THE UNIVERSITY OF TEXAS AT DALLAS u TD ERIK JONSSON SCHOOL
PHOTEC

NUMERICAL METHODS FOR THE PWE (1) I

e Paraxial wave equation (an initial- and boundary-value problem):

.0 4rik?
[va + 22/{51 E(rp, 2 1) =

where z’, t' are co-moving coordinates

e Method of solution:

2 ?(fT, Z/, t/)

> Discretize &, P, VZ in ry or kr
> Solve the resulting system of differential equations (effectively ODEs),

0
?8(2“’, t)y=DE, ")+ PE(Z, )],
Z
where € is the discretized €, P is the discretized 2;—2]“? (nonlinear in &),
and D ~ ;—kV% has purely imaginary eigenvalues

> Similar form: time-dependent Schrodinger equation (z — t, P — 0,
D+— —iH(%))
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NUMERICAL METHODS FOR THE PWE (2) I

e Outline

> Solution of a system of ODEs with (mostly) imaginary eigenvalues

o Stability theory
o Accuracy of non-unitary methods
o Accuracy of unitary or unitarily stable methods
o Discretization schemes
¢ Finite-difference
¢ Pseudospectral
o Specifics of solving the paraxial wave equation
¢ How to avoid problems of aliasing
¢ Digital filtering
¢ Computational effort
¢ Choices of methods and computers
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FINITE-DIFFERENCE METHODS FOR THE PWE (1) I

e Discretize (1/2k)V4E — DE to turn the PWE,

0 4mrik?
[VZT + 2’Lk@] 8(rT, Z,, t/) = i T[(C:(I’T, Z/, t’)] :
into the first-order partially discretized PWE (PDPWE)
0& 2mk?
@ =D¢& + TLQ ?[8(2,, t/)]
where & is a column vector, & = (&, ..., En)!

> One component of the matrix-vector product DE is
(DE), => D&, (<1

> From now on, we drop the primes from z and ¢
e Solution of the DPWE if P =0 is
E(z) = eFPE ()
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FINITE-DIFFERENCE METHODS FOR THE PWE (2) I

e Local-plane-wave approximation:

> Let €& = e#=20)D € where &€ is the diffraction-free field:

E 2k
gz 77:26 ZZOD:P[ ZZODS]
o If. in the PDPWE,

2|2 L

o7 D€ [max
EIENIE]
then € ~ &, and the DPWE reduces to
0&(z,t) 2mk
az o nQ T[S(Z,t)] )

which is the equation of a plane wave and is local in ry (i.e., in the compo-

nents of & and P
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FINITE-DIFFERENCE METHODS FOR THE PWE (3) I

e Trapezoidal method (Cayley’s method, Crank - Nicholson method) for
diffraction alone (0€/0z = DE):

e"P = (1 - gn) E (1 + SD) +O(h?)

e (1—2D)"'(1+2D) should never be computed by finding the inverse. The
system of linear equations

(1 - gD) E(z+h) = <1 + SD) E(2)
should be solved instead.

> If rp is one-dimensional, then D is tridiagonal, and the linear system can
be solved using the Thomas algorithm
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FINITE-DIFFERENCE METHODS FOR THE PWE (4) I

e Strategy for finite-difference computation of €& when a highly nonlinear
source term P is present:

> A fully implicit (e.g., trapezoidal) method is impractical
o Requires too many iterations

> An accurate explicit single-step method such as fourth-order Runge-Kutta
requires too many evaluations of P

> A predictor-corrector method is the best compromise

o The choice of predictor depends on stability considerations
o Different predictors are useful when P is real, imaginary or complex

> Most published methods either omit P or treat the discretized Laplacian
D more accurately than P
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FINITE-DIFFERENCE METHODS FOR THE PWE (5) I

e Partially discretized paraxial wave equation:

0&(z,t) 21k
5. DE(z,t) + ?ﬂg( t)]
e Trapezoidal approximation:
2
(1 - go) E(z4h 1) = (1 T %3) £z, t>+nlfg (PIE(= + 1)) + PIE(=, 1))

e Approximate P[E(z + h,t)] + P[E(z,t)] to the same order (h3) as P
PIE(z + h,t)] + PIE(z,1)] = 2P[E(2 + h/2,t)] + O(h?)
e A predictor (explicit) method must be used to evaluate P|E(z + h/2,1)]
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FINITE-DIFFERENCE METHODS FOR THE PWE (6) I

e The forward-Euler-trapezoidal method

> Low accuracy

> Useable if P represents gain or loss

> Requires two evaluations of P for every step h (bad feature)
> Not suitable for stiff equations

> Not suitable if P represents dispersion

e Fuler predictor:

E(z+h/2,t) = (1 + %D) E(z,t) + %gﬂ)[ﬁ(z, t)] + O(h?)

n2

e Trapezoidal corrector:

(1 - go) E(z+h,t) = (1 + gD> E(x 1) + 2 hPIE(s + h/2, 1)

n2
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FINITE-DIFFERENCE METHODS FOR THE PWE (7) I

e The midpoint-trapezoidal predictor-corrector method

> Local error ~ O(h3); requires only two evaluations of P per step
> Useful if P represents dispersion and/or loss
> Not suitable for stiff equations
e Midpoint predictor:
2k
Eprea(z + hyt) = (1+20D) E(z — h, ) + —2hP[E(2, 1)] + O(h?)
n

e Trapezoidal corrector:

(1—%D>8@+h¢)

:<é+gg)g@¢y+@ﬁﬂyw@¢ﬂ+TEWMz+me

n? 2
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PSEUDOSPECTRAL METHODS FOR THE PWE (1) I

e In the paraxial wave equation in physical space,

o i, 2k
@(g(rT; 25 t) — ﬁng’(rT? 25 t) + FT[EO’T, s t)]’

V2 is not local in rp, but P is local

e In the Fourier transform of the PWE with respect to rp,

a ~ 7 9 5 21k ~ ~
-E(kr, 2, t) = — ki€ (ky, 2,t) + = PIE]

the Fourier-transformed (transverse) Laplacian is local, but P depends on
values of € at more than one point in transform space (kp)

e The solution to this dilemma is to compute in both physical space and
transform space

© C. D. Cantrell (06/2004)
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PSEUDOSPECTRAL METHODS FOR THE PWE (2) I

e Pseudospectral methods (a class of split-step or operator-splitting meth-
ods) solve an equation such as the PWE by taking a z step in both physical
space and transform space

e Sequence of operations, assuming that, for a particular value of z, € is known
at the grid points in rp and ¢:

> For each grid point in ry and ¢, compute P|E(rr, 2, 1)]
> Starting with €, compute a temporary field F by taking a step from z to

z + h for each grid point in signal space (ry and t), using only P (not the
transverse Laplacian) as the source term

> Compute €. the numerical Fourier transform of & with respect to ry

> Starting with &, compute another temporary field G by taking a step from
2 to z + h for each grid point in transform space (ky and t), using only
the transverse Laplacian (not P) as the source term

> Compute G, the inverse numerical Fourier transform of G
> The computed field at z +his E=F + G
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PSEUDOSPECTRAL METHODS FOR THE PWE (3) I

e Advantages of pseudospectral methods:

> Accurate representation of V7

> Computational speed: The trapezoidal (Crank-Nicholson) approach in-
volves solution of an NN, X N, linear system to advance the solution from
z to 2+ h (using N* —9 operations/step), while each grid point in ky can
be advanced independently of the others in a pseudospectral approach

e Disadvantages of pseudospectral methods:

> T'wo Fourier transforms per z step (2N, log, N, operations/step)
> Aliasing
o A nonlinear source term P will generate ever-higher spatial frequencies,
eventually exceeding the Nyquist limit of % the sampling frequency
o May create numerical instability
o High frequencies can be removed by digital filtering

> Complex exponential basis functions = periodic boundary conditions
© C. D. Cantrell (01/1996)
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PSEUDOSPECTRAL METHODS FOR THE PWE (4) I

e For a cylindrically symmetric field (E(rr) = E(|r7|)),

é(kT) = /eikT'rTS(I’T) dZTT = 27’(‘/ JO<kTTT>8<|rT|) rT d?"T
0

> This expresses & as a Hankel transform of order zero
> Use of cylindrical symmetry reduces a 2-d transform to a 1-d transform
o Reduces problem size and increases computational speed

> The kernel Jy(kpry) creates problems for a simple, uniform discretization
of k7 and rp

o Because Jj oscillates, a uniform integration grid produces oscillations
that are computational artifacts

o Gauss-Laguerre quadrature is necessary to evaluate the integral over
rr: see below

© C. D. Cantrell (08/1987, 06/2004)
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PSEUDOSPECTRAL METHODS FOR THE PWE (5) I

e Approach of Coffey, Lax and Elliott for a cylindrically symmetric field
> Let

rr

fzw—a A=krwy = krrp = A
0
> The identity (Bateman)
2 2
Jo(A) = 2¢ 1T Z Lia(N) L ()

o expresses Jo(krry) as a sum of Separable kernels
o provides an expansion of € and € in the Gauss-Laguerre modes 6_52Lm(§ 2)

e A more general identity (for the sake of idle mathematical curiosity):

Ju(A€) = 2(A¢)"e” (2 Z

L)L (€)
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PSEUDOSPECTRAL METHODS FOR THE PWE (6) I

e Hankel transform of the field envelope in the PWE:
> Let

rr

U, z,t)=E(rp,z,t) where &=
wWo

> Then
E(kp, z,1) = 27‘(’/ Jo(kpre)&(rp, 2, t) rp dre = 2nwiU (€, 2, 1)
0

where U is the zero-order Hankel transform of U :

Ot = [ BOOU(E 2 1) ¢ds
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PSEUDOSPECTRAL METHODS FOR THE PWE (7) I

e Numerical evaulation of the Hankel transform in the PWE:

(N 2 1) = /0 ToONEU(E, 2, 1) € de

AN

M
U()\Z, Z, t) ~ Z Bz’jU<€j7 Z, t)
j=1

> U (A, z,t) is equal to a real-matrix complex-vector product

> The matrix elements are
, M-l
Bij = ¢ NN 1) Ly (W) L (€)w (&)
m=0

where {w(&7)} are the weights for Gauss-Laguerre integration

> For a given number of integration points, the {B;;} can be computed to
high precision in advance and stored in a look-up table
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e LU decomposition of a tridiagonal matrix: T =TTy

e The system of linear equations to be solved is
Tu=d

where

b1 C1 00 ---
o a9 bg (&) 0 ---
T= 0 as b3 Cy *--

e The lower- and upper-triangular matrices are

a0 00 - 1 0 0 -
ay 0 0 --- 0 1 0 -
TL: 62 2 TU: X 0712

053@30... !
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e Equations for the elements of T, and T

row column equation

1 1 X1 — b1

1 2 a1 =c =7 =c/b

n n—1 0,=a,

n n ﬁnf)/n—l + Q= bn = Qi = bn — Ap"Yn—1

n n+l  ayn=cy= Y=/,

e Forward elimination using T: Define f such that

d di — Bifi-
Tf=d= fi=—, ... fi= ?fl

(0%] 87

forrows 1=2,....,n—1

e Solve Tyu = f by back-substitution:

Up = [n, UWj=[;—yujy1 forrows j=n-—-1n-2,...,1

© C. D. Cantrell (05/1992, 06/2004)



THE UNIVERSITY OF TEXAS AT DALLAS u TD ERIK JONSSON SCHOOL

PHOTEC
THOMAS ALGORITHM (3) I

e Operation count ~ O(n?)

e Useful when

> T, and T are constant in 2

> V2 is one-dimensional
e Two-dimensional V3:

> A pentadiagonal matrix replaces T

> A better approach: A (split-step) pseudospectral method

e The Thomas algorithm is recursive in the array indices that represent the
transverse coordinate(s), but can be vectorized or parallelized in a different
array index, such as one representing ¢
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