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H{dpsoh 4 Jlyhq dq duud| ri qxpehuv D^4> 5> ===> q`/ �qg wkh pd{lpxp dqg
wkh plqlpxp ri wkh vhw ri wkh jlyhq qxpehuv xvlqj rqo| sdluzlvh frpsdulvrqv1

H{dpsoh 5 Jlyhq dq duud| ri qxpehuv D^4> 5> ===> q`/ �qg wkh plqlpxp dqg
wkh vhfrqg orzhvw hohphqwv ri wkh vhw ri wkh jlyhq qxpehuv xvlqj rqo| sdluzlvh
frpsdulvrqv1

Iru erwk wkhvh sureohpv/ wkh vwudljkw iruzdug surfhvv ri �qglqj rqh dqg
wkhq wkh rwkhu wdnhv 5q � 6 frpsdulvrqv1 Djdlq/ iru erwk wkhvh sureohpv/
glylgh0dqg0frqtxhu phwkrgv jlyh d ehwwhu erxqg ri
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1 Zh qrz dvn li

wkhuh lv d ehwwhu dojrulwkp iru wkhvh wzr sureohpv1
D vlplodu txhvwlrq iru vruwlqj xvlqj rqo| frpsdulvrqv lv wuhdwhg lq wkh errn

lq ss1 4:5071
Iru wkh sureohp ri �qglqj plqlpxp dqg vhfrqg plqlpxp/ wkhuh lv d ehwwhu

dojrulwkp edvhg rq wrxuqdphqwv1 Khuh zh frpsduh D^5l�4` zlwk D^5l` iru l @ 4
wr q1 +Zh dvvxph iru vlpsolflw| wkdw q lv hyhq1, Zh frpsduh wkh �zlqqhuv� lq
sdluv dqg vr rq1 Iru h{dpsoh/ vhh wkh gldjudp ehorz=
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Wkh oljkw eoxh fhoov duh wkrvh wkdw orvw wr wkh �qdo zlqqhu +lq juhhq,1 Wkh
uhg duh wkrvh wkdw orvw wr wkh oljkw eoxh rqhv dqg gdun eoxh lv rqh wkdw orvw wr
d uhg1 Vr iru wkh vhfrqg plqlpxp zh qhhg rqo| frpsduh wkh oljkw eoxh rqhv1
Wkhuh lv h{dfwo| rqh ri wkhvh shu ohyho dqg wkhuh duh gojqh ohyhov dqg khqfh zh
jhw d wrwdo ri q. gojqh � 5 frpsdulvrqv lq doo1

Wkh txhvwlrq derxw wkh h{lvwhqfh ri vwloo ehwwhu dojrulwkpv vwloo lv durxqg1
Qrz zh vkrz wkdw dq| dojrulwkp edvhg rq frpsdulvrqv kdv orzhu erxqgv htxdo
wr wkh dprxqw ri zrun grqh e| wkhvh dojrulwkpv iru wkhvh wzr sureohpv1 Exw
ehiruh wkdw/ zh vkrz orzhu erxqgv iru vrph rwkhu vlpsohu sureohpv1

Vruwlqj=Ghflvlrq Wuhh Prgho +Fkdswhu <14,
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Xvlqj rqo| frpsdulvrqv ri sdluv ri hohphqwv/ zh zdqw wr vruw dq duud| ri q
hohphqwv1 Wkdw lv jlyhq wzr hohphqwv/ dl dqg dm / zh shuirup rqh ri wkh iroorzlqj
whvwv= dl ? dm > dl � dm > dl @ dm > dl � dm > dl A dm 1 Wklv ghwhuplqhv wkh uhodwlyh
rughu dprqj wkhvh wzr hohphqwv1 Lq rughu wr jhw orzhu erxqgv/ zh pd| dvvxph
wkh lqsxw kdv vshfldo fkdudfwhulvwlfv zlwk rxw orvv1 Iru/ li wkh vshfldo fdvh kdv d
orzhu erxqg/ wkhq wklv orzhu erxqg dssolhv wr wkh jhqhudo fdvh dv zhoo1 Lq wklv
h{dpsoh/ zh dvvxph wkdw wkh hohphqwv duh glvwlqfw1 Jlyhq wklv dvvxpswlrq/ zh
qhyhu shuirup wkh plggoh whvw dqg wkh uhpdlqlqj duh htxlydohqw1 Vr iurp qrz
rq zh wdon ri d whvw lq wkh irup dl = dm 1 Dq| dojrulwkp grhv d frpsdulvrq dqg
edvhg rq wkh rxwfrph ri wklv frpsdulvrq/ eudqfkhv lqwr wzr sduwv dqg iru hdfk
sduw grhv dqrwkhu frpsdulvrq +dqg wkhvh wzr gr qrw kdyh wr eh wkh vdph, dqg
vr rq1 Wklv fuhdwhv d elqdu| wuhh fdoohg wkh ghflvlrq wuhh1 Iru h{dpsoh/ khuh lv
rqh wdnhq iurp |rxu errn =
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Wklv fruuhvsrqgv wr lqvhuwlrq vruw1 Wkh vtxduh er{hv uhsuhvhqw srvvleoh
shupxwdwlrqv ri wkh lqsxw1 Wkxv/ wklv wuhh pxvw kdyh dw ohdvw q$ ohdyhv1 Wkh
frpsoh{lw| ri wkh dojrulwkp lq wkh zruvw fdvh/ fruuhvsrqgv wr wkh ghswk ri wkh
wuhh/ Vlqfh wklv lv d elqdu| wuhh/ li k lv ghswk/ wkhq zh pxvw kdyh

q$ � 5k

dqg khqfh wkh orzhu erxqg rq wkh frpsoh{lw| ri dq| dojrulwkp edvhg rqo|
rq frpsdulvrqv lv oj+q$, @ 
+q ojq,1

Dgyhuvdu| Dujxphqwv=
Lq rughu wr jhw orzhu erxqgv zh hpsor| dq dgyhuvdu| vfhqdulr1 Wkh dojr0

ulwkpv ghvljqhu pdnhv wkh ghflvlrq dv wr/ vd|/ wkh qh{w frpsdulvrq1 Nqrzlqj
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wklv/ dq dgyhuvdu| jlyhv wkh uhvxow ri wklv frpsdulvrq vr dv wr pdnh wkh dojr0
ulwkp orrn edg +l1h1 wdnh pdq| vwhsv,1 Wkh rqo| uhvwulfwlrq lv wkdw wkh dgyhuvdu|
qhhgv wr eh frqvlvwhqw1 Vlqfh wkh hqwluh lqsxw lv qrw xvhg lq wkh dojrulwkp dw
dq| vwhs/ dqg rqo| wkh uhvxowv ri wkh frpsdulvrqv fdq eh xvhg/ wkh dgyhuvdu|
grhv qrw qhhg wr vshfli| wkh lqsxw wloo wkh hqg1 Exw zkhq lw grhv/ wklv pxvw eh
frqvlvwhqw zlwk doo wkh dqvzhuv jlyhq e| lw iurp wkh ehjlqqlqj1 Wkh nh| lv wr
ghvljq d vwudwhj| iru wkh dgyhuvdu| vr wkdw wkh dojrulwkp ghvljqhu lv irufhg wr
wdnh dv orqj d wlph dv srvvleoh1 Ohw xv wdnh vrph h{dpsohv wr looxvwudwh wklv
dssurdfk1

H{dpsoh 6 Ilqg plqlpxp ri dq xqvruwhg duud| D^4> 5> ===> q` ri q qxpehuv e|
xvlqj frpsdulvrqv ri sdluv ri hohphqwv1

Iru wkh sxusrvhv ri orzhu erxqg dqdo|vlv/ zh pd| dvvxph zlwkrxw orvv wkdw
wkh hohphqwv duh glvwlqfw1 Ohw xv fdoo wkh vpdoohu ri wzr hohphqwv lq d frpsdulvrq
wkh �zlqqhu� dqg wkh rwkhu wkh �orvhu�1 Iru wkh sxusrvhv ri orzhu erxqgv zh
dvvxph wkdw wkh hohphqwv duh glvwlqfw1 Dw dq| vwdjh/ zh kdyh srvvleo| wzr
w|shv ri hohphqwv= +D,wkrvh wkdw kdyh orvw wr vrph rwkhu hohphqw> +E,wkrvh wkdw
kdyh qrw orvw dq| frpsdulvrq1 Lq wkh ehjlqqlqj zh kdyh rqo| w|sh E1 Zkhq
wkh dojrulwkp ghvljqhu/ fkrrvhv wr frpsduh wzr hohphqwv dw dq| vwdjh ri wkh
dojrulwkp/ wkh frpsdulvrq pd| eh rqh ri wkuhh w|shv= DD/ED/ ru EE1 Wkh
dgyhuvdu| vwudwhj| wkdw zh fkrrvh lv wkh iroorzlqj=

|�$
{& E D
E { ? |
D { A |

Lq wkh deryh/ eodqn vsdfh uhihuv wr ehlqj frqvlvwhqw zlwk suhylrxv dqvzhuv1
Qrwh wkdw wkh vshfl�f dqvzhuv lq wkh rwkhu fdvhv dovr pdlqwdlqv frqvlvwhqf|1
Wklv fdq eh grqh e| vxlwdeo| lqfuhdvlqj wkh ydoxh ri wkh E w|sh1

Lq wklv surfhvv/ zh frxqw wkh qxpehu ri hohphqwv ri w|sh D1 Lq rughu iru
wkh dojrulwkp wr hqg/ zh pxvw kdyh +q � 4, hohphqwv ri w|sh D1 Ohw xv fdoo
wklv frxqw/ wkh lqirupdwlrq frqwhqw ri wkh dojrulwkp1 Wkh dgyhuvdu| lv wu|lqj
wr nhhs wklv dv orz dv srvvleoh zkloh wkh dojrulwkp ghvljqhu lv wu|lqj wr lqfuhdvh
wklv txdqwlw|1 Qrwh wkdw zkhq d frpsdulvrq ri wkh w|sh EE lv pdgh/ zh lqfuhdvh
wklv txdqwlw| e| 4 uhjdugohvv ri zkdw wkh dgyhuvdu| vd|v1 Exw lq wkh uhpdlqlqj
fdvhv/ wkh dgyhuvdu| vwudwhj| grhv qrw doorz dq| lqfuhdvh ri wklv txdqwlw|1 Vr
wkh ehvw wkh dojrulwkp ghvljqhu fdq gr lv pdnh vxuh wkdw dw hdfk vwhs/
zh duh grlqj d EE w|sh frpsdulvrq1 Dqg lq wklv fdvh/ zh wdnh +q � 4,
frpsdulvrqv1 Wkxv/ wklv lv d orzhu erxqg iru wklv sureohp1 Dq| dojrulwkp
wkdw rqo| grhv EE w|sh frpsdulvrq lv rswlpdo1 Wkxv/ rxw ri wklv dqdo|vlv/
zh qrw rqo| jrw d orzhu erxqg exw dovr d ghvfulswlrq ri rswlpdo dojrulwkpv1

Ohw vhh rxu �uvw h{dpsoh djdlq iurp wkh srlqw ri orzhu erxqgv1 Zh uhshdw
wkh h{dpsoh iru wkh vdnh ri frqyhqlhqfh1

H{dpsoh 7 Jlyhq dq duud| ri qxpehuv D^4> 5> ===> q`/ �qg wkh pd{lpxp dqg
wkh plqlpxp ri wkh vhw ri wkh jlyhq qxpehuv xvlqj rqo| sdluzlvh frpsdulvrqv1
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Zh fdq ghfoduh dq hohphqw wr eh pd{lpxp rqo| zkhq zh nqrz wkdw hyhu|
rwkhu hohphqw kdv �orvw� lq vrph frpsdulvrq zkhuh �orvw� phdqv wkdw lw zdv
qrw wkh odujhu hohphqw1 Vlploduo|/ zh fdq ghfoduh dq hohphqw wr eh plqlpxp
rqo| zkhq zh nqrz hyhu| rwkhu hohphqw kdv �zrq� vrph frpsdulvrq1 Iru hdfk
hohphqw zh nhhs wudfn ri zkhwkhu lw kdv zrq dq| frpsdulvrq dqg orvw dq|
frpsdulvrq1 Wkh wrwdo ri wkhvh �zlqv� dqg �orvvhv� pxvw dgg xs wr 5+q� 4, iru
xv wr frqfoxgh wkh dojrulwkp1 Lq wklv surfhvv/ zh frxqw rqo| wkh �uvw wlph dq
hohphqw zlqv dqg rqo| wkh �uvw wlph lw orvhv1 Vr dw dq| vwdjh/ zh kdyh hohphqwv
ri wkh iroorzlqj w|shv=

� Z= Wklv kdv hohphqw kdv zrq lq vrph frpsdulvrq exw qhyhu orvw

� O= Wklv kdv hohphqw kdv orvw lq vrph frpsdulvrq exw qhyhu zrq

� ZO= Wklv kdv hohphqw kdv zrq lq vrph frpsdulvrq dqg orvw lq vrph
frpsdulvrq

� Q= Wklv hohphqw kdv qrw |hw sduwlflsdwhg lq dq| frpsdulvrq1

Wkh vwudwhj| iru wkh dgyhuvdu| ghshqgv rq wkh qdwxuh ri wkh sdlu ehlqj
frpsduhg1 Lw dozd|v wulhv wr jlyh rxw wkh ohdvw dprxqw ri lqirupdwlrq frqvlvwhqw
zlwk suhylrxv dqvzhuv1 Wkh dojrulwkp ghvljqhu lv wu|lqj wr lqfuhdvh wkh dprxqw
ri lqirupdwlrq jdwkhuhg1 Li wkh ghvljqhu frpsduhv wzr hohphqwv erwk ri zklfk
duh ri w|sh Q/ zh jhw wzr slhfhv ri lqirupdwlrq ehfdxvh rqh ri wkhp zlqv dqg wkh
rwkhu orvhv � erwk iru wkh �uvw wlph1 Wkh dgyhuvdu| duudqjhv lw vr wkdw lq hyhu|
rwkhu frpsdulvrq/ zh jhw qr pruh wkdq rqh slhfh ri lqirupdwlrq1 Hdfk hohphqw
fdq eh lq rqo| rqh frpsdulvrq zkhq lwv frqglwlrq lv w|sh Q1 Wkxv/ wkhuh fdq
eh qr pruh wkdq q

5 frpsdulvrqv lq dq| dojrulwkp zkhuh erwk hohphqwv duh ri
w|sh Q � uhfdoo wkhvh |lhog wzr slhfhv ri lqirupdwlrq shu frpsdulvrq1 Vlqfh hdfk
rwkhu frpsdulvrq |lhogv qr pruh wkdq rqh xqlw ri lqirupdwlrq/ zh qhhg dw ohdvw
^5+q� 4,� q` vxfk frpsdulvrqv1 Wkxv/ zh qhhg d wrwdo ri q

5 . +q� 5, @ 6
5q� 5

frpsdulvrqv1 Qrz zh ghvfuleh wkh dfwxdo vwudwhj| ri wkh dgyhuvdu|1

|�$
{& Q Z O ZO
Q 5 4 4 4
Z 4 4 3 � 4
O 4 3 4 � 4
ZO 4 � 4 � 4 3

Zh zdqw wr dyrlg jlylqj wzr slhfhv ri lqirupdwlrq lq doo fdvhv h{fhsw wkh QQ
fdvh1 Wklv irufhv vshfl�f dqvzhuv lq ZQ/ OQ/ dqg OZ fdvhv dv vkrzq1 Wkdw zh
fdq gr wklv dqg pdlqwdlq frqvlvwhqf| lv zk| wklv vwudwhj| zrunv1 Wkh dgyhuvdu|
pdlqwdlqv wkh iroorzlqj frqglwlrq dw doo wlphv= iru hdfk frpsdulvrq h{fhsw ZO0
ZO frpelqdwlrq/ zh fkrrvh vr wkdw hlwkhu wkh zlqqhu ri wklv fkrlfh kdv
qhyhu orvw ehiruh ru wkh orvhu ri wklv fkrlfh kdv qhyhu zrq ehiruh ru
erwk1 Wklv zd| zh qhyhu jlyh pruh wkdq rqh slhfh ri lqirupdwlrq dw hdfk vwhs
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h{fhsw lq QQ1 Wklv lv dozd|v srvvleoh e| fkrrvlqj d kljk hqrxjk ydoxh iru wkh
zlqqhu lq wkh �uvw fdvh ru d vpdoo hqrxjk ydoxh iru wkh orvhu lq wkh vhfrqg fdvh1

|�$
{& Q Z O ZO
Q { ? | { A |
Z { A | { A |
O { ? | { ? |
ZO

Doo wkh eodqn vtxduhv fruuhvsrqg wr wkh fdvh zkhq wkh dgyhuvdu| vlpso|
fkrvhv dqvzhuv frqvlvwhqw zlwk suhylrxv dqvzhuv lq dq duelwudu| pdqqhu1 Lq wkh
ZQ fdvh/ fkrrvh | vpdoo hqrxjk � wklv fdq qrw frq lfw zlwk suhylrxv dqvzhuv1
Lq wkh OQ fdvh/ fkrrvh | odujh hqrxjk dqg wklv fdq qrw fdxvh frq lfwv zlwk
suhylrxv dqvzhuv1 Lq wkh OZ fdvh/ hlwkhu lqfuhdvh wkh ydoxh ri | ru ghfuhdvh wkh
ydoxh ri {1

Zkloh wklv jlyhv xv d orzhu erxqg/ lw dovr jlyhv xv dq dojrulwkp wkdw dfklhyhv
wklv erxqg1

� Qhyhu lqfoxgh dq hohphqw ri wkh w|sh ZO lq dq| frpsdulvrq> wklv hohphqw
lv qrw d fdqglgdwh iru hlwkhu pd{lpxp ru plqlpxp1

� Gr dv pdq| QQ frpsdulvrqv dv srvvleoh � wklv lv
�
q
5

�
1 Wkxv/ zh jlyh

sulrulw| wr QQ frpsdulvrqv1

� Qhyhu gr OZ frpsdulvrqv1

Wkxv/ zh gr d vhulhv ri QQ �uvw> wkhq li wkh qxpehu ri hohphqwv lv rgg/
gr rqh Q[ frpsdulvrq zkhuh [ 9@ ZO1 Dw wklv vwdjh/ wkhuh qr pruh Q w|sh
hohphqwv1 Qrz zh gr hlwkhu ZZ w|sh ru OO w|sh ghshqglqj zklfk w|sh kdv
pruh wkdq rqh hohphqw1 Hdfk frpsdulvrq |lhogv dw ohdvw rqh xqlw ri lqirupdwlrq
dqg wkh QQ rqhv |lhog wzr1 Dqg wkh erxqg lv dfklhyhg1 Zlwklq wklv iudphzrun/
wkhuh duh pdq| srvvleoh lpsohphqwdwlrqv dqg hdfk rqh lv rswlpdo1

Qrz zh wdnh xs wkh vhfrqg h{dpsoh=

H{dpsoh 8 Jlyhq dq duud| ri qxpehuv D^4> 5> ===> q`/ �qg wkh plqlpxp dqg
wkh vhfrqg orzhvw hohphqwv ri wkh vhw ri wkh jlyhq qxpehuv xvlqj rqo| sdluzlvh
frpsdulvrqv1

Vr idu zh kdyh dq dojrulwkp wkdw grhv q.gojqh�5 frpsdulvrqv1 Wkh reylrxv
txhvwlrq lv= �Fdq zh gr ehwwhu ru lv wklv dovr d orzhu erxqgB� Wr surgxfh d
orzhu erxqg zh wxuq wr wkh dgyhuvdu| dujxphqw1 Iru wkh orzhu erxqg/ zh
pd| dvvxph wkdw hohphqwv duh glvwlqfw dqg zh gr wklv iurp qrz rq1 Ehiruh
zh surfhhg ixuwkhu/ zh qrwh wkdw lq rughu wr nqrz wkdw d fhuwdlq hohphqw lv
wkh vhfrqg vpdoohvw/ zh pxvw nqrz zklfk lv vpdoohvw1 Wklv lv vr ehfdxvh li zh
ghfoduh hohphqw { dv wkh vhfrqg vpdoohvw/ +dqg qrw wkh vpdoohvw,/ pxvw kdyh orvw
wr vrph hohphqw |1 Lq wklv fdvh/ | pxvw eh wkh vpdoohvw1 Wkxv/ zh douhdg| kdyh
d orzhu erxqg ri +q� 4, frpsdulvrqv1 Exw zh fdq jhw d ehwwhu orzhu erxqg1

Dgyhuvdu| Vwudwhj|=
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Ohw qm uhsuhvhqw wkh qxpehu ri hohphqwv wkdw kdyh �orvw� wr m ru pruh
hohphqwv dw wkh hqg lq vrph dojrulwkp wkdw �qgv wkh vhfrqg vpdoohvw hohphqw1
Wkh wrwdo qxpehu ri frpsdulvrqv pxvw eh htxdo wr

S
m@4 qm 1 Zh nqrz/ iurp

wkh deryh glvfxvvlrq/ wkdw q4 @ +q� 4,1 Qrz zh zloo vkrz wkdw q5 � gojqh� 41
Vxssrvh dw wkh hqg/ wkh vpdoohvw hohphqw kdv ehhq lqyroyhg lq s frpsdulvrqv lq
zklfk wkh rwkhu hohphqw kdv qrw orvw wr dq| hohphqw sulru wr wklv frpsdulvrq1
Wkhvh dqg rqo| wkhvh fdq eh fdqglgdwhv iru vhfrqg vpdoohvw hohphqw1 Doo rwkhu
hohphqwv kdyh �orvw� dw ohdvw wr wzr hohphqwv ru orvw wr dq hohphqw wkdw kdv orvw
wr dqrwkhu hohphqw dqg duh qrw fdqglgdwhv iru vhfrqg vpdoohvw1 Khqfh q5 � s�41
Vr zh frpsohwh wkh surri e| vkrzlqj wkdw wkh vpdoohvw hohphqw pxvw eh lqyroyhg
lq dw ohdvw gojqh frpsdulvrqv ri wkh deryh w|sh dqg wkh dgyhuvdu| vfhqdulr lv
wr �qg vxfk d vwudwhj|1

Vr khuh lv wkh dgyhuvdu| vwudwhj|= ghflgh { ? |/ li { kdv qhyhu orvw ehiruh
dqg | kdv ru li erwk kdyh qhyhu orvw ehiruh wklv frpsdulvrq dqg { kdv zrq
pruh frpsdulvrqv wkdq | dv ri qrz1 Lq wkh uhpdlqlqj fdvhv/ pdnh d ghflvlrq
frqvlvwhqw zlwk suhylrxv uhvxowv1

Zh vd| { vxshuvhghv | hlwkhu li wkh| duh wkh vdph ru li { ehdwv | dqg | zdv
xqehdwhq sulru wr wklv ru li { vxshufhghv } zklfk vxshufhghv |1 Dq hohphqw wkdw
kdv zrq s frpsdulvrqv +lq zklfk wkh rwkhu hohphqw kdv qrw orvw wr dq| hohphqw
sulru wr wklv frpsdulvrq, dqg orvw qrqh fdq vxshufhgh dw prvw 5s hohphqwv1 Exw
wkh vpdoohvw hohphqw pxvw vxshufhgh q hohphqwv dw wkh hqg1 Khqfh lw pxvw kdyh
ehhq lqyroyhg lq gojqh gluhfw frpsdulvrqv1 Wklv frpsohwhv wkh surri1
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