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31314 Judsk Dojrulwkpv= Plqlpxp Vsdqqlqj Wuhh +Fkdswhu 57,

Sureohp 4 Jlyhq d frqqhfwhg xqgluhfwhg vlpsoh judsk J @ ^Y>H`/ dqg d ixqf0
wlrq z = H �$ U/ +l1h1 d zhljkw z+x> y, iru hdfk hgjh +x> y, 5 H/ �qg d vsdqqlqj
wuhh W � zklfk plqlpl}hv z+W , @

S
z+x> y, zkhuh wkh vxp lv ryhu wkh hgjhv lq

W 1 Wklv wuhh uhsuhvhqwv wkh plqlpxp zhljkw frqqhfwhg vxejudsk lq J1

Iluvw uhfdoo vrph surshuwlhv ri d vsdqqlqj wuhh=

� Dq| wzr qrghv lq d wuhh duh frqqhfwhg e| d xqltxh sdwk

� Li dq| hgjh ri d wuhh lv uhpryhg/ wkhq wkh uhvxowlqj judsk lv d sdlu ri wuhhv
wkdw duh qrw frqqhfwhg1

� mHm @ mY m � 4

� Li dq hgjh qrw lq wkh wuhh lv dgghg wr lw/ zh jhw suhflvho| rqh f|foh1

Frqvlghu wkh judsk ehorz=
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Wkh iroorzlqj lv d vsdqqlqj wuhh +qrw rqh ri plqlpxp frvw,=
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Li zh dgg dq hgjh +G>H, qrw lq wkh deryh wuhh/ |rx zrxog jhw vrph wklqj
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olnh=
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Wkh uhg hgjhv lqglfdwh wkh f|foh iruphg e| dgglqj wkh qhz hgjh wr wkh wuhh1
Li zh qrz ghohwh wkh hgjh +F>G, zkrvh frvw lv wkh kljkhvw dprqj wkh hgjhv lq
wkh f|foh/ zh jhw dq �lpsuryhg� vsdqqlqj wuhh wkdw orrnv olnh=
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E| grlqj wklv uhshdwhgo| xqwlo qr vxfk h{fkdqjh lv srvvleoh/ |lhogv dq dojr0
ulwkp iru �qglqj wkh plqlpxp vsdqqlqj wuhh1 Wkhuh duh wzr wklqjv zlwk wklv
vwdwhphqw wkdw qhhg surylqj2fkhfnlqj= +l,wkdw wkh �qdo uhvxow +wkh rqh zkhuh
qr vxfk h{fkdqjh lpsuryhv wkh vroxwlrq, lv rswlpdo> +ll,wkh qxpehu ri vxfk
h{fkdqjhv uhtxluhg1 Dojrulwkpv ri wklv vruw zklfk �pryh� iurp rqh ihdvleoh vr0
oxwlrq wr dq lpsuryhg ihdvleoh vroxwlrq duh fdoohg lpsuryhphqw w|sh dojrulwkpv1
Lq wklv sduwlfxodu fdvh/ zh fdq vkrz wkdw dq hgjh wkdw lv �uhpryhg� lv qhyhu
djdlq sduw ri wkh vxevhtxhqw vsdqqlqj wuhhv1 Wklv phdqv wkdw wkh qxpehu ri
vxfk h{fkdqjhv lv qr pruh wkdq mHm � mY m . 41 Exw wkhuh lv zrun wr eh grqh
lq hdfk wlph lq lghqwli|lqj wkh f|foh dqg fkhfnlqj li wkh h{fkdqjh lpsuryhv wkh
vroxwlrq1 Idvwhu dojrulwkpv duh dydlodeoh iru wklv sureohp doo ri zklfk duh juhhg|
phwkrgv1 Wkhuh duh vhyhudo ri wkhvh dqg zh suhvhqw vrph ri wkhp1

31315 Jhqhudo Juhhg| Phwkrg=

Wklv surfhvv frqvlvwv ri frorulqj hgjhv doo ri zklfk duh lqlwldoo| xqfroruhg1 Zh
xvh wzr froruv � eoxh +wr lqglfdwh wkdw wklv hgjh lv lqfoxghg lq wkh �qdo wuhh,
dqg uhg +wr lqglfdwh wkdw wklv hgjh lv qrw lqfoxghg lq wkh �qdo wuhh,1 Wr froru
wkh hgjhv zh pdlqwdlq wkh iroorzlqj froru lqyduldqw=

Wkhuh lv d plqlpxp vsdqqlqj wuhh wkdw lqfoxghv doo eoxh hgjhv dqg qrqh ri
wkh uhg hgjhv1 Dw wkh hqg/ wkh eoxh hgjhv irup wkh uhtxluhg vsdqqlqj wuhh1 Wr
irupxodwh wkh frorulqj uxohv/ zh qhhg vrph gh�qlwlrq=

Gh�qlwlrq 5 D fxw lq d judsk J @ ^Y>H` lv d sduwlwlrq ri Y lqwr wzr sduwv/
[ dqg [ @ Y �[1 Dq hgjh furvvhv wkh deryh fxw li rqh hqg lv lq [ dqg wkh
rwkhu lv lq [1 Wkh uhpdlqlqj hgjhv �uhvshfw� wkh fxw1
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lv wkh fxw fruuhvsrqglqj wr [ @ iD>J>K> Lj dqg [ @ iE>F>G>H> Ij1
Hgjhv +D>E,> +D>F,> +H>J,> +H>K,> +I>K, furvv wkh fxw dqg rwkhuv �uhvshfw�
wkh fxw1

Doo Juhhg| phwkrgv xvh wzr frorulqj uxohv=
Eoxh Uxoh= Vhohfw d fxw wkdw eoxh hgjhv uhvshfw +gr qrw furvv,1 Dprqj

xqfroruhg hgjhv furvvlqj wkh fxw/ vhohfw rqh ri plqlpxp frvw dqg froru lw eoxh1
Uhg Uxoh= Vhohfw d vlpsoh f|foh frqwdlqlqj qr uhg hgjhv1 Dprqj xqfroruhg

hgjhv rq wkh f|foh/ vhohfw rqh ri pd{lpxp frvw dqg froru lw uhg1
Zh duh iuhh wr dsso| hlwkhu uxoh dw dq| wlph/ lq duelwudu| rughu/ xqwlo doo

hgjhv duh froruhg1
ERUXYND*v Dojrulwkp +4<59,=
Ehjlq zlwk q eoxh wuhhv hdfk frqvlvwlqj ri d qrgh lq J1
Frorulqj Vwhs= Iru hyhu| eoxh wuhh W / vhohfw d plqlpxp frvw hgjh lqflghqw

iurp vrph qrgh ri W wr vrph qrgh qrw lq W 1 Froru doo vhohfwhg hgjhv eoxh1 Wkh
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hyroxwlrq ri wklv dojrulwkp rq wkh deryh judsk lv vkrzq ehorz=
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Dq dowhuqdwh vroxwlrq iru wkh odvw vwhs lv jlyhq e|=
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Nuxvndo*v Dojrulwkpv= +4<89,
Dojrulwkp D=Dsso| wkh frorulqj vwhs lq qrqghfuhdvlqj rughu ri frvwv1
Frorulqj Vwhs= Ehjlq zlwk q wuhhv hdfk frqvlvwlqj ri d qrgh1 Li wkh fxuuhqw

hgjh h kdv erwk hqgv lq wkh vdph wuhh/ froru lw uhg> rwkhuzlvh froru lw eoxh1
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Wkh hyroxwlrq ri wklv dojrulwkp rq wkh deryh judsk lv vkrzq ehorz=
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Dojrulwkp E=Dsso| wkh frorulqj vwhs lq qrqlqfuhdvlqj rughu ri frvwv1
Frorulqj Vwhs= Ehjlq zlwk wkh ruljlqdo judsk zlwk doo hgjhv suhvhqw1 Li

wkh uhprydo ri wkh fxuuhqw hgjh zrxog glvfrqqhfw wkh judsk/ froru lw eoxh> hovh
froru lw uhg1
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Wkh hyroxwlrq ri wklv dojrulwkp rq wkh deryh judsk lv vkrzq ehorz=
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Sohdvh qrwh wkdw wklv lv rqh ri wzr srvvleoh fdvhv vlqfh wkhuh zdv d wlh dw rqh
srlqw lq wkh dojrulwkp1

Mduqln +4<63,0Sulp +4<8:,0Glmnvwud +4<8<, Dojrulwkp=
Wklv lv frpprqo| nqrzq dv Sulp*v dojrulwkp1
Wkh dojrulwkp vwduwv zlwk dq duelwudulo| vhohfwhg qrgh ri wkh judsk vd| v1 Lw

uhshdwhgo| xvhv wkh iroorzlqj frorulqj vwhs=
Frorulqj Vwhs= Ohw W eh wkh eoxh wuhh frqwdlqlqj v1 Lq wkh ehjlqqlqj/ W

kdv rqo| wkh qrgh v1 Vhohfw d plqlpxp frvw hgjh rqh hqg ri zklfk lv lq W dqg
wkh rwkhu qrw lq W dqg froru lw eoxh1
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Wkh hyroxwlrq ri wklv dojrulwkp rq wkh deryh judsk lv vkrzq ehorz=
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31316 Surriv ri ydolglw|=

Zh kdyh douhdg| gh�qhg fxwv/ �furvvlqj d fxw� ru �uhvshfwlqj� d fxw1 Dq hgjh lv
d oljkw hgjh furvvlqj d fxw li lwv zhljkw lv wkh plqlpxp ri dq| hgjh furvvlqj wkh
fxw1 Wkhuh pd| eh wlhv lq vhohfwlqj wklv plqlpxp frvw hgjh1 Jlyhq d vhw D ri
hgjhv zklfk lv frqwdlqhg lq vrph plqlpxp frvw vsdqqlqj wuhh/ dq hgjh +x> y, lv
d �vdih hgjh� iru D li D^ +x> y, lv dovr lq vrph plqlpxp frvw vsdqqlqj wuhh1 Doo
wkhvh dojrulwkpv +zlwk wkh h{fhswlrq ri wkh lpsuryhphqw dojrulwkp, dgg vdih
hgjhv hdfk wlph vwduwlqj zlwk wkh hpsw| vhw1 Wklv lv zkdw qhhgv surylqj lq hdfk
dojrulwkp1

Wkhruhp 6 Ohw D eh d vxevhw ri vrph plqlpxp frvw vsdqqlqj wuhh hgjhv lq
wkh judsk J @ ^Y>H`1 Ohw ^V> Y � V` eh dq| fxw wkdw uhvshfwv D dqg ohw +x> y, eh
d oljkw hgjh furvvlqj wkh deryh fxw1 Wkhq/ hgjh +x> y, lv vdih iru D1

Surri1 Vhh sdjh 8340835 lq wkh errn1

:



Fruroodu| 7 Ohw D eh d vxevhw ri vrph plqlpxp frvw vsdqqlqj wuhh hgjhv lq
wkh judsk J @ ^Y>H` dqg ohw F eh d frqqhfwhg frpsrqhqw +wuhh, lq wkh iruhvw
JD @ ^Y>D`1 Li +x> y, lv d oljkw hgjh frqqhfwlqj F zlwk vrph rwkhu frpsrqhqw
ri JD/ wkhq lw lv vdih iru D1

31317 Lpsohphqwdwlrq=

Nuxvndo Dojrulwkp D=
Khuh/ wkh pdlq txhvwlrq lv= Grhv wkh fxuuhqw hgjh h kdyh erwk hqgv lq wkh

vdph wuhhB Iru wklv sxusrvh/ zh xvh wkh XQLRQ0ILQG gdwd vwuxfwxuh +irxqg
lq Fkdswhu 55 ri |rxu errn
,

Wklv gdwd vwuxfwxuh dovr fdoohg glvmrlqw0vhw gdwd vwuxfwxuh pdlqwdlqv d
froohfwlrq ri glvmrlqw g|qdplf vhwv1 Hdfk vhw lq wkh froohfwlrq lv lghqwl�hg e| d
uhsuhvhqwdwlyh/ zklfk lv xvxdoo| d phpehu ri wkh vhw1 Wkh pdlq rshudwlrqv duh=

PDNH0VHW+{,= fuhdwhv d qhz vhw zkrvh rqo| phpehu +dqg wkxv lwv uhs0
uhvhqwdwlyh, lv srlqwhg wr e| {1 Iru wklv { pxvw qrw eh douhdg| lq dq| h{lvwlqj
vhw1

XQLRQ+{> |,= xqlwhv vhwv frqwdlqlqj { dqg | vd| V{ dqg V|/ lqwr d qhz
vhw wkdw lv wkh xqlrq ri wkhvh wzr vhwv1 Lw lv dvvxphg wkdw wkhvh zhuh glvmrlqw
ehiruh1 Wkh uhsuhvhqwdwlyh ri wklv qhz vhw lv xvxdoo| fkrvhq iurp dprqj wkh
uhsuhvhqwdwlyhv ri wkh vhwv V{ dqg V|1 Diwhu grlqj wklv zh ghvwur| wkh vhwv V{

dqg V| dqg qrz zh kdyh rqo| wkh vhw V{ ^ V| lq wkh froohfwlrq1
ILQG0VHW+{,= uhwxuqv d srlqwhu wr wkh uhsuhvhqwdwlyh ri wkh +xqltxh, vhw

frqwdlqlqj {1
Dqdo|vlv ri wklv gdwd vwuxfwxuh lv edvhg rq wzr sdudphwhuv= wkh qxpehu/ q>

ri PDNH0VHW rshudwlrqv dqg wkh wrwdo qxpehu/ p> ri PDNH0VHW/ XQLRQ/
dqg ILQG0VHW rshudwlrqv1 Wkhuh fdq eh dw prvw q�4 XQLRQ rshudwlrqv vlqfh
wkhuh duh rqo| q hohphqwv dqg wkhvh vhwv duh glvmrlqw1 Dovr/ p � q1

Dssolfdwlrqv=
FRQQHFWHG0FRPSRQHQWV+J,=
iru hdfk yhuwh{ y 5 Y ^J`

gr PDNH0VHW+y,
iru hdfk hgjh +x> y, 5 H^J`

gr li ILQG0VHW+x, 9@ ILQG0VHW+y,
wkhq XQLRQ+x> y,

VDPH0FRPSRQHQW+x> y,
li ILQG0VHW+x, @ ILQG0VHW+y,

wkhq uhwxuq WUXH
hovh uhwxuq IDOVH

Nuxvndo Dojrulwkp D=

PVW0NUXVNDO+J>z,
D #� !

;



iru hdfk yhuwh{ y 5 Y ^J`
gr PDNH0VHW+y,

vruw wkh hgjhv ri H e| qrqghfuhdvlqj zhljkw z
iru hdfk hgjh +x> y, 5 H/ lq rughu ri qrqghfuhdvlqj zhljkw

gr li ILQG0VHW+x, 9@ ILQG0VHW+y,
wkhq D #� D ^ i+x> y,j

XQLRQ+x> y,
uhwxuq D

Wkh vlpsohvw lpsohphqwdwlrq ri XQLRQ0ILQG lv vkrzq lq wkh gldjudpv
ehorz fruuhvsrqglqj wr XQLRQ vwhsv1
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Lq wklv vlpsoh lpsohphqwdwlrq/ wkh wuhh pd| kdyh d odujh ghswk1 Wklv lv qrw
jrrg iru ILQG0VHW rshudwlrqv1 Wzr vwudwhjlhv= dozd|v mrlq wkh vpdoohu wuhh wr
wkh odujhu rqh1 Iru wklv zh qhhg wr nhhs hlwkhu wkh lqirupdwlrq rq ghswk ri wkh
wuhhv ru wkh qxpehu ri qrghv1 Xvxdoo|/ wkh odwwhu lv nhsw vlqfh lw lv hdvlhu wr gr1
Wkh vhfrqg vwudwhj| lv nqrzq dv SDWK0FRPSUHVVLRQ1 Hdfk wlph zh gr d
ILQG0VHW rshudwlrq/ zh wudyhuvh wkh wuhh wzlfh rqfh wr �qg wkh urrw dqg wkh
vhfrqg wlph wr pdnh srlqwhuv ri doo qrghv rq wkh zd| wr srlqw gluhfwo| wr wkh
urrw1 Wklv nhhsv wkh wuhh vkdoorz1 Wkhvh duh vkrzq ehorz iru rxu fdvh=
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Wkh vhfrqg rqh lv zlwk sdwk frpsuhvvlrq1
Sulp Dojrulwkp=
Wkh nh| wr lpsohphqwlqj wklv dojrulwkp lv wr �qg wkh plqlpxp frvw hgjh

frqqhfwlqj wkh fxuuhqw wuhh wr d qrgh rxwvlgh wkh wuhh h!flhqwo|1 Doo qrghv qrw
lq wkh wuhh uhvlgh lq d sulrulw| txhxh T edvhg rq d nh| �hog1 Iru hdfk qrgh y/
nh| ^y` lv wkh plqlpxp zhljkw ri dq| hgjh frqqhfwlqj y wr d qrgh lq wkh wuhh>
nh| ^y` @ 4/ li qr vxfk hgjh h{lvwv1 Wkh �hog �+y, qdphv wkh sduhqw ri y lq
wkh wuhh1 Wkh vhw D ri hgjhv lq wkh wuhh lv nhsw lpsolflwo| e| wkh froohfwlrq ri
i+y> �+y,j> y 5 Y � iuj �T zkhuh u lv wkh vwduwlqj qrgh dqg khqfh wkh urrw ri
wkh wuhh1 Dw whuplqdwlrq/ T lv hpsw| dqg D jlyhv wkh plqlpxp vsdqqlqj wuhh1

PVW0SULP+J>z> u,
T #� Y ^J`
iru hdfk x 5 T

gr nh|^x` #� 4
nh|^u` #� 3
�^u` #�QLO
zkloh T 9@ !

gr x #�H[WUDFW0PLQ+T,
iru hdfk y 5 Dgm^x`

gr li y 5 T dqg z+x> y, ? nh|^y`
wkhq �^y` #� x

nh|^y` #� z+x> y,

Wkh sulrulw| txhxh dv lw rffxuv lq rxu h{dpsoh lv vkrzq ehorz=
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31318 Dqdo|vlv=

Nuxvndo Dojrulwkp D=
Wlph wr vruw hgjhv e| zhljkw wdnhv R+mHm oj mHm,1 Lqlwldol}dwlrq wdnhv R+mY m,1

Wkh wlph uhtxluhg iru XQLRQ dqg ILQG0VHW rshudwlrqv lqyroyhg zlwk erwk
vwudwhjlhv � mrlqlqj wkh vpdoohu wuhh wr wkh odujhu rqh dqg sdwk frpsuhvvlrq lv
jlyhq e| R+mHm�+mHm > mY m, zkhuh wkh ixqfwlrq �+p>q, lv yhu| vorzo| jurzlqj
ixqfwlrq dqg fdq iru doo sudfwlfdo sxusrvhv eh wdnhq wr eh d frqvwdqw1 Wkxv/ wkh
ryhudoo frpsoh{lw| lv R+mHm oj mHm, @ R+mHm oj mY m,1

Sulp Dojrulwkp=
Wkh shuirupdqfh ri wklv dojrulwkp ghshqgv rq krz wkh sulrulw| txhxh lv

lpsohphqwhg1 Zh dvvxph wkdw elqdu| khds lv xvhg1 Lqlwldol}dwlrq lv wr xvh
EXLOG0KHDS dqg wdnhv R mY m, wlph1 Wkh orrs lv shuiruphg mY m wlphv dqg
hdfk H[WUDFW0PLQ wdnhv R+oj+mY m,, wlph vr wkdw wkh wrwdo h�ruw vr idu lv
R+mY m oj+mY m,,1 Whvw iru phpehuvkls lq T lv lpsohphqwhg lq frqvwdqw wlph1
GHFUHDVH0NH\ rshudwlrq wdnhv R+oj mY m, wlph hdfk wlph +rqfh iru hdfk hgjh,
lw lv fdoohg1 Wkxv/ wkh ryhudoo wlph iru Sulp*v dojrulwkp zlwk wklv lpsohphqwdwlrq
lv R+mY m oj+mY m, . mHm oj+mY m,, @ R+mHm oj+mY m,,1 Wklv lv wkh vdph dv lq Nuxvndo*v
dojrulwkp1 Li zh xvh rwkhu w|shv ri khdsv/ Sulp*v dojrulwkp*v erxqg fdq eh
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lpsuryhg wr R+mHm. mY m oj+mY m,,1
Wklv frpsohwhv wkh glvfxvvlrq rq wklv sureohp1
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