combined with those of MPC; specifically, given a
reference trajectory (xref), we solve a linear quadratic opti-
mal control problem over the interval between the current
checkpoint (ci) and the deadline (tR). The resulting control
values (wf,c) over (ci,ci+1) guide the management’s choice
until the next checkpoint. Our algorithm makes no
assumptions regarding how the STP management chooses
to use the control values. At the next checkpoint (ci+1)
the model parameters are re-calibrated and the process is
repeated. To illustrate this, one could picture the feedback
loop in Fig. 1 being executed each time a checkpoint is
reached, including the parameter calibration process using
all process data generated up to the checkpoint.

For each checkpoint, the following steps of Algorithm 1
are performed:

6.1. Retrain the model

This line instructs the user to execute the parameter esti-
mation routines using all available process data up to the
current checkpoint ci. This includes using any parameter
correction techniques that are available.

6.2. Linearize the model about the nominal trajectory

Using the parameter values calculated at line 4, we line-
arize the CDM model about the re-calculated nominal
trajectory of the STP.

Let Eq. (6) be restated as

_x ¼ AðuÞx ¼ f ðx; uÞ ð9Þ
where x ¼ ½r; _r�T and u = [wf, c]T. Let the nominal input
u� � ½w�f ; c��

T reflect the previously implemented control,
and the test manager’s current plans regarding workforce
allocation and process quality improvement over the
remainder of the project. Then x*, the solution to the differ-
ential equation _x ¼ f ðx; u�Þ, is the ‘nominal trajectory’ or
expected behavior of the test process, given u*.

For perturbations about the nominal behavior, the per-
turbed state x satisfies

_x ¼ _x� þ D _x ¼ f ðx� þ Dx; u� þ DuÞ

� f ðx�; u�Þ þ of
ox

����
x�;u�

Dxþ of
ou

����
x�;u�

Du

for sufficiently small Dx and Du; where

of
ox

����
x�;u�
¼

0 1

� fw�
f

sð1þbÞ
c

� n
c�sc

" #
ð10Þ

of
ou

����
x�;u�
¼

0 0

� fr�

sð1þbÞ
c

n_r�

c�2sc

" #
ð11Þ
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Thus, by subtracting out _x� ¼ f ðx�; u�Þ, we arrive at the lin-
earized delta-model

_D xðtÞ ¼ AðtÞDxðtÞ þ BðtÞDuðtÞ ð12Þ

where AðtÞ ¼ of =oxjx�ðtÞ;u�ðtÞ and BðtÞ ¼ of =oujx�ðtÞ;u�ðtÞ as de-
fined in Eqs. (10) and (11).

6.3. Discretize the linearized model

Let k denote a time index in discrete time, and let tk

denote the equivalent time on the continuous time scale.
We then define the time-step T = tk+1 � tk as the duration
spanned between discrete time values. For example, our
work assumes that T = 1 day.

Given these preliminaries, and assuming that A(t) = Ak

is constant over the time interval [kT, (k + 1)T], the discret-
ized version of the linearized model of Eq. (12) is given by
the following system of difference equations (Chen, 1999;
DeCarlo, 1989):

Dxððk þ 1ÞT Þ ¼ e
�Ak T DxðkT Þ

þ
Z ðkþ1ÞT

kT
e

�Akððkþ1ÞT�sÞBðsÞds

� �
Duk

This result is derived from the fact that d
dt eAt ¼ AeAt ¼ eAtA

(Chen, 1999). By pre-multiplying both sides of Eq. (12) by
e�Ak t and simplifying, we arrive at the equation

d

dt
e�AktDxðtÞ
� �

¼ e�Ak tBðtÞDuðtÞ ð13Þ

Integrating both sides of Eq. (13) over the time interval
[kT, (k + 1)T], and using (e�At)�1 = eAt (Chen, 1999), we
arrive at the system of difference equations above, which
may be re-written as

Dxððk þ 1ÞT Þ ¼ eAðkT ÞDxðkT Þ þ eBðkT ÞDuðkT Þ ð14Þ

where the input perturbation

Duk ¼ DuðkT Þ ¼ ½DwfðkT Þ;DcðkT Þ�T

is again assumed constant over the interval [kT, (k + 1)T),
and

eAðkT Þ ¼ e
�Ak T ; eBðkT Þ ¼

Z ðkþ1ÞT

kT
e

�Akððkþ1ÞT�sÞBðsÞds

� �
6.4. Solve an optimal control problem with the discretized

model

This begins a Model Predictive Control step. In MPC,
one solves an optimal control problem over a (typically)
finite horizon with respect to a given cost functional. In
the case of a discrete-time MPC problem, the cost func-
tional is typically a summation, over the optimization hori-
zon, of quadratic forms in the state and input vectors
representing (i) the cost of deviation from the desired state
trajectory balanced against (ii) the cost incurred by the
effort required to correct the deviant trajectory (i.e. to
reach the desired error reduction).

For our algorithm, the optimization horizon is from the
present checkpoint to the Revenue Release date; thus each
successive iteration of the algorithm optimizes over a smal-
ler horizon.

The solution of the optimal control problem yields the
control sequence Du � [Dwf,Dc]T (where the lack of a
time-index indicates a vector of elements; one for each
time-index) such that the cost functional is minimized over
all possible changes to the STP process. Thus the control
input—which is the best set of changes to be made in wf

and c (considering the cost functional) per time-step over
the control horizon—is combined with the nominal input
sequence to provide the suggested parameters for the
STP: u(t) � u*(t) + Du(t). In our scenario, this input
sequence is the set of process changes necessary to best
meet the quality and schedule requirements associated with
the Revenue Release gate (i.e. to optimize between budget
and schedule adherence).

The technique we have chosen to solve the control
problem is known as Constrained Linear Quadratic Track-
ing, which can be stated as a convex multi-parametric
Quadratic Programming problem (Bemporad et al., 2000;
Borrelli, 2002, 2003; Goodwin et al., 2005; Kerrigan and
Maciejowski, 2000).

Allowing the subscript to denote the time index, we
define our cost functional as

Jðx; uÞ ¼ 1

2

XN

s¼1

ðxref
s � x�s � DxsÞ

�� ��2

Qs

þ 1

2

XN�1

s¼0

ðu�s þ DusÞ
�� ��2

Rs
ð15Þ

where Q and R are positive definite matrices representing
the cost of state deviation and the cost of applying control

input, respectively. Eq. (15) is composed of two summa-
tions; the first computes the per-step cost of deviation from
the desired trajectory (xref) by the controlled trajectory
ðx�s þ DxsÞ. The second summation accumulates the per-
step cost of the entire input to the system ðu�s þ DusÞ. Note
that both costs are quadratic, with respect to Q and R,
respectively.

To acquire the form of a quadratic program, the for-
mula for the discretized linearized state model (Eq. (14))
is substituted in place of the Dxs term in the cost functional
(Eq. (15)) for each s in the summation. This substitution is
repeated until all Dxs terms have been reduced to a Dx0

dependence. Next, the definition kak2
M ¼ aTMa is used to

remove the norms. After collecting terms and simplifying,
we arrive at the following form:

DuTHDuþ DuTv ð16Þ
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where

H ¼ bBT bQbBþ bR; v¼ bBT bQðbAx�0� x̂ref � x̂�Þ þ bRu�

bA ¼
eA0eA1
eA0eA2
eA1
eA0

..

.

266666664

377777775; bB ¼
eB0eA1
eB0

eB1eA2
eA1
eB0

eA2
eB1

eB2

..

. ..
. ..

. . .
.

266666664

377777775
bQ ¼ diagðQ1;Q2; . . . ;QN Þ; bR ¼ diagðR0;R2; . . . ;RN�1Þ

bxref ¼ xref
1

T
xref

2

T
. . . xref

N
T

h iT

; bx� ¼ x�T1 x�T2 . . . x�TN

� 	T

This is a multi-parametric Quadratic Program (mp-QP),
which can be readily solved by standard quadratic program
solvers such as MATLABs quadprog (Coleman et al.,
1999). The convexity of the program guarantees a globally
optimal solution with respect to the linearized and discret-
ized model.

To mitigate the error induced by the linearization and
discretization, we iterate the optimal control calculation
according to Algorithm 2.

In our experience with the CDM model, further itera-
tions after the second cease to induce a noticeable differ-
ence in the computed (iterated) control suggestion.

The reference trajectory (xref) is given as the exponential
function which decays from r0 at time t0 to rgoal at time tR.
This is motivated by the common knowledge that defect
detection exhibits exponential decay over time given a test-
ing technique (Horgan and Mathur, 1996).

Algorithm 2 (Iterative mitigation of the linearization and

discretization error).
6.5. Implement the control suggestions

Lastly, the calculated control inputs are available to the
management for application to the actual process. To deter-
mine the impact of applying the control suggestions to the
actual process, we apply these to the non-linear, non-discret-

ized model until the next checkpoint is reached. Following
the technique of MPC, one then re-solves, at the next
checkpoint, the optimal control problem over the discret-
ized linearized model using the data from the actual
process.
7. Benefits of optimal control with constraints

The techniques for solving mp-QP problems allow the
specification of additional constraints (Bemporad et al.,
2000; Borrelli, 2002, 2003; Goodwin et al., 2005; Kerrigan
and Maciejowski, 2000) specified as LDu 6 w. These con-
straints may take, among others, the following forms
(Bemporad et al., 2000; Goodwin et al., 2005; Kerrigan
and Maciejowski, 2000):

Dumin
k 6 Duk 6 Dumax

k ð17Þ

dmin
k 6 Duk � Duk�1 6 dmax

k ð18Þ

That is, we may place restrictions on the amount of change
allowed in the control input (Duk) at a given time step (k)
and indeed, by Eq. (18), we can specify limits on the differ-
ence allowed between consecutive control inputs. We note
that because these limits are provided externally, this fea-
ture can be used to specify additional factors that influence
the ability of the manager to control the STP, such as de-
lays in the ability to bring additional resources to the
STP, or to impose a preference on the granularity at which
changes are allowed in the control parameters.

For example, consider a scenario where the manager of
the STP has budget for four additional workforce mem-
bers. However, it will be three weeks before they can be
brought on-board. In this scenario, one could set the work-
force component of Dumax

k to zero for those time indices (k)
corresponding to the three weeks, and subsequently to 4 for
the remainder of the prediction/control period thereby dis-
allowing the control calculation to suggest an addition of
workforce within the 3-week period; subsequent to the
three week period, the control calculation would be limited
to an addition of four additional workforce members. Let
us further assume that the manager desires to make only
a single process change per week. To acquire this behavior
from the control calculation, one may set dmax

k ¼ a and
dmin

k ¼ �a for a large 2-vector a (i.e. components as near
infinity as is practical) for those k which are even multiples
of 5 (assuming a 5-day work week), thereby allowing an
arbitrary difference between the last control suggestion
and the current. For all other periods, one sets them to zero
(meaning the control suggestions on these days must be
exactly what it was on the previous day).

Note that Eqs. (17) and (18) may be represented as the
following set inequalities:

Duk 6 Dumax
k

� Duk 6 �Dumin
k

ðDuk � Duk�1Þ 6 dmax
k

� ðDuk � Duk�1Þ 6 �dmin
k

which is mirrored in the following matrix formulation,
LDu 6 w:
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L ¼

IN

�IN

D

�D

26664
37775; Du ¼

Du0

Du1

..

.

DuN�1

266664
377775; w ¼

Dûmax

�Dûmin

d̂max

�d̂min

26664
37775

where

D¼

I2

�I2 I2

�I2 I2

. .
. . .

.

266664
377775; Dûmax ¼

Dumax
0

Dumax
1

..

.

Dumax
N�1

266664
377775; Dûmin ¼

Dumin
0

Dumin
1

..

.

Dumin
N�1

266664
377775

d̂max ¼

dmax
0

dmax
1

..

.

dmax
N�1

266664
377775; d̂min ¼

dmin
0

dmin
1

..

.

dmin
N�1

2666664

3777775
where IN and I2 are the N · N and 2 · 2 identity matrices,
respectively.
8. Choosing the cost matrices

This section provides an overview of the issues to be
addressed in selecting the cost matrices (i.e. Q and R) for
the cost functional in Eq. (15), and proposes a technique
for generating reasonable cost matrices.

The technique we propose for the selection of the cost
matrices arises with regard to the existence of constraints
on the control values (e.g. in the CDM model, the process
quality c may not range above 1.0). In selecting the cost
matrices with respect to constraints on the control inputs,
we propose that one should first equalize the cost of reach-
ing the limits. For simplicity, we consider the case of diag-
onal cost matrices.

For example, consider limits on Dwf and Dc of 5 and
0.18, respectively. For an input-cost matrix R = diag(r1, r2),
and control input vector Du = [Dwf,Dc]T, the quadratic
form DuTRDu ¼ Dw2

f r1 þ Dc2r2. By pushing Du to its limits,
we arrive at the maximal cost 25r1 + 0.0324r2.

Balancing the contribution to the maximal cost made by
each component of the input,

25r1

0:0324r2

¼ 771:60
r1

r2

¼ 1

we see that to balance the cost of maximizing the control
inputs, we see that weight r2 should be �772 times larger
than r1. This provides a ‘level field’ as the starting point
for making adjustments by ratio to reflect the manage-
ment’s experience. For example, if a 10% quality improve-
ment costs twice as much as a 10% workforce increase, then
r2 could be increased by a factor of 2.

The other aspect to consider is the balance between the
cost incurred by implementing control (via the R matrix)
and the cost incurred by deviating from the desired trajec-
tory xref calculated by the Q matrix. The technique sug-
gested here is to select a Q that is large and scale it down
if the resulting control is infeasible. We note that the com-
ponent of Q which assigns cost to the derivative term is
likely to be small compared to that which assigns cost to
the magnitude term.

For example, consider assigning Q = diag(1, 0.001) ·
kRk2, which weights the magnitude term of the Q matrix
much higher than the derivative term, and sets a propor-
tion between the Q-cost (cost of state deviation) and R-cost
(cost of input changes) to prefer input changes over state
deviations. We note that in the case where reaching the
deadline on time is more important than the cost incurred
in doing so, that the mp-QP solvers will likely include an
interface for specifying state constraints (i.e. requirements
on both the initial- and final-state) which could be
employed to force a desired final state.

9. An illustrated example

This section presents an example usage of the technique
presented in Section 6. The data set is the same used in
Cangussu et al. (2004). A brief description of the nature
of the software product upon which the study is conducted
is given in Section 1.

The execution of the STP that generated the study data
lasted 120 days over which a number of defects were dis-
covered and removed (95% by estimation of the testing
team).

Our example will impose an artificial deadline and qual-
ity goal onto this STP execution and determine the changes
that would have been required within the test environment
in order to meet our accelerated deadline and more ambi-
tious quality goal. As with a live STP, we re-calibrate the
CDM model at checkpoints within the STP to incorporate
newly available data, and, in theory, improve the model
predictions and consequent control suggestions.

To simulate the increasing availability of parameter tun-
ing data, we calibrate the CDM model using successively
larger contiguous subsets of the total data starting at day
1. We have chosen to set the checkpoints 10-days apart
(i.e. two 5-day work weeks) after the 30th day. Thus each
successive re-calibration of the CDM model incorporates
10 additional days of training data. This is reflected in Figs.
4–6 by the vertical line marking the end of the data collec-
tion period the data from which is used to calibrate the
model parameters which shape the plot. The data required
to train the model is the number of defects detected and
eliminated per day of the STP. Such data is likely to be
available in the reporting capability of any industrial-
strength defect tracking system.

As the data set only describes the execution of the STP
in the absence of control, our example makes the assump-
tion that the dynamics of the STP, modulo the effect of the
inputs, are not significantly altered by the implementation
of the control suggestions in the STP. Stated differently,
we assume that the changes in the dynamics of the STP that
would have been elicited by implementing the control sug-
gestions are adequately described by the action of the input
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variables on the CDM model. We note that this assump-
tion is made mandatory not as a consequence of the model,
but rather as a consequence of using data from a completed
project to illustrate a technique which is intended to be
used in an on-line manner.

Fig. 3 shows the actual defect detection/removal data,
normalized to the total number of defects discovered
through the entirety of the STP. The plot marks the point
at which the software manufacturer decided to release the
project (i.e. the ‘actual’ Revenue Release’) with a circle
on the ‘Normalized Defect Removal’ trajectory, to illus-
trate the errors found subsequently, and thus the accuracy
of the Revenue Release date selection.

For our example we have chosen a deadline at 70 days,
and a quality objective of 90% defect reduction. We have
chosen the limits of 5 6 wf 6 12 and 0.70 6 c 6 0.98, lead-
ing to cost matrices Q and R set as R = diag(1.00, 772.00)
and Q = diag(1,0.001) · kRk2 where the choice of values
in the R matrix indicates that the cost of a 10% workforce
increase is roughly equivalent to a 10% improvement in the
test process quality, and the resulting norm of the Q matrix
will generate a strong bias for reaching the reference trajec-
tory regardless of the input cost required. Section 8
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Fig. 4. Prediction and estimated control impact: (a) calibrated to 30 da
describes the mechanism for selecting these parameters.
We have further made the choice that the control sugges-
tions should only change once per week, and thus have
used the values of dmax and dmin as per the example in Sec-
tion 7. The remainder of the parameters are taken from the
actual study in Cangussu et al. (2004).

The data in the following plots is normalized to a per-
centage of the total defects found during the entirety of
the STP. The calibration of the CDM model includes meth-
ods for estimating the initial number of defects (r0) from
the defect removal productivity (Cangussu et al., 2002).
All plots begin from the current estimate of r0 and proceed
according to the dynamics of the CDM model. Thus
Fig. 4a shows the initial number of defects as nearly
160%—this means that the estimate of r0 at this point
was around 160% of the total number of defects that would
later be discovered.

In Figs. 4–6 we apply our technique to the data using
our modified parameter calibration routine (Section 11.2).
Fig. 4a is an example of poor calibration of the CDM
model. Note that the original estimate of r0 is 160% of
the number of defects that will eventually be found. The
reference trajectory plots the ideal route to 90% defect
reduction at day 70, and the ‘new’ trajectory illustrates
the expected trajectory of the STP if the controls had been
implemented. Note that given the large number of defects
between the nominal and reference trajectory, the control-
ler was not able to drive the STP to the desired trajectory—
this is because the limits on the control parameters were
reached.

There is now a choice as to how to proceed. Given the
number of defects predicted at day 30, the management
may believe the prediction, or may reject it due to inconsis-
tency with prior experience. We will extend the example in
both directions, starting with the former. Fig. 4b uses the
assumption that the control suggestions from the prior
checkpoint were implemented. Note that the new estimate
of r0 is a little over 80% of the total defects that will be dis-
covered. The nominal trajectory at this point contains the
controls that the manager was planning to implement given
the prediction at the 30-day checkpoint. It is apparent from
the current prediction that these controls are no longer
deemed necessary, thus the controller suggests that the
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Fig. 5. Prediction and estimated control impact: (a) calibrated to 50 days data; (b) calibrated to 60 days. Assumes belief in day 30 prediction.
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Fig. 6. Prediction and estimated control impact: (a) calibrated to 40 days data; (b) calibrated to 50 days; (c) calibrated to 60 days data. Assumes rejection
of the day 30 prediction.
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manager pull the resources and the controlled trajectory
exhibits a reduction in the defect detection/removal rate.
It is worthy of note that at this point that the controller
has pushed the control parameters to their lower limits
because the two weeks of implementing the previous con-
trol suggestions have pushed the nominal trajectory of
the STP well below the reference trajectory.

The remaining checkpoints at 50- and 60-days exhibit a
similar situation. Fig. 5a shows that the initial defect esti-
mate is relatively unchanged from day 40, and that the con-
troller is still trying to remove resources from the STP in
order to compensate for the bad judgment at day 30.
Fig. 5b shows an increase in the 60 day r0 estimate from
that made at day 50, and consequently, that there is a small
increase in the control parameters is necessary to track the
desired trajectory.

Returning now to the second scenario where the test
manager rejects the prediction at 30 days, we see a differ-
ent controller reaction. In Fig. 6a, even though the nomi-
nal trajectory is on-track to reach the reference trajectory
at day-70, the control calculation determined that it is
more cost effective to bring additional resources to the
STP and then release them later, down to near the mini-
mum workforce that we have allowed. Fig. 6b shows that
the new estimate of r0 causes the CDM model to predict a
trivial achievement of the goal at day 70, and thus it
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reduces the resources on the project to the lower limits we
have set. Lastly, Fig. 6c again shows an increase in the r0

estimate, which requires the controller to bring resources
back to the project in order to meet the 70-day goal.

10. Applying the approach in practice

Here, we describe the data required to apply this tech-
nique to an actual STP in progress. There are two sets of
data required: (i) that data required by the CDM model
for calibration and simulation and (ii) that data required
by the controller in the form of constraints and cost factors
required by the control algorithm.

The CDM model has 7 parameters: (i) The workforce
size (wf)—the average number of people working at a given
time; (ii) The quality of the test process (c)—a real number
in the range [0,1]; (iii) The complexity of the software to be
developed (sc); (iv) The software type being developed (b)—
this is the same factor from the COCOMO family of mod-
els; (v) The defect detection constant of proportionality (f);
(vi) The quality impact constant of proportionality (n) and
(vii) An estimate of the number of defects introduced into
the software (r0). The first four are calculated or measured
as per the instructions in Cangussu et al. (2002), the last
three are estimated from the project data by the Parameter
Identification algorithms in the subsequent sections. It
should be noted that the data required from the project
by the Parameter Identification algorithms is an array of
the number of defects removed per unit time (our example
used days).

The remaining pieces of data required to put the system
into use are: (i) The schedule and quality objectives, that is,
a list of dates and the desired proportion of defects that is
to be remaining in the software once each date is reached—
this data determined the desired/reference trajectory; (ii)
The weight matrices (Q and R) that calibrate the control-
ler’s cost function/performance index—the computation
of which is given in Section 8; (iii) The control constraints
to be placed on the system—any maximum or minimum
values on Dwf and Dc from within which the controller
must select its control suggestions.

Once these data have been acquired, one runs the para-
meter identification algorithm which calibrates the CDM
model to the existing data. Then, we use the expected
values of wf and c (the ‘nominal inputs’) to run the
CDM model and gain a prediction which we will call the
‘nominal trajectory’. If the nominal trajectory is unsatis-
factory i.e. fails to meet the quality and schedule objec-
tives, it is plugged into the control algorithm along with
a reference trajectory and the nominal inputs. Assuming
that the cost matrices and control constraints have been
supplied, the control algorithm will generate a suggestion
for changes in the nominal inputs based on the cost
function.

Assuming the change suggestions are accepted, one
makes the process changes that correspond to the new
nominal input. At the next checkpoint, the process is
repeated by running the parameter identification algorithm
to incorporate any new data from the process, and by using
the updated nominal inputs to generate an updated nomi-
nal trajectory using the newly calibrated CDM model.
11. Parameter identification

The calculation of the parameters wf, sc, b, and c is dis-
cussed in Cangussu et al. (2002). There are two parameters,
n and f, which are calibrated to project data. We first
summarize the method of their computation as given in
Cangussu et al. (2002), and then proceed to offer a modified
version which leverages more of the constraints implied by
the model equations. In each case we cover the details of
using the parameter identification technique in a scenario
of recurring re-calibration over multiple training periods
which are believed to encapsulate different behaviors of
the STP.

11.1. The original calibration algorithm

The following subsection is an exposition of the details
of calibration technique given in Cangussu et al. (2002)
and forms the basis for the algorithm in Section 11.2.
For simplicity, we will refer to this calibration algorithm
as Cal1.

11.1.1. Estimating f and n
Recall that xðtÞ ¼ ½rðtÞ; _rðtÞ�T is the state vector of the

CDM model. Let d(k) = r(kT) � r((k � 1)T) be the number
of defects eliminated over the interval [(k � 1)T,kT), where
T is the duration separating consecutive discrete time indi-
ces. We note that for calibration purposes, r(Æ) and _rð�Þ are
unknown; only d(Æ) is measurable.

Define

DðkÞ ¼ xðkT Þ � xððk � 1ÞT Þ ¼
dðkÞ

_rðkT Þ � _rððk � 1ÞT Þ

� �
ð19Þ

as the difference between consecutive CDM model states.
From the solution of the differential equation model in

Eq. (5), we know that r(Æ) is a linear combination of two
distinct exponential functions. To obtain an estimate of
the ‘‘velocity’’ term, _rð�Þ, we crudely approximate r(Æ) by
a single first-order exponential, and use the derivative as
a coarse velocity estimate, _̂rð�Þ.

Let r̂ðtÞ ¼ ekta be a first-order exponential approxima-
tion of r(t). It can then be shown that there exists a scalar
factor m = ekT such that

dðkÞ � mdðk � 1Þ ð20Þ

by

mdðk � 1Þ � ekT ekðk�1ÞT a� ekT ekðk�2ÞT a

� rðkT Þ � rððk � 1ÞT Þ ¼ dðkÞ
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The following is Least Squares fit of m to the N available
data points d(Æ):

m ¼ ½dð2Þ dð3Þ . . . dðNÞ � ½dð1Þ dð2Þ . . . dðN � 1Þ ��R

ð21Þ
where the superscript ‘�R’ indicates the right pseudo-in-
verse. Having m we can derive k from our assumption of
the exponential form of m by k = 1/T logm. Upon calculat-
ing a, one will have sufficient information to use the as-
sumed equations for r̂ð�Þ and _̂rð�Þ directly.

For an estimate of a we turn to the definition of

dðkÞ ¼ rðkÞ � rðk � 1Þ � aðekkT � ekðk�1ÞT Þ ¼ aðmk � mðk�1ÞÞ

and thus a Least Squares approximation of a to the N data-
points of d(Æ) is given by

a ¼

m� 1

m2 � m

..

.

mN � mN�1

266664
377775
�L dð1Þ

dð2Þ
..
.

dðNÞ

266664
377775 ð22Þ

where the superscript ‘�L’ indicates a left pseudo-inverse.
One may now build estimates of D(Æ) using Eq. (19), and

the assumed form of _̂rð�Þ. That is

DðkÞ �
dðkÞ

kðekkT � ekðk�1ÞT Þa

� �
ð23Þ

Having an estimate for D(Æ), we may now address the prob-
lem of parameter identification. A simulation of the CDM
model is given by

xðkT Þ ¼ MpðkÞxððk � 1ÞT Þ ð24Þ

where the function p(k) returns the training period to which
the time index k belongs, and Mj ¼ eAjT is constant over the
training period j. It is worthy of mention that the Ai matrices
are presumed to be the system dynamics matrix in Eq. (6).

In a manner which closely parallels the calculation of the
first-order exponential fit above, it can be shown that

Dðk þ 1Þ � Mpðkþ1ÞDðkÞ ð25Þ

It is an approximation of the average behavior of the STP
that is desired here, thus one may restate Eq. (25) as

Dðk þ 1Þ � �MDðkÞ ð26Þ

which, solving for �M yields the Least Squares approxi-
mation

�M ¼ ½Dð2Þ Dð3Þ . . . DðNÞ � ½Dð1Þ Dð2Þ . . . DðN � 1Þ ��R

ð27Þ

Once �M is obtained, the Spectral Mapping Theorem
(DeCarlo, 1989) states that the following relationship exists
between its eigenvalues and those of the average system
dynamics matrix, �A:
k
�A
i ¼

1

T
logðk �M

i Þ ð28Þ

where kP
j is the jth eigenvalue of matrix P. The eigenvalues of

the �A matrix are the roots of its Characteristic Polynomial,
Pð �AÞ, which, by the equation given in Cangussu et al.
(2002), yields

Pð�AÞ ¼ det½kI � �A� ¼ k2 þ n
csc

kþ fwf

sð1þbÞ
c

¼ k� k
�A

1

� �
k� k

�A
2

� �
¼ k2 � k

�A
1 þ k

�A
2

� �
kþ k

�A
1 k

�A
2 ð29Þ

Thus the parameter identification problem reduces to find-
ing n and f to satisfy Eq. (29). This occurs with

n ¼ �ðk�A
1 þ k

�A
2 Þcsc; f ¼ k

�A
1 k

�A
2 sð1þbÞ

c

wf

ð30Þ
11.1.2. Estimating x0

By taking the notion of average behavior proposed in
Eq. (26) and applying it to Eq. (24), we derive a less-
detailed simulation

xðkT Þ ¼ �Mxððk � 1ÞT Þ ) xðkT Þ ¼ �Mkx0 ð31Þ
A method for estimating x0 is derived by substituting Eq.
(31) into Eq. (19) resulting in

DðkÞ ¼ �Mkx0 � �Mk�1x0 ¼ ð �Mk � �Mk�1Þx0 ð32Þ

which defines, analogous to Eq. (22) in the scalar case, N

constraints for a Least Squares fit, given N values of D(Æ) as

x0 ¼

M � 1

M2 �M

..

.

MN �MN�1

266664
377775
�L Dð1Þ

Dð2Þ
..
.

DðnÞ

266664
377775 ð33Þ

Initially, we require that _rð0Þ � 0, a constraint not imple-
mented by standard Least Squares fitting. Thus a Weighted
Least Squares approach is suggested. The calculation of x0

is modified according to

x0 ¼ ððPW ÞTðPW ÞÞ�1ðPW ÞTZ ð34Þ
where

P ¼

�M � I
�M2 � �M

..

.

�Mn � �Mn�1

266664
377775; Z ¼

Dð1Þ
Dð2Þ

..

.

DðnÞ

266664
377775; W ¼

wr0
0

0 wv0

� �

and the weights are modified from Cangussu et al. (2002) to
the current recommendation:

wr0
¼ N þ e�d=ð2NÞ

rr
; wv0

¼ N þ e�d=ð2NÞ

r_r
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where d is the expected a priori completion date (in days,
from the start) of the STP, rr and r_r are the standard devi-
ation of the estimates, over time, of r(Æ) and _rð�Þ, respec-
tively, which were used in estimating D(Æ), and N is the
number of data points included in the current standard
deviation computations.

11.1.3. Re-estimating x0

Here we address the issues associated with the re-calcu-
lation of x0 once more data is available, or the adjustment
of x0 as per the linear parameter corrector proposed in Sec-
tion 4.2. The method of estimation is still that given in Sec-
tion 11.1.2, and the primary issue is that of updating the
other calibrated parameters for prior training periods to
be consistent with a new x0.

Each training period captures a different behavior of the
STP, and thus data from a particular period cannot be used
to re-estimate parameters from any other period. The cur-
rent estimate of x0 however, is used across all of the peri-
ods. Because the CDM model is exponential, a change
in the initial state will produce a change in the derivative
of the response, thus the eigenvalues for the A matrices
of the earlier periods must be adjusted if they are to predict
a defect elimination behavior consistent with the observed
data for the period. Consider the correspondence between
the observed data and the prediction given Eqs. (31) and
(32) under a changing x0 where �M is constant.

The question is essentially that of ‘‘how does one force
the calibration routines to re-interpret the data d(Æ) in the
context of a new x0 estimate?’’. The methods given in the
previous subsections generate a f and n using an implicit
assumption of x0 that best explains the observed data for
the period. Since we have no new data which is valid for
previous periods, a subsequent execution of the given
methods would produce no changes. A new method capa-
ble of including an explicit external x0 estimate is required.

Let

�rðkÞ ¼ r0 �
Xk

i¼1

dðiÞ ð35Þ

be a subjective estimate of r(Æ) where r0 is taken from the
current estimate of x0. Again using the first-order exponen-
tial form as an approximation, (i.e. �rðtÞ � ektr0) it can be
shown that the relation

k ¼ 1

t
½logðrðtÞÞ � logðr0Þ� ð36Þ

holds for all t, thus defining N + 1 constraints for a Least
Squares fit, where N is the number of data points for d(Æ)
that are available for the period.

From this result we can estimate _rð�Þ by taking the deriv-
ative of �rð�Þ yielding _rðtÞ � _�rðtÞ ¼ kektr0. This provides
enough information to re-estimate the values of D(Æ) for
the period, and the techniques of Section 11.1.1 may be
applied to calculate values for f and n for the period which
are consistent with the current estimate of x0.
11.1.4. Re-estimating f and n
The parameter correction algorithm of Section 4.2 may

be applied to both f and n, in addition to x0. Because the
different training periods represent different behaviors of
the STP, re-estimation of f and n in this manner should
only be applied to the estimate for the current period.
Those for previous periods have already been adjusted to
reproduce the observed data (i.e. D(Æ)) for the period in
the manner described in Section 11.1.3.

11.2. An alternative calibration algorithm

Here we present a modification of the original parameter
calibration algorithm (Cal1) summarized in Section 11.1
which we will refer to as Cal2. This algorithm takes advan-
tage of the O(N2) constraints that are implied in many of
the Least Squares fits in the previous Subsection, where
Cal1 only makes use of O(N) of the constraints. The key
observation is that many of the equations also imply multi-
ple-step relations where they are currently only used in sin-
gle-step fashion.

The first such instance is the calibration of the scalar m
in the computation of the first-order approximation of r(Æ),
where the relation between d(k) and d(k � 1) in Eq. (20)
further implies

dðk þ 1Þ � mdðkÞ
dðk þ 2Þ � mdðk þ 1Þ � m2dðkÞ

..

.

dðk þ nÞ � mndðkÞ

for all valid combinations of k and n. By substituting the
exponential form of m, and rearranging the equation we
arrive at

k ¼ 1

nT
ðlogðdðk þ nÞÞ � logðdðkÞÞÞ ð37Þ

which defines a set of N(N � 1)/2 constraints for Least-
Squares fit to the data, where N is the number of values
of d(Æ) available for a given training period.

We note, given the form of the approximation r̂ðkÞ, that
the derivative, _̂rðkÞ ¼ kekkT a ¼ kmka ¼ kr̂ðkÞ, and thus

_rðkT Þ � _rððk � 1ÞT Þ � krðkT Þ � krððk � 1ÞT Þ ¼ kdðkÞ

Substituting this result into Eq. (19), we arrive at an alter-
native approximation for D(Æ) which exhibits variance in
the derivative term in accordance with the variance in the
magnitude term:

DðkÞ �
dðkÞ
kdðkÞ

� �
ð38Þ

In a manner parallel to that of the scalar case above, we
note that Eq. (25) also implies a multiple-step relation
given by
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Dðk þ nÞ �
Yn

i¼1

MpðkþiÞ

 !
DðkÞ ð39Þ
11.2.1. Simulation

To simulate the model calibrated under the Cal2
method, one first estimates Mi for each period. To capture
the behavior of a particular training period, one must par-
tition the data according to training period. More formally,
if the training period i spans the interval [aT,bT], then the
set Si ¼ fDðjÞjj 2 Z; ða� 1Þ 6 j 6 bg is the data partition
for training period i. For the Ni members of Si, the
relationship

Mi ¼ eAiT �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðk þ nÞDðkÞ�Rn

q
ð40Þ

defines the Ni(Ni � 1)/2 constraints for fitting Mi. It is
known (Brookes, 2005) that a general matrix has an nth
root iff it is both Hermitian and positive semi-definite. This
means, in our real-valued case, we need to show that the
radicand in Eq. (40) is symmetric positive semi-definite.
We proceed by first considering the construction of the
right pseudo-inverse: C�R = CT(CCT)�1. Thus

Mn
i � Dðk þ nÞDðkÞ�R

¼ Dðk þ nÞDðkÞTðDðkÞDðkÞT Þ�1 ð41Þ

and by substituting Eq. (38),

Mn
i �

dðkþ nÞ
kdðkþ nÞ

� �
½dðkÞ kdðkÞ � �

dðkÞ
kdðkÞ

� �
½dðkÞ kdðkÞ �

� ��1

which expands to the trivially symmetric form

dðk þ nÞdðkÞ kdðk þ nÞdðkÞ
kdðk þ nÞdðkÞ k2dðk þ nÞdðkÞ

� �
� dðkÞ2 kdðkÞ2

kdðkÞ2 k2dðkÞ2

" #�1

ð42Þ

It is well known that the determinant of a matrix is equal to
the product of its eigenvalues; likewise, the trace of a ma-
trix provides their sum. To determine positive semi-defi-
niteness, we examine the determinant of each matrix in
Eq. (42), and find them to be zero; indicating an eigenvalue
of zero. Looking at the traces, we find them non-zero; indi-
cating that the other eigenvalue is non-zero. The trace of
the inverted matrix in Eq. (42) is the sum of squared terms;
given that our matrices are real, this indicates that the non-
zero eigenvalue is positive and thus, the matrix is positive
semi-definite. For the non-inverted matrix in Eq. (42) we
note that a necessary condition for the trace to be negative
is for d(k + n) to have a sign opposite that of d(k); thus to
ensure positive semi-definiteness, one must only construct
the radicand in Eq. (40) using values of d(k + n) and d(k)
which have the same sign. This implies that the set of train-
ing data for a period, i.e. Si for period i, must also be
partitioned into a positive and negative set. The Least
Squares fit would then be constructed by applying Eq.
(40) to both the negative and positive set. We note here that
negative values of d(Æ) are not meaningful given the typical
scenario where d(k) represents the actual count of defects
eliminated over the period [(k � 1)T,kT) of an actual STP
execution.

We also note here that the idea of partitioning the data
by period may be applied to the first-order fit used to
approximate the derivative term in D(Æ), where the k in
Eq. (38) would acquire a subscript of p(k) as per Eq.
(24). This addition was included when generating the
results using Cal2 in Section 9.

Once Mi is calculated for each period with data,
xP i ¼ xðP iÞ—the state at the beginning of the training per-
iod, where Pi is the discrete time index marking the begin-
ning of the training period—is estimated by Eq. (43) which
is analogous to Eq. (33).

xP i ¼

Mi � 1

M2
i � m

..

.

MN
i �MN�1

i

26666664

37777775

�L DðP iÞ

DðP i þ 1Þ

..

.

DðP i þ nÞ

26666664

37777775 ð43Þ

Having calculated Mi and xP i for each completed training
period, we apply Algorithm 3, where the non-parametric
simulation referenced there is given by

xðP i þ kÞ ¼ Mk
i xP i

and, for estimating the values of f and n, one applies Eqs.
(28)–(30) to Mi.

Note that lines 4–10 define an interpolation of the data
from completed training periods adjusted to the estimate of
xP c .

Algorithm 3 (Simulation under the Cal2 parameter calibra-

tion algorithm).
11.2.2. Pre-fit data smoothing

In fitting the model parameters to the STP data, it is
sometimes the case that the variation in the data causes
the Least Squares fits to fail. In Cal1, one randomly
excludes data points and re-attempts the fit. For Cal2, we
employ data smoothing as an alternative. While both meth-
ods have consistently led to a successful fitting of the
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parameters, the smoothing approach seems (philosophi-
cally) more likely to retain the information present in the
training data.

We have experimented with applying a simple smooth-
ing technique to the D(Æ) and d(Æ) data prior to running
the Least Squares fits, and have observed a tendency for
the fit to be impacted less heavily by variation as a result.
The smoothing we have experimented with is given by

p̂ðiÞ ¼ 1

l� mþ 1

Xm

j¼l

pðjÞ ð44Þ

where p is the set of data items, p̂ is the smoothed version,
l = max(1, i � s), m = min(N, i + s) for a smoothing factor
s and number of data points N. The typical value of s in
our experimentation is 3—this value was the minimum
smoothing factor which produced a discernible, i.e. visual,
continuity in a plot of the differential training data over time.
Smoothing with a factor of 3 was employed in the example in
Section 9 for both the first- and second-order data fitting.

11.3. Assessment of the technique

Here we present a brief comparative analysis of the per-
formance of Cal1 and Cal2. The left half of Table 1 is com-
posed of the normalized error between the estimate of r0
Table 1
Relative error in r0 and revenue release (RR) date estimates by variation in tr

Training days % Relative error, r0

Cal1 Cal2

Corrected Uncorrected

30 24.82 24.83 59.51
35 26.50 12.99 7.42
40 14.04 0.53 16.33
45 23.86 12.19 10.57
50 30.83 8.92 20.28
55 14.14 11.53 14.33
60 12.89 12.21 11.17
65 15.01 13.61 8.90
70 11.09 12.35 3.99
75 10.04 11.20 4.27
80 11.44 11.32 1.31
85 9.66 10.49 0.92
90 9.25 9.87 4.53
95 7.27 8.57 3.45
100 6.33 7.45 3.74
105 5.22 6.34 1.47
110 3.11 4.72 0.54
115 1.95 3.33 0.49

All data points

Mean 13.19 10.14 9.62
Median 11.27 10.84 4.40
STDEV 8.27 5.13 13.75

60 days of training and beyond

Mean 8.61 9.29 3.73
Median 9.45 10.18 3.60
STDEV 3.93 3.24 3.34
given an algorithm and a set of training data, and the total
number of defects that were found during the STP.

From Table 1, we see that, given a small training set, the
accuracy of the predictions of r0 generated by the different
training algorithms, are comparable. For later re-calibra-
tion, say day 60 onwards, Cal2 seems to outperform Cal1
consistently.

The right half of Table 1 presents a similar result,
though it examines the prediction of the duration between
the project start and the Revenue Release date; in this
table, the error is given relative to the duration from the
project start to the time when the manufacturer marked
the Revenue release. Thus one may see this comparison
as a test of which technique most closely re-creates the
results of the current state-of-practice in software release
control. Again, but for a few initial anomalies, Cal2 consis-
tently outperforms Cal1 regardless of the inclusion of
parameter correction in Cal1.

12. Conclusions and future work

The interaction between the learning system for param-
eter correction and the real-time parameter and goal
updates possible with model predictive control provide an
elegant framework for future exploration in software
cybernetic systems.
aining set size and choice of calibration algorithm

% Relative error, RR date

Cal1 Cal2

Corrected Uncorrected

0.00 0.00 10.11
34.83 5.62 8.99
22.47 11.24 20.22
42.70 31.46 23.60
65.17 31.46 26.97
41.57 42.70 16.85
40.45 43.82 11.24
48.31 50.56 6.74
39.33 47.19 20.22
35.96 42.70 20.22
41.57 46.07 13.48
38.20 44.94 8.99
41.57 47.19 0.00
38.20 46.07 3.37
38.20 46.07 2.25
33.71 41.57 7.87
26.97 37.08 10.11
22.47 32.58 10.11

All data points

36.20 36.02 12.30
38.20 42.70 10.11
13.14 15.18 7.57

60 days of training and beyond

37.08 43.82 9.55
38.20 45.51 9.55
6.84 4.89 6.33
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The example presented in Section 9 shows that the con-
troller is capable of determining the appropriate changes
required to drive the industrially validated CDM model
to the specified desired behavior, despite the variation in
the consecutive estimates of r0, f, and n. The demonstrated
predictive accuracy of the CDM model documented in
Cangussu et al. (2002, 2004) implies that the control sug-
gestions would have had a similar effect on the actual
STP execution had they been applied there. While the
example assumed that there were up to 5 trained, experi-
enced, employees available to be brought onto the project,
the technique allows for other scenarios including latency
in human resource acquisition.

The parameter identification algorithm Cal2 exhibits a
higher degree of predictive accuracy than Cal1 in the later
stages of the STP with respect to the prediction of r0 and
the Revenue Release date. We note that the later stages
are likely to be the times when the management turns to tool
support for aid in mitigating a slipping schedule. Thus we
see Cal2 as an improved parameter calibration algorithm.

Our future work is directed at the application of this
technique to more complex Software Engineering models
which are currently under development.

All calculations for applying this technique are imple-
mented as MATLAB scripts.
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