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SELF-SIMILARITY (3)

• The aggregated random processes X(m) are also wide-sense stationary

� Let the autocovariance of X(m) be

C(m)(k) := E[(X
(m)
t − μ)(X

(m)
t+k − μ)]

• X is called exactly (second-order) self-similar with parameter β if

C(m)(k) = C(k) (autocovariance)

� In other words, X is exactly self-similar if one can’t tell the time series of
10-second averages from the time series of 100-ns averages (and so on)

� Note that β = 1 for the usual probability models, where [σ(m)]2 ∝ 1/m

• Data traffic is (almost exactly) self-similar! In fact, it’s bursty on
a very wide range of time scales



ANALYSIS OF BELLCORE PACKET ARCHIVE
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(a)–(e): Pictorial “proof” of self-similarity—
Ethernet traffic (packets per time unit for the August
'89 trace) on 5 different time scales. (Different gray
levels are used to identify the same segments of traffic

on the different time scales.)

(b)

(a)

(d)

(c)

(e)



    0.001340  1090 
    0.001508   174 
    0.004176   162 
    0.008140   174 
    0.011036   162 
    0.015072   174 
    0.017892   162 
    0.020604   150 
    0.022032   174 
    0.024300    90 
    0.024752   162 
    0.027356   150 
    0.028692   174 
    0.030840    90 
    0.031608   162 
    0.035844   174 
    0.038468   162 
    0.042524   174 
    0.044044   150 
    0.045324   162 
    0.047296    90 
    0.049248   174 

Head of a Bellcore packet trace file
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SELF-SIMILARITY (4)

• Definitions for continuous time scaling:

• A time series X is called self-similar with Hurst parameter H if

μ = E[X(t)] =
E[X(at)]

aH
=

μ(a)

aH
(mean)

E[(X(t) − μ)2] =
E[(X(at) − μ(a))2]

a2H
(variance)

E[X(s)X(t)] =
E[X(as)X(at)]

a2H
(enters into autocovariance)

� Relation of H to β:

H = 1 − β

2

⇒ 1

2
< H < 1

� Hurst’s law:

sample range

sample std. deviation
∼

(
no. of time periods

2

)H
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LONG-RANGE DEPENDENCE

• Defined in terms of the autocovariance

C(τ ) = R(τ ) − μ2 = E[(X(t) − μ)(X(t + τ ) − μ)]

� If X(t + τ ) is uncorrelated with X(t), then C(τ ) = 0

� The autocovariance of a short-range-dependent random process decays
exponentially:

C(τ ) ∼ a|τ | as τ → ∞ (where 0 < a < 1)

� The autocovariance of a long-range-dependent random process
decays much more slowly than exponentially:

C(τ ) ∼ |τ |−β as τ → ∞ (where 0 < β < 1)

◦ Mathematical expression of persistence (burstiness)
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Stallings, High-Speed Networks, Fig. 9.4

HEAVY-TAILED DISTRIBUTIONS

• A probability distribution P of a random variable X is called heavy-tailed
if

1 − P (x) = Pr(X > x) ∼ 1

xα
as x → ∞ (where 0 < α)
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PERFORMANCE IMPLICATIONS OF SELF-SIMILARITY

• Because traffic gets smoother the more it’s aggregated in traditional queueing
models (M/M/1 queues, for example), buffers can be small

� Early ATM switches were designed using this assumption

• For self-similar traffic, in which the bursts are bursty, large buffers are needed

� There will still be buffer spill...

� From a different point of view, buffer size defines a maximum burst time
scale of practical interest

� Simulation is an essential part of network design
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MEAN WAITING TIME vs. UTILIZATION

10

8

6

4

2

0

N
or

m
al

iz
ed

 D
el

ay

1.00.80.60.40.20.0

Utilization (ρ)

Trace Data

Queuing Analysis


