Lecture #2:

Asymptotic Notation We study the notations 0,0, ), 0,w in this section.
All definitions used here are in the book in Chapter 2. We will give examples
of some of them.

Definition 1 O(g(n)) = {f(n) : 3 constants c1,c2, and ng such that 0 <
c19(n) < f(n) < e29(n)¥n > no}

Definition 2 O(g(n)) = {f(n) : 3 constants ca, and ng such that 0 < f(n) <
cag(n)¥n > ng}

Definition 3 Q(g(n)) = {f(n) : 3 constants c1,and ng such that 0 < c;g(n) <
f(n)vn > no}

Definition 4 o(g(n)) = {f(n) : for any ¢ > 0,3 constant ny(c) such that 0 <
f(n) < cg(n)Vn = no(c)}
One easy way to check this is to check that limnﬂw[%] =0.

Definition 5 w(g(n)) = {f(n) : Yc > 0,3 constant no(c) such that 0 < cg(n) <
f(n)vn = no(c)}

Examples

o f(n) =an?+bn+c;a > 0;g(n) =n% Then f(n) = O(g(n)). Only the
leading power counts.

e 10 = o(n?). Smaller powers grow slower than larger powers.

o If f ( ) (g(n)) then it follows that f(n) = O(g(n)) automatically.
e 107°n" = w(n)

o If f(n) = O(g(n)) <= g(n) = Q(f(n)

o If f(n) = o(g(n)) <= g(n) = w(f(n)

e If f(n) =n and g(n) = n'T5"" then we can not say much in comparing
the functions asymptotically.

o n!l=o(n")

e If f(n)=n’and g(n) = a” with a > 1, then f(n) = o(g(n)). This says
that any polynomially growing function is smaller than an exponentially
growing function asymptotically. This is an important result and so we
will show its proof

Let h(n) = fEZ; = 2. We show that lim, .. h(n) = 0 by showing that
hgé’:)l) < 1 for n > ny.
%2 = (2£1)P1 and hence the result follows.



If f(n)=1g"n = (Ign)® and g(n) = n® with a > 0, then f(n) = o(g(n)).
This says that any power of logarithmically growing function is smaller
than a polynomially growing function asymptotically. In particular, lgn =
o(n¢) for all € > 0.

By the previous result, we know that limmﬁoo[zn—,:] =0 when ¢ > 1. Let
c=2%a>0and m=Ign. ¢ = (228" = 22187 = (2l8m)@ = 12 Hence
this result follows.

lg[n!] = 371 lgi = ©(nlgn).
Yo lgi < 3 lgn = nlgn. Hence we may choose ¢ = ng = 1 in
showing >~ | 1gi = O(nlgn).

Srlge > Y 2 ]lgi > > ra ngg = |2]lg% > 2lg% — g2 =

Slgn -3 lgn—l—l—(nlgn)[——%]
. 1 F—=lgn+l, 1 1 F—lgn+1 1 .
limy, o053 — 25155 = 3 Hence [3 — Z7—] > 1 for sufficiently large

n. Hence Y 7" | lgi = Q(nlgn).

These two together give what we want.

The last three results are very important.

Some Relations: [f(n) = 0(g(n))] = [g(n) = Q(f(n))]

[f(n) = ©(g(n))] & [g(n) = O(f(n))]
[f(n) = ©(g(n)) <= [{f(n) = O(f(n))} and {f(n) = Q(g(n))}]
[f(n) = o(g(n))] > [lim,, oo L83 =0 ]
[f(n) = o(g(n))] = [f(n) = < ()]
[f(n) = o(g(n)) & [g(n) = w(f(n))]
o ?e)n}:e f(n) = w(g(n))] = lg(n) = o(f(n))] = [g(n) = O(f(n))] = [f(n) =
g n

lim, o 2% = ¢ where 0 < ¢ < 00] = f(n) = ©(g(n)) but the converse
is not true.




