
STABILITY OF FINITE-DIFFERENCE
METHODS FOR ODEs (1)

• System of first-order ODEs:

dy
dt

=
d

dt


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y1

...
yn


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= y′ := f(y, t) =




f1

...
fn




where yi = ith component of y

• Linearize:

f(y, t) ≈ f (y0, t) + J(f , y0)(y − y0)

J(f , y) = N × N Jacobian matrix, J i
j = ∂f i/∂yj

• Why study a linearized system?

. A numerical method for a system of nonlinear
ODEs must at least be stable and accurate for
the linearized system

. The linearized system has the same local be-
havior as the nonlinear system

. The eigenvalues of J(f , y) determine which
methods are locally most stable and ac-
curate for a given ODE
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STABILITY OF FINITE-DIFFERENCE
METHODS FOR ODEs (3)

• For stability analysis, approximate a system of
nonlinear ODEs locally by

dy
dt

= My

. M is constant or slowly varying in t

• Assume that M is a normal matrix (and therefore
has an orthonormal basis of eigenvectors):

Mvj = λjvj

. vj = dressed state if M = −iH

. v∗
i · vj = δij

. mth component of yn = ym
n

. 1-component vector is denoted yn

• Exact solution of dy/dt = My for constant M:

y(t) =
N∑

j=1
cj eλjt vj
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STABILITY OF FINITE-DIFFERENCE
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• Discretize by sampling at points t = nh

. yn := y(nh)

• Linear, multistep difference equation which ap-
proximates dy/dt = f(y, t) = y′:

yn+1 =α1yn + α2yn−1 + · · · + αkyn−k+1

+ h[β0y′
n+1 + β1y′

n + · · · + βky′
n−k+1]

. β0 6= 0 ⇒ implicit method ⇒ iterative solution
if y′ is nonlinear in y

. β0 = 0 ⇒ explicit method

• The difference equation above is a recursive digi-
tal filter

. output vector = yn

. input vector = y′
n

. Digital filtering & windowing may help ensure
stability & accuracy
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STABILITY OF FINITE-DIFFERENCE
METHODS FOR ODEs (5)

• Solution of the difference equation for y′ = My:

yn =
N∑

j=1
{d(j)

1 [ξ(j)
1 ]n + · · · + d

(j)
k [ξ(j)

k ]n}vj

. d
(j)
1 , . . . , d

(j)
k = real or complex constants

. ξ
(j)
1 , . . . , ξ

(j)
k = roots of the characteristic

equation

[ξ(j)]k =α1[ξ(j)]k + α2[ξ(j)]k−1 + · · · + αk

+ hλj{β0[ξ(j)]k + β1[ξ(j)]k−1 + · · · + βk}

. If root ξ
(j)
l is repeated r times: add a linear

combination of n[ξ(j)
l ]nvj, . . . , nr−1[ξ(j)

l ]nvj to
above solution for yn

• The characteristic roots determine the lo-
cal stability and accuracy of the finite-dif-
ference method
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STABILITY OF FINITE-DIFFERENCE
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• The k initial vectors y0, y1, . . . , yk−1 determine
the constants d

(j)
l which appear in the analytical

solution of the difference equation

• Assume that:

. The characteristic equation has k distinct roots

. We are given (by some other method) yn =
κ(j)

n vj for n = 0, . . . , k − 1 (usually we want
the principal root ⇒ j = 1)

• The k equations

κ(j)
n =

k∑

l=1
d

(j)
l [ξ(j)

l ]n

for n = 0, . . . , k − 1 are a non-singular linear
system which can be solved for d

(j)
l in terms of

κ(j)
n

• In practice one just computes y0, y1, . . . , yk−1 by
a one-step method
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STABILITY OF FINITE-DIFFERENCE
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• Basic concepts of stability of a finite-difference
method

. The principal characteristic root approxi-
mates the exact solution:

[ξ(j)
1 ]n ≈ enhλj

. ξ
(j)
2 , . . . , ξ

(j)
k , which occur whenever k > 1, are

parasitic roots
. Relative stability:

|ξ1| ≥ |ξl|
for l = 2, . . . , k ⇒ the parasitic part of the
solution never exceeds the principal part

. Absolute stability,

|ξl| ≤ 1 (l = 1, . . . , k),

is necessary when the exact solution of the ODE
is damped or has a constant norm
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STABILITY OF FINITE-DIFFERENCE
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• Basic concepts pertaining to the accuracy of a
finite-difference method:

. Local truncation error:

T ({α}; {β}; hλ) = ξ1 − ehλ

. The order of the local discretization error

Lh[y(t)] =
k∑

l=0
[αly(t − lh) + hβly

′(t − lh)]

(where α0 = −1) is the largest r such that

Lh[y(t)] ∼ O(hr+1)

for every y with r + 1 continuous derivatives
. A finite-difference method is consistent with

an ODE of order p if the order of Lh is at least
p.

. Consistency ⇒ Lh approaches the correct dif-
ferential operator as h → 0.
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STABILITY OF FINITE-DIFFERENCE
METHODS FOR ODEs (9)

• A quantitative expression for the effect of the fi-
nite-difference operator:

. Apply Taylor’s theorem to Lh[y(t)]:

Lh[y(t)] =
r+1∑

q=0
Cqh

qy[q](t) + O(hr+2)

C0 =
k∑

l=0
αl

Cq =
k∑

l=0



(−l)q

q!
αl +

(−l)q−1

(q − 1)!
βl


 (q > 0)

. If the method is consistent with a first-order
ODE, then

C0 = 0, C1 = 0

. If the order of the finite-difference operator Lh

is r, then

C0 = C1 = · · · = Cr = 0
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STABILITY OF FINITE-DIFFERENCE
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• A quantitative expression for the local truncation
error:

. If y′ = λy (⇒ exact solution is eλt) and if Lh is
of order r, then

Lh[eλt] = eλ(t−hk)φ(ehλ)
= Cr+1(hλ)r+1 + O(hr+2)

φ(ehλ) =
k∑

l=0
(αl + hλβl)

[

ehλ
]k−l

⇒ φ(ehλ) = Cr+1(hλ)r+1 + O(hr+2)

⇒ ξ1 = ehλ − Cr+1(hλ)r+1

∑k
l=0 βl
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STABILITY OF FINITE-DIFFERENCE
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• Common methods for ODEs which are not dis-
cretized PDEs:

Method k E Type Stiff Eqs?
Runge-Kutta 1 ≥ 4 ex. no

Adams-Bashforth (P) ≥ 4 1 ex. no
Adams-Moulton (C) ≥ 4 1 im. no

Gear ≥ 4 1 im. yes

k = no. of steps, E = no. of evaluations of right-
hand side per step, “Type” = explicit or implicit

• Common methods for discretized PDEs:
Method k E Type Stiff Eqs?

Midpoint (P) 2 1 ex. no
Trapezoidal (C) 1 1 im. no
Backward Euler 1 1 im. yes

• In the above, P means a predictor method and C
means a corrector method. The usual usage of a
predictor-corrector set is PECE (predict, evaluate
y′, correct, evaluate y′).
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STABILITY OF FINITE-DIFFERENCE
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• The minimax approach to designing a finite-
difference method:

. The maximum local truncation error is

Tmax({α}; {β}; S) = max
hλ∈S

|T ({α}; {β}; hλ)|

where S is the region of stability (or some use-
ful subset)

. Choose the coefficients {α}; {β} in Lh to mini-
mize Tmax({α}; {β};S):

Tminimax(S) = min
{α};{β}

Tmax({α}; {β}; S)

. Implementation of the minimax principle:
◦ Expand the local truncation error in Cheby-

shev polynomials and make the first N Cheby-
shev coefficients vanish

◦ Perform a numerical minimization
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