
4 Vlqjoh Frpprglw| Pxowl0sdwk Iorzv
Lq wklv fkdswhu/ zh frqvlghu vlqjoh frpprglw| pxowl0sdwk  rz sureohpv1 Khuh
hdfk xqlw ri  rz pxvw eh vhqw dorqj vhyhudo hgjh +qrgh, glvmrlqw sdwkv1 Wkh �uvw
ri wkhvh lv wkh pd{lpxp pxowl0sdwk  rz sureohp dqg lwv ghvfulswlrq lv jlyhq
ehorz=

5 Sureohp
Jlyhq d qhwzrun J @ ^Q > D`/ d vshfldo qrgh/ v/ fdoohg wkh vrxufh ru ruljlq dqg
d qrgh/ w/ fdoohg wkh vlqn ru ghvwlqdwlrq dqg srvlwlyh qxpehuv xl>m uhsuhvhqwlqj
wkh fdsdflw| ri duf +l> m, 5 D / zh zdqw wr pd{lpl}h wkh wrwdo vklsphqw iurp v wr
w zkhuh hdfk xqlw ri vklsphqw pxvw eh vhqw dorqj t glvmrlqw sdwkv +zh frqvlghu
hgjh glvmrlqw sdwkv khuh> qrgh glvmrlqw sdwkv fdq dovr eh grqh,1 Wklv sureohp
lv fdoohg wkh pd{lpxp pxowl0sdwk  rz sureohp lq wkh olwhudwxuh dqg lv
wkh vwduwlqj srlqw lq wklv duhd1 Wkh hduo| zrun lv wklv duhd lv uhfhqw dqg gxh wr
Nlvklprwr1

Zh zrxog olnh wr rewdlq uhvxowv vlplodu wr wkdw lq wkh uhjxodu pd{lpxp
 rz sureohp vxfk dv pd{0 rz0plq0fxw wkhruhp/ d olqhdu surjudpplqj qrgh0duf
irupxodwlrq/ dq duf0fkdlq irupxodwlrq/ wkh fruuhvsrqghqfh ehwzhhq wkh wzr/ d
vwurqjo| sro|qrpldo dojrulwkp/ dqg dq dxjphqwlqj phwkrg wr vroyh wkh sureohp1
Diwhu wklv zh fdq frqvlghu h{whqvlrqv wr pxowl0whuplqdo  rz sureohpv dqg pxowl0
frpprglw|  rz sureohpv1

6 Irupxodwlrq

614 Duf Fkdlq Irupxodwlrq L=

Ohw D uhsuhvhqw wkh lqflghqfh pdwul{ zkrvh urzv fruuhvsrqg wr dufv dqg froxpqv
wr wkh xqlrq ri t duf glvmrlqw v � w sdwkv1 Wkh iroorzlqj uhsuhvhqwv wkh olqhdu
surjudp fruuhvsrqglqj wr wkh deryh phqwlrqhg pxowl0sdwk pd{lpxp  rz sure0
ohp=

D{ � x

{ � 3

pd{ hw{

Wklv uhvhpeohv wkh duf0fkdlq irupxodwlrq lq wkh uhjxodu pd{lpxp  rz sure0
ohp zlwk wkh dssursuldwh fkdqjh lq wkh gh�qlwlrq ri wkh pdwul{1 Wkh qrgh0duf
irupxodwlrq lv pruh frpsoh{ dqg wklv lv wkh pdlq frqwulexwlrq ri Nlvklprwr
sdshu1 Iurp qrz rq zh zloo uhvwulfw rxu dwwhqwlrq wr wkh fdvh zkhuh t @ 51 Wkh
fkdqjhv qhhghg iru duelwudu| ydoxhv zloo eh fohdu1
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615 Qrgh Duf Irupxodwlrq=

Ohw il>m eh wkh  rz rq duf +l> m, 5 D dqg I eh wkh wrwdo  rz dfurvv wkh qhwzrun1
Wkhq=

[
m

+il>m � im>l, @

;?
=

I
3

�I

l @ v
l 9@ v> w
l @ w

3 � il>m � plq^xl>m >
I

5
` iru +l> m, 5 D

pd{ I

Wkh qrwlrq ri d fxw ru d fxw vhw vhsdudwlqj v dqg w fdq eh gh�qhg lq vhyhudo
voljkwo| gl�huhqw zd|v1 Rqh ri wkhvh lv dv d sduwlwlrq ri wkh qrgh vhw Q lqwr wzr
glvmrlqw vhwv V dqg �V zlwk v 5 V dqg w 5 �V1

Ohppd 4= Ohw ^I> i ` eh dq| ihdvleoh  rz dqg ohw +V> �V, eh dq| fxw vhsdudwlqj

v dqg w1 Wkhq I � �5+V> �V,zkhuh �5+V> �V, @ plq^
S

l5V

S
m5 �V xl>m

5 >
S

l5V

S
m5 �V xl>m�

pd{l5V
m5V

xl>m `1 �5+V> �V, lv fdoohg wkh 5�ydoxh ri wkh fxw +V> �V,1 Li htxdolw| krogv

wkhq ^I> i ` lv rswlpdo wr wkh pd{lpxp  rz sureohp dqg +V> �V, lv d fxw zkrvh
5� ydoxh lv plqlpxp dprqj doo fxwv vhsdudwlqj v dqg w=

Lw wdnhv vrph zrun wr vkrz wkdw wkh deryh irupxodwlrq dqg wkh ohppd duh
fruuhfw1 Lw lv hdv| wr vkrz wkdw wkh frqvwudlqwv lq wkh olqhdu surjudp dqg wkh
xsshu erxqg lq wkh ohppd krog iru dq| ihdvleoh vroxwlrq1 Lw lv wkh frqyhuvh wkdw
wdnhv zrun1 Zh pd| uhvwulfw rxu dwwhqwlrq wr  rzv wkdw duh df|folf zlwkrxw
orvv1 Zh zloo vkrz wkdw iru dq| sdlu ii> Ij/ vdwlvi|lqj wkh frqglwlrqv ri wkh
irupxodwlrq/ wkhuh h{lvwv d vhw ri hgjh glvmrlqw sdluv ri sdwkv wkdw wrjhwkhu fduu|
wkh wrwdo ydoxh1 Iru wklv zh xvh elsduwlwh pdwfklqj1 Wklv lv ehvw looxvwudwhg zlwk
dq h{dpsoh1
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Lq rughu wr ghfrpsrvh wkhvh duf  rzv lqwr elsdwk  rzv/ zh qxpehu wkh dufv
lq wkh vhfrqg gldjudp duelwudulo| dv vkrzq ehorz=

E1

BA

TS
E2

E3

E4
E5

Zh fdq vhh wkdw  rz rq duf H4 lv glvwulexwhg ehwzhhq wkh dufv H6 dqg H7 +Lq
jhqhudo/ wkhuh pd| eh pdq| zd|v wr gr wklv dw d qrgh1 Zh fdq xvh dq| duelwudu|
rqh iru rxu sxusrvhv1, 1 Vlqfh wkh deryh qhwzrun lv df|folf/ wklv glvwulexwlrq lv
hdvlo| irxqg1 Zh xvh wklv qrz1 Zh frqvwuxfw d judsk vkrzq ehorz=
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Wklv judsk lv qrz ghfrpsrvhg lqwr pdwfklqjv1 Hdfk ri wkhvh pdwfklqjv jlyh
xv grxeoh sdwkv1 Wklv lv vkrzq ehorz=
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Wklv vkrzv wkdw wkh olqhdu surjudpplqj irupxodwlrq lv fruuhfw1 Wr vroyh
wklv olqhdu surjudp/ zh lqvwhdg vroyh wkh iroorzlqj sdudphwulf pd{lpxp  rz
sureohp �uvw=

[
m

+il>m � im>l, @
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=
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l @ v
l 9@ v> w
l @ w

3 � il>m � plq^xl>m > �` iru +l> m, 5 D

pd{ I

Ohw wklv ydoxh eh ghqrwhg e| I �+�,1 Zh lqwhuvhfw wklv fxuyh zlwk wkh vwudljkw
olqh zlwk vorsh 5 +t lq jhqhudo, wr jhw wkh ydoxh ri wkh deryh  rz1 Wklv lv vkrzq
e| wkh iroorzlqj gldjudp=

F*/q

F*

Zh qrwh wkdw wkh olqh zlwk vorsh 5 fxwv wkh rwkhu dw d srlqw zkhuh wkh vorsh
ri wkh rwkhu lv hlwkhu 4 ru 31 Wkhvh slhfhv ri wkh rwkhu olqh fruuhvsrqg wr fxw
ydoxhv dqg vorsh ri 4 lqglfdwhv rqh duf zlwk  rz htxdo wr � dqg hovh qrqh1 Wklv
suryhv wkh ohppd1
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616 UHIHUHQFHV=

NWN Z1 Nlvklprwr/ P1 Wdnhxfkl/ dqg J1 Nlvkl= Wzr0urxwh  rzv lq dq xqgl0
uhfwhg qhwzrun/ LHLFH Wudqv1 M0:80D +4<<5,/ 49<<04:4: +lq Mdsdqhvh,

NW Z1 Nlvklprwr/ dqg P1 Wdnhxfkl= Rq p0urxwh  rzv lq d qhwzrun/ LHLFH
Wudqv1 M0:90D +4<<6,/ 44;804533 +lq Mdsdqhvh,

NW Z1 Nlvklprwr/ dqg P1 Wdnhxfkl= Rq wzr0urxwh  rzv lq dq xqgluhfwhg qhw0
zrun/ LHLFH Whfkqlfdo Uhsruw/ FDV<304</ GVS0<3056/ +4<<3, +lq Mdsdqhvh,

N Z1 Nlvklprwr= D phwkrg iru rewdlqlqj wkh pd{lpxp pxowl0urxwh  rzv lq
d qhwzrun/ Qhwzrunv 5: +4<<9,/ 5:<05<41

DR F1F1 Djjduzdo dqg M1E1 Ruolq= Rq Pxowlurxwh Pd{lpxp Iorzv lq Qhw0
zrunv/ Qhwzrunv/ 6</ +5334,/ 760851
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