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1 Introduction

Maxwell’s equations in free space and in linear, isotropic bulk media are linear
and invariant under translations (i.e., shifts) in space and time. Shift invari-
ance in time (¢) implies that there exist single-frequency solutions proportional
to e’ If one idealizes an optical fiber as an infinitely long cylinder with
rotational symmetry about the z axis, then the permittivity € depends only on
the radial coordinate r. Translational invariance in the z direction implies that
there exist single-spatial-frequency solutions proportional to e???, where 3 is the
propagation constant in the fiber. Then the fundamental solutions of Maxwell’s
equations in an ideal, linear fiber are of the form

E(T79727t) = e(T7 9) €i(ﬁz_“’t) (1)

and ‘
H(r,0,2,t) = h(r,0) P71, (2)

The function e*(?2=“!) describes a monochromatic (fixed-frequency) field that
is analogous to the RF carrier in a broadband communication system.

The boundary conditions (to be discussed later) imply an infinite discrete
spectrum of (3’s, but in practice an optical fiber used for telecommunications
is operated at a frequency at which there is only one value of 8. Under this
condition, two modes with the same [ and with orthogonal polarizations can
propagate. This is commonly referred to as “single-mode” operation of the fiber.
We consider only one of the the two modes in this tutorial.



2 Relation between longitudinal and transverse
field components

It is convenient to work separately with the fields’ longitudinal components
(parallel to the z axis) and transverse components (perpendicular to the z axis):

E = (er (r,0) + ze. (t,0)) P==«D) (3)

H = (hp (r,0) + zh, (t,0)) e!Fz=«1) (4)

We shall show that it is possible to obtain useful equations for the transverse
components er and hy in terms of the longitudinal components e, and h,.

In Gaussian units (in which ey = ﬁ and po = 47”), and in a nonmagnetic
material (in which u, & 1, as in silica glass), B = H. Then, for a monochromatic
field, Faraday’s law reads

10B  iw
VXE=—--—=—H. 5
c Ot c (5)
The factor —iw comes from assuming a harmonic time dependence (monochro-
matic frequency spectrum) for the fields E and B. The angular frequency is

2
A’UaC

(6)

w=cky=c

where Ayqc is the wavelength of the light in vacuum.
Let us assume that the fiber material is a linear, isotropic dielectric, such
that in cylindrical coordinates

D(r,0,z,t) = e(r)E(r, 0, z,t) (7)

where € is a scalar function of r alone. Then

10D E
VxH= _8_ = Ea—.

c Ot c Ot
Still assuming that E has a harmonic time dependence, one finds that Ampere’s
law implies that

(8)

TWe

for time-harmonic (monochromatic) fields.
From Egs. (5) and (6) one has
V x E = ikoH, (10)

which says that H is 90° out of phase with respect to E. Likewise,

VxH= —ikoGE (11)



which implies that E is —90° out of phase with respect to H. These equations
also imply that 3 is the same for the magnetic and electric fields.
In order to benefit from the separation of a vector field

A=Ar+24, (12)

into longitudinal and transverse components, one must also separate V x A into
longitudinal and transverse components. To do this in cylindrical coordinates,
recall that the gradient of a scalar field is
ov .10V ov
VU =¢p—+4+0-—+2—
or r a0 0z’
where the component of VWU that is orthogonal to z is defined as the transverse
gradient of VU,

(13)

0¥ 10U

Also in cylindrical coordinates, the curl of a vector field is

(104, 0Ap) . 0A, 0A.\, 1/0 0A,\ .

It is useful to consider a special case before tackling the general expression
above.

The curl of a vector field Ap that lies entirely in the transverse plane, and
that is independent of z, is parallel to z. Let

1/0 0A
VT X AT = ; (E (TA@) — aer) 2. (16)
When A7 is independent of z, this is the formula for V x Ap. Because the fields
in an optical fiber depend on z, the curl of Ar is not entirely along z.

Often it is useful to consider the electromagnetic field vectors of a quasi-
monochromatic beam of light as products of a “carrier” function that oscillates
sinusoidally at the mean frequency of the light, and an “envelope” function that
varies slowly on the spatial scale of an optical wavelength and the temporal scale

of an optical period: _
Ar =ar (r,0) ' P7D (17)

In this equation, ar is the envelope and e*(P#~“") is the carrier.
It follows from Egs. (15-17) that

10A, 0A,

VxA:r;W—zﬂi’AQ—i—iﬁéAT—é o TV x Ar. (18)
With the help of the identities
10V 0¥
N o _pro¥ ov 1
zxVr rr80+08r (19)



and .
18z x Ar = —if3tAg + 180A,. (20)

one can collect the terms of Eq. (18) into the equation

VxA=2zx [ZﬂAT — VTAZ] + Vo x Ap (21)

holds in cylindrical coordinates for any vector field with the z-dependence e?%*.
Let us use this expression to evaluate the curl of E:

transverse longitudinal

—
VXE = —QXVTEZ+i62X Er+ Vy xEp :ZkoH:Zk‘()(HT-i-in) (22)

Cancelling common exponential factors, one obtains the expression
Vxe=—-zxVre,+ifzxer+ Vr x er =ik (hr + zh,) (23)

for the curl of the envelope e. The longitudinal component of any vector field
A is z- A. Thus Eq. (23) implies that

z- (V X e) =z- (VT X eT) = ikohz. (24)

Solving for h,, one obtains

h,=——z-(Vr xer). (25)

Calculating the transverse components of Eq. (23), one obtains
—zxVre, +1i0 (2 X eT) = ikohr (26)

from which it follows that

1
hy = /4}_2 X [,BeT + ’L.VTGZ} . (27)
0

These equations determine the longitudinal and transverse components of h in
terms of the longitudinal and transverse components of e.

One can similarly obtain equations for the longitudinal and transverse com-
ponents of e in terms of the longitudinal and transverse components of h. By
the right-hand rule, the vector field z x hy is purely transverse. Calculating
z x hy from Eq. (27) and using the identity z x (zx A) = (z-A)z— (z-z)A, one
gets

zxhp=2zx kii x (iVre, + Ber)
g (28)

= L2z (iVre. + fer)) — (iVe. + fer) (2-2)].
0



Using the relations z - Vre, = 0 and z - fer = 0, one finds that

2% hy = —kio [Vre. —ifer]. (29)

At this point we have enough tools to attack the problem of evaluating the
longitudinal and transverse components of Ampere’s law,

VxH= Z% = —ickoE. (30)
From Eq. (22) it follows that
VxH=-2xVrH,+i8(zxHrp)+ Vpr x Hp (31)
From Egs. (30-31) one gets
—zXxVrh,+if(z x hy)+ V1 x hp = —ikgee. (32)

Calculating the longitudinal components of this equation (by taking the dot
product with z) yields

z2-(V xh)=2-(Vr x hy) = —ikgee, (33)

which implies that

e:=—3-(Vr x hy). (34)
koE

Equating the transverse components of the right-hand and left-hand sides of
Eq. (32) gives
— 2z X Vrh,+1ip (2 X hT) = —ikper, (35)

which implies that

1
er = —k—i x [Bhr +iVrh,]. (36)

0€

Egs. (25), (27), (34), and (36) can be simplified further with the help of vector
identities.
If one substitutes Eq. (27) into Eq. (36), one gets

er = _Li X <ﬂii X [ﬂeT —+ iVTez] + ZvThz) . (37)
koe ko
Using the identity
2x(zxCp)=2(2-Cp)—Cr(2-2)=—-Crp, (38)



where Cr is a purely transverse vector field, one gets

1 )
er = 7£ - (ﬂeT + z'VTez) — Li X (VThZ)
k‘oE k‘o k’oe (39)
32 i T,
= — = 2 —— h,).
]4;86 er + ﬁVTe koez X (VT )
Collecting the terms in er results in the equation
(ke — B*)er =i [BVre, — koz x (Vrh,)]. (40)

There are two possibilities:

e Both e, and h, vanish. In this case either both fields vanish (e = 0 =
e =0= h =0, or the equation

3% = kje (41)

holds. In the latter case, one has a TEM (transverse electromagnetic)
wave, because both E and H are purely transverse. An example is a plane
wave in a homogeneous bulk medium. However, Eq. (41) does not hold
for guided waves.

e Either e, or h, is nonzero, or both are nonzero. In this case 3% # ke, and
one can divide both sides of Eq. (40) by (kie — 3%) to obtain the equation

er = ﬁ [BVre, — koz x (Vrh.)] (42)

for the transverse component of the electric field in terms of the longitu-
dinal components of both fields.

From Eq. (42) one finds that the radial and azimuthal components of e are

| R
and

el w
Similarly,

hr = k:g%% [BVTh, + koez x (Vre,)] (45)




from which one obtains

- ) ahz koé 862
=R [ﬁﬁ B TW] (46)
and
) B Oh, Oe,,
hg = W {;W + k()(? or :| (47)

These equations determine er and hg in terms of e, and h,.

3 Wave equations for the longitudinal field com-
ponents

The next step is to find wave equations for e, and h,.
From the two remaining equations of Maxwell one has

V-H=0 (48)
(magnetic monopoles don’t exist) and
V- (eE) =0 (49)

(no free charges exist in an ideal insulating medium). It follows that V-E =0
almost everywhere if € is piecewise constant. However, if the dielectric permit-
tivity € is not piecewise constant, then one must expand V- (eE) using the vector
identity

V- (eE) =eV-E+E- Ve (50)

Transposition yields the expression
1
V-E=—=E- Ve, (51)
€

which one can use to eliminate the term V(V . E) that arises in the expansion
of V x (V x E) (see below).
In Cartesian coordinates one has

V x (V X E) = (Zko) (—ikoé) E
= k2¢E
=V (V-E)-V%E
=-V EE : V(e)] - V’E

~-V[E-V(In¢)| - V2E.



In a weakly guiding fiber, in which the total refractive index variation is of the
order of 1073, V(Ine) is usually neglected. Then

V x (V x E) = —-V’E (53)
in Cartesian coordinates, and one obtains a Helmholtz equation for E,
(V2 +kie) E=0, (54)
which implies a Helmholtz equation for the z component,
(V2 +kie) E. = 0. (55)

This equation holds also in cylindrical coordinates, where

2 2, O

VI Vi o (56)

and 10 0 0?

1

g 1o /[ O 1o

Vr = ror (T8r> MR TR (57)
Therefore
7ﬁ2ezei([3z7wt}
0? ;
2 — 2 i(Bz—wt)

V2E. = V3B, + (ez (r)e ) (58)

— [(v% _ 62) 6z] ei(ﬁzfcut)7
= —kieE,

which implies that the longitudinal components of E and H satisfy the Helmholtz
equation:

(VZ + k3e— %) e. =0 (59)

and

(V& +k3e—B%)h. =0 (60)

For k3e— 3% > 0 these equations predict propagating waves, and for k3e— 3% < 0
they predict exponentially decaying or growing fields.
4 Modes in a step-index fiber

The Helmholtz equations for e, and h, derived in the previous section are com-
pletely general, but one must supplement them with boundary conditions in
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Figure 1: Bessel functions of imaginary argument.
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order to obtain a full solution. To show how to do this, we solve the e, equa-
tion,
10 Oe 1 0%
— ) - S 2 4 (k2e— 3% e. =0 61
rar(T&’) T2892+(06 F)e ’ (61)

for the special case of a step-index fiber. Assume a solution of the separated
form

er = fm (1) e™?. (62)
Then

rdr dr

This is Bessel’s equation. Therefore the solution is a linear combination of Bessel
functions of order m:

i (rdf—m> + T—;fm + (kge = B°) fm = 0. (63)

ATy ([K3e = 317 r) + BY, ([Ke — 8] 7r) i ke — 52 > 0
Clo ([ = 1) 1) + Dl ([0 = ] r) if ke — 52 < 0

(64)
J is finite at the origin, but Y,, is singular there. I,,, grows exponentially for
large arguments, while K, decays exponentially (see Figure 1).

In order to have propagating waves for r < a, one must have kZn? — 32 > 0.
The requirement that e, be finite at » = 0 implies that B = 0, i.e., that one
only has J,, in the fiber core. The requirement that e, — 0 as r — oo implies
that if kgn3 — 32 < 0 then D = 0.

If kgno < B < kgny, then there are radially oscillating waves in the core and
damped waves in the cladding. Such a mode is called “guided”. On the other
hand, if kgne < kony < 3, then there are damped waves everywhere. Such a
mode is called “leaky”. If one has 8 < kgna < koni, then there are radially
oscillating waves in both the core and the cladding. Such modes are called
“radiation modes”.

In order to compress the notation, let the radial propagation constant in the
core be

fm(r) =

K= [k%n% - 52]% (65)




and let the damping rate of the evanescent waves in the cladding be

=

v = (8" —kgn3]*. (66)

It follows that x and =~ obey the identity
K+ =k§ (nf —n3). (67)

In this equation, kg = 27/)g, and n? —n3 is equal to the square of the numerical
aperture of the fiber.

For a guided mode and in the fiber core (r < a), the longitudinal components
are

e, (r,0) = Z e T (k) €™ (68)
m=0
and -
he (r,0) = d3) T (k7)™ (69)
m=0

In the cladding (r > a),

e, (r,0) = Z DK, (yr)e™? (70)
m=0
and -
he (r,0) =Y d2 Ky, (yr) e™? (71)
m=0

In all of these equations the sums run over the guided modes.

4.1 Boundary conditions at the core-cladding interface

At r = a, Maxwell’s equations require the continuity of the tangential compo-
nents of E, H and the normal components of D, B. The requirement of continuity
of the tangential component of E reads

lilI}’)l E,(a—¢€0,z2,t) = lilrél E,(a+¢€0z1). (72)

Since

E. (1,0,2,t) = e, (r,0) P71 (73)

one can rewrite Eq. (72) as

1%1 e.(a—e0) Pzt — 11%1 e, (a+e,0) Pzt (74)

10



The z dependence e?%1% = ¢#2% = 9% implies that 3; = B = 3. Then

li z —€0)=1i z .0
im e (a—¢,0) im ¢ (a+¢,0) (75)

This, in turn, implies that

Z e (ka)e™ = Z DK, (ya)e™?. (76)
m

m

Since the Fourier series of a continuous function is unique, one can equate the
coefficients of /™% on both sides, obtaining

cS,}L) Im(ka) = cg)Km (va) (77)

as the condition for the continuity of e, at r = a. If § is known, then this
equation implies that the ratio c%) / cg) is determined. Following the same steps
for the coefficients dﬁ,{), one finds that the continuity of A, at r = a implies that

d J, (ka) = d? K, (va). (78)

We shall show below that, except at the cutoff frequency of the TE and TM
modes, J,(ka) # 0.
In the limiting case in which the evanescent waves in the cladding are un-
damped,
v =0, (79)

the function K, is singular. It follows that when « = 0, the coefficients cg,%)

and d? must vanish in order to keep the right-hand sides of Egs. (77—78) finite.
This implies that the electric and magnetic fields vanish in the core. Since the
right-hand sides of Eqs. (77-78) vanish, the left-hand sides vanish also:

y=0 = MJ,(ka) =0 and d).J,,(ka) = 0. (80)

Except in the trivial case in which the fields vanish everywhere, cﬁ}) # 0 and
dg) # 0. Therefore
vy=0 = Jn(ka)=0. (81)

We shall see soon that this condition (for m = 0) defines the cutoff frequency
below which only a single mode can propagate in the fiber.

Because normal B is continuous at r = ¢ and H = B, it follows that the
normal (radial) component of H is continuous at » = a. Then

L fy (a—e0) = lim A (a+¢0) (82)

One has

h (r,0)

i [ﬁahz B koeaez] (83)

Tke-p2|Tor v 00

11



Therefore

i oh kon? Oe
lim — | 8=—2 (aq — — LZ72 (g —
el K2 ﬂar (a=c.6) a 00 (a 670)}
. i Oh., kon?2 e,
—1:&)1_—’}2[6W(a+6,0) W(a+€,0) .
(84)
The continuity of normal D, where D = ¢E, implies that
li 2 - N 2
imnye (a—¢0) lelﬁ)l nyer (a+€,6) (85)
Then
;2
. ing | Oe, B B ﬁahz B
lellrf)l K2 b or (a =€) a 00 (a=e0)
;2
.. ins | ,0e, ko Oh,
_161%1—_72 {ﬁar (a+€0) 90 (a+¢0)|.
(86)

For a step-index fiber, then, the continuity of the normal component of B implies
that

i kon? .
p=s [ﬂdg)l-@ﬂn(na) - Oa 1C$)Zm(]m(fia):|

i kon3 (87)
= — |BADVE,, (va) — =2 im K (ya)
— a
and the continuity of the normal component of D implies that
.9 1
Z:—Ql [ﬁcg,ll)/il,'n(lm) + Eod%)im,]m(/m)]
in2 ko (88)
=2 e, 00 + i, ()

Again for a step-index fiber, the continuity of the tangential components of E
and H implies that

Im(ka)
(2) — “m (1)
¢y = ————5¢ 89
and 7o ()
4@ — JmF) L)

4.2 Transverse electric modes

Before considering the general case, in which m # 0, we study the special case
of a mode with no azimuthal dependence, that is, a mode such that e™? = 1

12



Graphical solution of the TE eigenvalue equation
Ty (ra) | Kj(ya)

kdo(ka) — yKo(vya) =0

10

NI I N
2[4F8(10

Figure 2: Graphical solution of the eigenvalue equation for T'Ey,, modes. In this
figure, v has been set equal to k.

and therefore m = 0. In this special case, the continuity of B, implies that

1 1
dél)ﬁﬁ"fjé(’m) —?57K6(7a)d(()2)

91)
1 Kya) |
=—— Jo(ka)d,
271 Ry (0 0%
Collecting terms, one obtains the condition
! K/
d(l) JO(HG‘) 0(")/(1) Jo(lia) =0. (92)

O | kJo(ka) = yKo(ya)

We shall see soon that Jo(ka) = 0 only at cutoff. Then either dél) or the
quantity in square brackets vanishes. Assume for now that h, # 0. Therefore
dgl) # 0 and

Jo (ka) | Kg(ya)
kJo(ka)  yKo(va)

=0 (93)

This eigenvalue equation for 8 has a countably infinite set of roots, which we
index with a positive integer u. Fig. 2 illustrates a graphical solution of the
eigenvalue equation.

We shall show that Eq. (93) determines the propagation constant 3 of a
transverse electric mode, in which e, = 0. One gives a transverse electric
mode the label T'Ey,,.

13



To understand the physical significance of Eq. (93), we shall show, using a
sequence of logically reversible steps, that when m = 0 the equation

€. =0 (94)

implies Eq. (93). It will follow then that Eq. (93) implies that e, = 0, that is,
that the mode is transverse electric.

If m = 0, then h., h,, hg, e, and ey are independent of 6. Egs. (46) and
(47) imply that when e, = 0 and h, is independent of 6,

hy =0 (95)
and 3 OB
@ = if r <a;
ho_JF or (96)
' _—Zﬂ Oh, ifr>a
~2 or’ '

Thus the magnetic field of a transverse electric mode has only a radial and a
longitudinal component. For e, = 0 and no 6 dependence, Egs. (43) and (44)
imply that

er =0 (97)
and - oh
— 2 ifr<a
_ K2 Or (98)
T iko Oh- if r >
2 oy T > a.

In other words, a transverse electric field has only an azimuthal component.

For a transverse electric mode, the continuity of the normal component of
H implies that h, is continuous at » = a. The continuity of the tangential
component of E implies that at r = a,

“ikoOhe ik Ohe
k2 Or ¢ ~2 Or

im (r+e| =0. (99)
It is easy to see that this equation implies Eq. (91), which, in turn, implies Eq.
(92). Since di") # 0, Eq. (93) follows.

Summary: When m = 0, e, = 0 implies Eq. (93) and conversely.

4.3 Transverse magnetic modes

Again for m = 0, the continuity of the radial component D,. implies that

(11,2 Jo(ka) o Kj(va)

c n n Jo(ka) =0 100
O [ Mrdo(ka) T Py Ko(va) ola) (100)

14



Graphical solution of the TM eigenvalue equation
J K}
n? 0(ka) + ng o(ya) _
kJo(ka) vKo(va)

20 F

) 4 "éj 10
T

-30 *

o

Figure 3: Graphical solution of the eigenvalue equation for 7'My, modes. In
this figure, 7 has been set equal to k. The refractive indices n; = 2.00 and
ng = 1.50 have been used in order to make this graph distinguishable from the
graph for TE modes.

If the longitudinal component of E is nonzero, then e, # 0 and therefore cél) # 0.
One obtains the eigenvalue equation

2 Jblra) , Kf(ya)

! kJo(ka) 27K0('ya) =0 (101)

for the propagation constant (. It is straightforward to show that this equation
is equivalent to the statement that

h. =0, (102)

which defines a transverse magnetic mode. A different 7'M mode corresponds
to each of the infinitely many solutions of the eigenvalue equation (101). The
p'® solution defines the T'M,, mode.

A TE and a TM mode cannot have the same frequency, for if they have
the same frequency then the same propagation constant (§ satisfies both the TE
and the T'M eigenvalue equations. Then the T'F mode is also T'M. However,
Egs. (42) and (45) imply that if e, = 0 and h, = 0, then all of the components
of both fields vanish.

15



4.4 The cutoff condition for transverse modes
At cutoff the radial decay constant is zero in the cladding,
v =0. (103)

To propagate below the cutoff frequency would require infinite energy. From
the cutoff condition v = 0 one obtains

K% =K%+ ~% = k3(n? —n3) (104)

where k is the radial oscillation constant.
The eigenvalue equation for the propagation constant § when m = 0 is

K/
, —M, for a T'Ey,, mode;
Jo(ka) vKo(va) (105)
Ji N 2 K}
rJo(ra) —n—gﬂ, for a T'My,, mode.
ni vKo(va)
The Bessel function recurrence relation
K (2) = Ko (2) + %Km(z) (106)
implies that
K{(2) = K1(2). (107)
Then ! i
vKo(ya)  vKo(ya)
We have already shown that when v = 0, one has
Jo(ka) = 0. (109)
Then either this condition or the condition
Jy(ka)
SOV 110
kdo(ka) (110)

defines the value of kg = w/c at cutoff. Because cutoff occurs at the lowest
frequency, we must find out which of the two preceding equations defines the
cutoff frequency by looking at the numerical values:

Jy(x)=0at z =0, ~ 3.83,...,
Jo(xz) =0at z =0,z ~ 2.405, ...

16



Therefore

ka =~ 2.405 (111)

defines the cutoff frequency. The cutoff condition can also be written as
rRa = jO,l (112)

where j,, represents the vth zero of J,,.
Egs. (65) and (112) imply that the value of the propagation constant 3 at
cutoff is given by the equation

n12k02 — 602 = (j01)2. (113)

Therefore
B2 = nikg — (jo)*. (114)
The quantity

=

V = koa(ni — n3) (115)

is called the waveguide parameter or the normalized frequency. Since at
cutoff

K2 = kg (n] —n3), (116)
it follows that )
ka =V = koa(ni —n3)?, (117)
which states that at cutoff
V = Jo,1- (118)

The point in Fig. 2 that corresponds to Eq. (111) is the intersection of the y-axis
with the leftmost vertical segment of the curve.

4.5 Fields at frequencies below the TE—-T M cutoff

Egs. (94-98) imply that for a TE mode, the only nonzero transverse field com-
ponents are ey and h,, and that they are both proportional to J)(kr). The
Poynting vector therfore is directed along z, and its magnitude is proportional
to [J} (kr)])?. However, Jy(kr) =0 at r = 0. Therefore a TE mode is a “dough-
nut” mode, and cannot have the lowest frequency allowed for a propagating
mode. Therefore m # 0 in the lowest mode.

We return to the boundary conditions, assuming that m # 0. The require-
ment of continuity of B, implies that

1 2

— [ﬁﬁJﬁn(na)d%) - Mime(ﬁa)cg)
K a

(119)
2

_ ! {MM K (ya)dv — For2 Im(xa)

- imK p, (ya)c)
7 m(7a) a Kn(ya) 0

17



Divide by J,,, and collect terms:

Im(ka)  Ki,(a) ko (m? M}
m m d(l) _ ML 2 (1) — ) 12
B [KJm(lia) + FEm(ya) | ‘™ m- s + 2 ¢’ =0 (120)

From the requirement of continuity of D, one obtains the condition

ko [ni | n3 (1) 5 I (ka) 5 K, (va) (1)
2y 2 m m =0. 121
ma |:H2+py2 dm +ﬁ nl/{Jm(na)+n2’me(7a) Cm 0 ( )

These two simultaneous conditions are homogeneous linear equations in the un-

knowns cﬁ}), dﬁ}). The condition for a nontrivial solution is that the determinant
of the coefficients must vanish:

Th(ra) K:nwa)} ko <n_ n_)
p LJm(m) * YK (va) e\ 7 =0. (122
ko (n} | n3 Tn(ra) |, Kj,(a) ]|
" (ﬁ " ?) ’ {nf R(ra) 2 va(va)}

When one expands this determinant, one obtains the eigenvalue equation

o[ Insa) K@) [ o Tmlsa) | o Ki(va) | _ ok (nd | n3)’

’ me vawaJ {”%me) ”%mea)] - —(: 7) '

(123)

This eigenvalue equation determines 3 for the “hybrid” modes. The right-hand
side can be simplified somewhat:

2 2
m2R0) (11 m3\"_ (ko) (min” + o
a2 ) \ k2 " 42 a2 1272

() (PR o8 i - ﬂ2)>2
a2

K272

(124)
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Graphical solution of the fiber eigenvalue equation

) ey ) - (28

UJm (U) WK, (W)

0.5
025 f
0
-0.25
05 |
-0.75
1k
-1.25 F

Figure 4: Graphical solution of the full eigenvalue equation. For the purposes
of this figure, W has been set equal to U. Other parameters used are n; = 2.00,
ng = 1.50, V =5.5 and m = 1.

where we have introduced the normalized frequency V = koa(n% — n%)l/ 2, Eq.

(115), and the quantities
U =ka (125)

and
W = ~a. (126)

Then the eigenvalue equation becomes

TuU)
Ut (©) " Wy (W)

K 00) | g ) 00 | (v

(127)
This equation determines 3 when ky is given. (Recall that  and -y, and therefore
U and W, depend on j; see Egs. (65) and (66).)

Because the right-hand side of this equation is positive, it follows that the
factors on the left-hand side are either both positive or both negative. If both
factors are positive then the resulting mode is labeled EH,,,,, where p is the
number of the eigenvalue for a given m, starting at 4 = 1. In this case H, is
large. If both factors are negative, then the resulting mode is labeled HE,,,,.
In this case E, is large.
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Conventionally one plots the normalized propagation constant

B _m
nik n
b :7110_@ ! (128)
ni

versus the normalized frequency V = koa(n% — n%)lm, Note that b is defined in
such a way that b = 1 for a wave propagating in free space:

ob = B — nakg ~ [B(n2) — nako] + (n1 — nz)ﬁ/(nz). (129)

ny —n2 ny —n2

As no — ngq, the right-hand side approaches kg, and therefore b approaches 1.
Also, for a wave propagating in a bulk medium with the same refractive index
(n =ny) as the core (or for a wave propagating entirely in the core), 5 = nikg
and therefore b = 1. For a wave propagating in a bulk medium with the same
refractive index (n = ng) as the cladding (or for a wave propagating entirely in
the cladding), 8 = nakg and therefore b = 0.

The figure of b vs. V on the following page was scanned from Ref. [1]. The
left-hand vertical axis of this figure shows b, which varies from 0 to 1. The
right-hand vertical axis shows the effective index,

nel (130)

which varies from 7 = ny when b =0 to m = ny; when b = 1.

The figures of field lines on the pages following the figure of b vs. V were
scanned from Ref. [2]. Solid lines represent lines of E; dashed lines represent
lines of H.

References

[1] Govind P. Agrawal, Fiber-Optic Communication Systems, Second Edition
(New York, Wiley, 1997), p. 35.

[2] Takanori Okoshi, Optical Fibers (New York, Academic Press, 1982), pp. 68—
71.

20



T
I

1
I|r-|rr‘lr'1i“[

T T T T T

f‘:i!!’

o
A
L o

l
1r1'rt1|r

-
o
o

T¢f

i

i

'l'”'lr'll"!'

LB EEEE N

=

HE11



EH11



HE21

(d)



Ag/4

—_—— g ELALEL K

HE31



TEO01



Ag/4

red

TMO01



