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NONLINEAR OPTICAL EFFECTS IN FIBERS

• When an optical electric field is stronger than about 10−5 to 10−6 of a typical
electric field inside an atom (∼ 1011 V/m), there are small but measurable
departures of the linear relation between electric field and induced dipole
moment per unit volume, even in “ordinary” materials such as silica glass

• Single-mode fibers in long-haul telecommunication systems have all the right
conditions for producing nonlinear optical effects

� High power/unit area in the core ⇒ high optical electric field

� Long propagation distance at high power/unit area

• Important nonlinear effects for optical communications include:

� Changes in the refractive index that are proportional to optical power

◦ Self-phase modulation broadens the signal spectrum

◦ Dispersion then increases the pulse duration and bit error rate

� Four-wave mixing: The optical analog of intermodulation distortion

� Optical gain, pumped by optical power
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COMPLEX SUSCEPTIBILITY (1)

• Quasimonochromatic electric field E and induced dipole moment per unit
volume, P (“polarization”):

E = Re [Ee−iωt], PL = Re [−iPLe−iωt]

• Electric polarization and electric flux density in Gaussian cgs units:

P = χE, D = E + 4πP

• Linear (first-order) electric susceptibility:

χ(1) =
PL

iE
where E is constant in t

• Relative electric permittivity (dielectric “constant”):

ε = 1 + 4πχ(1) = 1 + 4π
[
χ(1)′ + iχ(1)′′

]
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COMPLEX SUSCEPTIBILITY (2)

• Wave equation for a quasimonochromatic field:(
∇2 − ε

c2

∂2

∂t2

)
E = 0; then

(
∇2 +

εω2

c2

)
E = 0

• Plane-wave solution:
E = E0 exp

[
i
ω

c

√
ε z

]
� Complex refractive index:

√
ε =

√
ε′ + iε′′ ≈

√
ε′

(
1 +

i

2

ε′′

ε′

)
≈

√
ε′ +

i

2

ε′′√
ε′

� Real part of
√

ε gives dispersion:

n = Re [
√

ε ] ≈
√

ε′ ≈ 1 + 2πχ(1)′

� Imaginary part of
√

ε gives absorption (if χ(1)′′ > 0) or gain (if χ(1)′′ <
0):

α = 2ω Im [
√

ε ]/c ≈ ω

c

ε′′√
ε′
≈ 4πω

nc
χ(1)′′
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ELECTRIC POLARIZATION (1)

• The jth vector component of the linear electric polarization PL:

PL,j(E) =
∑

k

χ
(1)
jk Ek

� Ek = kth vector component of the electric field E

� in isotropic media (glasses, gases), χ
(1)
11 = χ

(1)
22 = χ

(1)
33 are the only non-zero

components

� Birefringence occurs when the components of χ(1) are unequal (crystalline
or strained media)

• The jth vector component of the nonlinear electric polarization PNL:

PNL,j(E) = 2
∑
k,l

χ
(2)
jklEkEl + 4

∑
k,l,m

χ
(3)
jklmEkElEm + · · ·

� The factors of 2 for χ(2) and 4 for χ(3) are conventional
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ELECTRIC POLARIZATION (2)

• Second-order nonlinear electric polarization:

P
(2)
NL,j(E) = 2

∑
k,l

χ
(2)
jklEkEl

� In a medium with inversion symmetry (no preferred direction),

PNL(−E) = −PNL(E)

� But
P

(2)
NL,j(−E) = 2

∑
k,l

χ
(2)
jkl(−Ek)(−El)

= +P
(2)
NL,j(E)

� Therefore, in unstrained glasses there are no second-order nonlinear-optical
effects:

χ
(2)
jkl = 0
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ELECTRIC POLARIZATION (3)

• Third-order nonlinear electric polarization:

P
(3)
NL,j(E) = 4

∑
k,l,m

χ
(3)
jklmEkElEm

• The third-order nonlinear susceptibility χ(3) is complex:

χ(3) = χ(3)′ − iχ(3)′′

� χ(3)′: Nonlinear dispersion: Self-phase modulation, cross-phase
modulation, four-wave mixing

◦ Value: 4χ
(3)′
1111 ≈ 6 × 10−15 (Gaussian units, esu)

� χ(3)′′: Nonlinear gain/loss: Raman-Stokes gain, anti-Stokes
absorption

◦ Value: 4χ(3)′′ ≈ 5.5×10−16 (maximum) at a shift of 440 cm−1 (Gaussian
units, esu)
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ELECTRIC POLARIZATION (4)

• χ(3) is frequency-dependent:

χ
(3)
nklm = χ

(3)
nklm(−ωn, ωk, ωl, ωm)

� χ(3) with no subscripts or arguments means

χ
(3)′
xxxx(−ωn, ωk, ωl, ωm)

� In SiO2, χ(3)′ is the sum of a large frequency-independent term and a
smaller frequency-dependent term

� χ(3)′′(−ωS, ωL,−ωL, ωS) has a broad peak near ωL − ωS = 440 cm−1
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ELECTRIC POLARIZATION (5)

• Third-order nonlinear electric polarization:

P
(3)
NL,j(E) = 4

∑
k,l,m

χ
(3)
jklmEkElEm

• In isotropic media (glasses, gases),

χ(3)
xxxx = 3χ(3)

xxyy = 3χ(3)
xyyx = 3χ(3)

xyxy

= 3χ(3)
xxzz = 3χ(3)

xzzx = 3χ(3)
xzxz

are the only non-zero components that contribute to P
(3)
NL,x

Then P
(3)
NL,x = 4χ(3)

xxxx(Ex)
3 + 4

∑
j=y,z

(χ
(3)
xxjj + χ

(3)
xjjx + χ

(3)
xjxj)(Ej)

2Ex

= 4χ(3)
xxxx [(Ex)

2 + (Ey)
2 + (Ez)

2] Ex

= 4χ(3)
xxxx (E · E) Ex
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NONLINEAR GAIN (1)

• Assume a quasimonochromatic, plane-polarized field and electric polariza-
tion:

E = x̂Re [Ee−iωt], PNL = x̂Re [−iPe−iωt]

• For the nonlinear effects that matter in telecommunications,

−iP ≈ (χ(3)′ + iχ(3)′′)|F|2E
where F is an optical-frequency electric field and χ(3) is an effective third-
order nonlinear susceptibility.

• Use |E|2 = 8π〈I〉/(c
√

ε ):

∂〈I〉
∂z

= − 4πσ

c
√

ε
〈I〉︸ ︷︷ ︸

linear loss

− 4πω

c
√

ε
χ(3)′′ |F|2〈I〉︸ ︷︷ ︸

nonlinear gain or loss

Nonlinear gain occurs when χ(3)′′ < 0

Nonlinear loss occurs when χ(3)′′ > 0
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NONLINEAR GAIN (2)

• Nonlinear conversion depends on intensity = power per unit area:

I = P/A

• Units of nonlinear gain:

[g] =
[area]

[power][length]
= cm/W

• Nonlinear processes with gain include

� Stimulated scattering

◦ stimulated Brillouin scattering(SBS)

◦ stimulated Raman scattering (SRS)

� Parametric processes

◦ four-wave mixing (FWM)
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STIMULATED RAMAN SCATTERING

�ωS�ωL

�ωv

EXCITED
VIBRATIONAL
STATE

EXCITED ELECTRONIC STATES

�ωA�ωL
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NONLINEAR GAIN (3)

• Change of power/unit area of a probe beam after propagating through a
distance ∆z:

∆I1 = +g I2 I1 ∆z

g = nonlinear gain coefficient

I1 = probe intensity = P1/Ae

I2 = pump intensity = P2/Ae

Ae = effective area of beam
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NONLINEAR GAIN IN OPTICAL FIBERS

• Light interacts strongly with light when

gain coefficient · P

A
· L � 1

• Nonlinear gain coefficient ≤ 4 × 10−9 cm/W in silica

• Nonlinear effects can be large in a single-mode fiber:

� Low loss ⇒ long propagation distances:

L ≥ 20 km (2 × 106 cm)

� Small core area:
A < 10−6 cm2

� Optical amplification ⇒ high intensity:

P/A > 104 W/cm2
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MEASUREMENT OF OPTICAL NONLINEARITIES IN FIBER

• Basic approach for measuring small-signal nonlinear gain:

� Launch a pump beam into the fiber

� Probe the gain with a weak pulse at the frequency (and in the direction)
of maximum gain

• Example of experimental setup is shown on next slide

• Example of eye-diagram degradation due to SBS is shown on the slide after
the next one

• Reference: Daniel A. Fishman and Jonathan A. Nagel, Journal of Light-
wave Technology 11, 1721–1728 (1993)
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SELF-PHASE MODULATION

• When E is quasimonochromatic and attenuation is weak,

Re [
√

ε ] ≈ n0 + 1
2n2|E|2 ≈

√
ε(1)′ + 8πχ(3)′|E|2

n2 = nonlinear refractive index ≈ 8πχ(3)′

n0
where n0 =

√
ε(1)′

� Propagation of a plane wave over a short distance:

E(rT , z, t) = E(rT , 0, t) exp
[
i
ω

c

√
ε(rT , t)z

]
≈ E(rT , 0, t) exp

[
i
ω

c
n0z

]
· exp

[
i
ω

2c
n2|E(rT , 0, t)|2z

]
� The nonlinear phase factor exp

[
iωn2|E(rT , 0, t)|2z/(2c)

]
varies in t and

rT because |E(rT , 0, t)|2 is proportional to the pulse’s intensity

◦ Results:

� In fibers and bulk media: Self-phase modulation and self-steepening

� In bulk media: Self-focusing
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EFFECT OF SELF-PHASE MODULATION
ON THE SPECTRUM OF A PULSE
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DISPERSION: SUMMARY

• Dispersion limits the bandwidth and length of a fiber communication link
by causing pulses to spread in time as they propagate down the fiber

� Bit rate and modulation format determine the signal’s average spectrum

� The spectrum and the dispersion determine the difference in arrival times
of different frequency components of a pulse

� The spread in arrival times is (approximately) linear in distance

◦ Exceptions:

� Group-velocity dispersion when D ≈ 0

� Polarization-mode dispersion

◦ If the spread in arrival times exceeds the duration of a bit slot,
intersymbol interference occurs

� For a given dispersion and propagation distance, there is a maximum bit
rate

� For a given bit rate and dispersion, there is a maximum propagation
distance
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BIREFRINGENCE

• In a short fiber segment, there are two principal states of polarization
(PSPs) that propagate unchanged; call them x and y

� The (degree of) birefringence is the difference of refractive indices of
the PSPs:

B = |nx − ny|
� For light that is not in one of the PSPs, energy flows back and forth

between the PSPs with a spatial period (or beat length)

LB =
λ

B
NOTE: LB is the polarization-scrambling length!

� Polarization-maintaining fiber has B ∼ 10−4

◦ It only maintains the polarization for light that is in a PSP...

� For ordinary fiber, B is random (B ∼ 10−7), and LB ∼ 10 m

◦ Random birefringence is caused by random departures from roundness
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BEAT LENGTH IN A BIREFRINGENT FIBER




