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Sureohp 4 Wkh iroorzlqj sureohp lv nqrzq dv wkh Olqhdu Surjudpplqj Sure0
ohp ru vlpso| dv wkh Olqhdu Surjudp=

plq^
q[

m@4

fm{m =
q[

m@4

dl>m{m @ el> 4 � l �p>{m � 3> 4 � m � q`

Wkh vdph sureohp fdq dovr eh vwdwhg lq pdwul{ irup dv=

plq^f{ = D{ @ e>{ � 3`

zkhuh D lv d p � q pdwul{/ e lv d p0yhfwru/ dqg f dqg { duh q0yhfwruv1 Wkh
ghflvlrq yduldeohv lq wkh sureohp duh wkh i{mj1 Wklv sduwlfxodu irup ri wkh olqhdu
surjudp lv fdoohg d vwdqgdug irup1 Lw lv vr fdoohg ehfdxvh dq| olqhdu surjudp fdq
eh zulwwhq lq wklv irup1 Wkhuh duh rwkhu vwdqgdug irupv wkdw duh xvhixo lq rwkhu
frqwh{wv> wklv sduwlfxodu rqh lv xvhixo lq wkh frqwh{w ri wkh vlpsoh{ dojrulwkp1
Zh qrz vwdwh wkh rwkhu irupv=

Sureohp 5 Wkh lqhtxdolw| irup lv=

plq
q[

m@4

fm{m =
q[

m@4

dl>m{m � el> 4 � l �p>{m � 3> 4 � m � q

zklfk lv pdwul{ irup orrnv olnh=

plq f{ = D{ � e>{ � 3

Wkhuh lv dqrwkhu vwdqgdug lqhtxdolw| irup=

pd{
q[

m@4

fm{m =
q[

m@4

dl>m{m � el> 4 � l �p>{m � 3> 4 � m � q

zklfk lv pdwul{ irup orrnv olnh=

pd{ f{ = D{ � e>{ � 3

Sureohp 6 Wkh prvw jhqhudo iru:p ri d olqhdu surjudp kdv wkuhh nlqgv ri
frqvwudlqwv= htxdwlrqv/ lqhtxdolwlhv ri wkh w|sh �> lqhtxdolwlhv ri wkh w|sh �1 Lw
kdv wkuhh nlqgv ri yduldeohv= wkrvh wkdw duh uhtxluhg wr eh � 3> wkrvh wkdw duh
uhtxluhg wr eh � 3> dqg wkrvh wkdw fdq wdnh rq srvlwlyh/ qhjdwlyh ru }hur ydoxh ~
wkhvh duh fdoohg xquhvwulfwhg +lq vljq, yduldeohv1 Wkhuh duh wzr srvvlelolwlhv iru
wkh remhfwlyh ixqfwlrq= pd{lpl}h ru plqlpl}h1 Wkxv wkh jhqhudo OS pd| orrn
olnh wkh iroorzlqj lq pdwul{ irup=

plq+pd{,f4{4 . f5{5 . f6{6

D44{4 .D45{5 . D46{6 � e4

D54{4 .D55{5 . D56{6 � e5

D64{4 .D65{5 . D66{6 @ e6

{4 � 3>{5 � 3>{6 xquhvwulfwhg
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H{huflvh Vkrz krz wr frqyhuw hdfk rqh ri wkhvh irupv wr wkh rwkhu1

Sohdvh qrwh wkdw wkhuh lv qr uhvwulfwlrq rq wkh qxpehu ri yduldeohv ru wkh
qxpehu ri frqvwudlqwv +dv wkh| orqj dv wkh| duh �qlwh$,1 Ri frxuvh zh h{shfw
wkdw wkh vroxwlrq ri d odujhu sureohp zloo wdnh pruh wlph1

Zkdw lv qrw doorzhg= Vwulfw lqhtxdolwlhv vxfk dv ? ru A> uhtxlulqj wkdw wkh
yduldeohv wdnh rq rqo| lqwhjhu ydoxhv1 +wkh odwwhu lv uhdoo| d qrqolqhdu frqglwlrq
ri wkh w|sh vlq+�{m, @ 3,1

Uhgxqgdqw htxdwlrqv=

Li wkh vhw ri vroxwlrqv lv xqdowhuhg e| gursslqj dq htxdwlrq iurp +dgglqj wr,
d v|vwhp/ wkhq wklv htxdwlrq lv vdlg wr eh d uhgxqgdqw htxdwlrq +d vlplodu
vwdwhphqw dssolhv wr dq| frqvwudlqw,1 Lq sduwlfxodu/ li dl>m @

S
n 9@l �ndn>m > el @S

n 9@l �nen/ wkhq wkh lwk htxdwlrq lv fohduo| uhgxqgdqw1 Lqghhg doo uhgxqgdqw
htxdwlrqv duh ri wklv w|sh1 Yhu| riwhq zh zloo dvvxph wkdw wkhuh duh qr vxfk
htxdwlrqv lv rxu v|vwhp> zh dovr surylgh phdqv wr whvw li wklv lv wkh fdvh ru qrw1

Slyrw Rshudwlrq=

Wklv lv wkh fhqwudo rshudwlrq lq wkh vlpsoh{ dojrulwkp1 Lw lv htxlydohqw wr vroylqj
iru vrph yduldeohv lq whupv ri rwkhuv1 Lw lv grqh zlwk uhvshfw wr d qrq}hur
frh�flhqw du>v fdoohg wkh slyrw hohphqw> u lv fdoohg wkh slyrw urz dqg v wkh slyrw
froxpq1 Wkh surfhvv ri wkh vhohfwlrq ri wkhvh lqglfhv zloo eh glvfxvvhg odwhu1

Frqvlghu wkh v|vwhp ri htxdwlrqv=

q[
m@4

dl>m{m @ el> 4 � l � p

Ohw du>v 9@ 31 Wkhq/ slyrw rshudwlrq fduulhg rxw rq wklv hohphqw phdqv wkh
iroorzlqj fkdqjhv wr wkh v|vwhp=

41 Uhsodfh Hu/ wkh uwk htxdwlrq e| 4

du>v
Hu1 Wkxv/ Hqhz

u @ 4

drogu=v

Hrog
u 1

51 Hqhz
l @ Hrog

l � drogl>v

drogu>v

Hrog
u @ Hrog

l � drogl>vH
qhz
u > l 9@ u1

Zh fdq dovr ylhz wklv rshudwlrq lq whupv ri wkh ydoxhv ri qhz qxpehuv +diwhu
wkh slyrw rshudwlrq, lq whupv ri wkh rog rqhv dv iroorzv=

dqhzu>m @
drogu>m

drogu>v

> eqhzu @ erogu

drogu>v

dqhzl>m @ drogl>m � drogl>v d
rog
u>m

drogu>v

> eqhzl @ erogl � drogl>v

drogu>v

erogu > l 9@ u

Ilqdoo|/ zh fdq dovr vhh wklv rshudwlrq lq whupv ri pdwulfhv dv iroorzv=

^D{ @ e`+, ^H�4u>vD{ @ H�4u>v e`
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zkhuh Hu>v lv rewdlqhg e| uhsodflqj wkh uwk froxpq ri dq lghqwlw| pdwul{ e| wkh
vwk froxpq ri wkh pdwul{ D1 Vxfk d pdwul{ lv fdoohg dq +froxpq, hohphqwdu|
pdwul{1

Wkh lpsruwdqw surshuw| ri wklv rshudwlrq lv wkdw wkh vhw ri vroxwlrqv lv qrw
dowhuhg e| lw1 Wklv lv txlwh hdv| wr vhh1

f���� EB@�tt�aLh_@?� �@?L?�U@* 6Lh4G

Li D lq wkh deryh htxdwlrqv lv ri wkh irup D @ ^L �D`/ +srvvleo| diwhu shupxwlqj
lwv froxpqv,/ wkhq zh vd| wkdw wkh htxdwlrqv duh lq +Jdxvv0Mrugdq, fdqrqlfdo
irup1 Zulwwhq lq plfurvfrslf irup wklv zrxog orrn olnh>

5
999997

{4 .�d4>p.4{p.4 � � � .�d4>q{q @ �e4
{5 .�d5>p.4{p.4 � � � .�d5>q{q @ �e5

1 1 1
111

1 1 1
111

111
111

{p�4 .�dp�4>p.4{p.4 � � � .�dp�4>q{q @ �ep�4
{p .�dp>p.4{p.4 � � � .�dp>q{q @ �ep

6
:::::8

Wkh �uvw p yduldeohv duh fdoohg edvlf +ghshqghqw, yduldeohv dqg wkh uhpdlqlqj
duh qrqedvlf +lqghshqghqw, yduldeohv1

Wkhruhp 7 Jlyhq d v|vwhp ^D{ @ e` dqg d vhw i{4> {5> ====> {pj ri edvlf ydul0
deohv/ wkhuh lv dw prvw rqh fdqrqlfdo irup1

Surri= Vxssrvh wkdw wkhuh duh wzr fdqrqlfdo irupv fruuhvsrqglqj wr wkh vdph
v|vwhp ^D{ @ e` dqg wkh vdph vhw ri edvlf yduldeohv1 Ohw wkhvh eh=

5
999997

{4 .�d4>p.4{p.4 � � � .�d4>q{q @ �e4
{5 .�d5>p.4{p.4 � � � .�d5>q{q @ �e5

1 1 1
111

1 1 1
111

111
111

{p�4 .�dp�4>p.4{p.4 � � � .�dp�4>q{q @ �ep�4
{p .�dp>p.4{p.4 � � � .�dp>q{q @ �ep

6
:::::8

dqg
5
9999997

{4 .ad4>p.4{p.4 � � � .ad4>q{q @ ae4
{5 .ad5>p.4{p.4 � � � .ad5>q{q @ ae5

1 1 1
111

1 1 1
111

111
111

{p�4 .adp�4>p.4{p.4 � � � .adp�4>q{q @ aep�4
{p .adp>p.4{p.4 � � � .adp>q{q @ aep

6
::::::8

Li wkh ydoxhv ri wkh qrqedvlf yduldeohv duh �{hg/ wkhq wkhuh lv d xqltxh vhw ri
ydoxhv iru wkh edvlf yduldeohv +wklv lv wkh uhdvrq iru fdoolqj wkh edvlf yduldeohv
ghshqghqw,1 Vlqfh wkhvh wzr irupv fruuhvsrqg wr wkh vdph vhw ri htxdwlrqv/ wkh
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vroxwlrq vhwv duh wkh vdph1 Lq sduwlfxodu/ vhwwlqj doo qrqedvlf yduldeohv htxdo
wr }hur/ wkhuh lv rqo| rqh vroxwlrq ~ {l @ �el @ ael> 4 � l � p1 Wklv hvwdeolvkhv
wkdw wkh uljkw vlghv duh htxdo1 Qrz frqvlghu wkh vroxwlrq rewdlqhg e| vhwwlqj
doo qrqedvlf yduldeohv h{fhsw {l htxdo wr }hur dqg {l @ 4>p. 4 � l � q1 Wkh
fruuhvsrqglqj ydoxhv ri wkh edvlf yduldeohv duh dovr xqltxh ~ {m @ �em � �dm>l @
aem � adm>l> 4 � m � p1 Vlqfh �em @ aem > 4 � m � p/ lw iroorzv wkdw �dm>l @ adm>l> 4 �
m � p>p. 4 � l � q1 Khqfh wkhvh wzr irupv duh lghqwlfdo1 Khqfh wkh uhvxow1�

Wkh vdph uhvxow fdq dovr eh vkrzq lq pdwul{ irup1 D slyrw rshudwlrq pdnhv
xvh ri dw prvw R+q5, rshudwlrqv +dgglwlrqv/ vxewudfwlrqv/ pxowlsolfdwlrqv dqg
glylvlrqv, iru d pdwul{ ri vl}h q� q1 Lw lv wkh fhqwudo rshudwlrq lq wkh vlpsoh{
dojrulwkp xvhg wr vroyh olqhdu surjudpv1 Zh qrz ghvfuleh wklv dojrulwkp1

Frqvlghu wkh OS= ^plq
Sq

m@4 fm{m =
Sq

m@4 dl>m{m @ el> 4 � l � p`1
Dvvxpswlrqv=

41 Wkh v|vwhp lv lq fdqrqlfdo irup dqg wkh uljkw kdqg vlgh qxpehuv +u1k1v,
duh qrqqhjdwlyh1 Vxfk d fdqrqlfdo irup lv vdlg wr eh d ihdvleoh fdqrqlfdo
irup1

51 Wkh sureohp lv qrqghjhqhudwh1

61 fm @ 3 li wkh yduldeoh {m lv edvlf1

Wkh vroxwlrq rewdlqhg e| vhwwlqj wkh qrqedvlf yduldeohv htxdo wr }hur lv fdoohg
wkh _fxuuhqw edvlf vroxwlrq%1 Wklv vroxwlrq kdv wkh edvlf yduldeohv htxdo wr u1k1v1
Lw lv ihdvleoh li wkh fdqrqlfdo irup lv dovr ihdvleoh> l1h1 wkh u1k1v lv qrqqhjdwlyh1

Li wkh ydoxhv ri doo fm duh dovr qrqqhjdwlyh/ wkhq wklv vroxwlrq lv dovr rswlpdo1
Li qrw/ vhohfw d yduldeoh {m zlwk fm ? 3 dqg lqfuhdvh wklv yduldeoh xqwlo rqh +ru
pruh, ri wkh edvlf yduldeoh jrhv grzq wr }hur1 Sohdvh qrwh wkdw lq wklv surfhgxuh/
rqo| rqh qrqedvlf yduldeoh lv ehlqj lqfuhdvhg iurp }hur dw dq| jlyhq wlph1 Zh
dgmxvw wkh ydoxhv ri wkh edvlf yduldeohv vr wkdw wkh htxdwlrqv duh vdwlv�hg dw
doo wlphv1 Li wkh qrqedvlf yduldeoh vhohfwhg wr eh lqfuhdvhg lv {v dqg wkh edvlf
yduldeoh wkdw gursv wr }hur +dvvxph iru qrz rqo| rqh grhv, lv {u1 Qrz zh qhhg
d qhz fdqrqlfdo irup lq zklfk wkh urohv ri yduldeohv {v dqg {u duh uhyhuvhg>
l1h1 qrz {v vkrxog eh edvlf dqg {u vkrxog eh qrqedvlf1 Wklv lv dfklhyhg e|
d slyrw rshudwlrq rq du>v> wkh idfw wkdw {u zhqw grzq wr }hur zkhq {v zdv
ehlqj lqfuhdvhg dvvxuhv xv wkdw du>v lv qrw rqo| qrw }hur/ exw srvlwlyh1 Wkh
qhz fdqrqlfdo irup kdv dv lwv fxuuhqw vroxwlrq rqh zklfk lv _ehwwhu% wkdq wkh
suhylrxv rqh1 Wkh surfhvv lv uhshdwhg xqwlo zh fdq qrw lpsuryh dq| pruh1 Dw
wklv srlqw lq wlph zh nqrz wkdw fm lv qrqqhjdwlyh iru doo m1 Wkhuh lv rqh rwkhu
srvvlelolw| ~ zkhq zh lqfuhdvh {v qrqh ri wkh edvlf yduldeoh ghfuhdvhv1 Lq wklv
fdvh lw lv fohdu wkdw dl>v � 3 ; l1 Lw vkrxog dovr eh fohdu/ wkdw lq wklv fdvh/ wkh
remhfwlyh ixqfwlrq whqgv wr �4 dv zh lqfuhdvh {v1 Zh ghqrwh wklv skhqrphqrq
dv _Sureohp lv xqerxqghg%1 Lq sudfwlfh/ zh kdyh wr fkhfn zkdw zh kdyh plvvhg1
Wkhvh duh wkh rqo| wzr phwkrgv ri h{lw iurp wkh dojrulwkp1 Qrz zh vkrz wkdw
wkh dojrulwkp grhv vwrs diwhu d �qlwh qxpehu ri vwhsv1
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Dw dq| vwhs ri wkh dojrulwkp/ zh kdyh d fdqrqlfdo irup wkdw orrnv olnh=

5
99999997

{4 .�d4>p.4{p.4 � � � .�d4>v{v � � � .�d4>q{q @ �e4
{5 .�d5>p.4{p.4 � � � .�d5>v{v � � � .�d5>q{q @ �e5

1 1 1
111

1 1 1
111

1 1 1
111

111
111

{p�4 .�dp�4>p.4{p.4 � � � .�dp�4>v{v � � � .�dp�4>q{q @ �ep�4
{p .�dp>p.4{p.4 � � � .�dp>v{v � � � .�dp>q{q @ �ep

�} .�fp.4{p.4 � � � .�fv{v � � � .�fq{q @ ��}3

6
:::::::8

Ohw xv vxssrvh wkdw plqm �fm @ �fv ? 3> khqfh wkh hqwhulqj yduldeoh lv {v1
Ohw xv dovr vxssrvh wkdw wkh slyrw rshudwlrq dw wklv vwhs lv durxqg wkh hohphqw
�du>v{v> sohdvh qrwh wkdw lq wklv fdvh wkdw �du>v A 3>�eu A 3> dqg �fv ? 31 Khqfh

+��}3,qhz @ +��}3,rog � �fv�eu
�du>v

� +��}3,rog

Vwulfw lqhtxdolw| krogv l� �eu A 3 dqg wklv krogv xqghu qrqghjhqhudf| dv0
vxpswlrq1 Wkxv/ zh fdq qrw kdyh wkh vdph fdqrqlfdo irup uhshdw1 khqfh wkh
vdph vhw ri yduldeohv fdq qrw uhshdw dv wkh edvlf vhw ri yduldeohv1 +Sohdvh qrwh zh
duh QRW pdnlqj wkh dvvhuwlrq wkdw d vlqjoh yduldeoh fdq qrw uhhqwhu wkh edvlv>
zh duh vlpso| dvvhuwlqj wkdw wkh ZKROH VHW fdq qrw uhshdw,1 Wkhuh duh rqo|
�qlwho| pdq| +

�
q

p

�
, ri vxfk vhwv wkdw duh srwhqwldo fdqglgdwhv iru ehlqj edvlf1

Khqfh wkh dojrulwkp lv �qlwh xqghu wkh qrqghjhqhudf| dvvxpswlrq1 Sohdvh qrwh
wkdw HYHQ xqghu qr vxfk dvvxpswlrq/ wkh deryh lqhtxdolw| uhjduglqj wkh ydoxh
ri } lv vwloo wuxh> vulfw lqhtxdolw| pd| qrw krog dq| orqjhu1 Wkxv/ li wkh dojr0
ulwkp grhv uhshdw d vhw ri edvlf yduldeohv/ wkhq lq ehwzhhq vxfk rffxuuhqfhv ri
wkh vdph edvlf vhw/ wkh ydoxh ri } grhv qrw fkdqjh1 Wkxv/ li zh kdyh vrph rwkhu
zd| ri vkrzlqj wkdw d edvlf vhw grhv qrw uhshdw/ zh vwloo kdyh d ydolg �qlwhqhvv
surri1 Wklv lv zkdw lv grqh iru wkh ghjhqhudwh fdvh odwhu1

f���2 A�L ��@tit Lu |�i 5�4T*i �i|�L_G

Uhfdoo wkdw zh qhhghg d ihdvleoh fdqrqlfdo irup wr VWDUW wkh vlpsoh{ dojr0
ulwkp1 Qrz zh wdnh xs wkh fdvh zkhq wklv lv qrw uhdglo| dydlodeoh1 Lqghhg/ wkh
sureohp pljkw eh lqihdvleoh lq zklfk fdvh qr vxfk irup h{lvwv1 Lq wklv vhfwlrq/
zh zloo lghqwli| li wkh sureohp lv lqihdvleoh dqg li lw lv ihdvleoh surylgh d ihdvleoh
fdqrqfldo irup1 Dqg doo wklv lv grqh xvlqj wkh vlpsoh{ dojrulwkp rq dq +uhodwhg,
duwl�fldo sureohp1

Frqvlghu wkh sureohp ^plq f{ = D{ @ e>{ � 3`1 Zlwkrxw orvv ri jhqhudolw|/
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zh fdq dvvxph wkdw e � 31 Qrz frqvlghu wkh iroorzlqj sureohp lqvwhdg>

plqzSq

m@4 dl>m{m . yl @ elSq

m@4 fm{m � } @ 3Sp

l@4 yl �z @ 3
{m � 3> 4 � m � q
yl � 3> 4 � l � p

Wklv sureohp frxog dovr eh zulwwhq dv= ^plq
Sp

l@4 yl = D{.Ly @ e>{ � 3> y �
3`1 Li < d ihdvleoh vroxwlrq {3/ wkhq {3 � 3>D{3 @ e1 Qrz +{3> 3, lv d ihdvleoh
vroxwlrq wr wkh vhfrqg sureohp dqg iru wklv vroxwlrq z @ 3 dqg khqfh lw lv
rswlpdo iru wkh vhfrqg sureohp1 Frqyhuvho|/ li wkh rswlpdo ydoxh iru wkh vhfrqg
sureohp lv 3/ wkhq lq wklv vroxwlrq y�l @ 3 iru doo l1 Khqfh lwv {� lv d ihdvleoh
vroxwlrq iru wkh ruljlqdo sureohp1 Lw lv hdv| wr surgxfh d ihdvleoh fdqrqlfdo irup
iru wklv sureohp dv vkrzq ehorz wr vwduw wkh vlpsoh{ dojrulwkp xvlqj =

5
9999999997

d4>4{4 .d4>5{5 .d4>q{q .y4 @ e4
d5>4{4 .d5>5{5 .d5>q{q .y5 @ e5

111
111

1 1 1
111

1 1 1
111

111
dp�4>4{4 .dp�4>5{5 .dp�4>q{q .yp�4 @ ep�4
dp>4{4 .dp>5{5 .dp>q{q .yp @ ep
f4{4 .f5{5 .fq{q �} @ 3

.y4 .y5 � � � .yp�4 .yp �z @ 3

6
:::::::::8

Wklv fdq eh frqyhuwhg wr
5
9999999997

d4>4{4 .d4>5{5 .d4>q{q .y4 @ e4
d5>4{4 .d5>5{5 .d5>q{q .y5 @ e5

111
111

1 1 1
111

1 1 1
111

111
dp�4>4{4 .dp�4>5{5 .dp�4>q{q .yp�4 @ ep�4
dp>4{4 .dp>5{5 .dp>q{q .yp @ ep
f4{4 .f5{5 .fq{q �} @ 3

�Sp

l@4 dl>4{4 �Sp

l@4 dl>5{5
Sp

l@4 dl>q{q � � � �z @ �Sp

l@4

e| vxewudfwlqj wkh �uvw p urzv iurp wkh odvw1 Qrz zh kdyh d fdqrqlfdo
irup vxlwdeoh wr xvh wkh vlpsoh{ dojrulwkp rq iru wkh vhfrqg sureohp1 li dw
rwlpdolw|/ z� A 3/ wkhq wkh ruljlqdo sureohp lv lqihdvleoh1 Li z� @ 3/ wkhq
zh kdyh wkh uhtxluhg fdqrqfldo irup iru wkh ruljlqdo sureohp wr fduu| rxw wkh
vlpsoh{ dojrulwkp rq wkh ruljlqdo sureohp wr rswlpdolw| ru xqerxqghgqhvv1
Sohdvh qrwh wkdw wkh duwl�fldo sureohp +wkh vhfrqg rqh, fdq qrw eh xqerxqghg1
Wklv frpsohwhv wkh ghvfulswlrq ri wkh wzr skdvhv ri wkh vlpsoh{ phwkrg1
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