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OLQHDU DOJHEUD

Yhfwru Vsdfh=
D yhfwru vsdfh Y ryhu d �hog U lv d vhw ri remhfwv fdoohg yhfwruv wrjhwkhu

zlwk wzr elqdu| rshudwlrqv1 Wkh �uvw rshudwlrq lv fdoohg dgglwlrq dqg iru hyhu|
sdlu ri yhfwruv x dqg y lq Y wklv rshudwlrq vdwlv�hv wkh iroorzlqj frqglwlrqv=

+l, x. y lv d xqltxho| gh�qhg hohphqw lq Y
+ll, x. y @ y . x
+lll, x. +y .z, @ +x. y, . z
+ly, < dq hohphqw lq Y fdoohg 3Y 6 x . 3Y @ 3Y . x @ x ;x 5 Y 1 Wklv

hohphqw lv fdoohg wkh +dgglwlyh, lghqwlw| ri Y=
+y, ;x 5 Y < d xqltxh hohphqw +�x, ri Y fdoohg wkh +dgglwlyh, lqyhuvh ri x

wkdw vdwlv�hv wkh uhodwlrq= +�x, 6 x. +�x, @ 3Y 1
Wkh vhfrqg rshudwlrq lv fdoohg vfdodu pxowlsolfdwlrq dqg lw vdwlv�hv wkh iro0

orzlqj frqglwlrqv=
+yl, �x lv dq hohphqw ri Y ;x 5 Y dqg ;� 5 U=
+yll, �+x. y, @ �x. �y ;� 5 U dqg x/ y 5 Y=
+ylll, +�. �,x @ �x. �x ;�/ � 5 U dqg ;x 5 Y=
+l{, �+�x, @ +��,x ;�/ � 5 U dqg ;x 5 Y=
+{, 4=x @ x> 3x @ 3Y zkhuh 3 dqg 4 duh wkh dgglwlyh dqg pxowlsolfdwlyh

lghqwlwlhv ri wkh �hog U dqg x 5 Y=
Wkh hohphqwv ri U duh fdoohg vfdoduv1 Wkh vhw ri doo q0wxsohv +d
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d
q
, lv fdoohg wkh yhfwru vsdfh ri q0wxsohv ryhu U li doo wkh d

l
5 U1 Wkh 3Y iru

wklv vsdfh lv wkh yhfwru +3> 3> ====> 3,1 Li U lv wkh �hog ri uhdov wkhq wklv vsdfh lv
ghqrwhg e| Uq=

Olqhdu Ghshqghqfh=
Li Y lv yhfwru vsdfh ryhu U dqg xl 5 Y dqg �

l
5 U> 4 � l � q/ wkhq

x @
S

l �l
xl lv fdoohg d olqhdu frpelqdwlrq ri wkh xl 1 wkh �3v duh fdoohg wkh

frh�flhqwv1 Wkh vhw ri doo olqhdu frpelqdwlrqv ri d jlyhq vhw ri yhfwruv lv yhfwru
vsdfh dqg lv vdlg wr eh wkh vsdfh vsdqqhg e| wklv vhw1 Li 3 fdq eh h{suhvvhg dv d
olqhdu frpelqdwlrq ri d vhw ri yhfwruv zlwk qrw doo wkh frh�flhqwv htxdo wr }hur
wkhq wklv vhw lv vdlg wr eh olqhduo| ghshqghqw1 D vhw wkdw lv qrw ghshqghqw lv
vdlg wr eh olqhduo| lqghshqghqw1 Li < d �qlwh vhw ri yhfwruv wkdw vsdqv d yhfwru
vsdfh wkhq wklv vsdfh lv vdlg wr eh �qlwh glphqvlrqdo dqg wkh fduglqdolw| ri d
plqlpdo vhw ri yhfwruv wkdw vsdqv d vsdfh lv fdoohg wkh glphqvlrq ri wkh vsdfh1
Vxfk d vhw ri yhfwruv lv fdoohg d edvlv ri wkh vsdfh1 Htxlydohqwo| d vhw ri olqhduo|
lqghshqghqw yhfwruv wkdw vsdqv wkh vsdfh lv fdoohg wkh edvlv1 Lw zloo wxuq rxw doo
wkhvh vhwv kdyh wkh vdph fduglqdolw| � wkh glphqvlrq ri wkh vsdfh1 Iru h{dpsoh/
wkh vhw ri yhfwruv vsdqqhg e| wkh xqlw yhfwruv h

l
@ +3> 3> ===4> 3> 3> ===3, zkhuh wkh

4 lv lq wkh lwk sodfh iru l @ 4> 5> ===> q irup d yhfwru vsdfh1 Fohduo|/ wkh frh�flhqwv
lq dq| olqhdu frpelqdwlrq zlwk wklv edvlv lv xqltxh> lw wxuqv rxw wkh vdph uhvxow
lv wuxh iru dq| edvlv1 Wkhvh frh�flhqwv duh fdoohg wkh frruglqdwhv zlwk uhvshfw
wr wklv edvlv1
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Wkhruhp 4 = Ohw Y eh yhfwru vsdfh ryhu d �hog U1 Wkhq=

41 Li d vhw xl > l @ 4> 5> ===> q duh olqhduo| ghshqghqw wkhq < dq lqgh{ n 6 xn lv
d olqhdu frpelqdwlrq ri wkh uhvw1 +Sohdvh qrwh wkdw doo wkh frh�flhqwv pd|
eh htxdo wr }hur lq d olqhdu frpelqdwlrq,1

51 Li Y frqwdlqv d vrph qrq}hur hohphqw dqg Y lv �qlwh glphqvlrqdo/ wkhq
lw kdv d edvlv1

61 Li xl / l @ 4> 5> ===> q lv d edvlv iru Y dqg ym / m @ 4> 5> ===> u lv d olqhduo|
lqghshqghqw vhw ri yhfwruv/ wkhq u � q< d edvlv ri wkh irup y4/ y5/ 111 yu /
xl4 / xl5 > ===/ xlq�u =

71 Li Y lv �qlwh glphqvlrqdo wkhq dq| wzr edvhv kdyh wkh vdph qxpehu ri
hohphqwv1

Surri=+4, Ohw
S

f
n
xn @ 3Y > vlqfh vrph f

n
9@ 3/ zh fdq h{suhvv xn lq whupv ri

wkh rwkhuv e| wkh uhodwlrq xn @ �Sm 9@n+fm@fn,x
m 1

+5, Vlqfh Y lv �qlwh glphqvlrqdo < d �qlwh vhw ri yhfwruv wkdw vsdq wkh vsdfh1
Ohw wklv vhw eh [1 Ohw X @ ix4 / x5 / 111/ xqj eh d pd{lpdo vxevhw ri [ wkdw
lv olqhduo| lqghshqghqw +wklv lv srvvleoh ehfdxvh Y 9@ i3Y j,1 Fodlp wkdw wklv
lv d edvlv iru Y 1 Iru dq| { 5 [ zlwk { @5 X / wkh vhw i{/ x4 / x5 > ====> xqj lv
olqhduo| ghshqghqw ehfdxvh X lv d pd{lpdo lqghshqghqw vhw lq [ dqg khqfh <f

l
/

3 � l � q vdwlvi|lqj f
3
{ .
S

l flx
l @ 3Y 1 Fohduo|/ f

3
9@ 3> hovh wkh vhw X lv

ghshqghqw1 Wkxv/ { fdq eh h{suhvvhg dv d olqhdu frpelqdwlrq ri wkh x3v1 Wkxv/
X vsdqv [1 Vlqfh [ vsdqv Y / doo zh kdyh wr gr lv wr vxevwlwxwh iru hohphqwv lq
[ � X / wkh fruuhvsrqglqj olqhdu frpelqdwlrqv lq whupv ri wkh x3v> wklv zrxog
vkrz wkdw X vsdqv Y 1 Khqfh X lv d edvlv1

+6, Vlqfh X lv d edvlv/ y4 fdq eh zulwwhq dv d olqhdu frpelqdwlrq ri wkh
x3v1 Qrqh ri wkh yhfwruv yl fdq eh 3Y vlqfh wkh vhw Y lv olqhduo| lqghshqghqw1
Wkxv/ dw ohdvw rqh ri wkh frh�flhqwv lq wkh olqhdu frpelqdwlrq lv gl�huhqw iurp
}hur1 Wkxv/ zh fdq qrz lqwhufkdqjh wkh urohv ri wklv y dqg wkh fruuhvsrqglqj
x1 Uhshdwlqj wklv surfhgxuh |lhogv wkh ghvluhg uhvxow1

+7, Dq lpphgldwh frqvhtxhqfh ri +6,1
Wkh qxpehu ri yhfwruv lq dq| edvlv lv fdoohg wkh glphqvlrq ri wkh vsdfh

h{fhsw lq wkh fdvh Y @ i3Y j lq zklfk fdvh wkh glphqvlrq lv 31 Li Z � Y lv dovr
d yhfwru vsdfh ryhu U wkhq Z lv fdoohg d vxevsdfh ri Y 1

Wkhruhp 5 = Dq| vhw ri q.4 yhfwruv lq dq q glphqvlrqdo yhfwru vsdfh Y duh
olqhduo| ghshqghqw1

Wkhruhp 6 = Li z lv d vxevsdfh ri Y wkhq glpZ � glpY 1 Htxdolw| krogv li
Z @ Y=

Lqqhu +vfdodu, Surgxfw ri wzr yhfwruv x dqg y +erwk iurp wkh vdph yhfwru
vsdfh, lv gh�qhg xvxdoo| e| wkh h{suhvvlrq

S
m xmym ru wkh e| nxn=nyn= frv �
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zkhuh n{n uhihuv wr wkh qrup ri wkh yhfwru +ru lwv ohqjwk, dqg � lv wkh dqjoh
ehwzhhq wkh wzr yhfwruv lq wkh sodqh gh�qhg e| wkhp1 Lq jhqhudo/ wkh lqqhu
surgxfw lv d elqdu| rshudwlrq gh�qhg rq wkh yhfwru vsdfh wkdw vdwlv�hv wkh
iroorzlqj uhodwlrqv=

+l, +�x. �x/ y, @ �+x> y, . �+x> y,
+ll, +x/ x, � 3 ;x> dqg htxdolw| krogv l� x @ 3Y =
+lll, +x/ y, @ +y> x, zkhuh �{ lv wkh frpsoh{ frqmxjdwh ri { iru doo { 5 I zkhuh

I lv hlwkhu wkh uhdo ru frpsoh{ �hog1
Li U lv wkh �hog ri uhdov dqg wkh lqqhu surgxfw lv wkh xvxdo rqh/ wkhq wkh sdlu

Y wrjhwkhu zlwk wklv lqqhu surgxfw lv fdoohg wkh Hxfolghdq vsdfh1 Li x dqg y
duh d sdlu ri yhfwruv 6 +x> y, @ 3 wkhq zh vd| wkdw x dqg y duh shushqglfxodu

ru ruwkrjrqdo1 +x> x,
4

5 lv fdoohg wkh ohqjwk ru hxfolghdq qrup ri wkh yhfwru1 D
edvlv doo ri zkrvh yhfwruv duh ri ohqjwk 4 dqg duh sdluzlvh ruwkrjrqdo lv fdoohg dq
ruwkrqrupdo edvlv1 Wkh xqlw yhfwruv lv dq h{dpsoh ri wklv w|sh ri edvlv1 Li Z lv
d vxevsdfh ri d yhfwru vsdfh Y wkhq wkh vhw i{ = +{> x, @ 3 ;x 5Zj lv fdoohg wkh
ruwkrjrqdo frpsohphqw ri Z uhodwlyh wr Y 1 Wkdw wklv lv d yhfwru vsdfh lv hdv|
wr vkrz1 Wkh iroorzlqj wkhruhp lv riwhq xvhg wr surgxfh d vhw ri ruwkrqrupdo
vhw ri yhfwruv vsdqqlqj d vxevsdfh jhqhudwhg e| d jlyhq vhw ri yhfwruv1

Wkhruhp 7 = Ohw x4> x5> ===> xq eh d vhw ri olqhduo| lqghshqghqw yhfwruv iurp d
yhfwru vsdfh Y 1 Wkhq < d vhw ri ruwkrqrupdo yhfwruv y4> y5> ===> yq 6 wkh vxevsdfh
jhqhudwhg e| wkh x3v dqg wkdw jhqhudwhg e| wkh y3v lv wkh vdph1

Wkhruhp 8 = Wkh urz udqn ri d pdwul{ htxdov lwv froxpq udqn1

Surri= Ohw urz udqn eh p dqg ohw froxpq udqn htxdo q dqg zlwkrxw orvv ohw xv
vxssrvh wkdwp ? q1 Ohw wkh q olqhduo| lqghshqghqw froxpqv eh D=4> D=5> ===> D=q1
Vlqfh wkh urz udqn htxdov p ? q/ ohw xv vxssrvh wkdw wkh urzv D4=> D5=> ===> Dp=

duh olqhduo| lqghshqghqw dqg khqfh vsdq wkh rwkhuv1 Khqfh du>m @
Sp

l@4 �ldl>m
iru ;u � p. 41 Frqvlghulqj rqo| wkh �uvw p urzv ri D +ohw wkh fruuhvsrqglqj
vxepdwul{ eh ghqrwhg e| aD,/ vlqfh doo wkh +vxe,0froxpq yhfwruv duh ri ohqjwk
p/ dq| edvlv fdq frqwdlq qr pruh wkdq p yhfwruv1 Khqfh/ aD=m / 4 � m � q duh
olqhduo| ghshqghqw1 Frpelqlqj wkhvh wzr dujxphqwv zh jhw wkdw D=m / 4 � m � q
duh olqhduo| ghshqghqw1 Khqfh wkh wkhruhp1
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