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FIBER PARAXIAL WAVE EQUATION (1)

• Eliminate H = B from the Maxwell equations

∇× E = −1
c

∂B

∂t
= −1

c

∂H

∂t

∇× H =
1
c

∂D

∂t
+

4π

c
J

by calculating ∇× (∇× E) and making the approximation

∇(∇ · E) = −4π∇(∇ · P) = 0

(OK for weak nonlinearities, as in telecommunications fibers)

• Wave equation:

∇2E − 1
c2

∂2D

∂t2
=

4πσ

c2

∂E

∂t
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FIBER PARAXIAL WAVE EQUATION (2)

• Assume that E is a pulse in the HE11 mode:

E(rT , z, t) = Re
[
ê ei(β0z−ω0t)

∫ ∞
−∞ ψm(rT , ω) Ẽ(z, ω) e−i(ω−ω0)t dω

]

where ψm is the mode function for mode m:

∇2

T +
ω2

c2 ε(rT , ω) − [β(ω)]2

 ψm(rT , ω) = 0

� Slowly varying field envelope: E(z, t) =
∫ ∞
−∞ Ẽ(z, ω) e−i(ω−ω0)t dω

� Attenuation term:
4πσ

c2

∂E
∂t

= −4πiσ

c2 ê ei(β0z−ω0t)
∫ ∞
−∞ ω ψm(rT , ω) Ẽ(z, ω) e−i(ω−ω0)t dω

� Intensity attenuation coefficient: α ≈ 4πω0σ

βc2



The University of Texas at Dallas Erik Jonsson School
PhoTEC  

c© C. D. Cantrell (10/1996)

FIBER PARAXIAL WAVE EQUATION (3)

• Include the frequency dependence of the dielectric constant:

D(rT , z, t) =Re
[
ê ei(β0z−ω0t)

∫ ∞
−∞ ε(rT , ω)ψm(rT , ω) Ẽ(z, ω) e−i(ω−ω0)t dω

]

+ 4πPNL

Then

− 1
c2

∂2D
∂t2

=Re

ê ei(β0z−ω0t)

∫ ∞
−∞

ω2ε(rT , ω)
c2 ψm(rT , ω) Ẽ(z, ω) e−i(ω−ω0)t dω




− 4π

c2

∂2PNL

∂t2
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FIBER PARAXIAL WAVE EQUATION (4)

• Separate ∇2 into transverse and longitudinal parts:

∇2 = ∇2
T +

∂2

∂z2

∇2
TE = Re

[
ê ei(β0z−ω0t)

∫ ∞
−∞[∇2

Tψm(rT , ω)]Ẽ(z, ω) e−i(ω−ω0)t dω
]

∂2E
∂z2 =Re


ê ei(β0z−ω0t)

∫ ∞
−∞


−β2

0Ẽ + 2iβ0
∂Ẽ
∂z

+
∂2Ẽ
∂z2




× ψm(rT , ω) e−i(ω−ω0)t dω ]

� In the slowly-varying-envelope approximation (SVEA),
neglect ∂2Ẽ/∂z2 in comparison with β0∂Ẽ/∂z

� The SVEA is not valid for femtosecond pulses
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FIBER PARAXIAL WAVE EQUATION (5)

• Equation for the electric-field envelope:

∫ ∞
−∞


2iβ0

∂Ẽ
∂z

+ ([β(ω)]2 − β2
0)Ẽ︸ ︷︷ ︸

dispersion


ψm(rT , ω) e−i(ω−ω0)t dω

= −4πiσω0E
c2 ψm(rT , ω0) +

4π

c2 e−i(β0z−ω0t) ê · ∂2PNL

∂t2︸ ︷︷ ︸
nonlinear effects

� Expand β in a Taylor series about ω = ω0:

β(ω) = β0 + β1(ω − ω0) + 1
2β2(ω − ω0)2 + 1

6β3(ω − ω0)3 + · · ·
� Information about group-velocity dispersion is contained in the co-

efficients
βm :=


d

mβ

dωm



ω=ω0
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FIBER PARAXIAL WAVE EQUATION (6)

• Replace powers of ω − ω0 with time derivatives:

� Approximate ∆β2:

[β(ω)]2 − β2
0 ≈ 2β0 [β(ω) − β0]

� Expand the propagation constant:

β(ω) − β0 = β1(ω − ω0) + 1
2β2(ω − ω0)2 + 1

6β3(ω − ω0)3 + · · ·
� Introduce time derivatives of the field envelope:

∫ ∞
−∞(ω−ω0)n Ẽ(rT , ω)ψm(rT , ω) e−i(ω−ω0)t dω

≈ ψm(rT , ω0)

i ∂

∂t



n ∫ ∞

−∞ Ẽ(rT , ω) e−i(ω−ω0)t dω

≈ in ψm(rT , ω0)
∂nE(z, t)

∂tn
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FIBER PARAXIAL WAVE EQUATION (7)

• Equation for slowly varying envelope of E:

2iβ0

∂

∂z
+ 2β0


iβ1

∂

∂t
− β2

2
∂2

∂t2
− i

β3

6
∂3

∂t3





E(z, t)ψm(rT , ω0)

= −4πiσω0E
c2 ψm(rT , ω0) +

4π

c2 e−i(β0z−ω0t)ê · ∂2PNL

∂t2

� Project both sides on ψm(rT , ω0):

 ∂

∂z
+


β1

∂

∂t
+ i

β2

2
∂2

∂t2
− β3

6
∂3

∂t3





E(z, t)

= −α

2
E − 2πi

β0c2

e−i(β0z−ω0t)
∫
A ψm(rT , ω0)∗ê · ∂2PNL

∂t2
d2rT∫

A |ψm(rT , ω0)|2 d2rT
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FIBER PARAXIAL WAVE EQUATION (8)

• If β2 = β3 = 0, α = 0, and PNL = 0, then
∂E
∂z

= β1
∂E
∂t

⇒ E(z, t) = E(0, t − β1z),

which describes the propagation of a pulse with group velocity

vg =
1
β1

.

� Transform to a frame moving with the pulse:

t′ = t − β1z, z′ = z

� Functions transform as follows:
f̄(z′, t′) := f(z, t)

∂f̄

∂z′
=

∂f

∂z
+ β1

∂f

∂t
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FIBER PARAXIAL WAVE EQUATION (9)

• General fiber paraxial wave equation:

 ∂

∂z′
+


iβ2

2
∂2

∂t′2
− β3

6
∂3

∂t′3





E(z′, t′)

= −α

2
E − 2πi

β0c2

e−i(β0z−ω0t)
∫
A ψm(rT , ω0)∗ê · ∂2PNL

∂t2
d2rT∫

A |ψm(rT , ω0)|2 d2rT

� Group velocity dispersion effects: β2, β3

� Nonlinear effects: PNL

� Mode volume effects:
∫
A |ψm(rT , ω0)|2 d2rT
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FIBER PARAXIAL WAVE EQUATION (10)

• Envelope form for the nonlinear polarization at ωn:

PNL,n = Re
[
−iênψn(rT , ωn)Pn(z, t)ei(βnz−ωnt)

]

• Coupled-wave fiber paraxial wave equation:

 ∂

∂z′
+


iβ2

2
∂2

∂t′2
− β3

6
∂3

∂t′3





En(z′, t′)

= −α

2
En +

2πµnklm

β(ωn)c2


ω2

n + 2iωn
∂

∂t


 Pn(z′, t′)
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FIBER PARAXIAL WAVE EQUATION (11)

• Power-series expansion of β(ω) leads to a PDE in t and z

� For improved accuracy and numerical stability, use a numerically
approximated β(ω) instead of a power-series expansion

� Revised general fiber paraxial wave equation in terms of
t′ = t − β0z/ω0:


 ∂

∂z′
− i

β0

(
[β(∆ω)]2 − β2

0
)

Ẽ(z′,∆ω)

= −α

2
Ẽ − i

β0c2

∫ ∞
−∞

∫
A

ei∆ω[t′+β0z
′/ω0]ψm(rT , ω0)∗

〈
eiω0t

′
ê · ∂2PNL

∂t2

〉
∫
A |ψm(rT , ω0)|2 d2rT

d2rT dt′


