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Chapter 1

Ratio Optimization

The main problem considered here is of the form minzeg[%]. Throughout this
discussion, we assume that g(z) # 0V z € S. If S is convex, then this is the
same as assuming that g(z) >0V x € S or g(zr) <0V x € S. We may assume
that the former holds without loss of generality. If f and g are affine and S is
a convex polyhedral set, then the problem is known in the literature as a linear
fractional program (LFP). It is this problem that we shall address mainly in this
chapter, although the techniques are also applicable to some nonlinear versions.
We begin with a precise statement of the problem:

1.0.1 Problem 1
cr + «
max P

Note: The problem is not well defined if

Az < b;x > 0.

F2%€ 83 A2 <b;2° > 0;dz® + =0
Since the set of feasible solutions is a convex set, we must have either
dr+0>0VzeS

or

de+8B<0VzeS

Without loss, we will assume from now on that de + 5 > 0V z € S. (Please
note that this can be checked by using LP.)

There are basically four approaches to this problem in the literature: (i)Isbell-
Marlow methods; (ii)Charnes-Cooper methods; (iii) Dinkelbach-Jagannathan ap-
proach; and (iv)Charnes-Martos methods. We shall discuss all the methods
along with relative merits of each.



1.1 Charnes-Cooper Approach
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This work deals primarily with LFP. The main idea is to convert the
problem to the following LP in

which ¢ is a scalar:

1.1.1 Problem II
max cy+at: Ay—bt <0; dy+pt=1; y>0; t>0

Facts:
1. If 29 is feasible to I, then (y°, t9) is feasible to IT where

1
9 = T Jrﬂ; Y0 = %% ey + at® = 1%(ca® + ).
x

2. If (9, t°) is feasible to II and t° > 0, then 20 = Y is feasible to I and

t0
0 4+atO
C.’,UO +a= &y ot toat .

- is optimal for L.

3. If (y*, t*) is optimal for IT and ¢t* > 0, then z* =
4. II unbounded and I is feasible <= I unbounded. Indeed 3 a ray on which

each is unbounded
Proof: If II is unbounded, then

Fy0 195 Ay —0t® < 0; dy+8t° = 0; e®+at® > 0; > 0;tY >0

t0 = 0; else 20 = }t%o satisfies the relations Az = b; 20 > 0; d2® + 3 =
0. This contradicts the assumption that 3 no such z € S. Hence the

conditions are equivalent to the relations:
Ay’ <0;9° > 0; dy® =05 ey® >0

Let x° be any feasible solution to I. Consider z(f) = 2z° + 0y°. Clearly

x(0) is feasible to IV 6 > 0 and 2223))1% = Cmo(;%‘i%‘jyo — 00 as 0 — oo.

Conversely, if T is unbounded, then for

cx(M) +«

VM 3 x(M)> Az(M) <b; x(M’)ZO;W >

M



Consider the sequence (y(M), t(M)) where t(M) = m and y(M) =

x(M)t(M). Each member of this sequence is feasible to II and cy(M) +

at(M) = %):‘% > M. Hence II is also unbounded.

. If II has optimal solutions and in every optimal solution to II ¢ = 0, and
I is feasible, then I has a supremum which is not attained, and this case
is called the asymptotic case. Further, it is possible to produce e-optimal
solutions V € > 0. Also, 3 a ray on which the value tends to the supremum.

Proof: Since II has optimal solutions by the hypothesis, I is not un-
bounded. If T has an optimal solution z, then by (1) above, t0 = m,
y? = 29¢% is an optimal solution to II with t° > 0; this is a contradiction
to the assumption. Thus, I is asymptotic and has a supremum, w*, which
is not achieved by any solution. Let (y*,0) be an optimal solution to II.
Hence,

Ay* <0;y" > 0;dy™ =1
Claim: cy* = w*
(¢)ey™ > w* : Let x° be an e-optimal solution to I and let % +8>
w* —e. Consider (y°,tY) with the same meanings for these as before. This
is feasible to II and

chJroz
> *
dxo—l—ﬁ*w

cy0+at0: —€

Since this is true, V € > 0, (i) follows.

(ii)cy* < w* : Suppose not; cy* > w*. Consider z(0) = z° +0y* for § > 0.
Clearly this is feasible to I.

c(z% + 0y*) + « B cx® + o+ fey*
d(z0+0y*)+ 3  dad+3+0

— cy* as f — oo

and 6 can be chosen so that this value is greater than w*. But this
would lead to a contradiction. Hence, the claim. The e-optimal solution
promised before is produced by choosing an appropriately large value for
6 in x(0) = 20 + Oy*.

M [Ar <bjx>0=dr+ 5 =0],and [T = {z: Az < b; x > 0} # ¢|,
then IT is infeasible.

Proof: Clearly 3 no solution to II with ¢ > 0. Thus, suppose 3 y >
Ay <0;y >0;dy = 1. Let 20 € S. d(2° +y) + 3 > 1 > 0 which is a
contradiction to the assumption that de + =0V x € S.



1.1.2 Advantages

1. This approach shows that LFP is polynomially reducible to LP and, hence,
is polynomially solvable.

2. One can derive duality results by using similar results for LP and trans-
lating them.

3. All the possibilities are clearly indicated.

Disadvantages:

1. Changes the constraint set; any special structure that might have been
used to advantage is lost. For example, if the original set of constraints
were that of the transportation problem we would lose that.

Some very fundamental relationships between the two problems should be
discussed before we go on.

Theorem 1 Extreme points of T = {x : Az < b; x > 0} are in one-to-one
correspondence with extreme points of Q = {(y,t) : Ay — bt < 0; dy + Gt = 1;
y>0;t>0} witht > 0. We assume that t € T = dx+ (> 0.

Proof: (i) Let 2% be an extreme point of T. Let t° = °+,6 and y° = z%0.

Clearly (y ,to) € Q. Suppose it is not an extreme point of ). Then (y°,
) (yh, t1) + (1 — v)(y?, t?) for some points (y?, /) € Q for j = 1,2 and
€ (0,1). Since t° > 0, at least one of ¢, t2 must be positive.
Case (i): ' >0;¢* >0

Let:z:l—t,,z—12 then

t! 1—a)t?
0 _ @ 2+ (1-a) 22
at! 4+ (1 — a)t? att 4+ (1 — a)t?
This is a contradiction to the hypothesis that z° is an extreme point of T.
Case (i) : t' =0
Let 22 = % Then,

(1—a)z?t? + ay!

0 _
T 1-a)?
_ 2, a4
= Tt a—aeY
1,5 a P I 3o 1
_ 1 1 o> 1.1
PR Tr e R Lt Tr wp oL (L.1)

This again is a contradiction to the assumption that x° is an extreme point of
T. Hence an extreme point of T' corresponds to one of Q.



To show the converse, suppose that (y°, t°) is an extreme point of Q with

t® > 0. Then 29 = g—g is an extreme point of T.

Proof: Suppose not. Let 20 = ax! + (1 — a)2?. Let ¢! = dm—lJrﬁ > 0; and
S )+ A
contradiction to the assumption that (y°, t°) is an extreme point of (. Hence
20 is an extreme point of 7.

y' = tiz® for i = 1,2. Hence (y°,t°) = But this is a

Theorem 2 FEztreme points of Q with t = 0 correspond to extreme rays of T
with dx > 0.

Proof: Let (y,0) be an extreme point of Q. Clearly, dy > 0 and, hence, y # 0.
Let z = e,—yy [Ay <0,y >0, dy > 0, y extreme point of Q] = [Az <0, z >0,
dr > 0, e’z = 1], z is an extreme point of this system and, hence, an extreme
ray of T.

An extreme ray x of T corresponds to an extreme point of 77 = {z : Az = 0;
x > 0; elx =1}. If dv > 0, then y = - is an extreme point of @ with ¢ =0
and dy =1 > 0.

Theorem 3 FEztreme rays of Q correspond to extreme rays of T with dx = 0.

Proof: Let (y°, t) be an extreme ray of Q. Hence Ay® —bt® < 0; dy® +5t° = 0;
Y0 > 0;t° > 0; (° %) # 0. If t° > 0, then 2° = }t%o € T and da® + 3 = 0;
a contradiction. Thus, t° = 0. Hence, y° # 0; let 20 = ei/zo. dz® = 0. Also,

20 > 0; Az® < 0; efz® = 1. It is easy to show that 20 is an extreme point of
this set and, hence, an extreme ray of T' by contradiction. Hence, the result.

These theorems and their proof techniques apply to the pair {z : Az = b;
x>0} and {y,t: Ay —bt =0; y > 0; t > 0} as well.

1.2 Isbell-Marlow Methods
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In order to develop these methods, we need to study properties of ratio
functions first.
Def: A function f : R"® — R is said to be a quasimonotone differentiable
function if: (i) it is differentiable, and (i) f(z!) > f(2?) = (2! —2?)V f(2?) >
0V 2% € [2%, 2?] and V 2!, 22, where 2!, 2] is the line segment joining these
two points.

Lemma 4 Let f(z) be as in LFP. Then f is a quasimonotone differentiable
function.



Proof: Vf, in our case, is given by the relation:

(dx+ B)e — (cx + a)d
(dz + 5)?

Suppose %ﬁi—% > %ii% and 29 € 2!, 22]. Then, 36 € [0,1] 3 20 = 2! + (1 -

0)x? . We want to show that:

V() =

(dz® + B)e(z! — 2?) — (ca® + a)d(z' — 2%) > 0 (1.2)
If welet a = ca! +o; b=da' + 3; g = ca® + o; and h = da? + 3, then

cx®+a=0a+(1—0)g;d® + 3 =0b+ (1—0)h;(a/b) > (g/h) (1.3)
Showing (1.2) is equivalent to showing (1.4) where
[0b+ (1 —6)hlla — g] — [fa+ (1 —0)g][b—h] >0 (1.4)

To show (1.4) we note that in (1.4)

LHS = [fab+ (1 —60)ah —0bg — (1 —0)gh] — [fab+ (1 — 0)bg — Oah — (1 — 0)gh]
= ah—\bg
> 0 (1.5)

as required.

Consider the problem: minges f(z) where S is a convex set and f is a
differentiable quasimonotone function. Then the following algorithm (that starts
with a feasible solution) produces an improving sequence of feasible solutions:

Algorithm: Start with z° € S. Solve mingecg [Vf(2°)z]. If 2° solves this
problem, it is an optimal solution to the original problem. If not, a new improved
solution x' is obtained and the algorithm continues.

If S is a convex polyhedral set, then we may start the algorithm at an
extreme point 0 of S. In this case, the algorithm solves an LP at each step
and, hence, each solution in the sequence may be taken to be an extreme point
of S. If 20 solves the LP, we are done since it solves the original problem. If
a better extreme point is visited by the algorithm, then the last such point (in
case of unboundedness) is the next point for the algorithm. Thus, the algorithm
will terminate finitely in this case assuming that S is bounded as well. If, at
some stage of the algorithm, no adjacent extreme point of 20 is better and
the subproblem is unbounded, then, in general, we are stuck. There are three
possibilities in this case: (i) 3 finite optimal solution to the original problem;
(ii) the original problem is unbounded; and (iii) a finite lower bound that is not
achieved — asymptoticness. We will show later how to detect case (i); detecting



(ii) or (iii) will, in general, be more difficult for general f. An interesting open
question: Is there a polynomially bounded algorithm for this problem given that
there is one for LP?

Now we continue the discussion of the special case of LFP. Isbell and Marlow
give a special algorithm for this case; we first describe their algorithm and then
show it is a special version of the above.

Isbell-Marlow Algorithm: Step 0: Select z° € S (Use Phase I of LP for
example); k=0
Step 1: Let w* = <&ta
Step 2: Solve the LP: mingeg[(c — w*d)z]; if 2* solves this LP, stop — " is
the required optimal solution to the original problem. If not, let z*t! be an
optimal solution to this problem, if one exists (Isbell and Marlow assume that
S is bounded throughout their analysis) and go to Step 1 with & increased by
1.
End

If f(z) = S£2 then
n n [c — (cx”+a) d]

Vf(.%‘n) — [(dl‘ + ﬁ)c - (C-Z' + Oé)d} _ (dz="+3)

(dz™ + )2 dz" + 3

Hence, maxes((c — w"d)x] is equivalent to max,cs[V f(z™)x]. Let S = {z :
Ax =b;x >0} and let de + 8 > 0V 2 € S. If the LP above is unbounded at
some step,

3293529 >0; A2° = 0; (¢ — w"d)2® > 0
Clearly, dz° > 0; else d(z + 02°) + 3 < 0 for sufficiently large 6. If dz® = 0,

then the original problem is unbounded; for x + 29 is feasible to the original

(0]
problem V 6 > 0, and Z(éi%;o))ig = Cm*&‘;i%“() — 00 as § — oo. If da® > 0, then

0
cx
w" < q20 " Then,

c(x+02%)+a  cx+a+bex® cal S W' a5 — oo
= — — 0.
d(x +602°)+ 5 dx+[3+0dx®  daf

In this case, define w™t! = ;L;; and go to Step 3.
(c—w"d)(z 4+ 02°) = cx+ 0ca® — w T (dx + 0da®)
= (c—w" M d)x 4 0(c — w"d)z?
= (c—w"Md)x (1.6)

If the optimal value to max,eg[(c — w"Ttd)z] > w13 — «, then we use the
new value in Step 3. If the problem is unbounded, we get a new ray and
its w or the implication that the original problem is unbounded. If optimal
value equals w13 — «, then this solution is the required optimal solution to



the original problem. If the max value is less, than we have the asymptotic
case. 3noz € § > &2 > yntl and (x + 02°) above satisfies the relation:

dz+3
(0]
%(%;Lg — w™t! as § — oo and is the asymptotic solution to the original

problem.

1.3 Martos-Charnes-Cooper Methods
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The fundamental idea is the same as in the simplex method of moving from
an extreme point to a better adjacent one until none exists. A function f: R™ —
R is said to be quasiconvez if X € [0,1] = f(A\z! + (1 — N)z?) < max[f(z?),
f(x?)]. f is said to be explicitly quasiconvez if f(x') # f(2?) = f(Aa! +
(1 — Nz?) < max[f(z!), f(2?)]VA € (0,1). In other words, the only “flats”
that are permitted are at the global minimum. Explicit quasiconcavity is defined
similarly.

Lemma 5 Let S be a closed conver set and f be a quasiconcave (quasiconvex)
function on S. Then, if minges[f(z)] (max.es[f(x)]) is achieved, it is achieved
at an extreme point of S (assuming one exists).

Lemma 6 Let S be a closed convex set and f be an explicitly quasiconver (ex-
plicitly quasiconcave) function over S. Then, each local minimum (mazimum,)
is a global minimum (mazimum,).

Lemma 7 The function %_‘;—% is both explicitly quasiconvex and explicitly qua-

siconcave.

These lemmas are the basis for the adjacent vertex methods like the simplex
algorithm. We will now consider the case of LFP in detail.



Algorithm: Let B be a feasible basis; ¢ = c—cgB 'Aand d =d—dgB ' A.
Suppose z; is nonbasic. The adjacent vertex produced by increasing xj main-
taining all other nonbasic variables at 0 is given by &5 = zp + (B 1A) ;;;
xj = &; and x, = 0V r nonbasic and r # j. It is easy to show that:
cT+a  cr+a+ il
di+ 8 dr+ B+ d;i;
If we let the value corresponding to the basic solution for the basis B be 0, the
new solution Z is “better” iff ¢; — 6pd; < 0. This is the criterion for entering
variable selection. In case the entering variable is x; and @; s < 0, there are two
cases to consider:
(i) ds = 0 — in this case, the problem is unbounded;
(ii) ds > 0 — Let 6 = = and repeat the process.

If the last value of 6 corresponds to the form %j;—ﬁ, then we have an optimal

solution; if it is of the form (ii) above, then we have the asymptotic case.

1.4 Dinkelbach-Jagannathan Methods
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This approach rests on the following results.

Lemma 8 Let \* = mlnmeg[f(w)], and O(\) = mingeg|[f () —Ag(z)]. Then, the
sign of (\*—X) is the same as that of (X). (It is assumed that g(x) >0V z € S.)

Proof: \* —A>0= ()>)\V:1:€S hence f(z) — Ag(z) >0V z € S, and

hence,#(\) > 0 if minimum is achieved. If \A*—X < 0,3 z* 3 \* = fgm = <A and

hence, f(A) < 0. If A = 3", Fo* 3 f(2*) — A\g(z*) = 0; and L& > \*Vz € 5,
and hence, (\) >0V z e S.
Suppose mingeg[L (;)] is not achieved but Hlfmes[f( )] = A*. Then, the

sign of A* — X is the same as that of inf ,cs[f(2) — Ag(z)], and this is never
achieved. The proof for this is similar to the previous one. If minzeg[%] is



unbounded, then min,eg[f(z) — Ag(z)] < 0 ¥ A. Thus, we have a scheme in
some instances to solve minmeg[%] by solving minges[f(z) — Ag(z)] instead;
varying the parameter A\ will give us the optimal value \* through a binary
search on A. Recall that if 2* solves mingeg[f(x) — A*g(z)], then it also solves
the original problem. Now we apply these to LFP.

Lemma 9 LFP is unbounded iff the LP: mingecg[(cx + o) — Mdz + B)] is un-
bounded ¥V \.

Proof: We have already shown that LFP is unbounded iff 3 20 5 20 > 0;
Az = 0; cx < 0; dz® = 0. Also the LP is unbounded for a fixed X iff 3 2! >
! > 0; Az' = 0; ca — Adx! < 0. For such a fixed extreme ray, z! of {z : x > 0;

Az = b}, if de! > 0, then, for A\ < %, we have cx! — Adx! > 0. Thus, if the LP
is unbounded for all )\, we must have an extreme ray 22 > do? = 0 and cz? < 0.
The converse is easy.

It is easy to see that if z* is an optimal solution to LFP with %ﬁi—% =\,
for A = \*, the LP has a minimum value equal to 0 and =™ is optimal.

Lemma 10 The LFP is asymptotic iff the LP has an optimal solution with
manimum value less than OV A < \* and ¥V A > \* it is unbounded.

Proof: LFP asymptotic <=[3 2% 3 2% > 0; 42° = 0; \* = gi;,] and LFP is not
unbounded. Hence, A > \* = c2® — Adz® < 0; hence, the LP is unbounded
for A > A\*. Since gii% >SANVzeS A<\ = % > AV x € S. Hence,
the LP value is positive. Hence, minimum exists and is positive. For A = \*,
VaxeSs, gﬁi% > A and, hence, (cx + a) — A\(dx + 8) > 0; again maximum exists
for the LP and is positive.
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