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Uhvxowv lq Olqhdu Dojheud

Gh�qlwlrqv=

41 D pdwul{ lv d uhfwdqjxodu duud| ri +xvxdoo|, qxpehuv +uhdo iru wkh sxusrvh
ri wklv frxuvh,1 Lw lv fxvwrpdu| wr vshfli| wkh vl}h ri d pdwul{ e| vshfli|lqj
wkh qxpehu ri lwv urzv dqg wkhq wkh qxpehu ri lwv froxpqv1 Iru h{dpsoh/ d
p�q pdwul{ kdvp urzv dqg q froxpqv1 Dp�4 pdwul{ lv fdoohg d froxpq
yhfwru dqg d 4 � q pdwul{ lv fdoohg d urz yhfwru1 Li p @ q wkh pdwul{ lv
fdoohg d vtxduh pdwul{1 Wkh qxpehuv lq wkh duud| duh fdoohg wkh hohphqwv
ri wkh pdwul{1 Iru h{dpsoh/ dl>m uhihuv wr wkh hohphqw ri wkh pdwul{ D lq
wkh lwk urz dqg wkh mwk froxpq1 D vtxduh pdwul{ doo ri zkrvh hohphqwv
h{fhsw wkh gldjrqdo +dl>l, duh }hur dqg doo ri zkrvh gldjrqdo hohphqwv duh
htxdo wr 4 lv fdoohg wkh +pxowlsolfdwlyh, lghqwlw| pdwul{ zklfk lv ghqrwhg e|
L1 D vtxduh pdwul{ doo ri zkrvh urzv +froxpqv, duh lghqwlfdo wr wkdw ri wkh
lghqwlw| pdwul{ h{fhsw rqh lv fdoohg d urz +froxpq, hohphqwdu| pdwul{1

51 Wzr pdwulfhv ri wkh vdph vl}h +phdqlqj wkh vdph qxpehu ri urzv dqg
wkh vdph qxpehu ri froxpqv, fdq eh dgghg1 Wkxv/ li D dqg E duh wzr
p � q pdwulfhv/ wkhq wkhlu vxp F @ D . E lv dovr d p � q pdwul{ dqg
fl>m @ dl>m . el>m 1 Li D lv d p�q pdwul{ wkhq �D lv d p�q pdwul{ E zlwk
el>m @ �dl>m 1

61 Li D lv dp�q pdwul{ dqg E lv d q�s pdwul{ wkhq wkh| fdq eh pxowlsolhg>
wkh uhtxluhphqw lv wkdw wkh qxpehu ri froxpqv lq wkh �uvw eh htxdo wr wkh
qxpehu ri urzv lq wkh vhfrqg ~ wklv dv|pphwu| pdnhv wklv rshudwlrq
qrqfrppxwdwlyh1 Li wkh surgxfw lv F @ DE/ wkhq lw lv d pdwul{ ri vl}h
p� s dqg lwv hohphqw fl>m @

S
n dl>n=en>m 1 Wkxv/ qrw rqo| pd| DE 9@ ED/

exw rqh ri wkhvh pd| qrw hyhq eh gh�qhg zkloh wkh rwkhu lv1 Lw lv hdv| wr
vhh wkdw D+E .F, @ DE .DF dqg +DE,F @ D+EF, @ DEF1 D p� q
pdwul{ fdq eh wkrxjkw ri dv p urz yhfwruv hdfk ri ohqjwk q zulwwhq rqh
ehorz wkh rwkhu ru dv q froxpq yhfwruv ri vl}h p zulwwhq rqh diwhu wkh
rwkhu1 D=m zloo uhsuhvhqw wkh mwk froxpq ri wkh pdwul{ D dqg Dl= zloo
uhsuhvhqw wkh lwk urz ri D1 Wkh mwk froxpq ri wkh lghqwlw| pdwul{ L zloo eh
uhsuhvhqwhg e| hm dqg wkh froxpq yhfwru doo ri zkrvh hohphqwv duh htxdo wr
4 e| h1 3 zloo ghqrwh wkh pdwul{ doo ri zkrvh hqwulhv duh 3> wkh frqwh{w zloo
ghwhuplqh wkh glphqvlrqv +vl}h, ri wkhvh pdwulfhv1 Qrwh DL @ LD @ D1 Li
D lv dp�q pdwul{ wkhq Dw/ wkh wudqvsrvh ri D lv d q�p pdwul{ dqg zlwk
lwk froxpq ri Dw ehlqj wkh vdph dv wkh lwk urz ri D zulwwhq yhuwlfdoo|>

l1h1 li Dl= @ +�4> �5> ===> �q, wkhq Dw
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+D.E,w @ Dw .Ew dqg +DE,w @ EwDw1 Li D lv 4�q dqg E lv q� 4 wkhq
DE lv fdoohg wkh vfdodu surgxfw ri wkhvh wzr yhfwruv dqg lv d 4� 4 pdwul{
+ru d qxpehu,1 Li D lv d p� q pdwul{ / E lv q � s dqg F lv q � t wkhq
G @ ^E>F` lv d q � +s . t, pdwul{/ wkh �uvw s froxpqv ri zklfk duh wkh
fruuhvsrqglqj froxpqv ri E dqg wkh odvw t duh wkrvh ri F zulwwhq lq wkh
vdph rughu dv wkdw lq E dqg F1 Dovr DG @ ^DE>DF` lv d pdwul{ ri vl}h
p� +s . t,1 G lv fdoohg d sduwlwlrqhg pdwul{1 Vlplodu uhpdunv dsso| wr
sduwlwlrqlqj dorqj urzv1 Li F @ DE wkhq lw lv hdv| wr vhh wkdw Fl= @ Dl=E
dqg F=m @ DE=m 1

Olqhdu Ghshqghqfh=

41 D �qlwh vhw d4> d5> ====> dq ri froxpq yhfwruv ri wkh vdph vl}h lv vdlg wr eh
olqhduo| ghshqghqw li < qxpehuv �l> l @ 4> 5> ===> q qrw doo ri zklfk duh
}hur 6 Sq

l@4 �ldl @ 31 D vhw wkdw lv qrw olqhduo| ghshqghqw lv olqhduo|
lqghshqghqw1 Li d vhw lv ghshqghqw dqg �l 9@ 3 wkhq wkh fruuhvsrqglqj
yhfwru dl fdq eh h{suhvvhg e| wkh uhodwlrq dl @

S
m 9@l �mdm@�l1 Zh vd|

wkdw wkh �uvw lv d olqhdu frpelqdwlrq ri wkh rwkhuv1 Wkh yhfwru 3 lv e| lwvhoi
ghshqghqw1 Li d vhw ri yhfwruv lv olqhduo| lqghshqghqw wkhq dq| vxevhw lv
dovr lqghshqghqw1

51 D pdwul{ doo ri zkrvh hqwulhv duh 3@4 zklfk kdv h{dfwo| rqh 4 lq hdfk
urz dqg hdfk froxpq lv fdoohg d shupxwdwlrq pdwul{1 Hdfk vxfk pdwul{
fruuhvsrqgv wr d xqltxh shupxwdwlrq ri wkh lqwhjhuv i4> 5> ===> qj li wkh
pdwul{ lv ri vl}h q� q1 Iru h{dpsoh/ wkh shupxwdwlrq i7> 8> 5> 6> 4j ri wkh
�uvw �yh lqwhjhuv zrxog fruuhvsrqg wr wkh 8� 8 pdwul{ S orrnv olnh=
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D shupxwdwlrq lv vdlg wr eh rgg +hyhq, ghshqglqj rq wkh rggqhvv +hyhq0
qhvv, ri wkh qxpehu ri uhyhuvdov lq wkh rughu lq zklfk wkh qxpehuv ds0
shdu lq uhodwlrq wr wkh qdwxudo rughulqj ri wkhvh qxpehuv/ iru h{dpsoh
i4> 5> 6> 7> 8j lq wkh deryh looxvwudwlrq1 Wkxv/ wkh deryh shupxwdwlrq lv
hyhq1

61 Ghwhuplqdqwv duh gh�qhg iru vtxduh pdwulfhv rqo|1 Wkh ghwhuplqdqw ri d
pdwul{ D ri vl}h q�q lv jlyhq e| wkh uhodwlrq mDm @S

+	,d4>l4d5>l5 ==1 dq>lq
zkhuh +l4> l5> ===> lq, lv d shupxwdwlrq ri wkh lqwhjhuv i4> 5> ===> qj> wkh vxp
lv ryhu doo shupxwdwlrqv zlwk .4 dv wkh �uvw sduw iru hyhq dqg �4 iru wkh
rgg shupxwdwlrqv1 Wkhuh duh vrph zhoo nqrzq surshuwlhv ri ghwhuplqdqwv
wkdw duh olvwhg ehorz=
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+d, Lqwhufkdqjh ri wzr froxpqv +urzv, fkdqjhv rqo| wkh vljq ri wkh gh0
whuplqdqw

+e, mDwm @ mDm
+f, Li rqo| rqh froxpq +urz, lv pxowlsolhg e| d vfdodu � wkhq wkh ghwhu0

plqdqw lv dovr vfdohg xs e| wkh vdph idfwru �> wklv lq wxuq lpsolhv
wkdw m�Dm @ �qmDm> wklv dovr lpsolhv wkdw li wkh pdwul{ kdv d froxpq
+urz, lq zklfk doo hqwulhv duh }hur wkhq wkh ghwhuplqdqw lv }hur1

+g, Li zh ghqrwh e| dl>m wkh hqwu| ri d pdwul{ lq wkh lwk urz dqg mwk

froxpq dqg e| Dl>m wkh ghwhuplqdqw ri wkh vxepdwul{ rewdlqhg e|
wkh ghohwlrq ri wkh lwk urz dqg wkh mwk froxpq iurp D pxowlsolhg e|
+�4,l.m wkhq lw lv hdv| wr vkrz e| jurxslqj whupv lq wkh h{suhvvlrq iru
wkh ghwhuplqdqw wkdw mDm @ Sq

m@4 dl>m =Dl>m dqg wklv lv riwhq uhihuuhg
wr dv wkh fridfwru h{sdqvlrq dqg Dl>m dv wkh fridfwru ri dl>m 1 Wkh
pdwul{ D. zkrvh hohphqwv d.l>m @ Dl>m lv fdoohg wkh dgmrlqw ri pdwul{

D dqg lw lv hdv| wr vkrz wkdw DD. @ D.D @ mDmL> wklv lpsolhv li dq
hqwluh froxpq +urz, ri d vtxduh pdwul{ lv }hur wkhq lwv ghwhuplqdqw
lv dovr }hur1

+h, Dgglqj d pxowlsoh ri vrph rwkhu froxpq +urz, wr d froxpq +urz, grhv
qrw fkdqjh wkh ghwhuplqdqw> wklv wrjhwkhu zlwk wkh suhylrxv uhvxow
lpso| wkdw li wkh froxpqv +urzv, ri d pdwul{ duh olqhduo| ghshqghqw
wkhq wkh ghwhuplqdqw ri wkh pdwul{ lv }hur> wkh frqyhuvh iroorzv iurp
wkh deryh gh�qlwlrq ri D.1

+i, Li D dqg E duh wzr vtxduh pdwulfhv ri wkh vdph vl}h wkhq mDEm @
mDm=mEm> vlplodu uhvxow iru uhfwdqjxodu pdwulfhv lv fdoohg wkh Elqhw0
Fdxfk| irupxod dqg lv pruh frpsolfdwhg1

+j, Vtxduh pdwulfhv zkrvh ghwhuplqdqwv duh qrw htxdo wr }hur duh fdoohg
qrqvlqjxodu pdwulfhv> doo rwkhu pdwulfhv duh vlqjxodu1 Jlyhq d vtxduh
pdwul{ D li < d pdwul{ E 6 DE @ ED @ L wkhq zh vd| wkdw E lv
wkh +pxowlsolfdwlyh, lqyhuvh ri D dqg ghqrwh lw e| D�41 Fohduo| li
mDm 9@ 3 wkhq wkh uhodwlrq DD. @ D.D @ mDmL |lhogv wkh uhodwlrq
DE @ ED @ L li zh ohw E @ D.@mDm dqg khqfh wklv lv wkh lqyhuvh
lq wklv fdvh1 Li D�4 h{lvwv wkhq vlqfh L @ DD�4/ 4 @ mLm @ mDm=mD�4m
qhlwkhu mDm qru mD�4m fdq eh }hur dv wkhlu surgxfw htxdov 41 Khqfh/
li D�4 h{lvwv wkhq mDm 9@ 31 Wr vkrz wkdw wkh lqyhuvh lv xqltxh li
lw h{lvwv/ ohw E dqg G erwk eh lqyhuvh ri d vtxduh pdwul{ D1 Khqfh
GDE @ GL @ G> exw GDE @ LE @ E> khqfh G @ E dqg khqfh
wkh xqltxhqhvv1 Lw lv hdv| wr vkrz wkdw +DE,�4 @ E�4D�4 dqg
+Dw,�4 @ +D�4,w dvvxplqj doo wkhvh h{lvw1

+k, Wkh v|vwhp ri htxdwlrqv D{ @ e +wkh vdph dv wkh v|vwhp
S

m dl>m{m @
el iru l @ 4> 5> ===> p, kdv d vroxwlrq li wkh yhfwru e lv d olqhdu frp0
elqdwlrq ri wkh froxpq yhfwruv ri D1 D{ @ 3 kdv d qrq}hur vroxwlrq
li wkh froxpq yhfwruv D duh olqhduo| ghshqghqw1 Wkxv/ D{ @ e kdv d
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xqltxh vroxwlrq li wkh froxpqv ri D duh olqhduo| lqghshqghqw1 Li wkh
urzv ri D duh olqhduo| ghshqghqw/ wkhq hlwkhu wkh v|vwhp kdv d uhgxq0
gdqw htxdwlrq ru lv lqfrqvlvwhqw +ghshqglqj rq zkhwkhu wkh urzv ri
wkh pdwul{ ^D> e` duh vlploduo| ghshqghqw ru qrw,1 Li zh dvvxph wkdw
urzv ri D duh olqhduo| lqghshqghqw wkhq xqltxhqhvv lv htxlydohqw wr
qrqvlqjxodulw| ri D1
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