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ABSTRACT

Statistical Process Control (SPC) is a powerful tool to con-
trol the quality of processes. It assists management person-
nel in the identification of problems and actions to be taken
to bring a process into a stable state. SPC has been ap-
plied in various fields, including the Software Development
Process. However, some processes are better characterized
by factors that exhibit an exponential behavior. The use of
such factors for process control limits the application of tra-
ditional SPC techniques. The Software Test Process (STP)
characterized by the decay in the number of remaining er-
rors, failure intensity, and an increase in code coverage, is
one such process.

A variant of the traditional SPC technique is proposed.
This variant uses logarithmic transformation to allow the
statistical control of processes whose dominant behavior is
best described by an exponential. An evaluation of the pro-
posed transformation carried out using simulation and a case
study from an industrial project, encourages the application
of the proposed variant to the STP.
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1. INTRODUCTION

Statistical Process Control is a quality control method
based on the monitoring of an undergoing process. SPC was
idealized for the quality control of production lines [1]. For
example, when multiple instances of a product, say a rivet,
are to be produced within specified size limits, SPC can be
used to check if the number of instances within these limits
is acceptable and if the entire process will achieve the desired
production within the control limits for a specified duration.
The success of SPC to control the quality in production
lines led to its application in other areas such as chemical,
electronics, food, packaging, and software development [2,
3, 4, 5, 6]. The Six-o approach for quality improvement of
businesses and software processes is another example of a
methodology based on SPC [7, 8, 9.

The application of SPC and its derivatives is constrained
to processes whose desired quality measures do not vary over
time. However, the quality and progress of some processes
is best analyzed by monitoring and measuring factors that
present an exponential decay or rise. The Software Test
Process (STP) [10, 11, 12] and the decay of the effective-
ness of some filters used in a renal dialysis machine are two
examples of such processes. As explained later, traditional
techniques of SPC do not allow the control of processes that
present such behavior. The application of weighted moving
averages [13] also does not address the statistical control of
processes with characteristic features that are exponential.

In this paper we focus on the control of the STP using
key quality factors. However, the proposed technique can
be used to monitor any process with factors that exhibit
exponential behavior. Code coverage, number of remaining
errors, and the failure intensity are examples of three quality
factors in the STP that exhibit exponential behavior [12, 14].
For an analysis of the approach presented here, we focus on
the number of errors found per time unit. A variant of the
SPC based on a logarithmic transformation is proposed to
allow for the monitoring and the statistical control of the
STP using the decay in the number of remaining errors in
the product under test.

Since the focus of this paper is on the STP, one could ar-
gue why not use existing Reliability growth models, instead
of SPC, to monitor the process. Reliability growth models
focus on prediction and not on monitoring. That is, they
do not address the issues of the time to make changes in



the process. Suppose a 1% deviation from the expected re-
liability is observed. Should the manager make changes in
the process or is the variation too small to be taken into
consideration? This is some other questions, not addressed
by Reliability growth models, justify the application of the
SPC variation described here.

The remainder of this paper is organized as follows. For
the sake of completeness, a brief introduction to SPC is pro-
vided in Section 2. The difficulties in applying SPC to the
STP, and a variant of SPC to make its application possible,
are presented in Section 3. Section 4 describes a method
used to evaluate the proposed variant. Section 5 presents an
analysis of the results obtained using the evaluation method.
A summary of this work and conclusions thereof are in Sec-
tion 6.

2. STATISTICAL PROCESS CONTROL

Statistical Process Control, as described by Florac and
Carleton [15], is an analysis tool to improve the controlla-
bility of the Software Development Process (SDP). The two
concepts of stability and capability in SPC apply directly to
the control of SDP.

Stability [15]: A process is stable if it varies within pre-
dictable limits. If the variation is beyond these limits, the
process is considered unstable (and not under control).
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Figure 1: Control Chart for a commercial project.

Capability [15]: A process is capable if it is able to
achieve the expected results within a specified time. Ca-
pability is based on the probability that the process can
achieve the results within the specified time. Clearly this
presupposes that the process is stable.

A Control Chart is used commonly to determine whether
or not a process is under control, i.e., stable. Several dif-
ferent types of Control Charts exist; X-Bar, Range Charts,
U Charts, and Z Charts are a few examples. Each chart is
designed to be used based on specific conditions related to
the available data. We exemplify the use of a Control Chart
by describing an X-Bar chart [16].
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Figure 2: Process Capability Histogram for an in-
dustrial project

An X-bar chart is based on averages of grouped data. It
requires that data be grouped into subgroups of size at least

two. The data for each subgroup i is averaged (X;) and
the standard deviation for the subgroup o; is computed.

Then, the average of the subgroup averages (X) is com-
puted along with the average standard deviation (7). Based
on these values, three lines are presented in an X-Bar chart:

the (CL) center line which is X, the (UCL) upper control

limit X + 37, and (LCL) the lower control limit X — 35.
An example X-Bar chart is shown in Figure 1. In this work
we assume the standard control limit (X 4 k&) for k = 3.
However, as pointed out by Jalote and Saxena [17], an opti-
mized control limit can be established to better match the
specific characteristics of a software process. This change in
the control limit will not affect the SPC variant presented
here.

The analysis of an X-Bar chart determines process stabil-
ity. A process is said to be out of control (unstable) if any
one of the following tests fail [15].

e Test 1: A single point is outside the limits of LCL and
UPL.

e Test 2 : At least two out of three successive values
fall on the same side of, and more than 20 units away
from, the center line.

o Test 3 : At least four out of five successive values fall
on the same side of, and more than 1o unit away from,
the center line.

e Test 4 : At least eight successive points fall on the
same side of the center line.

We observe in Figure 1 that according to the tests defined
above the process under observation is under control, that
is, the process is stable. Although the process is stable, the
average number of errors removed is about 1.8% below its
expected value. The data from the Razorfish project is pre-
sented here normalized to a 100 units. Therefore, each unit
represents 1%. The Target Center Line, determined by the
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manager, is TCL = 3.4 leading to the 1.8% deviation when
compared to the center line in Figure 1. Thus, we need to
analyze whether or not the process is capable of accomplish-
ing the planned task when restricted to a predetermined cost
and schedule. The deviation from the center line does not
provide enough evidence that a process is not capable. A
Capability Histogram such as the one in Figure 2 can be
used to accomplish this task by determining if a process is
outside the expected limits. Being outside expected limits
represents a higher probability of generating non-conforming
results and indicates that the process should be adjusted in
order to achieve the expected results.
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Figure 4: Capability verification for Statistical Pro-
cess Control [15].

The equations used to determine process capability [15]
are presented below.

USL — LSL

ST = 22 T oh (1)
g
DNS = min{Z.,7Zi} (2)
g _ USL-X )
g
X — LSL
Z = = (4)

where X is the average of the observed values during the pe-
riod under consideration, ST is the Specification Tolerance,
USL is the Upper Specification Limit, LSL is the Lower
Specification Limit', DNS is Distance to the Nearest Spec-
ification, Z,, is the distance in o units between the process
average and USL; and Z; is the distance in ¢ units between
the process average and LSL. Wheeler states “... sigma units
express the number of measurement units which correspond
to one standard unit of dispersion” [1]. Sigma units are
used to characterize how much of the data is within a given
a distance from the observed average [1].

In Figure 3 we observe the steps followed to monitor a
process when SPC [15] is used. Step 5 represents one of
the stability tests listed earlier. The capability test is rep-
resented by Step 6. The details of how SPC determines if a
process may or may not be capable are provided in Figure 4.

3. APPLYING SPC TO THE STP

We shall now explain why an STP is characterized by
an exponential behavior and then derive reasons why tradi-
tional SPC is not applicable to control the STP. Following
this discussion we introduce in Section 3.3 a variant of SPC
based on a logarithmic transformation, hereafter referred to
as SPCioq, that makes it possible to control the STP and
any other process presenting an exponential behavior.

3.1 Does the STP Actually Present an Expo-
nential Behavior?

SPCiog4 as described in Section 3.3 can be applied to any
process presenting an exponential behavior. Here, we use
the STP to exemplify the applicability of this technique.

It is widely experienced that defects are relatively easier
to find during the early portions of the system test phase.
Perhaps this is because there are many of them and not
difficult to trigger [18]. Finding defects becomes increas-
ing difficult with the progress of time perhaps because there
are fewer of them and often require a specific combination of
events to be triggered. This behavior implies an exponential
shape for the decay in the number of accumulated defects
and, as defects are removed, failure intensity and reliabil-
ity also present an exponential behavior [12]. However, in
some situations the STP presents a S rather than an expo-
nential shape. This behavior is perhaps due to factors such
as learning and adaptation present at the beginning of the
STP [19]. In both cases, the assumption here is that the
STP is a well defined, not ad-hoc, process. Our concern is
with processes where the learning and adaptation effects are
minimized and the dominant behavior can be characterized
as exponential.

'Both USL and LSL are limits determined by the manager
according to his/her expectations.
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Figure 5: Example of a process presenting an exponential decay.

Researchers have provided evidence of test processes pre-
senting an exponential behavior. The error log reported
by Knuth has a clear exponential decay during the test
phase [20]. The accumulated number of faults plotted in
Dalal’s work [21] presents an exponential behavior which
is also observed in the Razorfish project [18]. Jacoby and
Tohma’s reliability growth model [22] presents cases of both
exponential and S shaped curves. Additionally, Ehlrlich [23]
presents examples of exponentially accumulated failure and
failure intensity decay.

3.2 Difficulties in applying traditional SPC
Techniques to the quality control of the
STP

The use of statistical process control does not assume any
specific distribution of values of the factor being observed
for process control and is applicable to a variety of distribu-
tions such as uniform, exponential, normal, triangular, and
chi-square [1]. This fact is justified by experiments that re-
veal at least 95% of the observed values lie between the 6o
limit [1], i.e. between the Lower and Upper control limits.
The assumption in all the cases is that values of the observed
factor are randomly distributed. This assumption raises the
following question: “What happens if a process produces
correlated values that are not randomly distributed?”

As an example of correlated values consider a process
presenting an expected exponential decay as shown in Fig-
ure ba. By “expected” we refer to the values (v;) that must
be produced by an almost perfect process. Assuming sub-
groups of size § (0 = 5 in Figure 5) and computing the aver-
age (X;) and the standard deviation (o;) for each subgroup
produces the results shown in Figure 5b. From the analysis
of each subgroup it is observed that the standard devia-
tion is smaller than the difference between the first (largest)
and last (smallest) value of each subgroup (i < wvixs —
V((i—1)x6)+1)- The largest standard deviation will then be
smaller than the largest difference between & consecutive
points (Tmaz < Max(vixs—v((i—1)xs)+1), for i =1,...,ns),
where ns is the number of subgroups. Thus, the average
standard deviation will be smaller than the maximum value,

0 < Omaz- The control limits for the process are X+3x7.
It can be shown that if the number of subgroups is greater
than 2 (ns > 2), many points will fall outside of these lim-
its as observed in Figure 5b. In this case, according to the

X-Bar chart in Figure 5b, the process is not stable while in-
deed it presents a perfect expected exponential decay. Even
the application of an exponential weighted moving average
technique [13] to compute the control limits does not solve
the problem.

Assume now that the values (v;) from Figure 5a are ran-
domly distributed as seen in Figure 6a. Constructing the
X-Bar chart with the same configuration as above leads to
results shown in Figure 6b. It can be observed from this
figure that all tests defined in Section 2 are successful and
therefore the process is stable.

The conclusion we draw from the above discussion is that
the assumption of a random distribution of values prohibits
the application of SPC to a process presenting an exponen-
tial behavior. The STP can be characterized and/or moni-
tored by analyzing the number of errors found per time unit
or the increase in code coverage. In both these cases, an
exponential behavior is observed, a decay in the case of the
number of errors found per unit time and an increase in
the case of code coverage. Though the STP will most likely
not present a perfect exponential decay, the behavior will
be well approximated by an exponential and will present
characteristics that prevent the use of SPC.

33 SPCl,

As mentioned earlier, SPC expects the variation of the
process to occur over a horizontal line. Let v;,i = 1...n
be the values observed for a process. A logarithmic trans-
formation described next allows the application of SPC to
control a process with exponential behavior.

The first step is to compute the natural logarithm of the
observed data for each value, log(v;),% = 1...n. This trans-
formation generates an overall linear decay rather than an
exponential decay. The second step is to compute a linear
least square fit of log(v) producing LSF;,i = 1...n. This
approximation captures an average linear decay of the data.
The variation can now be observed over a line with a nega-
tive slope but not a zero slope (horizontal line) as expected
by SPC. We now ask whether or not the values of log(v) are
under control according to the tests defined in Section 2. To
obtain an answer we use the Euclidean Distance (§) in Eq. 5
to compute the distance between each point of the log(v;)
and the respective point in the least square fit LSF; as in
Eq. 6. The two points under consideration here are always
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in the same position on the time axis and the distance is
therefore measured considering only the vertical axis as in
Eq. 5.

8i = /(2(i)1 — 2(8)2) + (y(i)1 — y(i)2)?

i =/ (y(i)1 —y(i)2)*  (5)
Computing the Euclidean distance between the log values
and the least square fit, as in Eq. 6, generates a linear vari-

ation with a zero slope decay allowing the application of
standard SPC techniques.

z(i)1=z(i)2
—

V(LSFE; — log(wi))?,i=1...n (6)

Assuming subgroups of size m, the average and standard
deviation can now be computed for each subgroup.

T;y =

i+m—1

Y €Xi
T o= %fmi:l,l—i—m,l—l—Zm,...,n (7)
o \/ S — )
‘ m

fori=1,14+m,14+2m,...,n (8)

Finally, the center line (T) and the control limits are com-
puted as in SPC and the process can be checked for stability.

A compact listing of the steps to check stability for a process
presenting an exponential decay is provided in Table 1.

The steps above determine whether a process is stable
or not. In the case stability is observed, the process needs
to be analyzed for capability. A capability histogram can
be plotted from the subgroup averages Z; together with the
computed control limits.

Under the assumption the process has an expected expo-
nential behavior, the expected decay (Target Center Line)
and an initial value should be provided by the process man-
ager. The upper and lower limits, USL and LSL, respec-
tively, should also be provided by the manager. Let us as-
sume the expected values are defined by e, (t) = vo(fAXt.
Thus the initial value vo and the expected decay parameter
A is to be provided by the process manager.

A first attempt to generate the upper and lower specifi-
cation limitis was to derive them directly from the expected
exponential decay. Assume that the manager accepts a A
variation for the decay parameter and the initial value. Un-
der these conditions, the upper and lower limits can be com-
puted as in Egs. 9 and 10.

log((1 4 A) x vge~ (172Xt 9)
log((1 — A) x vge” ((FFAXNVxty(10)



Table 1: Steps in applying the SPC),, approach

[ Step | Stability | Capability
1 Id; = log(v;), i = | compute the expected decay (e, = voe > *7) .
1,....n
2 compute least square fit | compute the log of the expected value (log(e,)) and the upper (ey? = (1 +

(Isf:) of d;

A) x log(e,)) and lower (el°® = (1 — A) x log(e,)) specification limits for a
given A variation.

3 compute
Tr; = (lel — ldl)z

compute TCL, the average Euclidean distance between the expected and ob-

served averages (T'CL = +/(e1a(i) — log(vi))?)

4 using x;,1 = 1,...,n,
compute the control
limits as in SPC

compute USL = TCL + +/(es?(i) — ewa())? and LSL = TCL —

(e1a(i) — et (1))* .

5 check stability using
SPC tests

check capability using SPC tests
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Figure 8: Results from simulation Scenario I. Figure (a) depicts the generated data and Figure (b) shows the
corresponding logarithmic transformation along with the least square fit.

As shown in Figure 7 this approach produces diverging
specification limits. The computation of DN S in Eq. 2 and
ST in Eq. 1 becomes more sensitivity to the use of this
approach as the value of t increases. That is, due to the
diverging specification limits the average euclidean distance
increases with time and so does the values of DN S and ST

An alternative way to define the specification limits is to
apply the A variation to the log of the expected decay in-
stead of apply it to the exponential decay. Eqs. 11 and 12 are
used to achieve this goal. This results in converging rather
than diverging limits that appear to be more appropriated
for the computation of DN S and ST. Figure 7 depicts the
two converging limits.

e’ (t) =
ety =

Computing log(e,) produces a linear expected decay (eiq)
that can be compared with the observed average linear de-
cay derived from the least squares fit. That is, we are inter-
ested in computing how distant the average observed values
(determined by the least squares fit) are from the expected
values from the process manager’s estimation. This distance
represents the Target Center Line (TCL). The center line T
in the capability histogram is computed using the average
distance from 4/(log(v) — LSF)2. To check how far the ob-
served line is from the expected line, we need to compute the

(14 A) x log(ew) (11)
(1—-A) xlog(ev) (12)

average based on the same set of points. Thus we use the
euclidean distance between e;q and log(v) and not between
eiqd and LSF leading to the computation of the TCL as in
Eq. 13.

TCL =6, for & =+/(e1a(i) — log(v:))? (13)

The computation of ¢*? and e!® produces the upper and
lower linear limits for the process as observed in Figure 7.
The average Euclidean distance between these limits and
the expected decay (e;q) is used to compute the USL and
LSL in Egs. 14 and 15, respectively.

USL = TCL+ évp,

for §;7 = 1/ (es? (i) — e1a(i))? (14)
LSL = TCL — 8w,

for 5,7 = \/(ewa(i) — el (i))>  (15)

The USL and LSL are used to compute ST in Eq. 1 and
DNS in Eq. 2. Finally, the capability of the process can be
checked as shown in Figure 4. A summary of the steps to
check process capability is presented in Table 1.

4. EVALUATION OF spPCroc

The SPCjo4 technique presented here is evaluated using
simulation and data collected from a commercial project.
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The simulation runs exercise SPCj4 in different ways result-
ing in three different scenarios, two of which are described
in Section 4.1. The second part of the evaluation process
has shown the applicability of SPCj,4 to an actual project
but its analysis is beyond the scope of this paper.

4.1 Simulation scenarios

Three scenarios are of interest (i) an unstable process,
(ii) a stable and capable process, and (iii) a stable but not-
capable process. Due to limitations of space only the first
two of the three scenarios are presented here. These two sce-
narios are based on random perturbations of an exponential
decay process. Having an expected decay determined by
ve(t) = voe Xt the perturbations are inserted by comput-
ing v; = a; X ve, where 0 < «; < 2. Therefore, the process
slows when a; < 1 and speeds when 1 < a; < 2. The prob-
abilities of these two cases are also controlled to decelerate
or accelerate the process and produce the desired scenarios.
The subgroup size is defined to be 5 to account for weekly
average. However, the technique presented here does not im-
pose any restriction on subgroup sizes and different values
can be used.

Scenario |

The first scenario represents an unstable software test pro-
cess. In this case, capability is not analyzed as the process
must be in a stable condition before capability is consid-

ered. Figures 8 and 9 show the results of this scenario that
are analyzed in Section 5.1. The graph in Figure 8(a) was
generated according to the random perturbation of an expo-
nential decay process described above whereas Figure 8(b)
depicts corresponding logarithmic values along with a least
square fit.

Scenarioll

Simulation Scenario II illustrates a stable and capable STP.
Capability for this scenario was achieved by using a normal
distribution to generate equal probability of 0 < a; <=1
and 1 < a; < 2, i.e. equal probability of decelerating or
accelerating the process.

5. ANALYSIS OF THE sPCroc RESULTS

5.1 Scenario |

One result of the simulation for Scenario I is depicted in
Figures 8 and 9. As observed from Figure 9a, the process
is not stable because four points fall outside the 3¢ limit,
i.e. outside the Upper Control Limit (UCL). The points
are outside the limits because of a sequence of low values of
the number of detected errors v;,...,v;+s within the same
week (subgroup) generating points in the logarithmic trans-
formation (Figure 8b) that are far from the least squares fit.
Let Isf;,...,lsf; 4 be the least squares fit of the logarith-
mic transformation for week i¢. When the computation of
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(Isf; —log(vy))?, for j =4,...,i+ 4 leads to a sequence
of small or large values (the points are distant from the
least squares fit) it increases the average computed for the
X-Bar chart for SPCj,4 generating points over the 3o limit.
The relation of the actual number of errors with the points
outside the limits can be observed by comparing the “trian-
gles” from Figures 9a and 9b. A sequence of low values for

the error detection increases the average 1/(Isf — log(v))?
and generates a point above the Upper Control Limit (LCL)
identifying an unstable process.

It is also noticed from Figure 9a that an X-bar chart for
the actual number of errors will most likely produce points
outside the limits even though the process may be under
control. The initial weekly averages will in general be larger
than the UCL characterizing an unstable process and the
last week’s averages will be smaller than the UCL which ac-
cording to Test 4 in Section 2 also characterizes an unstable
process. Although the process in Figure 9a and 9b is de-
tected to be unstable by both techniques (SPC and SPCy,),
as pointed out in Section 3.2 it may not be the case for a
stable process.

5.2 Scenario Il

For the simulation Scenario II, the expected behavior is
generated by r(t) = roe”*** and the upper and lower speci-

fied limits (USL and LSL) are defined respectively by ey (t) =

(1+A) x log(r(t)) and el*™(t) = (1 — A) x log(r(t)), where
0 = 0.15. These results are observed from Figure 10a while
Figure 10b shows the log of the data points, the least squares
fit, and the log of the expected decay. From the X-bar chart
in Figure 1la we can see that the process is stable. No-
tice that the use of standard SPC techniques would have
identified the process as unstable as can be observed from
Figure 11b.

As the process is under control, capability should be ana-
lyzed. Using the method in Section 3.3, we computed TCL=
1.049, USL= 2.268, and LSL= -0.357 as shown in the ca-
pability histogram in Figure 12a. The value of o for this
scenario was 0.337.

Since two specified limits are available, the first step to
verify capability is to check if ST > 6, which is observed

(b) the corresponding logarithmic transformation along
with the least square fit and the linear expected decay.

to be true for this case: ST = M = 7.79. The

o
next step is to verify if the distance to the nearest specifi-
cation (DNS) is greater than three. For Scenario II, Z, =
M = 3.62 and Z; = X;LSL = 4.17. Therefore,
o o

DNS = min{Z.,Z;} = 3.62 > 3 resulting in a capable
process as observed from Figure 12b.

6. SUMMARY AND DISCUSSION

Factors that characterize a process and present an expo-
nential shape prevent the application of SPC to monitor and
control such processes. The STP is characterized by several
quality factors that exhibit an exponential behavior over
time. Examples of such factors include code coverage, num-
ber of remaining errors, and reliability of the product under
test. A logarithmic transformation named SPC., is pre-
sented in this paper. This transformation allows the control
of processes with such factors and improves the applicability
of SPC to the statistical control of the STP.

The analysis of the applicability of SPCj,4 presented here
is based on simulation runs for two scenarios. Results ob-
tained using our analysis demonstrate the applicability of
the proposed approach, and its correctness, when applied to
the STP. The results of a third scenario and a case study
using data from a large industrial project also led to the
same conclusion but a description of the same is beyond the
scope of this paper. Though the analysis of the approach
was based only on the behavior of the number of errors found
per time unit, the same transformation applies also to the
other process factors mentioned above. Furthermore, we be-
lieve that there is no restriction in the application of SPCio4
to any process presenting an exponential behavior.
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