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QHWZRUN IORZV

Wklv errn ghdov zlwk glvfuhwh dqg frqwlqxrxv rswlpl}dwlrq sureohpv wkdw
dulvh lq wkh frqwh{w ri qhwzrunv +dovr fdoohg judskv,1 Wkhuh duh vhyhudo
lpsruwdqw sureohpv lq wklv duhd1 Wzr zhoo nqrzq h{dpsohv duh=  rz sure0
ohpv ghdolqj zlwk vhqglqj rqh ru pruh frpprglwlhv iurp rqh vshfl�hg vhw
ri srlqwv +fdoohg vrxufhv, wr dqrwkhu vhw ri srlqwv +fdoohg vlqnv,> sdwk ru
urxwh sureohpv ghdolqj zlwk �qglqj wkh vkruwhvw zd| ri wudyhuvlqj iurp d
vshfl�hg srlqw wr dqrwkhu srvvleo| wkurxjk d vshfl�hg vhw ri srlqwv1 Zh zloo
frph edfn wr wkhvh odwhu rq1 Wkhuh duh vhyhudo wh{w errnv lq wklv duhd dv zhoo
dv mrxuqdo duwlfohv ri lpsruwdqfh1 Pxfk ri wklv lv olvwhg lq wkh eleolrjudsk|1



ll 41 QHWZRUN IORZV



Wklv lv sdjh lll
Sulqwhu= Rsdtxh wklv

5
Vlqjoh Frpprglw| Pd{lpxp
Iorz Sureohp

Lq wklv fkdswhu/ zh frqvlghu vlqjoh frpprglw|  rz sureohpv1 Wkh �uvw ri
wkhvh lv fdoohg wkhpd{lpxp  rz sureohp dqg lwv ghvfulswlrq lv jlyhq ehorz=

SUREOHP L=

Jlyhq d gluhfwhg qhwzrun J @ ^Q >D` / d vshfldo qrgh v/ fdoohg wkh vrxufh ru
ruljlq /d qrgh w/ fdoohg wkh vlqn ru ghvwlqdwlrq dqg srvlwlyh qxpehuv xl>>m
uhsuhvhqwlqj wkh fdsdflw| ri duf +l> m, 5 D/ zh zdqw wr pd{lpl}h wkh wrwdo
vklsphqw iurp v wr w1 Wklv sureohp lv fdoohg wkh pd{lpxp  rz sureohp lq
wkh olwhudwxuh dqg lv rqh vwduwlqj srlqw lq wklv duhd1

KLVWRU\

Wkh vshfldo fdvh zkhq doo xl>m duh 3@4 zdv wuhdwhg e|Phqjhu1 Wkh jhqhudo
fdvh jlyhv ulvh wr wkh qrz idprxv pd{0 rz0plq0fxw wkhruhp zklfk vhhpv wr
kdyh ehhq suryhg lqghshqghqwo| e| wkuhh vhwv ri dxwkruv= Holdv/ Vkdqqrq
dqg Ihlqvwhlq ^HIV`> Irug dqg Ixonhuvrq ^B`> dqg Uredfnhu ^U`1
Irug dqg Ixonhuvrq dovr jdyh dq dojrulwkp fdoohg wkh odeholqj dojrulwkp
wr vroyh wkh sureohp1 Wklv dojrulwkp fdq eh vkrzq wr gl�huhqw iurp wkh
vlpsoh{ dojrulwkp ri olqhdu surjudpplqj lq vrph ri lwv yhuvlrqv1 Lw dovr
suhvhuyhv wkh lqwxlwlyh dsshdo wkdw lv frpprq wr wklv duhd1 Zkloh sudf0
wlfdo lpsohphqwdwlrqv ri wklv dojrulwkp zrunhg dvwrxqglqjo| zhoo/ Irug
dqg Ixonhuvrq vkrzhg wkdw lw lv srvvleoh wr fuhdwh sdwkrorjlfdo h{dp0
sohv iru zklfk fhuwdlq lpsohphqwdwlrqv ri wklv dojrulwkp qrw rqo| glg qrw
whuplqdwh lq d �qlwh qxpehu ri vwhsv exw glg qrw hyhq frqyhujh wr wkh
uljkw dqvzhu1 Lqghshqghqwo|/ Glqlf ^G` dqg Hgprqgv ) Ndus ^HN`
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vkrzhg wkdw wkhuh zhuh lpsohphqwdwlrqv wkdw qrw rqo| whuplqdwhg lq d �0
qlwh qxpehu ri vwhsv exw zhuh vwurqjo| sro|qrpldo1 Wkhvh zhuh lpsuryhg
xsrq e| Ndu}dqry ^N`/ dv zhoo dv Pdokrwud/ Nxpdu/ dqg Pdkhvk0
zdul ^PNP` dqg uhfhqwo| frpsxwhu vflhqwlvwv kdyh uhgxfhg wkh rughu ri
frpsoh{lw| hyhq ixuwkhu e| fohyhu xvh ri gdwd vwuxfwxuhv1 Dw wkh vdph wlph
wkhuh kdyh ehhq dwwhpswv wr ixoo| xqghuvwdqg wkh vwuxfwxuh ri wkh sureohp
� iru h{dpsoh/ wkh zrun ri Slfdug dqg Txh|udqqh ^ST` rq wkh vwuxfwxuh
ri plqlpdo fxwv1 Wkhuh kdyh dovr ehhq dwwhpswv wr jhqhudol}h wkh sureohp
wr pxowl0whuplqdo  rzv/ pxowl0frpprglw|  rzv/ dqg wr  rzv lq pdwurlgv
rwkhu wkdq judsklf pdwurlgv hwf1

514 IRUPXODWLRQ=

Ohw il>>m eh wkh  rz rq duf +l> m, 5 D dqg I eh wkh wrwdo  rz dfurvv wkh
qhwzrun1 Wkhq=

[
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+il>>m � im>l, @

;?
=

I
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l @ v
l 9@ v> w
l @ w

+514,

3 � il>>m � xl>>m ; +l> m, 5 D +515,

pd{ I +516,

Wklv lv/ ri frxuvh/ d olqhdu surjudp dqg fdq/ lq sulqflsoh/ eh vroyhg e|
wkh vlpsoh{ phwkrg1 Krzhyhu/ wkh sureohp frxog eh kljko| ghjhqhudwh dqg
xqohvv vshfldo suhfdxwlrqv duh wdnhq +dv ghvfulehg lq wkh vhfwlrq rq wkuhdghg
lqgh{ phwkrg, lw frxog eh yhu| lqh!flhqw wr xvh wkh vlpsoh{ phwkrg1 Ehiruh
ghvfulelqj phwkrgv wr vroyh wkh sureohp zh uhpdun wkdw lw lv hdv| wr �qg d
ihdvleoh vroxwlrq iru wklv sureohp dv lw kdv ehhq vwdwhg1 Iru h{dpsoh ^I @ 3>
il>m @ 3 ; +l> m, 5 D` zloo vx!fh1

515 Pd{0 rz Plq0fxw Wkhruhp=

Iluvw vrph gh�qlwlrqv dqg d ihz suholplqdu| uhvxowv1 Wkh qrwlrq ri d fxw ru
d fxw vhw vhsdudwlqj v dqg w fdq eh gh�qhg lq vhyhudo voljkwo| gl�huhqw zd|v1
Wkh �uvw lv wr wklqn ri lw dv d sduwlwlrq ri wkh qrgh vhw Q lqwr wzr glvmrlqw
vhwv V dqg �V zlwk v 5 V dqg w 5 �V1 Wkh qh{w lv wr wklqn ri d fxw dv wkh
vhw ri dufv wkdw frqqhfw wkhvh wzr vhwv phqwlrqhg deryh1 D voljkwo| zhdnhu
yhuvlrq lv d plqlpdo vhw ri dufv zkrvh uhprydo glvfrqqhfwv wkh qrghv v dqg
w1 Xqohvv rwkhuzlvh vwdwhg/ zh zloo xvh wkh �uvw irup1
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Ohppd 4 =Ohw ^i> I ` eh dq| ihdvleoh  rz dqg ohw +V> �V, eh dq| fxw vhsd0
udwlqj v dqg w1 Wkhq I � x+V> �V, zkhuh x+V> �V, @

S
l5V
S

m5 �V xl>m1 x+V> �V,
lv fdoohg wkh ydoxh ru fdsdflw| ri wkh fxw +V> �V,1 Li htxdolw| krogv wkhq ^i> I `
lv rswlpdo wr wkh pd{lpxp  rz sureohp dqg +V> �V, lv d fxw zkrvh ydoxh lv
plqlpxp dprqj doo fxwv vhsdudwlqj v dqg w=

Surri= Wkh �uvw sduw ri wkh ohppd fohduo| lpsolhv wkh vhfrqg1 Wr suryh
wkh �uvw frqvlghu wkh  rz frqvhuydwlrq htxdwlrqv1 Dgglqj wkh htxdwlrqv lq
+514, fruuhvsrqglqj wr wkh vhw V zh jhw=
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@ i+V>Q,� i+Q>V,

@ i+V> �V,� i+ �V> V, � x+V> �V, +517,

Wkh odvw ri wkhvh lqhtxdolwlhv iroorzv iurp wkh idfw wkdw 3 � il>m � xl>m
iru doo dufv +l> m, lq wkh qhwzrun1�
Wkh iroorzlqj dojrulwkp/ nqrzq lq wkh olwhudwxuh dv wkh + rz, odeholqj

dojrulwkp/ lv rqh zd| wr vkrz wkdw wkhuh h{lvw vroxwlrqv wkdw dfklhyh htxdolw|
lq wkh uhodwlrq deryh1 Lw lv xvxdoo| dwwulexwhg wr Irug dqg Ixonhuvrq1

516 Odeholqj Dojrulwkp=

Lqsxw= D ihdvleoh vroxwlrq ^i> I `=
Vwhs 3= Odeho v = +�> 4, dqg ohw v 5 V/ wkh vhw ri odehohg qrghv1
Vwhs 4= Li w 5 V vwrs> d  rz dxjphqwlqj sdwk kdv ehhq irxqg1 +Wklv lv d
sdwk dorqj zklfk dgglwlrqdo  rz fdq eh vhqw wkhuhe| lqfuhdvlqj wkh wrwdo
 rz I ,1 Li qrw orrn iru d sdlu +l> m, zlwk l 5 V dqg m 5 �V dqg hlwkhu +l,
^+l> m, 5 D> il>m ? xl>m ` ru +ll, ^+m> l, 5 D> im>l A 3`1 Li qr vxfk +l> m, h{lvwv/
wkhq vwrs> ^i> I ` lv wkh rswlpdo vroxwlrq wr wkh pd{lpdo  rz sureohp dqg
+V> �V, lv d plqlpdo fxw vhsdudwlqj v dqg w1 Li +l> m, ri w|sh +l, h{lvwv odeho
m = +l.> �m, zkhuh �m @ plq^�l>> xl>m � il>m` dqg lqfoxgh m lq V1 Li +l> m, lv ri
w|sh +ll, wkhq odeho m = +l�> �m, zkhuh �m @ plq^�m > im>l` dqg lqfoxgh m lq V1
Uhwxuq wr vwhs 41 W|sh +l, dufv duh fdoohg iruzdug dufv dqg wkrvh ri w|sh +ll,
duh fdoohg uhyhuvh dufv1 Li zh vxffhhg lq odeholqj w/ zh jhw dq dxjphqwlqj
sdwk dv zhoo dv wkh qdwxuh ri wkhvh dufv iurp wkh odehov wkhpvhoyhv1 Wklv
lv grqh dv iroorzv= Li wkh odeho ri w lv +m.> �w, wkhq wkh suhylrxv qrgh wr w
lq wkh  rz dxjphqwlqj sdwk lv m dqg wkh odvw duf lv d iruzdug duf> li lw lv
+m�> �w, wkhq wkh suhylrxv qrgh lv vwloo m exw wkh duf lv d uhyhuvh duf1 Qrz
zh orrn dw wkh odeho ri wkh qrgh m dqg wkh surfhvv lv uhshdwhg xqwlo zh
uhdfk v dqg wklv lghqwl�hv wkh hqwluh sdwk1 Zh qrz dxjphqw wkh  rz e|
�w dorqj wkh sdwk � e| zklfk zh phdq wkdw  rzv rq iruzdug dufv dorqj
wkh sdwk duh lqfuhdvhg e| �w dqg wkrvh rq uhyhuvh dufv duh ghfuhdvhg e| wkh
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vdph dprxqw1 Wklv jlyhv xv d qhz ihdvleoh  rz dqg wkh surfhvv lv uhshdwhg1
Li wkh vwduwlqj vroxwlrq lv rswlpdo wkhq dw vrph srlqw ehiruh odeholqj w zh
zloo �qg qr duf ri w|sh +l, ru +ll,1 Dw wklv srlqw wkh vhw V ri odehohg qrghv
jlyhv d plqlpxp fxw vhsdudwlqj v dqg w1 Ixuwkhu/ doo dufv dfurvv wkh fxw
+V> �V, zlwk wkh lqlwldo hqg lq V zloo eh vdwxudwhg +i @ x, dqg doo dufv zlwk
wkh whuplqdo hqg lq V zloo eh  rzohvv +i @ 3,1 Lq rwkhu zrugv/ doo iruzdug
dufv dfurvv wkh fxw zloo eh vdwxudwhg dqg doo uhyhuvh dufv zloo eh  rzohvv1
Ri frxuvh/ li wklv kdsshqv zlwk dq| ihdvleoh  rz dqg dq| fxw vhsdudwlqj v
dqg w wkhq wklv  rz lv rswlpdo dqg wkh fruuhvsrqglqj fxw lv plqlpdo1

Ohppd 5 Ohw +[> �[, dqg +\> �\ , eh plqlpdo fxwv1 Wkhq +[ ^ \>[ ^ \ ,
dqg +[ _ \>[ _ \ , duh dovr plqlpdo fxwv1 Wklv ohppd vkrzv wkdw wkh vhw
ri plqlpdo fxwv irup d odwwlfh1

Surri = Li +l> m, 5 D dqg l 5 +[^\ , dqg m @5 +[^\ , wkhq hlwkhu l 5 [ dqg
m @5 [ ru l 5 \ dqg m @5 \ > lq hlwkhu fdvh il>m @ xl>m vlqfh erwk +[> �[, dqg
+\> �\ , duh plqlpdo fxwv vhsdudwlqj v dqg w1 Wkxv/ doo iruzdug dufv dfurvv
wkh fxw +[ ^ \>[ ^ \ , duh vdwxudwhg1 Lq d vlplodu pdqqhu zh fdq vkrz
wkdw doo uhyhuvh dufv duh  rzohvv1 Wkxv/ wklv lv dovr d plqlpdo vhsdudwlqj v
dqg w1 Vlplodu surri dssolhv wr rwkhu sduw ri wkh ohppd1�
Qrwh wkdw wkh odeholqj dojrulwkp jlyhv wkh rswlpdo vroxwlrq vwduwlqj iurp

dq| lqwhjhu ihdvleoh  rzv rq doo dufv +rqh vxfk lv i � 3, lq d �qlwh qxpehu ri
vwhsv li wkh fdsdflwlhv duh doo lqwhjudo +ru udwlrqdo, vlqfh wkh dxjphqwdwlrqv
duh lqwhjudo dw hdfk vwhs dqg wkh �qdo vroxwlrq lv dovr lqwhjudo1 Wklv lv
wuxh uhjdugohvv ri wkh dxjphqwlqj sdwk fkrvhq dw hdfk vwhs1 Krzhyhu/ wkh
qxpehu ri vxfk dxjphqwdwlrqv pd| eh yhu| odujh li wkh dxjphqwdwlrqv duh
fkrvhq fohyhuo| wr pdnh wkh dojrulwkp orrn srru1 Dovr/ li wkh fdsdflwlhv duh
luudwlrqdo wkh dojrulwkp pd| qrw whuplqdwh lq d �qlwh qxpehu ri vwhsv qru
frqyhujh wr wkh rswlpdo dqvzhu1 Wklv lv vkrzq e| wkh iroorzlqj h{dpsoh
irxqg lq ^II5`1

517 Ilqlwh Whuplqdwlrq ri Pd{lpxp Iorz
Dojrulwkpv

51714 Irug0Ixonhuvrq H{dpsoh=
J @ ^Q>D` zkhuh Q @ iv> w>{l> |l> l @ 4> 5> 6> 7j dqg D @ i+v> {l,> l @
4> 5> 6> 7j ^ i+|l> w, l @ 4> 5> 6> 7j ^ i+{l> |m, l 9@ mj^
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i+|l> |m, l 9@ mj ^ i+|l> {m, l 9@ mj ^ i+{l> |l, l @ 4> 5> 6> 7j

A 1

A 2

A 3

A 4

Wkh odvw irxu dufv duh vshfldo dufv dqg duh ghqrwhg e| Dl> l @ 4> 5> 6> 71
Wkh fdsdflwlhv ri wkh vshfldo dufv duh uhvshfwlyho| d3> d4> d5>dqg d5 zkhuh
dq vdwlv�hv wkh uhfxuvlrq dq.4 . dq.5 @ dq dqg lv jlyhq e| dq @ uq

zkhuh u @ �4.
s
8

5 ? 41 Wkh fdsdflwlhv ri wkh uhpdlqlqj dufv htxdov V
zkhuh V @ 	qdq ? 41 Fohduo| wkh rswlpdo vroxwlrq lv I @ 7V1 Krzhyhu/
wkh iroorzlqj dxjphqwlqj vfkhph zklfk lv lq�qlwh kdv d olplw ri rqo| V1
Lq rughu wr vwdwh wkh vfkhph zh qhhg wr lqwurgxfh wkh qrwlrq ri uhvlgxdo
fdsdflw| ri wkh dufv1
Uhvlgxdo fdsdflw|

ul>m @ pd{^xl>m � il>m > 3` . pd{^im>l> 3`

Wkh uhvlgxdo fdsdflw| ri duf +m> l, +hyhq li wklv lv qrw dq duf lq wkh ruljl0
qdo qhwzrun, lv dovr gh�qhg lq wkh vdph pdqqhu1 Qrz ohw xv frqvlghu wkh
iroorzlqj  rz dxjphqwdwlrqv1
Vwhs 3= Vwduwlqj iurp }hur  rzv rq doo dufv/ lqfuhdvh wkh wrwdo  rz e|
d3 dorqj wkh sdwk v � {4 � |4 � w1 Wkh uhvlgxdo fdsdflwlhv ri wkh vshfldo
dufv duh 3> d4> d5> d5 uhvshfwlyho|1 Zh zloo qrw kdyh wr erwkhu derxw wkh
uhvlgxdo fdsdflwlhv ri dq| ri wkh rwkhu dufv vlqfh wkhvh zloo dozd|v eh odujh
lq frpsdulvrq1 Zh zloo vwduw hyhu| rqh ri wkh uhpdlqlqj f|fohv zlwk wkh
uhvlgxdo fdsdflwlhv ri wkh vshfldo dufv lq wkh irup 3> dq> dq.4> dq.4 dowkrxjk
wkh dufv wkhpvhoyhv pd| rffxu lq gl�huhqw rughuv1
Vwhs 4= Ohw xv vxssrvh wkdw vrph uhduudqjhphqw ri wkh vshfldo dufv /
vd| D34> D

3
5> D

3
6> D

3
7 kdyh uhvlgxdo fdsdflwlhv 3> dq> dq.4> dq.4 uhvshfwlyho|1

Frqvlghu wkh sdwk v�{35�|35�{36�|36� w1 Wkh duf zlwk wkh orzhvw uhvlgxdo
fdsdflw| lv D36 zkrvh uhvlgxdo fdsdflw| lv dq.41 +Uhfdoo wkdw wkh vhulhv idqj
lv d ghfuhdvlqj vhulhv,1 Vr zh vhqg dq dprxqw dq.4 dorqj wklv sdwk wr
pdnh wkh uhvlgxdo fdsdflwlhv rq wkh vshfldo dufv ^3> dq � dq.4> 3> dq.4` @
^3> dq.5> 3> dq.4`=
Vwhs 5= Qrz frqvlghu wkh sdwk v�{35�|35�|34�{34�|36�{36�|37� w1 Wkh
iruzdug duf zlwk wkh orzhvw uhvlgxdo fdsdflw| lq wklv sdwk lv D35 zkrvh uhvlg0
xdo fdsdflw| lv dq.51 Wkh uhyhuvh dufv duh D34 dqg D36 1 Erwk kdyh uhvlgxdo
fdsdflw| htxdo wr 3 dqg khqfh duh fdsdflwdwhg1 Khqfh lq wkh uhyhuvh gluhf0
wlrq wkh| fdq hdfk wdnh pruh  rz wkdq dq.51 Khqfh zh fdq vhqg rqo| dq.5
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dorqj wklv sdwk1 Wkh qhz uhvlgxdo fdsdflwlhv zloo eh ^dq.5> 3> dq.5> dq.4`1
Zh qrz kdyh h{dfwo| wkh vdph sdwwhuq ri uhvlgxdo fdsdflwlhv dv zh vwduwhg
zlwk lq vwhs 41 Wkh f|foh uhshdwv lqgh�qlwho|1 Wkh  rz lqfuhdvh lq vwhsv 4
dqg 5 htxdov dq.4 . dq.5 @ dq1 Wkxv wkh wrwdo  rz +wdnlqj olplwv, htxdov
	43 dq @ V1 Wklv h{dpsoh ixuwkhu looxvwudwhv zk| wklv dojrulwkp lv qrw dq
lpsohphqwdwlrq ri wkh vlpsoh{ phwkrg1 Lw lv dq lqwhulru sdwk phwkrg1
Lq wkh deryh h{dpsoh/ d sduwlfxodu lpsohphqwdwlrq ri wkh  rz odeholqj

dojrulwkp grhv qrw kdyh d �qlwh whuplqdwlrq qru d frqyhujhqfh wr wkh rswl0
pdo ydoxh1 Rqh zd| ri hqvxulqj �qlwh whuplqdwlrq lv gxh wrW1F1 Kx1 Lq klv
dojrulwkp/ gxulqj hdfk skdvh zh doorz dq duf wr ehfrph fulwlfdo +vdwxudwhg
ru  rzohvv, dw prvw rqfh e| glvdoorzlqj lw diwhu lw ehfrphv fulwlfdo dv orqj
dv zh duh lq wkh vdph skdvh1 Dw wkh hqg ri d skdvh/ zh sxw doo dufv edfn
lqwr frqvlghudwlrq iru  rz odeholqj dqg uhshdw wkh surfhvv1 Lw lv fohdu wkdw
hdfk skdvh fdq qrw kdyh pruh wkdq mDm  rz dxjphqwdwlrqv1 Dovr/ li wkh
qhwzrun lv xqgluhfwhg/ zh rqo| kdyh vdwxudwlrqv iru fulwlfdolw|1 Dw wkh hqg
ri d skdvh/ wkh fxw gh�qhg e| wkh vhw ri odehohg dqg xqodehohg qrghv kdv
hdfk duf hlwkhu vdwxudwhg ru  rzohvv +lq wkh xqgluhfwhg fdvh wkh| pxvw eh
vdwxudwhg,1 Vlqfh wkhuh duh rqo| d �qlwh qxpehu ri fxwv vhsdudwlqj v dqg
w dqg iru hdfk vxfk fxw wkhuh duh rqo| �qlwho| pdq| zd|v ri kdylqj dufv
vdwxudwhg ru  rzohvv/ wkh dojrulwkp lv �qlwh1 Wklv frpelqhv wkh uhvxow lq
^S` dv zhoo1

51715 Txh|udqqh*v H{dpsoh=
P1 Txh|udqqh ^T` glvfryhuhg dq h{dpsoh iru zklfk wkh dojrulwkp �Fd0
sdflw|�/ phqwlrqhg e| Hgprqgv dqg Ndus ^HN` / lv qrw �qlwh1 Wklv
dojrulwkp dxjphqwv  rz dw hdfk vwhs dorqj wkh sdwk zklfk doorzv wkh pd{0
lpxp lqfuhdvh lq  rz dw wkdw vwhs1 Lw lv yhu| hdv| wr prgli| dq dojrulwkp
+iru h{dpsoh Glmnvwud*v dojrulwkp, iru vkruwhvw urxwh wr ghwhuplqh vxfk d
sdwk h!flhqwo|> ghwdlov ri vxfk d glvfxvvlrq zloo eh irxqg lq wkh fkdswhu rq
vkruwhvw urxwhv1 Frqwudvw Txh|udqqh*v uhvxow zlwk wkdw lq ^HN`1

3 51S

6 T42

S 1

S 2

S 3

S 4

S 5
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Qrghv= Q @ iv> w> 4> 5> ====> 9j> ruljlq v dqg ghvwlqdwlrq w=
Dufv dqg wkhlu fdsdflwlhv=
+v> 4, = V4 @ �> +v> 5,4 = V5 @ �> +v> 5,5 = V6 @ �> +v> 6, = u> +v> 8, = 4
+4> 5, = u> +4> 6, = �> +4> 7, = �
+5> 7, = �
+6> 7, = u> +6> 8, = �> +6> 9, = �
+7> 9, = �> +7> w, = u
+8> 9, = 4> +8> w,4 = �> +8> w,5 = �
+9> w,4 = 4> +9> w,5 = �
zkhuh u @ +

s
8� 4,@5 ? 4/ dqg vdwlv�hv wkh uhodwlrq= u5 . u � 4 @ 3 dqg

khqfh uq.5 . uq.4 @ uq1 Dovr �/ �/ dqg � duh jlyhq e|=
� @
S 4

n@3u
6n.5 @ u5

4�u6 @ 4@5 vlqfh 4� u6 @ 4� u . u5 @ 5u51
� @
S4

n@3 u
6n.6 @ u6

4�u6 @ u@5 e| wkh vdph dujxphqw1
� @
S4

n@3u
6n.4 @ � . � @ u.4

5 1

Ohppd 6 � � u � � � u5 � � � u6 � �� u � u7 � � � u51

Surri = � � u/ � � u5/ dqg � � u6 duh fohdu ehfdxvh wkhvh duh wkh �uvw
whupv lq wkhvh uhvshfwlyh vxpv1 Vlqfh :@6 A

s
8 A 5/ lw iroorzv wkdw u � �

dqg u5 � �1 u � � @ 4@5 lpsolhv u6 @ u+4 � u, � +4 � u,@5 @ � � u1
u7 @ u5 � u6 @ +4� u,5 � +4� u,@5 @ �� u vlqfh +4� u, ? 4@51 � � u5 @
u+�� u, � u7 vlqfh +�� u, � u61 Khqfh wkh ohppd1�

Iorz Dxjphqwdwlrqv=

Vlqfh qr fdsdflw| lv odujhu wkdq rqh wkh �uvw dxjphqwdwlrq pxvw eh rq sdwk
v� 8� 9� w dqg wkh  rz vhqw dorqj wklv sdwk lv rqh xqlw1 Qrz wkhuh duh
wkuhh srvvleoh sdwkv zlwk fdsdflw| htxdo wr u1 Qrwh wkdw �/ �/ dqg � duh doo
ohvv wkdq u1 Wkhvh wkuhh sdwkv duh=
v� 6� 7� w> v� 4� 5� 7� w> v� 6� 9#�8� w4 1
# � uhihuv wr uhyhuvh duf1 Iru qrz/ zh dvvxph wkdw wkh zh vhohfw wkh

�uvw vlqfh lw lv hdv| wr vhh wkdw wklv vhohfwlrq grhv qrw d�hfw wkh uhvxow1 Dw
wklv wlph dufv +v> 6,> +v> 8,> +7> w, dqg +9> w, duh vdwxudwhg dqg wkhlu  rz
zloo qrw eh prgl�hg iurp qrz rq1 Wkh uhpdlqlqj dufv dqg wkhlu  rzv duh =

Duf Iorz
4> 5 3
6> 7 u
8> 9 4

�� w|sh 3
� � w|sh 3
� � w|sh 3

Dw wklv srlqw rq wkh iroorzlqj f|folf sdwwhuq vhwv lq=
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Duf Iorz 4 Iorz 5 Iorz 6
4> 5 3 u6n�5 u6n

6> 7 u6n�5 3 u6n�4

8> 9 u6n�6 u6n�4 3
�� w|sh �+4� u6n�6, �+4� u6n, �+4� u6n,
� � w|sh �+4� u6n�6, �+4� u6n�6, �+4� u6n,
� � w|sh �+4� u6n�6, �+4� u6n�6, �+4� u6n�6,

Wkh fruuhvsrqglqj xqltxh sdwkv dqg wkh  rz lqfuhdvhv rq wkhp duh=
v� 4� 5� 7� 6� 9� 8� w = doo �0w|sh dufv �� u6n�5>
v� 5� 4� 6� 7� 9� 8� w = doo �0w|sh dufv �� u6n�4>
v� 5� 4� 7� 6� 8� 9� w = doo �0w|sh dufv �� u6n1

Frqyhujhqfh=

Wkhruhp 7 Wkh deryh dojrulwkp frqyhujhv wr wkh rswlpxp ydoxh1

Surri = Zh kdyh vhhq wkdw dq| ihdvleoh  rz fdq eh rewdlqhg lq qr pruh wkdq
mDm dxjphqwdwlrqv e| wkh �shholqj� surfhvv1 Dovr/ wkhvh dxjphqwdwlrqv fdq
eh pdgh lq dq| rughu vlqfh zh xvh rqo| iruzdug dufv lq wkh zkroh surfhvv1
Khqfh wkhuh h{lvwv vxfk d vhtxhqfh ri dxjphqwdwlrqv vwduwlqj iurp dq|
ihdvleoh  rz I wr uhdfk wkh rswlpdo  rz I �1 Khqfh/ dw wkh vwhs zkhq zh
kdyh d  rz I / < dq dxjphqwdwlrq zkrvh ydoxh lv dw ohdvw +I � � I ,@ mDm1�
Qrz vxssrvh zh kdyh dq lq�qlwh vhtxhqfh I l/ l @ 4> 5> ====> ri  rzv1 Vlqfh

wklv lv prqrwrqh lqfuhdvlqj vhtxhqfh erxqghg deryh e| wkh ydoxh ri dq|
fxw/ lw frqyhujhv wr d olplw/ vd| I 31 Li I��I 3 A 3/ wkhq < k 6 Ik.4�Ik ?
+I ��I 3,@ mDm1 Exw wklv lpsrvvleoh e| xvlqj wkh deryh dujxphqw xvlqj wkh
shholqj surfhvv zlwk I @ Ik dqg I �1 Khqfh wkh wkhruhp1

Frqvlvwhqw Odeholqj=

Lq wklv w|sh ri odeholqj +zlwk eurdg lqwhusuhwdwlrq, �uvw wkh ruljlq lv odehohg
dv ehiruh1 Qh{w zh vhohfw d sdlu ri qrghv l dqg m zkhuh l lv odehohg dqg m lv
xqodehohg dv ehiruh> krzhyhu/ wkh vhohfwlrq ri wklv sdlu iroorzv wkh iroorzlqj
uxohv= lw lv ghwhuplqhg e| wkh vhw ri suhvhqwo| odehohg qrghv dqg e| wkh vhw
ri xqvxffhvvixo sdluv wkdw kdyh ehhq dwwhpswhg vr idu dw wklv vwhs1 Lq wkh
qduurz lqwhusuhwdwlrq/ wkh qh{w qrgh wr eh vfdqqhg ghshqgv rq wkh vhw ri
fxuuhqwo| odehohg qrghv wkdw duh xqvfdqqhg1 Doo xqodehohg qhljkeruv ri wklv
vhohfwhg qrgh wkdw fdq eh odehohg iurp wklv qrgh duh vr odehohg1 Lw wxuqv
rxw wkdw wkh eurdg lqwhusuhwdwlrq lqfoxghv wkh qduurz rqh1 Wxfnhu vkrzhg
wkdw frqvlvwhqw odeholqj lq wkh qduurz vhqvh ohdgv wr d �qlwh dojrulwkp dqg
Phjlggr dqg Jdolo vkrzhg wkdw vxfk dq dojrulwkp qhhg qrw eh sro|qrpldoo|
erxqghg1 Zh ohdyh wkhvh dv h{huflvhv1
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518 Vwurqjo| Sro|qrpldo Dojrulwkpv=

Dowkrxjk wkh idfw wkdw wkh dojrulwkp lv lq�qlwh zlwk luudwlrqdo gdwd lv ri
olwwoh sudfwlfdo frqfhuq/ wkh idfw wkdw hyhq zlwk lqwhjudo gdwd wkh qxpehu
ri  rz dxjphqwdwlrqv fdq eh yhu| odujh lv ri sudfwlfdo frqfhuq1 Lw wxuqv
rxw wkdw wkh dojrulwkp zklfk dw hdfk vwhs dxjphqwv  rz dorqj wkh sdwk
wkdw zloo doorz wkh pd{lpxp srvvleoh lqfuhdvh lv sudfwlfdoo| h!flhqw xqohvv
wkh fdsdflwlhv duh yhu| odujh1 Wkhuh duh/ krzhyhu/ dojrulwkpv wkdw vhuyh
erwk sxusrvhv ri ehlqj wkhruhwlfdoo| dqg sudfwlfdoo| h!flhqw1 Zh wxuq rxu
dwwhqwlrq wr wkhvh qrz1 Lqghhg rqh ri wkhvh lv d qdwxudo zd| lq zklfk Irug
dqg Ixonhuvrq  rz odeholqj lv surjudpphg1
M1Hgprqgv dqg U1Ndus ^HN` vkrzhg wkdw wkh dojrulwkp zklfk dw

hdfk vwhs grhv wkh  rz dxjphqwdwlrq dorqj d sdwk zlwk wkh ihzhvw qxpehu
ri dufv lv qrw rqo| �qlwh exw vwurqjo| sro|qrpldo1 Wklv ri frxuvh fruuhvsrqgv
wr zkdw lv nqrzq dv �euhdgwk0�uvw0vhdufk�1 Zh qrz jlyh d surri ri wklv idfw
dqg hvwlpdwh wkh frpsoh{lw| ri vxfk dq dojrulwkp1
Ohw
�nl @ wkh plqlpxp qxpehu ri dufv lq d  rz dxjphqwlqj sdwk iurp v wr

l diwhu n  rz dxjphqwdwlrqv lq wklv dojrulwkp dqg
�nl @ wkh plqlpxp qxpehu ri dufv lq d  rz dxjphqwlqj sdwk iurp l wr

w diwhu n vxfk dxjphqwdwlrqv1

Ohppd 8 �n.4l � �nl > �
n.4
l � �nl iru doo l dqg n=

Surri= Zh zloo rqo| suryh wkh �uvw ri wkhvh1 Vxssrvh lw lv idovh1 Ohw

�n.4l @ plq^�n.4m = �n.4m ? �nm `

Fohduo| �n.4l � 4 +vlqfh l 9@ v dqg rqo| �n.4v @ 3,1 Ohw m eh wkh odvw srlqw rq
wklv sdwk ehiruh l1 �n.4l @ �n.4m .4 dqg e| wkh gh�qlwlrq ri l/ �n.4m � �nm 1 Li
wkh odvw duf lv d iruzdug duf +m> l, zlwk im>l ? xm>l diwhu n.4 dxjphqwdwlrqv/
wkhq zh fodlp wkdw lw pxvw kdyh ehhq vdwxudwhg diwhu n dxjphqwdwlrq1 Iru/
rwkhuzlvh/ �nl � �nm . 4 � �n.4l zklfk lv d frqwudglfwlrq wr wkh gh�qlwlrq
ri l1 Exw li duf +m> l, zdv vdwxudwhg diwhu n dxjphqwdwlrqv dqg xqvdwxudwhg
diwhu n . 4 dxjphqwdwlrqv wkhq lw zdv xvhg lq wkh uhyhuvh gluhfwlrq gxulqj
wkh n.4vw dxjphqwdwlrq1 Khqfh �nm @ �nl .4 dqg frpelqlqj wklv zlwk wkh
idfw wkdw �nm . 4 � �n.4l / zh jhw �nl . 5 � �n.4l dqg wklv lv d frqwudglfwlrq
wr wkh gh�qlwlrq ri l1 Li wkh duf lv d uhyhuvh duf +l> m, wkh surri lv dorqj
vlplodu olqhv zlwk voljkw prgl�fdwlrqv1�

Wkhruhp 9 Wkh qxpehu ri dxjphqwdwlrqv lq wklv dojrulwkp lv qr pruh
wkdq pq@5 � +q6 � q5,@5=

Surri = Hdfk wlph dq dxjphqwdwlrq lv pdgh rqh duf lq wkh dxjphqwlqj
sdwk lv fulwlfdo lq wkh vhqvh wkdw lw lv wkh olplwlqj duf1 Wkh  rz rq wklv duf
lv hlwkhu lqfuhdvhg wr fdsdflw| ru ghfuhdvhg wr 31 Li +l> m, lv d fulwlfdo duf rq
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wkh +n.4,vw dxjphqwdwlrq wkhq wkh qxpehu ri dufv lq wklv sdwk @ �nl .�
n
l @

�nm . �nm 1 Wkh qh{w wlph wkh duf lv xvhg lq d  rz dxjphqwlqj sdwk/ vd| wkh
+o . 4vw, dxjphqwdwlrq/ lw zloo eh xvhg lq wkh rssrvlwh gluhfwlrq1 Wkxv/ li
+l> m, zdv d iruzdug duf lq wkh +n . 4vw, dxjphqwdwlrq wkhq/ �nm @ �nl . 4

dqg �ol @ �om . 41 Ehfdxvh ri wkh ohppd �om � �nm / dqg � om � �nm / dqg khqfh
�ol . � ol � �nl . �nl .51 Wkxv/ lw iroorzv wkdw hdfk vxffhhglqj sdwk lq zklfk
dq duf lv fulwlfdo lv orqjhu e| dw ohdvw wzr dufv1 Wkxv/ dq duf fdq eh fulwlfdo
dw prvw +q� 4,@5 wlphv dqg khqfh wkh wkhruhp1�
Q1]dghk ^]` kdv vkrzq wkdw wklv erxqg lv dfklhyhg lq vrph fodvv ri

qhwzrunv1 Qrz zh ghvfuleh wkh dojrulwkpv ri Glqlf ^G` dqg Pdokrwud/
Nxpdu dqg Pdkhvkzdul ^PNP`1

Od|huhg Qhwzrun=

Wklv lv ehvw ghvfulehg lq d sdshu e| V1 Hyhq ^H`1 D od|huhg qhwzrun lv dq
df|folf qhwzrun frqvwuxfwhg iru d jlyhq ihdvleoh  rz ^i> I `1 Lw frqvlvwv ri
vhwv Y3> Y4> ===> Ys zkhuh Y3 @ ivj dqg Yl.4 lv gh�qhg dv wkh vhw ri qrghv
wkdw fdq eh uhdfkhg iurp wkh qrghv ri Yl e| rqh vwhs ri wkh odeholqj surfhvv
dqg kdyh qrw vr idu ehhq lqfoxghg lq wkh suhylrxv vhwv Ym iru m � l1 Li dw
vrph srlqw s/ zh fdq qrw odeho dq| rwkhu qrghv dqg w lv qrw |hw odehohg
wkhq zh vwrs zlwk V @ ^sl@4Yl1 Lq wklv fdvh/ zh kdyh wkh pd{lpdo  rz dqg
wkh plqlpdo fxw1 Li w 5 Ys wkhq Ys lv uhgh�qhg wr eh Ys @ iwj/ dqg wkh
od|huhg qhwzrun gh�qlwlrq lv frpsohwh1 Wkh dufv lq wklv qhwzrun jr iurp
qrghv lq Yl wr qrghv lq Yl.4 dqg fruuhvsrqg wr wkrvh dufv +ru wkhlu uhyhuvh
lq wkh ruljlqdo qhwzrun, dorqj zklfk odeholqj zdv srvvleoh1 Wkh fdsdflwlhv
duh wkh uhvlgxdo fdsdflwlhv +@ xl>m � il>m, li wkh duf lv xvhg lq lwv ruljlqdo
gluhfwlrq dqg il>m li lw lv xvhg lq wkh gluhfwlrq +m> l,,=
Vdwxudwlrq  rzv= Lq d qhwzrun ^i> I ` lv d vdwxudwlrq  rz li wkhuh lv qr

dxjphqwlqj sdwk frqwdlqlqj rqo| iruzdug dufv1 Wkxv/ li ^i> I ` lv d vdwxudwlrq
 rz wkhq dq| fkdlq zloo kdyh dq duf wkdw lv fdsdflwdwhg1

Glqlf*v Dojrulwkp=

Vwduw zlwk ^i @ 3> I @ 3`1 Dw dq| vwdjh ri wkh dojrulwkp zh zloo kdyh d
ihdvleoh  rz ^i> I `1 Frqvwuxfw d od|huhg qhwzrun zlwk uhvshfw wr wklv  rz>
vdwxudwh wklv qhwzrun1 Vxshulpsrvh wklv dgglwlrqdo  rz rq wr wkh h{lvwlqj
 rz wr jhw d qhz vroxwlrq ^i 3> I 3` dqg uhshdw wklv f|foh xqwlo wkh  rz lv
rswlpdo1 Wr vkrz wkdw vxfk dq dojrulwkp zrunv/ zh suryh wkdw wkh qxpehu
ri od|huv lq wkh qhwzrunv vr frqvwuxfwhg lqfuhdvhv dw hdfk vwhs dqg wkhuh
fdq qrw eh pruh wkdq q od|huv1 Wkxv/ wkh qxpehu ri pdmru f|fohv ri wklv
dojrulwkp fdq qrw h{fhhg q dqg hdfk f|foh fdq qrw h{fhhg wkh qxpehu ri
dufv vlqfh dw hdfk dxjphqwdwlrq lq d vshfl�f qhwzrun rqh duf lv vdwxudwhg1
^PNP`gr wkh vdwxudwlrq surfhvv pruh fohyhuo|1

Ohppd : Ohw on ghqrwh wkh ohqjwk ri wkh od|huhg qhwzrun lq wkh nwk vwhs1
Wkhq on.4 A on=
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Surri = Wkhuh lv d sdwk ehwzhhq v dqg w lq wkh +n . 4,vw od|huhg qhwzrun
ri ohqjwk on.4 +lqghhg doo sdwkv lq wklv qhwzrun ehwzhhq v dqg w duh ri wklv
ohqjwk,1 Wklv lv ghslfwhg lq wkh iroorzlqj gldjudp=
Fdvh 4= Vxssrvh doo qrghv lq wklv sdwk duh dovr sduw ri wkh nwk od|huhg
qhwzrun1 Ohw Ym ghqrwh wkh mwk od|hu lq wkh nwk od|huhg qhwzrun1 Li ld 5 Ye
wkhq zh fodlp wkdw d � e1 +Wklv zloo vkrz wkdw on.4 � on,1 Wklv lv suryhg
e| lqgxfwlrq rq d1 Vlqfh v lv dozd|v lq wkh 3wk od|hu wkh fodlp lv fohduo|
wuxh iru d @ 31 Vxssrvh wkdw wkh uhvxow lv wuxh xs wr d dqg ohw ld.4 5 Yf1 Li
f � e . 4 wkhq zh duh grqh1 Li f A e . 4/ wkhq hgjh hd.4 grhv qrw ehorqj
wr wkh nwk od|huhg qhwzrun dqg khqfh qrw xvhg lq wkh dxjphqwdwlrqv wkhuh
lq1 Wkxv/ li lw lv xvhixo lq wkh n . 4vw od|huhg qhwzrun wkhq lw zdv xvhixo lq
wkh nwk skdvh1 Wklv lv d frqwudglfwlrq wr ld.4 5 Yf1 Khqfh wkh fodlp1
Qrz wr vkrz wkdw on.4 A on1 Wklv lv grqh e| vkrzlqj wkdw li on.4 @ on

wkhq lon.4�4 5 Yf lpsolhv f � on � 4> krzhyhu/ f ? on � 4 zrxog phdq wkdw
hgjh hon.4 zdv qrw sduw ri wkh n

wk od|huhg qhwzrun dqg li lw lv xvhixo lq wkh
n.4vw od|huhg qhwzrun wkhq lw pxvw kdyh ehhq xvhixo lq nwk od|huhg qhwzrun
dv zhoo dqg wkh gh�qlwlrq ri on lv zurqj1 Wkxv f @ on�4 dv zhoo1 Khqfh wklv
suhylrxv hgjh hon.4 lv dovr lq wkh nwk od|huhg qhwzrun1 E| uhshdwlqj wklv
dujxphqw zh fdq vkrz wkdw wkh hqwluh sdwk lv lq wkh nwk od|huhg qhwzrun1
Wklv lv d frqwudglfwlrq wr wkh idfw wkdw zh vdwxudwhg wkh nwk od|huhg qhwzrun
ehiruh surfhhglqj wr n . 4vw1 Wkxv on.4 A on=
Fdvh 5= Ohw ld.4 eh wkh �uvw qrgh lq wkh deryh sdwk qrw lq wkh nwk od|huhg
qhwzrun1 Wkhq e| xvlqj wkh vdph dujxphqw dv deryh/ zh jhw li ld 5 Yt wkhq
d � t1 Vlqfh ld.4 grhv qrw ehorqj wr nwk qhwzrun wkh hgjh hd.4 grhv qrw
hlwkhu1 Wklv lpsolhv wkdw  rzv rq wklv hgjh glg qrw fkdqjh lq nwk skdvh dqg
khqfh wklv zdv dq holjleoh hgjh dw wkdw wlph1 Wkhuhiruh/ wkh rqo| uhdvrq zk|
ld.4 lv qrw lq wkh nwk qhwzrun lv ehfdxvh on @ t . 41 Fohduo| on.4 A d . 4
+vlqfh w lv lq wkh nwk qhwzrun, dqg khqfh on.4 A on lq wklv fdvh dv zhoo1�

Fruroodu| ; Wkh qxpehu ri pdmru f|fohv � q� 4=

Glqlf xvhg d vwudljkw iruzdug dojrulwkp wr vdwxudwh wkh od|huhg qhwzrun
sureohp dqg khqfh jrw d erxqg ri R+qp, shu f|foh dqg khqfh d R+q5p,
dojrulwkp ryhudoo1 Ndu}dqry ^N` lpsuryhg wkh erxqg wr R+q5, shu f|foh
dqg khqfh d R+q6, dojrulwkp1 ^PNP` dovr rewdlqhg wkh vdph uhvxowv dv
Ndu}dqry> wkhlu dojrulwkp lv pxfk hdvlhu wr h{sodlq dqg wklv lv zkdw zh gr
qrz1

Pdokrwud/ Nxpdu/ dqg Pdkhvkzdul Dojrulwkp=

Lqsxw= Dq df|folf judsk zlwk ihdvleoh  rz ^i> I `1
Rxwsxw= D vdwxudwlrq  rz ^i 3> I 3`=
Vlqfh wkh od|huhg qhwzrun lv df|folf zh fdq xvh wklv dv d vxeurxwlqh wr

vroyh hdfk f|foh*v sureohp lq Glqlf*v dojrulwkp1 Zh dfwxdoo| dvvxph wkdw
wkh qrghv ri wkh df|folf qhwzrun duh qxpehuhg vr wkdw doo dufv vwduw iurp
d orzhu qxpehuhg qrgh1 Exw wklv fdq hdvlo| eh grqh lq olqhdu wlph1
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Gh�qh d qrgh  rz srwhqwldo �i +l, iru hdfk qrgh dv iroorzv=

�i +v, @
[
m5Q

+xv>>m � iv>>m, +518,

�i +w, @
[

m5Q +xm>w � im>w, +519,

�i +l, @ plq^
[
m5Q

+xl>>m � il>>m,>
[
m5Q

+xm>l � im>l,` +51:,

Wkxv/ wkh  rz srwhqwldo phdvxuhv wkh pd{lpxp srvvleoh  rz wkdw fdq
sdvv wkurxjk wklv qrgh1 Ohw �i +u, @ plql5Q +�i +l,,1 Zh zloo fdoo u wkh
uhihuhqfh qrgh dqg �i +u, wkh uhihuhqfh srwhqwldo1

Ohppd < Ohw u eh d uhihuhqfh qrgh lq dq df|folf judsk J zlwk  rz i 1
Wkhq i fdq eh dxjphqwhg e| �i +u, wr uhvxow lq d  rz i 3 zlwk �i 3+u, @ 31
Wklv fdq eh dfklhyhg e| vhqglqj  rz dorqj sdwkv zlwk iruzdug dufv rqo|1

Surri= Fdvh +l,= u @ v
Vlqfh �i +v, lv wkh plqlpxp srwhqwldo/ dq dgglwlrqdo dprxqw ri  rz ri

�i +v, fdq eh glvwulexwhg dprqj wkh rxwjrlqj dufv ri wkh qrgh v +Lqghhg wklv
zloo vdwxudwh doo ri wkhp dqg khqfh wkh qhwzrun1 Wkh h{wud  rz uhdfklqj
wkh qh{w qrgh +lq wkh qxpehulqj v|vwhp wkdw zh phqwlrqhg ehiruh iru
wkh df|folf judsk, fdq eh glvwulexwhg dprqj lwv rxwjrlqj qrghv ehfdxvh
�i +l, � �i +v,1 Wkh vdph dujxphqw fdq eh uhshdwhgo| dssolhg1 Khqfh wkh
 rz ^i> I ` fdq eh dxjphqwhg wr ^i 3> I 3` zlwk I 3 � I @ �i +v,=
Fdvh +ll,= u @ w
Wklv fdvh lv wuhdwhg lq d pdqqhu vlplodu wr wkdw ri +l,1
Fdvh +lll,= u 9@ v> w
Ghohwh doo dufv +l> m, zlwk l ? u dqg m A u dv vkrzq lq wkh gldjudp ehorz1

Qrz wuhdw wkh judskv J
4
dqg J

5
vhsdudwho| dqg xvh fdvhv +l, dqg +ll, rq

wkhvh judskv uhvshfwlyho|1 Qrwh wkdw wkh ghohwhg dufv gr qrw sod| dq| uroh lq
ehlqj deoh wr vhqg wkh  rz ri dq dprxqw �i +u, iruzdug dqg edfnzdugv1�
Wklv vdwxudwhv u lq wkh ruljlqdo df|folf qhwzrun1 Vdwxudwhg qrghv dqg dufv

duh gursshg iurp ixuwkhu frqvlghudwlrq dqg qhz srwhqwldov duh fdofxodwhg
dorqj wkh zd|1 E| xvlqj surshu gdwd vwuxfwxuhv wklv lv uhshdwhg dw prvw q
wlphv dqg uhtxluhv dq h�ruw ri R+q5,1 Wkxv rqh f|foh lq Glqlf*v dojrulwkp
lpsohphqwhg wklv zd| wdnhv R+q5, h�ruw dqg khqfh wkh hqwluh dojrulwkp
lv ri R+q6, iru d jhqhudo qhwzrun1 Iru vsduvh qhwzrunv frpsxwhu vflhqwlvwv
kdyh uhgxfhg wklv wr voljkwo| orzhu rughuv1
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519 +Xqgluhfwhg, Hgjhv/ Sdudooho Dufv/
Pxowlsoh Ruljlqv2Ghvwlqdwlrqv/ Qrgh
Fdsdflwlhv

Dq +xqgluhfwhg, hgjh zlwk l dqg m dv lwv whuplqdov dqg d fdsdflw| ri xl>m A 3
lv uhsodfhg e| wzr gluhfwhg dufv +l> m, dqg +m> l, erwk zlwk fdsdflw| htxdo
wr xl>m 1 Sdudooho dufv duh uhsodfhg e| rqh duf zkrvh fdsdflw| htxdov wkh
vxp ri wkhlu fdsdflwlhv1 Lq fdvh wkhuh duh pxowlsoh ruljlqv2ghvwlqdwlrqv zh
fuhdwh d vxshu vrxufh2vxshu vlqn > wkh vxshu vrxufh lv frqqhfwhg wr hdfk ri
wkh ruljlqdo vrxufhv dqg wkhvh dufv kdyh lq�qlwh fdsdflw|1 Wkh vxshu vlqn lv
frqqhfwhg wr doo ghvwlqdwlrqv lq wkh ruljlqdo qhwzrun dqg wkhvh dufv dovr kdyh
lq�qlwh fdsdflw|1 Lq wkh fdvh ri qrgh fdsdflw|/ �uvw zh pdnh wkh qhwzrun
d gluhfwhg rqh e| wkh deryh frqvwuxfwlrq li qhfhvvdu|1 Qrz vxssrvh qrgh
l kdv d fdsdflw| �l1 Vsolw wklv qrgh lqwr wzr � vd| l3 dqg l% zlwk dq duf
ehwzhhq wkhp1 Ohw doo dufv ri wkh w|sh +m> l, eh uhsodfhg e| dufv ri wkh w|sh
+m> l3, dqg d> dufv ri wkh w|sh +l> m, e| +l%> m, zlwk wkh vdph fdsdflw|1 Ohw wkh
duf +l3> l%, kdyh fdsdflw| htxdo wr �l1 Sohdvh qrwh wkdw li zh vwduwhg zlwk dq
xqgluhfwhg qhwzrun zlwk qrgh fdsdflwlhv wklv rshudwlrq uhqghuv lw d gluhfwhg
qhwzrun > zh nqrz ri qr frqvwuxfwlrq wkdw zloo suhvhuyh wkh xqgluhfwhgqhvv1
Krzhyhu/ zh pd| prgli| wkh dojrulwkpv gluhfwo| li zh duh lqwhuhvwhg lq
uhwdlqlqj wkh xqgluhfwhg qhwzrun1 Zh fdq dovr frqyhuw wkh fdvh ri duf2hgjh
fdsdflwlhv wr qrgh fdsdflwlhv e| lqvhuwlqj d qrgh lq wkh plggoh ri hyhu|
duf2hgjh dqg hqgrz wklv qrgh zlwk wkh fdsdflw| ri wkh duf2hgjh1 Wkxv/ wkh
frqyhuvlrq ehwzhhq qrgh dqg duf fdsdflwlhv jrhv erwk zd|v lq wkh fdvh ri
gluhfwhg qhwzrun exw wkh qrgh fdsdflw| fdvh vhhpv pruh jhqhudo lq wkh fdvh
ri xqgluhfwhg qhwzrun1 Wklv grhv fdxvh vrph sureohpv lq wkh fdvh pxowl
whuplqdo qhwzrunv dqg wklv fdvh lv glvfxvvhg wkhuh lq ghwdlo1

51: Duf � Fkdlq Irupxodwlrq=

Lq wkh deryh qrgh0duf irupxodwlrq/ wkh yduldeohv zhuh duf  rzv1 Wkhuh lv
dqrwkhu irupxodwlrq lq zklfk yduldeohv fruuhvsrqg wr v � w fkdlq  rzv
+gluhfwhg v � w sdwk  rzv,1 Vxssrvh D lv dq lqflghqfh pdwul{ zkrvh urzv
+l> m, fruuhvsrqg wr dufv dqg froxpqv wr v� w fkdlqv>

dnl>m @

�
4
3

+l> m, 5 Fn

hovh
Ohw {n uhsuhvhqw wkh  rz dorqj fkdlq Fn1 Wkhq/ zh kdyh wkh iroorzlqj

irupxodwlrq iru wkh pd{lpxp  rz sureohp=

^pd{
[
n

{n = {n � 3>
[
n

dnl>m{n � fl>m `

Wklv lv fdoohg wkh duf0fkdlq irupxodwlrq ri wkh pd{lpxp  rz sureohp1
Vrphwlphv/ lqvwhdg ri v � w fkdlqv zh dgg dq duf +w> v, zkrvh fdsdflw| lv
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4 +dqg li wkhuh duh orzhu erxqgv wkhq wkh orzhu erxqg ri wklv duf lv�4,1
Qrz wkh deryh fkdlqv fruuhvsrqg wr gluhfwhg flufxlwv sdvvlqj wkurxjk wkh
duf +w> v,1 Wklv irupxodwlrq wkhq hdvlo| h{whqgv wr pdwurlgdo  rzv dv lq wkh
zrunv ri Vh|prxu hw do1

51:14 Fkdlq Ghfrpsrvlwlrq ri d ihdvleoh  rz=
Vxssrvh zh kdyh d ihdvleoh vroxwlrq ^i> I ` wr wkh  rz sureohp lq qrgh duf
irup1 Wr surgxfh d vhw ri fkdlq  rzv +qrw qhfhvvdulo| xqltxh, fruuhvsrqglqj
wr wklv ihdvleoh vroxwlrq zh xvh wkh iroorzlqj surfhvv wkdw zh fdoo shholqj
surfhvv1

Dojrulwkp S

Vwhs 4= Odeho v = +�> I ,> ohw V @ ivj1
Vwhs 5= Iru l 5 V/ dqg m @5 V/ zlwk il>m A 3/ odeho m = +l.> �m, zkhuh
�m @ plq+�l> il>m,> ohw Vqhz @ Vrog ^ imj1 Li w 5 V jr wr vwhs 6> hovh jr wr
vwhs 51
Vwhs 6= Wkh odeho rq w lghqwl�hv d gluhfwhg sdwk zlwk srvlwlyh  rz �w rq
lw1 +Wklv sdwk lv lghqwl�hg dv lq  rz odeholqj dojrulwkp ehiruh,1 Uhgxfh I
dqg doo duf  rzv rq wklv sdwk e| �w dqg lqfuhdvh { ri wklv sdwk e| �w1 Li qhz
ydoxh ri I lv }hur wkhq vwrs> zh kdyh wkh uhtxluhg ghfrpsrvlwlrq1 Li vrph ri
wkh uhpdlqlqj  rzv duh vwloo srvlwlyh/ wkhq wkhvh duh f|foh  rzv +dovr fdoohg
flufxodwlrqv, dqg fdq eh ljqruhg zlwkrxw d�hfwlqj wkh wrwdo  rz I 1 Li qrw/
uhpryh doo odehov dqg jr wr vwhs 4 zlwk qhz ^i> I `1
Wklv surfhvv vkrzv wkdw fruuhvsrqglqj wr dq| ihdvleoh vhw ri duf  rzv

wkhuh lv dw ohdvw rqh vhw ri fkdlq  rzv zlwk wkh vdph wrwdo ydoxh1 Wkh uhyhuvh
surfhvv lv yhu| hdv|> jlyhq dq { wr �qg i / ohw i @ D{ dqg I @

S
n {

n1
Dfwxdoo| wklv surfhvv zrunv hyhq lq wkh xqgluhfwhg fdvh> |rx kdyh wr zdwfk
rxw wkdw rssrvlwh  rzv gr qrw pdnh d gl�huhqfh1 Sohdvh qrwh wkdw dw hyhu|
vwhs rqh duf  rz ehfrphv }hur lq wklv dojrulwkp> khqfh wkh qxpehu ri
vwhsv lq wklv dojrulwkp fdq qhyhu h{fhhg wkh qxpehu ri dufv1 Wklv vkrzv
wkdw li zh zhuh fohyhu/ wkh qxpehu ri  rz dxjphqwdwlrqv lq wkh  rz odeholqj
dojrulwkp zloo qrw h{fhhg wkh qxpehu ri dufv dqg wkh dojrulwkp zrxog dovr
qhyhu xvh uhyhuvh odehov1 Wkh gl!fxow| lv wkdw zh gr qrw nqrz krz wr �qg
vxfk dxjphqwdwlrqv lq jhqhudo1 Wkhuh lv d fdvh zkhuh zh gr> lw frqfhuqv
wkh sodqdu judsk fdvh1
Wkh �uvw surri e| Irug dqg Ixonhuvrq ^B` zdv xvlqj wklv irupxodwlrq dqg

qrw wkh qrgh duf irupxodwlrq1 Wkhlu surri lv xvhg e| Kr�pdq ^K` lq vrph
rwkhu frqwh{wv wkdw jhqhudol}h pd{lpxp  rz rq qhwzrunv1
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51; Srvlwlyh Orzhu Erxqgv dqg H{rjhqrxv
Iorzv

Vxssrvh/ lq wkh pd{lpxp  rz sureohp/ zh kdyh orzhu erxqgv/ wkhq zh
jhw wkh iroorzlqj sureohp=

pd{I

v=w
[
m

il>m �
[
m

im>l @

;?
=

I
3
�I

l @ v
l 9@ v> w
l @ w

ol>m � il>m � xl>m iru +l> m, 5 D

Zlwkrxw orvv/ zh pd| dvvxph wkdw x � o � 31 Li zh kdyh d ihdvleoh  rz/
wkhq plqru prgl�fdwlrqv wr wkh odeholqj dojrulwkp zloo hqdeoh xv wr vroyh
wklv sureohp1 Wkhvh duh jlyhq ehorz=

Dojrulwkp=

Vdph dv wkh dojrulwkp ehiruh h{fhsw wkh vwhs � li l 5 V/ m @5 V/ +m> l, 5 D
dqg im>l A 3/ wkhq odeho m = +l�> �m,/ zkhuh �m @ plq+�l> im>l, dqg ohw m 5 V%
lv wr eh fkdqjhg wr uhdg= � li l 5 V/ m @5 V/ +m> l, 5 D dqg im>l A om>l/ wkhq
odeho m = +l�> �m,/ zkhuh �m @ plq+�l> im>l � om>l, dqg ohw m 5 V%1

Wkhruhp 43 pd{I @ plq^x+V> �V,� o+ �V> V,` zkhuh wkh plqlpxp lv ryhu
doo fxwv vhsdudwlqj wkh ruljlq dqg wkh ghvwlqdwlrq1

Wkhruhp 44 plqI @ pd{^o+V> �V,� f+ �V> V,`=

Wkh pdlq gl!fxow| lv wr fkhfn zkhwkhu ru qrw wkhuh lv d ihdvleoh vroxwlrq
dqg wr surgxfh rqh li lw h{lvwv � vrphzkdw olnh Skdvh L ri wkh vlpsoh{
phwkrg1 Wkh wulfn lv wr xvh wklv wkhru| lwvhoi wr gr wkdw1 Ehiruh zh gr wkdw
ohw xv ghvfuleh d forvho| uhodwhg duhd ri h{rjhqrxv  rzv1 Lq wklv fdvh zh doorz
wkh  rz dw qrghv rwkhu wkdq wkh ruljlq dqg ghvwlqdwlrq wr eh qrw frqvhuyhg
� wkhuh pd|  rz wr ru iurp wkh �rxwvlgh�1 Wkh uhvxowlqj sureohp lv ri wkh
iroorzlqj irup=

pd{ I

v=w= =
[
m

il>m �
[
m

im>l @

;?
=

I . tv
3 . tl

�I . tw

l @ v
l 9@ v> w
l @ w

ol>m � il>m � xl>m iru +l> m, 5 D

zkhuh t lv d vshfl�hg yhfwru1 Lq wklv sureohp zh pd| dvvxph wkdw o @ 3
zlwkrxw orvv ri jhqhudolw|1
H{huflvh= Vkrz wkdw wklv fdq eh frqyhuwhg wr wkh sureohp zlwk orzhu
erxqgv exw qr h{rjhqrxv  rzv1
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Ihdvleoh Iorzv=

Frqvlghu wkh sureohp zlwk orzhu erxqgv wkdw duh qrqqhjdwlyh1 Ohw J @
^Q >D` eh wkh ruljlqdo judsk1 Gh�qh d qhz judsk J3 @ ^Q 3>D3` dv iroorzv=
Q 3 @ Q ^ i�> �j/ dqg +l> m, 5 @, +l> m,/ +�> m,/ +l> �, doo ehorqj wr

D3> +w> v, 5 D31 Wkh fdsdflwlhv duh jlyhq dv iroorzv= iru +l> m, zlwk erxqgv
ol>m > xl>m wkh fruuhvsrqglqj qhz dufv kdyh fdsdflwlhv= xl>m � ol>m > ol>m / dqg ol>m
uhvshfwlyho|1 Ri frxuvh/ wkhlu orzhu erxqgv duh doo }hur1 Wkh duh +w> v, kdv
dv lwv erxqgv +�4>4,1 Sohdvh qrwh wkdw wklv grhv qrw srvh dq| sureohpv
lq wkh vwduwlqj vroxwlrq ri 31 Zh pd{lpl}h wkh  rz ehwzhhq � dqg �1
Qrwh wkdw lq wkh qhwzrun J3 wkhuh duh wzr fxwv vhsdudwlqj � dqg � zkrvh

fdsdflw| lv O @
S

+l>m, 5Dol>m 1 Khqfh wkh pd{  rz I �/ lq wklv qhwzrun vdw0
lv�hv wkh uhodwlrq I � � O1

Wkhruhp 45 D ihdvleoh vroxwlrq wr wkh ruljlqdo sureohp h{lvwv l� I � @ O=

H{huflvh= Uhdg fkdswhu 5 ri I ) I1



Wklv lv sdjh {l{
Sulqwhu= Rsdtxh wklv

Uhihuhqfhv

^II4` O1U1 Irug dqg G1U1 Ixonhuvrq= Pd{lpdo Iorz Wkurxjk d Qhwzrun/
Fdqdg1 M1 Pdwk / ;1 +4<89,/ ss1 6<<07371

^HIV` S1 Holdv/ D1 Ihlqvwhlq1 dqg F1H1 Vkdqqrq= Qrwh rq Pd{lpdo  rz
Wkurxjk d Qhwzrun/ LUH Wudqv1 rq Lqirupdwlrq Wkhru|/ LW05/
+4<89,/ ss1 44:044<1

^U` M1W1Uredfnhu= Rq Qhwzrun Wkhru|/ Udqg Uhvhdufk Phprudqgxp/
UP047<;/ Pd| 4<881

^II5` O1U1 Irug dqg G1U1 Ixonhuvrq= Iorzv lq Qhwzrunv/ Sulqfhwrq Xql0
yhuvlw| Suhvv/ 4<951

^G` H1D1 Glqlf= Dojrulwkp iru d Vroxwlrq ri d Sureohp ri Pd{lpdo Iorz
lq d Qhwzrun zlwk Srzhu Hvwlpdwlrq/ Vry1 Pdwk1 Grno1/ 44/ +4<:3,/
ss1 45::045;31 +vhh ^H` iru d qlfhu h{sodqdwlrq,

^H` V1 Hyhq= Judsk Dojrulwkpv/ Frpsxwhu Vflhqfh suhvv/ +4<:<,1

^HN` M1 Hgprqgv dqg U1 P1 Ndus= Wkhruhwlfdo lpsuryhphqwv lq Dojrulwk0
plf H!flhqf| iru Qhwzrun Iorz sureohpv/ MDFP/ 4</ +4<:5,/ ss1
57;05971

^K` D1M1 Kr�pdq= D Jhqhudol}dwlrq ri Pd{ Iorz0Plq Fxw/ Pdwk1 Surj1
9/ +4<:7,/ ss1 685068<1

^]` Q1 ]dghk= D Edg Qhwzrun Sureohp iru wkh Vlpsoh{ phwkrg dqg
rwkhu plqlpxp Frvw Iorz Dojrulwkpv/ Pdwk1 Surj1/ 8/ +4<:6,/ ss1
58805991



{{ Uhihuhqfhv

^N` D1Y1Ndu}dqry= Ghwhuplqlqj wkh Pd{lpdo Iorz lq d Qhwzrun zlwk
wkh Suh  rzv/ Vry1 Pdwk1 Grno1/ 48/ +4<:7,/ ss1/ 767076:1

^F` E1Y1Fkhundvnl= Dojrulwkp iru Frqvwuxfwlrq ri Pd{lpdo Iorzv lq
Qhwzrunv zlwk Frpsoh{lw| R+mY msmHm, Rshudwlrqv/ Pdwk1 phwk0
rgv ri Vroxwlrqv ri Hfrqrplf Sureohpv/ :/ +4<::,/ ss1 44:04581

^J` ]1 Jdolo= D Qhz Dojrulwkp iru wkh Pd{lpdo Iorz sureohp/ Surf1
4<wk V|psrvlxp rq Irxqgdwlrqv ri Frpsxwhu Vflhqfh/ +4<:;,/ ss1
56405781

^JQ` ]1 Jdolo dqg D1 Qrdpdg= Qhwzrun Iorz dqg Jhqhudol}hg Sdwk Frp0
suhvvlrq/ 44wk Dqqdov DFP V|ps1 rq Wkhru| ri Frpsxwlqj/ +4<:<,/
ss1 460591

^PNP` Y1P1 Pdokrwud/ P1S1 Nxpdu/ dqg V1Q1 Pdkhvkzdul= Dq R+mY m6,
Dojrulwkp iru Ilqglqj Pd{lpxp Iorzv lq Qhwzrunv/ Lqirupdwlrq
Surfhvvlqj Ohwwhuv/ 9/ +4<:;, ss1 5::05:;1

^LV` D1 Lwdl dqg \1 Vklordfk= Pd{lpxp Iorz lq Sodqdu Qhwzrunv/ VLDP
Mrxu1 rq Frpsxwlqj/ ;/ +4<:<,/ ss1 46804831

^VW` G1G1 Vohdwru dqg U1H Wdumdq= D gdwd Vwuxfwxuh iru G|qdplf Wuhhv/
M1 Frps1 V|v1 Vfl1/ 57/ +4<;6,/ ss1 69506<41

^W` D1F1Wxfnhu= D Qrwh rq Frqyhujhqfh ri wkh Irug0Ixonhuvrq Iorz Do0
jrulwkp/ Pdwk1 ri R1U1/ 5/ +4<::,/ ss1 47604771

^ST` M1F1 Slfdug dqg P1Txh|udqqh= Rq wkh Vwuxfwxuh ri doo Plqlpdo Fxwv
lq d Qhwzrun dqg Dssolfdwlrqv/ Pdwk1 Surj1 Vwxg1 46/ ss1 ;0491

^T` P1Txh|udqqh= Wkhruhwlfdo H!flhqf| ri wkh Dojrulwkp �Fdsdflw|�
iru wkh pd{lpxp Iorz sureohp/ Pdwk1 ri R1U1/ 8/ +4<;3,/ ss1 58;0
5991

^DR` U1N1 Dkxmd dqg M1E1 Ruolq= D Idvw dqg Vlpsoh Dojrulwkp iru wkh
Pd{lpxp Iorz Sureohp/ PLW Uhsruw/ +4<;:,1

^DRP` U1N1 Dkxmd/ M1E1 Ruolq/ dqg W1 Pdjqdqwl= Qhwzrun Iorzv/ Dxj
4<;;1

^S` Srqvwhlq/ M1= Rq Pd{lpdo Iorz Sureohpv zlwk Uhdo Duf Fdsdflwlhv/
Pdwk1 Surj1 6/ +4<:5,/ ss 58705891

^]5` ]dghk/ Q1= Pruh Sdwkrorjlfdo H{dpsohv iru Qhwzrun Iorz Sureohpv/
Pdwk1 Surj1 8/ +4<:6,/ ss 54:05571

^PJ` Phjlggr/ Q1/ Jdolo/ ]= Rq Ixonhuvrq*v Frqmhfwxuh derxw Frqvlvwhqw
Odeholqj Surfhvvhv/ Pdwk1 ri Rshu1 Uhv1/ 7/ +4<:<,/ ss 598059:1


