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Wklv vhfwlrq ghdov sulpdulo| zlwk xqgluhfwhg qhwzrunv1 Wkh wkuhh pdmru sure0
ohpv ghdow zlwk lq wklv duhd duh=

+l, Uhdol}delolw| Sureohp= Ilqg qhfhvvdu| dqg vx�flhqw frqglwlrqv iru d jlyhq
vhw ri qxpehuv wr uhsuhvhqw pd{lpdo �rz ydoxhv ehwzhhq doo sdluv ri qrghv
lq vrph qhwzrun1

+ll, Dqdo|vlv Sureohp= Ilqg wkh pd{ �rzv ehwzhhq doo sdluv ri qrghv lq dq
xqgluhfwhg qhwzrun lq d pruh h�flhqw pdqqhu wkdq grlqj wkhp rqh e|
rqh1

+lll, Ghvljq ru V|qwkhvlv Sureohp= Ilqg wkh duf fdsdflwlhv iru d qhwzrun zklfk
phhwv vshfl�hg orzhu erxqgv rq doo wkh pd{lpxp �rzv zlwk wkh ohdvw vxp
ri fdsdflwlhv +ru pruh jhqhudoo|/ wkh wrwdo frvw,1 Vxfk d sureohp dulvhv lq
wkh frqwh{w ri ghvljqlqj d frppxqlfdwlrq qhwzrun1

��2 +i@*�3@M�*�|)

Zh ehjlq zlwk wkh dqdo|vlv ri dqrwkhu zhoo nqrzq sureohp nqrzq lq wkh olwhud0
wxuh dv Pd{lpxp Vsdqqlqj Wuhh Sureohp1 Wklv lv xvhixo lq ghulylqj qhfhvvdu|
dqg vx�flhqw frqglwlrqv iru uhdol}delolw|1

��2�� 5T@??�?} Ahii �hLM*i4

Jlyhq dq xqgluhfwhg qhwzrun J @ ^Q >H` dqg duf qxpehuv ul>m / �qg d vsdqqlqj
wuhh W +li wkh qhwzrun lv frqqhfwhg dqg zkdw lv fdoohg d sulqflsdo iruhvw li lw lv
qrw, zlwk pd{lpxp ydoxh iru

S
+l>m,5W ul>m =
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Wkhruhp 4 D qhfhvvdu| dqg vx�flhqw frqglwlrq iru d vsdqqlqj wuhh W � wr eh
rswlpdo iru wkh deryh sureohp lv wkdw wkh iroorzlqj frqglwlrq krogv=

+l> m, @5 W � @, ul>m � plq
+n>o,5O�

l>m

un>o +414,

zkhuh O�
l>m lv wkh orrs iruphg e| dgglqj duf +l> m, @5 W � wr wkh wuhh W �1

(i,j)

Li,j
T

Surri= Wkdw wklv frqglwlrq lv qhfhvvdu| lv fohdu iurp wkh idfw wkdw rwkhuzlvh dq
h{fkdqjh ri duf +l> m, zlwk wkh duf ylrodwlqj wkh deryh frqglwlrq zrxog lpsuryh
wkh vroxwlrq1 Lq rughu wr vkrz vx�flhqf|/ zh zloo vkrz wkdw dq| wzr wuhhv/ vd|
W4 dqg W5/ wkdw vdwlvi| wkh deryh frqglwlrq kdyh htxdo ydoxh1 Dfwxdoo|/ pxfk
pruh lv vkrzq= wkh vhw ri duf ydoxhv lq wzr vxfk wuhhv lv wkh vdph1

Li wuhhv W4 dqg W5 duh glvwlqfw/ wkhq zh fdq sduwlwlrq wkh dufv lq W4 ^ W5 dv
W40 dufv/ W50 dufv dqg W4 _ W50 dufv1 Ohw +{4> {n, eh d W40duf1 Wklv irupv d
orrs zlwk wuhh W5/ dqg ohw wkh uhpdlqlqj dufv ri wklv orrs eh +{4> {5,/ +{5> {6,
111 +{n�4> {n,1 Zh fodlp wkdw ri wkhvh wkhuh lv dq duf wkdw lv d W50duf zlwk ydoxh
htxdo wr wkdw ri +{4> {n,1 H{fkdqjlqj wkhvh dufv surgxfhv d wuhh wkdw kdv rqh
pruh duf lq frpprq zlwk wuhh W5 dqg kdv wkh vdph ydoxh dv wkh ruljlqdo wuhhv1
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Uhshdwlqj wklv surfhvv zloo suryh wkh wkhruhp1

T2

T1

T1
& T2

Wr suryh wkh fodlp/ vxssrvh lw lv qrw wuxh1 Vlqfh W4 lv d wuhh/ qrw doo ri wkh
dufv lq wkh orrs fdq eh W4 _ W50 dufv> dovr frqglwlrq ri wkh wkhruhp krogv1 Li
qrqh ri wkh W50 dufv kdv d ydoxh htxdo wr wkdw ri +{4> {n,/ wkhq hdfk ri wkhvh
W50dufv pdnhv d orrs zlwk wuhh W4/ dqg khqfh/ lw fdq eh yhul�hg wkdw W4 kdv d
orrs zklfk ohdgv wr frqwudglfwlrq1 Sohdvh qrwh wkdw hdfk ri wkh W50 dufv wkdw duh
lq wkh orrs iruphg e| +{4> {n, zlwk W5 kdv d ydoxh odujhu wkdq wkdw ri +{4> {n,/
dqg khqfh/ hdfk ri wkh dufv wkdw duh lq wkh orrsv iruphg e| wkhvh dufv zlwk wuhh
W4 dovr vdwlvi| wklv frqglwlrq/ dqg khqfh/ wkh| duh glvwlqfw iurp +{4> {n,1 Wkxv/
wkh fodlp dqg/ khqfh/ wkh wkhruhp lv suryhg1�

D gluhfw lpsohphqwdwlrq ri wkh lghdv lq wkh wkhruhp ohdgv wr d vwurqjo|
sro|qrpldo dojrulwkp1 Krzhyhu/ pruh h�flhqw dojrulwkpv h{lvw1 Xvlqj wklv
wkhruhp/ zh fdq vkrz wkdw wkh zhoo nqrzq dojrulwkpv ri Nuxvndo +Eruxynd,
dv zhoo dv wkdw ri Sulp gr surgxfh rswlpdo vroxwlrqv1 Zh zloo wdnh xs wkhvh
dojrulwkpv lq wkh vhfwlrq rq pdwurlgv1 Qrz zh wxuq wr uhdol}delolw|1

Ohw J @ ^Q>H` eh dq xqgluhfwhg judsk1 Ohw yl>m @ ym>l eh wkh pd{lpdo �rz
lq J +zlwk xl>m dv duf fdsdflwlhv, li +l> m, lv wkh ruljlq � ghvwlqdwlrq frpelqdwlrq1
Vlqfh wkh qhwzrun lv xqgluhfwhg/ y lv v|pphwulf1 Iru wkh vdnh ri frpsohwhqhvv/
ohw yl>l @ 4 iru doo l 5 Q= Wkh sureohp ri uhdol}delolw| lv wr �qg wkh frqglwlrqv
qhfhvvdu| dqg vx�flhqw iru d v|pphwulf ixqfwlrq y wr eh wkh pd{lpxp �rzv lq
vrph xqgluhfwhg qhwzrun/ dqg wklv lv jlyhq e| wkh qh{w wkhruhp1

Wkhruhp 5 D qhfhvvdu| dqg vx�flhqw frqglwlrq iru d qrqqhjdwlyh v|pphwulf
ixqfwlrq y wr eh uhdol}deoh lv wkdw lw vdwlvi|=

yl>n � plq^yl>m > ym>n` ; l> m> n 5 Q= +415,
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Ixuwkhu/ li y lv uhdol}deoh/ wkhq lw lv uhdol}deoh e| d wuhh qhwzrun1

Surri=
Qhfhvvlw|= Ohw ^[> �[` eh d plqlpdo fxw vhsdudwlqj l dqg n +zlwk l 5 [ dqg

n 5 �[,1 Khqfh/ yl>n @ x+[> �[, dqg m lv hlwkhu lq [ ru lq �[1 Li zh kdyh wkh �uvw
fdvh/ wkhq ym>n � x+[> �[, vlqfh wklv fxw vhsdudwhv m dqg n/ dqg lq wkh vhfrqg
fdvh/ yl>m � x+[> �[, vlqfh wklv fxw vhsdudwhv l dqg m lq wklv fdvh1 Lq hlwkhu fdvh/
rxu uhvxow krogv1 Xvlqj wklv uhodwlrq uhfxuvlyho|/ zh kdyh=

yl>s � plq^yl>m > ym>n> yn>o> ===> y�>s` +416,

Vx�flhqf|= Wklv lv suryhg e| h{klelwlqj d qhwzrun wkdw dfklhyhv wklv �rz1
Xvlqj wkh jlyhq yl>m dv duf ohqjwkv lq J/ �qg d pd{lpdo vsdqqlqj wuhh1 Qrz
frqvlghu wkh wuhh zlwk yl>m lqwhusuhwhg dv duf fdsdflwlhv1 Wklv/ zh fodlp/ lv wkh
uhtxluhg qhwzrun1 Wr vkrz wkdw wklv fodlp lv wuxh/ wkh idfw wkdw wklv lv wkh
pd{lpdo vsdqqlqj wuhh lpsolhv wkh uhodwlrq=

yl>s � plq^yl>m > ym>n> ===> y�>s` +417,

zkhuh +l> s, lv dq duf rxwvlgh wkh wuhh dqg wkh uhvw duh lq wkh orrs iruphg e| lw
zlwk wkh wuhh1 Exw zh duh jlyhq wkdw wkh uhyhuvh lqhtxdolw| krogv e| dvvxpswlrq
rq y1 Khqfh htxdolw| krogv dqg wklv suryhv vx�flhqf| dv zhoo dv wkh uhpdlqlqj
sduw ri wkh wkhruhp1�

Wkh deryh surri vkrzv wkdw wkh wulsoh lqhtxdolw| deryh lv dfwxdoo| wuxh iru
gluhfwhg qhwzrunv dv zhoo> ri frxuvh/ v|pphwu| grhv qrw krog iru wkh gluhfwhg
fdvh1 Zh kdyh suryhg dq dgglwlrqdo uhvxow wkdw lq dq xqgluhfwhg qhwzrun/ wkhuh
duh qr pruh wkdq q� 4 glvwlqfw ydoxhv iru pd{lpdo �rzv1 Zh qrz pryh rq wr
�qglqj wkhvh ydoxhv iru d jlyhq qhwzrun dqg wklv lv wkh sureohp ri dqdo|vlv1

��� �?@*)t�t

Wzr q � qrgh qhwzrunv duh gh�qhg wr eh �rz htxlydohqw li wkh| kdyh wkh vdph
�rz ixqfwlrq y1 Zh kdyh mxvw vkrzq wkdw hyhu| qhwzrun lv �rz htxlydohqw wr
d wuhh1 Wkh dqdo|vlv sureohp ghdov zlwk �qglqj wkhvh �rzv dqg wkh htxlydohqw
wuhh1 Lqghhg/ wkh wuhh irxqg qrw rqo| lghqwl�hv wkh �rzv exw wkh plqlpxp fxwv
wkdw duh irxqg lq �rz odeholqj dv zhoo1 Dqg wkh hqwluh surfhvv lqyroyhv rqo|
q� 4 pd{0�rz sureohpv/ riwhq rq vpdoohu qhwzrunv1 Wklv uhvxow lv gxh wr W1F1
Kx dqg U1 Jrpru| ^vhh dovr wkh zrunv ri Pd|hgd/ Fklhq/ Wdqj/ Uhvk/
Zlqj/ dqg wkh errn e| Iudqn dqg Iulvfk dqg wkh uhfhqw zrun e| Jxv�hog`1
Wklv surfhvv grhv qrw �qg wkh dfwxdo duf �rzv exw rqo| wkh pd{lpxp �rz
ydoxhv1

Wkh dojrulwkp lqyroyhv dq rshudwlrq wkdw surgxfhv d frqghqvhg qhwzrun1
Wklv rshudwlrq fdq eh ylhzhg dv frqwudfwlrq ri fhuwdlq hgjhv ri wkh qhwzrun
zklfk/ lq wxuq/ lv htxlydohqw wr pdnlqj wkh fruuhvsrqglqj fdsdflwlhv htxdo wr
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41 Zkhq zh frqghqvh d jurxs E/ ri qrghv/ wklv lv htxlydohqw wr frqwudfwlqj
hgjhv ri wkh irup +l> m, iru doo l> m 5 E1 Lw lv pruh frqyhqlhqw iru wklv rshudwlrq
wr wklqn ri wkh ruljlqdo qhwzrun dv kdylqj dq duf iru hdfk sdlu +l> m, iru l> m 5 Q
+zlwk srvvleo| vrph kdylqj }hur fdsdflwlhv,1 Wkhq/ doo wkh hgjhv ehwzhhq qrghv
lq E duh frqwudfwhg wr surgxfh wkh frqghqvhg qhwzrun1 Fohduo|/ frqghqvhg
qhwzrunv duh riwhq vpdoohu dqg/ khqfh/ lqyroyh ohvv zrun lq frpsxwlqj pd{lpdo
�rzv1 Wkh fdsdflwlhv ri wkh duf +Ql> Qm, ri wkh frqghqvhg qhwzrun +uhphpehu
wkdw d qrgh ri wkh frqghqvhg qhwzrun pd| dfwxdoo| uhsuhvhqw pdq| qrghv ri wkh
ruljlqdo qhwzrun, lv jlyhq e| �xl>m @

S
n5Ql

S
o5Qm

xn>o1 Lw vkrxog eh fohdu wkdw
wklv rshudwlrq fdq qrw ghfuhdvh wkh pd{lpxp �rz ehwzhhq dq| sdlu ri qrghv1
Wkh xvh ri wklv rshudwlrq zloo eh fohdu iurp wkh iroorzlqj ohppd1

Ohppd 6 Ohw +[> �[, eh d plqlpdo fxw vhsdudwlqj v dqg w lq J1 Ohw s dqg
t 5 [1 Wkhq/ < d plqlpdo fxw +V> �V, vhsdudwlqj s dqg t lq wkh ruljlqdo qhwzrun
zlwk hlwkhu �[ � V ru �[ � �V1 Wkxv/ frqghqvlqj wkh qrghv lq �[ grhv qrw
fkdqjh wkh ydoxh ri plqlpdo fxwv vhsdudwlqj s dqg t dqg/ khqfh/ wkh pd{lpdo
�rz ehwzhhq wkhp1

Surri=Ohw +\> �\ , eh d plqlpdo fxw vhsdudwlqj s dqg t1 Vlqfh s dqg t duh erwk
lq [/ dqg rqh lv lq \ dqg rwkhu lv lq �\ / zh pd| dvvxph/ zlwkrxw orvv/ wkdw
s 5 [_\ dqg t 5 [_ �\ 1 Vlqfh v lv lq [/ zlwkrxw orvv/ zh pd| dovr dvvxph wkdw
v 5 [ _\ 1 Qrz wkhuh duh wzr srvvlelolwlhv iru w =+l,w 5 �[ _\ dqg +ll,w 5 �[ _ �\ 1
Iru wkh vdnh ri frqyhqlhqfh/ zh vkdoo qdph wkhvh vhwv dv iroorzv= D @ [ _ \ >
E @ �[ _ \ > �D @ [ _ �\ > dqg �E @ �[ _ �\ 1 Zh zloo rqo| frqvlghu fdvh +l, vlqfh
rwkhu lv vlplodu1

A

A’

B

B’

X X’

Y

Y’

+l,w 5 E = Vlqfh +[> �[, lv d plqlpdo fxw vhsdudwlqj v dqg w dqg +D^ �D^ �E>E,
lv dqrwkhu fxw vhsdudwlqj v dqg w/ zh kdyh

x+[>[, @ x+D>E, . x+ �D>E, . x+D> �E, . x+ �D> �E,

� x+D ^ �D ^ �E>E,

@ x+D>E, . x+ �D>E, . x+ �E>E, +418,

dqg wklv lpsolhv

x+D> �E, . x+ �D> �E,� x+ �E>E, � 3 +419,
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Vlploduo|/ +\> �\ , lv d plqlpdo fxw vhsdudwlqj s dqg t dqg +D ^ E ^ �E> �D, lv
dqrwkhu fxw vhsdudwlqj s dqg t/ zh kdyh

x+\> \ , @ x+D> �D, . x+D> �E, . x+E> �D, . x+E> �E,

�@ x+D ^E ^ �E> �D,

@ x+D> �D, . x+E> �D, . x+ �E> �D, +41:,

dqg wklv lpsolhv
x+D> �E, . x+E> �E,� x+ �D> �E, � 3 +41;,

Frpelqlqj +419, dqg +41;,/ zh jhw x+D> �E, � 3 zklfk / lq wxuq/ lpsolhv wkdw lw lv
htxdo wr }hur1 Xvlqj wklv rqfh djdlq lq +L, dqg +LL,/ zh jhw x+E> �E, @ x+ �D> �E,=

Xvlqj wklv lq wxuq/ zh jhw x+\> �\ , @ x+D ^ E ^ �E> �D,/ dqg wklv suryhv wkh
ohppd1 Wkh surfhgxuh xvhg lq wklv ohppd lv fdoohg wkh xqfurvvlqj surfhgxuh
dqg lv xvhg lq rwkhu frqwh{wv odwhu1�

Wklv ohppd jlyhv xv wkh edvlv iru wkh dojrulwkp ri Kx dqg Jrpru| wr
vroyh wklv sureohp1 Iluvw/ zh vhohfw wzr qrghv/ vd| v dqg w/ duelwudulo| dqg
vroyh d pd{lpdo �rz sureohp zlwk wklv sdlu dv ruljlq dqg ghvwlqdwlrq1 Ohw wkh
plqlpdo fxw vhsdudwlqj v dqg w eh ghqrwhg e| +[> �[, zlwk x+[> �[, @ y4 1 Zh
uhsuhvhqw wkh uhvxow ri wklv vwhs e| wkh gldjudp=

X1 X2

Qrz fkrrvh wzr qrghv/ vd| s dqg t/ erwk ri zklfk duh lq rqh ri wkhvh vhwv
dv wkh qh{w ruljlq � ghvwlqdwlrq sdlu1 Li erwk duh lq [/ wkhq frqghqvh �[ +hovh
frqghqvh [, dqg vroyh wkh pd{lpdo �rz sureohp lq wkh frqghqvhg qhwzrun
ehwzhhq s dqg t1 Wklv jlyhv xv d plqlpdo fxw +V> �V, vhsdudwlqj s dqg t zlwk �[
ehlqj hqwluho| rq rqh vlgh/ vd| �[ � �V/ dqg ohw wkh ydoxh ri wklv fxw x+V> �V, @ y51
Wklv jlyhv xv wkh vhfrqg vwdjh ri wkh �qdo gldjudp iru wkh fxw wuhh dv iroorzv=

X1-S X2S

Ri frxuvh/ wkh gldjudp zrxog kdyh ehhq gl�huhqw li �[ � V +lq wklv fdvh/
wkh urohv ri V dqg �V zrxog eh uhyhuvhg,1 Dw wkh nwk vwhs/ wkh gldjudp zloo/ lq
jhqhudo/ eh d wuhh dv vkrzq ehorz=

X1 X2Y

X5 X4

X3
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Y2

X5 X4

X3

X1 X2Y1

Ohw l dqg m eh wzr qrghv lq \ 1 ^Li qr vxfk vhw h{lvwv/ zh duh grqh vlqfh hyhu|
qrgh ri wkh wuhh lv d qrgh ri wkh ruljlqdo qhwzrun1` Lq rughu wr vroyh wkh pd{lpdo
�rz ehwzhhq l dqg m lq wkh ruljlqdo qhwzrun/ zh fdq frqghqvh wkh vhwv [4/ [5/
dqg i[6 ^ [7 ^ [8j hdfk lqwr d vlqjoh qrgh lq wkh qhz frqghqvhg qhwzrun1
Vxssrvh lq wklv frqghqvhg v|vwhp wkh plqlpdo fxw vhsdudwlqj l dqg m lv +Z> �Z ,
dqg [4 ^[5 � Z dqg �Z lv QqZ 1 Wkhq wkh qhz wuhh lv jlyhq e|=

zkhuh y9 @ x+Z> �Z ,1 Lw vkrxog eh fohdu wkdw wklv surfhvv zloo eh uhshdwhg
h{dfwo| q�4 wlphv/ dw wkh hqg ri zklfk hdfk qrgh ri wkh wuhh zloo eh d vlqjohwrq1
Zh zloo vkrz wkdw wkh uhvxowdqw wuhh/ W / lv �rz htxlydohqw wr wkh ruljlqdo qhwzrun1

Ohppd 7 Pd{lpdo �rz yl>m ehwzhhq l dqg m lq wkh ruljlqdo qhwzrun lv jlyhq
e|=

yl>m @ plq^yl>n> yn>o> ===> y�>m `

zkhuh dufv +l> n,/ +n> o,/ 111 +�> m, irup wkh sdwk lq wkh wuhh W ehwzhhq l dqg m +ru
lq rwkhu zrugv duh lq Ol>m/ wkh orrs iruphg e| +l> m, zlwk W ,1

Surri= Vlqfh hdfk duf lq wkh wuhh uhsuhvhqwv d fxw vhsdudwlqj wkh vdph vhw ri
qrghv lq wkh wuhh dv lq wkh ruljlqdo qhwzrun/ lw iroorzv wkdw OKV � UKV lq
wkh deryh htxdwlrq1 Wr vkrz wkh uhyhuvh lqhtxdolw|/ zh vkrz/ e| lqgxfwlrq/
wkdw dw dq| vwdjh ri wkh frqvwuxfwlrq/ iru dq| wzr vhwv frqqhfwhg e| dq duf
lq wkh wuhh/ < dw ohdvw rqh qrgh lq hdfk vhw vxfk wkdw wkh pd{lpxp �rz lq wkh
ruljlqdo qhwzrun ehwzhhq wkhp lv jlyhq e| wkh ydoxh rq wkh duf lq wkh wuhh1 ^Wklv
dvvhuwlrq/ wrjhwkhu zlwk wkh wuldqjoh lqhtxdolw| ri wkh w|sh phqwlrqhg ehiruh/ lv
vx�flhqw wr suryh wkh wkhruhp1` Fohduo|/ wkh �uvw vwhs ri wkh lqgxfwlyh surfhvv
lv wuxh e| frqvwuxfwlrq1 Vxssrvh dw vrph vwdjh wkhuh duh wzr vhwv [ dqg \ lq
wkh wuhh frqqhfwhg e| dq duf zlwk ydoxh y1 E| lqgxfwlrq k|srwkhvlv < qrghv
l 5 [ dqg m 5 \ vxfk wkdw yl>m @ y1 Ohw \ eh vsolw dw wkh qh{w vwdjh lqwr \4

dqg \5/ dqg ohw [ eh frqqhfwhg wr \4 lq wkh qhz wuhh dv vkrzq lq wkh gldjudp1
Ohw wkh deryh vsolw eh fdxvhg e| d pd{lpxp �rz sureohp ehwzhhq v dqg w

lq \ zlwk v 5 \4 dqg w 5 \5/ dqg ohw wkh fdsdflw| ri wklv qhz fxw eh y31 Fohduo|
iru wkh qhzo| fuhdwhg duf/ zh kdyh qrwklqj wr suryh1 Lw lv iru wkh rog rqh zh
kdyh wr uhhvwdeolvk wkh uhvxow1 Li wkh duf ydoxh iru wkh qhz duf lv y3/ dqg wkh
ydoxh iru wkh rog duf lv y/ zh kdyh wr suryh wkdw < qrghv l3 5 [ dqg m3 5 \ zlwk
yl3>m3 @ y1 Zh kdyh wzr fdvhv wr frqvlghu1

:



Fdvh +l, m 5 \4= Wkhq yl>m @ y dqg l 5 [ dqg m 5 \4 e| dvvxpswlrq/ dqg zh
duh grqh1

Fdvh +ll,m 5 \5= Lq wklv fdvh/ l dqg v duh rqh vlgh ri dq +v> w,0plqfxw dqg m
dqg w duh rq wkh rwkhu vlgh/ dqg wklv fxw kdv d fdsdflw| y31 Khqfh iurp ohppd/
zkhq �qglqj pd{lpxp �rz yl>v/ zh fdq frqghqvh doo wkh qrghv ri \5 lqwr d
vlqjoh qrgh1 Ghqrwlqj pd{lpxp �rzv lq wkh ruljlqdo qhwzrun e| wkh ohwwhuv
zlwkrxw dqg wkrvh lq wkh frqghqvhg qhwzrun +\5 frqghqvhg, e| ohwwhuv zlwk
eduv/ zh kdyh=

�yl>v @ yl>v> �yl>m � yl>m @ y> �ym>w @ 4> �yw>v � yw>v @ y3=

Xvlqj wkh lqhtxdolw| ri wkh ohppd/ zh kdyh=

�yl>v � plq^�yl>m > �ym>w> �yw>v` @ plq^�yl>m > �yw>v`

Khqfh/ yl>v @ �yl>v � plq^y> y3`1 < dq +v> w,plq fxw zlwk d ydoxh y3 wkdw vhsdudwhv
l dqg m dqg/ khqfh/ y3 � yl>m @ y1 Wkhuhiruh/ yl>v � y1 Exw wkhuh lv d fxw
wkdw vhsdudwhv l dqg v zkrvh ydoxh lv y dqg khqfh yl>v @ y zklfk lv wkh ghvluhg
uhvxow1�
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Jlyhq d v|pphwulf ixqfwlrq u +�rz uhtxluhphqwv, gh�qhg iru doo sdluv ri qrghv ri
dq q0qrgh qhwzrun/ �qg fdsdflwlhv xl>m vxfk wkdw pd{lpxp �rz rq wklv qhwzrun
zlwk x dv fdsdflwlhv ehwzhhq l dqg m lv dw ohdvw ul>m iru hdfk sdlu +l> m,/ dqg dprqj
doo vxfk vroxwlrqv/ �qg wkh rqh zklfk plqlpl}hv/

S
+l>m,5Nq

fl>mxl>m 1 flm+@ fm>l,

pd| eh wkrxjkw ri dv frvw ri lqvwdoolqj d xqlw fdsdflw| rq duf +l> m,1 Wklv fdq
eh zulwwhq dv d olqhdu surjudp=
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plq
S

+l>m,5Nq
fl>mxl>mS

l5[>m5 �[ xl>m � pd{l5[
m5 �[

ul>m ; [ � Q

xl>m � 3 ; l> m=

Wkh deryh irupxodwlrq kdv dq h{srqhqwldo qxpehu ri frqvwudlqwv1 Krzhyhu/
wklv sureohp lv sro|qrpldoo| vroydeoh e| hoolsvrlg phwkrg1 Iru wkh vshfldo fdvh
zkhq doo fl>m duh htxdo/ zh kdyh d vlpsoh vroxwlrq surfhgxuh gxh wr W1F1 Kx
dqg U1H1 Jrpru| ^vhh dovr Fklhq/ Pd|hgd/ hw do`1 Wklv surfhgxuh |lhogv
vroxwlrqv wkdw duh pxowlsohv ri kdoi lqwhjhuv li wkh gdwd duh lqwhjhuv1 Wkh lqwhjhu
surjudpplqj yhuvlrq ri wkh sureohp zlwk jhqhudo frvwv lv QS0kdug1 Dv ri qrz/
zh gr qrw nqrz krz wr surgxfh wkh rswlpdo lqwhjhu vroxwlrqv hyhq iru f @ h1 Zh
duh lq wkh surfhvv ri ghylvlqj dq dojrulwkp iru wklv sureohp +rqh kdv ehhq uhfhqwo|
irxqg,1 Zh qrz ghvfuleh wklv surfhvv ri surgxflqj wkh frqwlqxrxv vroxwlrq gxh
wr W1F1 Kx dqg U1H1 Jrpru|1

Frqvlghu d frpsohwh xqgluhfwhg judsk rq q qrghv zlwk duf qxpehuv htxdo
wr ul>m 1 D pd{lpdo vsdqqlqj wuhh ri wklv judsk lv fdoohg d grplqdqw uhtxluhphqw
wuhh1 Wkxv/ li wkhvh uhtxluhphqwv duh phw/ wkhq doo rwkhuv zloo eh dxwrpdwlfdoo|
vdwlv�hg/ dqg wklv iroorzv iurp wkh ohppd lq uhdol}delolw| sduw ri wklv vhfwlrq1
Wklv lv wkh �uvw vwhs ri wkh surfhgxuh1 Wkh ruljlqdo gdwd dqg wkh grplqdqw wuhh
duh looxvwudwhg lq wkh iroorzlqj �jxuh=
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5

Wkh vhfrqg vwhs lv wr ghfrpsrvh wklv wuhh lqwr zkdw duh fdoohg xqlirup wuhhv>
wkhvh kdyh wkh vdph u ydoxh iru doo dufv1 Iru h{dpsoh/ wkh plqlpxp ydoxh ri u
rq wkh wuhh zloo eh wkh �uvw rqh wkdw zloo eh _shhohg r�% zklfk zloo |lhog vrph
vxewuhhv/ dqg wkh surfhvv lv uhshdwhg rq wkhvh1 Dq h{dpsoh zloo eh wkh ehvw zd|
wr looxvwudwh wklv surfhgxuh1
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Wkh �uvw vwhs lq wkh ghfrpsrvlwlrq surfhvv lv=

E

A
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D5

5

5

5

E

A

B

C

D4

2

1

Wkh vhfrqg ri wkhvh lv d vhw ri wuhhv rqh ri zklfk lv xqlirup> khqfh/ lw lv
ixuwkhu ghfrpsrvhg dv iroorzv=

Wkh xqlirup wuhhv duh lqglfdwhg e| ohwwhuv +d,/ +e,/ +f,/ dqg +g,1 Qrz hdfk
ri wkh xqlirup wuhhv* uhtxluhphqwv duh vdwlv�hg lqglylgxdoo|/ dqg wkhq doo wkhvh
qhwzrunv duh vxshulpsrvhg +ru htxlydohqwo| wkh duf fdsdflwlhv duh dgghg xs,1
Zh vkrz wkh lqglylgxdo qhwzrunv dqg wkh vxshulpsrvhg �qdo uhvxow1

Iru xqlirup wuhh +d,/ dq| f|foh rq wkh qrghv zlwk fdsdflw| ri hdfk duf htxdo
wr 518 zloo gr> iru h{dpsoh/ wkh iroorzlqj qhwzrun lv rqh vxfk=

Iru wkh xqlirup wuhh +e,/ lw lwvhoi lv wkh ghvluhg qhwzrun vlqfh wkhuh duh rqo|
wzr qrghv> wklv uhpdun dovr dssolhv wr +g,1 Iru wkh wuhh +f,/ dq| f|foh rq wkh
qrghv 4> 5> dqg 6 zlwk duf fdsdflw| htxdo wr 4 zloo gr> iru h{dpsoh/ wkh iroorzlqj
lv rqh vxfk=
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Vxshulpsrvlqj doo wkhvh/ zh jhw wkh qhwzrun dv vkrzq ehorz=
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5

3.5

Lw lv fodlphg wkdw wklv lv wkh uhtxluhg vroxwlrq wr wkh ghvljq sureohp1 Dv
fdq eh hdvlo| vhhq/ wkh vroxwlrq kdv pxowlsohv ri 4@5 li wkh ul>m duh lqwhjudo1
Wkdw wkh vroxwlrq surgxfhg vdwlv�hv wkh uhtxluhphqwv lq wkh grplqdqw wuhh dqg/
khqfh/ doo wkh uhtxluhphqwv lv hdv| wr vhh1 Wkh kdug sduw lv wr vkrz wkdw lw
lv rswlpdo1 Iru wklv sxusrvh/ zh ghulyh d orzhu erxqg rq wkh ydoxh ri wkh
remhfwlyh ixqfwlrq dqg vkrz wkdw wklv vroxwlrq dfklhyhv wklv erxqg1 Wrzdugv
wklv hqg/ gh�qh �l @ pd{m ul>m iru doo l 5 Q > dqg �3

l @ pd{m=+l>m,5W ul>m 1 Fohduo|/
�3
l � �l +dfwxdoo| wkh| duh htxdo/ exw zh gr qrw qhhg wklv qrz,1 Iru dq| ihdvleoh

vroxwlrq xl>m / zh pxvw kdyh wkh uhodwlrq=

x+l> Q, � �l ; l 5 Q

Dgglqj wkhvh wrjhwkhu/ zh jhw x+Q>Q, � 	�l1 Wkh �uvw ri wkhvh whupv lv
wzlfh wkh vxp ri wkh xl>m 1 Iru wkh vshfldo judsk/ zh kdyh htxdolw|/ dqg khqfh/
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lw lv rswlpdo1 Li zh ohw u3l>m @ plq^�l> �m ` ; +l> m,/ wkhq lw lv hdv| wr yhuli| wkdw
u3 � u1 Lqghhg/ lw lv wkh odujhvw u iru zklfk wkh x ydoxhv duh wkh vdph dv wkdw
iru wkh ruljlqdo u1 Vlqfh wkh � ydoxhv kdyh qrw fkdqjhg/ wkh remhfwlyh ydoxh iru
u dqg u3 duh wkh vdph1 Lqghhg/ wklv lv wkh qhwzrun zklfk surgxfhv wkh odujhvw
�rz ydoxhv iru wkh vdph ydoxh ri wkh remhfwlyh ixqfwlrq1

Wkhuh lv dq dowhuqdwlyh wr wkh deryh dojrulwkp1 Lw xvhv wkh srwhqwldov uljkw
iurp wkh ehjlqqlqj1 Zh �uvw uhqxpehu wkh qrghv vr wkdw wkh srwhqwldov duh lq
ghfuhdvlqj +qrq0lqfuhdvlqj, rughu= �4 @ �5 � �6 � ==== � �q A 31 Qrwh wkdw
wkhuh duh dw ohdvw wzr qrghv zlwk wkh odujhvw ydoxh ehfdxvh ri wkh zd| lq zklfk
wkhvh duh gh�qhg1

Wkh �uvw vwhs lqyroyhv d flufxlw zlwk fdsdflw| htxdo wr �q

5 > wkhq zh uhvhw wkh
srwhqwldov wr �qhz

l @ �rog
l ��q dqg gurs doo qrghv zlwk }hur srwhqwldo dqg uhshdw

wklv rshudwlrq1 Ilqdoo|/ zh vxshusrvh doo wkh deryh flufxlwv +l1h1 dgg fdsdflwlhv
ri hdfk wr jlyh wkh fdsdflw| ri lqglylgxdo hgjhv, wr surgxfh wkh �qdo vroxwlrq1
Zh looxvwudwh wklv zlwk wkh vdph sureohp dv ehiruh1

Lq wklv sureohp/ �D @ �G @ < A �F @ �H @ b: A �E @ 91 Wkxv wkh
�uvw flufxlw lv +D �G � F � H � E � D, dqg kdv d fdsdflw| htxdo wr 61 Wklv
uhgxfhv wkh srwhqwldov wr= �D @ �G @ 6 A �F @ �H @ 4 dqg qrgh E gursv
rxw1 Wkh qh{w flufxlw lv +D � G � F � H � D, zklfk kdv d fdsdflw| htxdo wr
4
5 1 Wkh qhz srwhqwldov duh= �D @ �G @ 51 Zkhq zh kdyh rqo| wzr qrghv zlwk
srvlwlyh srwhqwldo/ wkhq wkh flufxlw ehfrphv mxvw dq hgjh zlwk fdsdflw| htxdo
wr wkh srwhqwldo1 Lq wklv fdvh/ hgjh +D>G, zlwk fdsdflw| htxdo wr 51 Qrz zh
vxshusrvh doo wkhvh wr jhw wkh qhwzrun vkrzq ehorz=

E
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3

3.55.5

3
3.

5

0.5

Wkh �uvw flufxlw doorzv xv wr vhqg 9 xqlwv ehwzhhq dq| sdlu ri qrghv dqg
khqfh vdwlv�hv doo uhtxluhphqwv dw qrgh E1 Wkh qh{w flufxlw doorzv xv wr vhqg
4 xqlw ehwzhhq dq| sdlu ri wkh uhpdlqlqj qrghv dqg khqfh doo uhtxluhphqwv dw
qrghv F dqg H duh qrz wdnhq fduh ri1 Wkh �qdo hgjh wdnhv fduh ri vhqglqj wzr
pruh xqlwv ehwzhhq D dqg G eulqjlqj wklv wrwdo wr < dv uhtxluhg1 Lw lv hdv| wr

yhuli| wkdw wkh vxp ri fdsdflwlhv htxdov
S

l �l

5 zklfk zh kdyh douhdg| vkrzq wr
eh d orzhu erxqg dqg khqfh wklv vroxwlrq lv rswlpdo1

Wklv frpsohwhv rxu ghvfulswlrq ri pxowlwhuplqdo xqgluhfwhg qhwzrunv1 Wklv
zrun kdv ehhq h{whqghg e| O1H1 Wurwwhu lq wkh frqwh{w ri pdwurlgdo �rzv> exw
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wkh vslulw ri wkh zrun lv wkh vdph dv wkdw khuh1 Dq h{fhoohqw vxuyh| lv irxqg lq
wkh errn e| Iudqn dqg Iulfvk1Wklv zrun kdv dovr ehhq h{whqghg lq vhyhudo
rwkhu gluhfwlrqv e| Dqgudv Iudqn dqg Urehuw Ehvw1

��S #�hiU|i_ Bh@T�t

��S�� +i@*�3@M�*�|)

D vtxduh pdwul{ P zkrvh urzv dqg froxpqv fruuhvsrqg wr yhuwlfhv +lq wkh
vdph rughu, lv vdlg wr eh vhplsulqflsdoo| sduwlwlrqdeoh +P 5 VSS , li/ diwhu
srvvleo| shupxwlqj wkh yhuwlfhv +wkh vdph shupxwdwlrq lv dssolhg wr erwk urzv
dqg froxpqv,/ lw vdwlv�hv wkh iroorzlqj frqglwlrqv=

P � 3>pl>l @ 4>P @

�
P4>4 P4>5

P5>4 P5>5

�

zkhuh doo hohphqwv lq P4>5 duh wkh vdph dqg htxdo wkh vpdoohvw hohphqw lq P
dqg Pl>l duh vtxduh dqg kdyh wkh vdph surshuw| dv P / dqg vxfk d surfhvv
frqwlqxhv xqwlo wkh vxepdwul{ lv ri vl}h 41

Wkhruhp 8 Li P lv uhdol}deoh/ wkhq P 5 VSS=

Surri= Ohw +[> �[, eh wkh fxw fruuhvsrqglqj wr wkh vpdoohvw ri pd{lpxp �rzv
dprqj doo sdluv ri ruljlqv dqg ghvwlqdwlrqv1 Sduwlwlrq P lqwr [ dqg �[ dw wkh
�uvw vwhs1 Iru qrghv/ erwk ri zklfk duh lq [/ ohw wkh vpdoohvw ri wkh pd{ �rzv
fruuhvsrqg wr d fxw +V> �V,1 Sduwlwlrq [ lqwr [_V dqg [_ �V1 Wkh uhvxow iroorzv
e| fduu|lqj rxw wklv rshudwlrq xqwlo hdfk vhw lq wkh sduwlwlrq lv d vlqjohwrq1�

Wr shupxwh dqg sduwlwlrq d P 5 VSS / zh pxvw gr wkh deryh rshudwlrq
q� 4 wlphv1 Hyhu| hohphqw deryh wkh gldjrqdo lq wkh �qdo irup lv lq rqh ri wkh
pdwulfhv ri wkh w|sh P4>5/ dqg doo hqwulhv lq hdfk ri vxfk pdwulfhv duh wkh vdph1
Wkxv/ wkhuh duh dw prvw q� 4 glvwlqfw hqwulhv deryh wkh gldjrqdo1 Wkh hohphqwv
rq wkh gldjrqdo duh doo 41 Khqfh/ wkh qxpehu ri glvwlqfw ydoxhv ri pd{lpdo �rzv
lq d qhwzrun lv/ dw prvw/ +q . 5,+q � 4,@51 Lw lv hdv| wr vkrz wkdw wklv erxqg
fdq eh dfklhyhg1 Li wkh qhwzrun lv v|pphwulf +xqgluhfwhg, ru svhxgrv|pphwulf
+
S

m fl>m @
S

m fm>l ; l,/ wkdw wkhuh duh/ dw prvw/ q � 4 glvwlqfw qxpehuv dovr
iroorzv iurp wklv dqdo|vlv1 Wkh wuldqjoh lqhtxdolw| lv dovr d qhfhvvdu| frqglwlrq
iru P wr eh uhdol}deoh iru erwk xqgluhfwhg dqg gluhfwhg qhwzrunv1

Iru d vhw V ri yhuwlfhv/ PV> �V lv fdoohg wkh fxw pdwul{ fruuhvsrqglqj wr V1 Li
pn>m lv dq hohphqw ri PV> �V / wkhq wklv lv vdlg wr eh wkh fxw pdwul{ ri pn>m 1 Li
pn>m lv wkh odujhvw hqwu| lq lwv fxw pdwul{/ wkhq wklv fxw pdwul{ lv vdlg wr eh d
plq fxw pdwul{ ri wkh hohphqw pn>m 1
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