
Wklv lv sdjh l
Sulqwhu= Rsdtxh wklv

4
Vkruwhvw Sdwk

41314 Fodvvl�fdwlrq
Wkhuh lv d zlgh ydulhw| ri sureohpv wkdw jr xqghu wkh qdph �Vkruwhvw Sdwk
Sureohpv�1 Wkhuh duh dovr vrph wkdw duh vroyhg e| phwkrgv wkdw duh vlplodu
wr wkrvh xvhg iru vroylqj wkhvh1 Iluvw zh fodvvli| wkhvh sureohpv dffruglqj
wr wkh vwuxfwxuh/ dvvxpswlrqv pdgh/ wkh w|sh ri gdwd/ dqg wkh qdwxuh ri
vroxwlrqv ghvluhg1 Wkhuh lv dovr d fodvvl�fdwlrq ri wkh phwkrgv xvhg wr vroyh
wkhvh sureohpv1

414 Vwuxfwxuh

41 ehwzhhq d vshfl�hg sdlu ri qrghv

51 ehwzhhq doo sdluv ri qrghv

61 iurp rqh ruljlq wr doo rwkhu qrghv ru iurp doo rwkhu qrghv wr d vlqjoh
ghvwlqdwlrq

71 vkruwhvw f|foh wkurxjk d qrgh

81 h{whqvlrqv= +l, vkruwhvw sdwk sdvvlqj wkurxjk d vshfl�hg vhw ri qrghv>
+ll, vkruwhvw sdwk xvlqj n ru ihzhu dufv> +lll, vkruwhvw sdwkv xvlqj rgg
ru hyhq qxpehu ri dufv

91 edvhg rq judsk vwuxfwxuh = +l, df|folf judsk +SHUW,> +ll, xqgluhfwhg
judskv
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415 Gdwd

41 gl>m � 3 ; +l> m, 5 D

51 gl>m @ gl>m+w, � 3 ; +l> m, 5 D

61
S

+l>m,5F gl>m � 3 ; F

71 J lv xqgluhfwhg dqg
S

+l>m,5F gl>m � 3 ; F +F uhihuv wr xqgluhfwhg
f|foh,1

416 Remhfwlyh Ixqfwlrq

41 nwk vkruwhvw sdwkv

51 udwlr ixqfwlrq rq sdwkv

61 ghwhfw qhjdwlyh f|fohv li wkh| duh suhvhqw

71 udwlr ixqfwlrq rq f|fohv

417 Phwkrgv xvhg

41 G|qdplf Surjudpplqj

51 Lqgxfwlyh dojrulwkpv

61 Dqdorj ghylfhv

71 Pdwfklqj irupxodwlrqv

418 Dssolfdwlrqv

41 SHUW

51 Uholdelolw|

61 Vkls Urxwlqj

71 Lqyhvwphqwv lq Eorfnlqj v|vwhpv

Vhohfwhg uhihuhqfhv=



419 OS Irupxodwlrq lll

419 OS Irupxodwlrq

Dv phqwlrqhg lq wkh plqlpxp frvw  rz vhfwlrq vkruwhvw sdwk sureohp
fdq eh irupxodwhg dv d plq0frvw  rz sureohp1 Krzhyhu/ wklv irupxodwlrq
surgxfhv dq xqerxqghg olqhdu surjudp li wkhuh duh qhjdwlyh f|fohv dqg
xqghu wklv frqglwlrq wkh sureohp lv QS0kdug +wkhuh duh h{fhswlrqv wr wklv
ghshqglqj rq wkh orfdwlrq ri vxfk d f|foh,1 Wkh srlqw wkdw zh zdqw wr pdnh
lv wklv= zh gr qrw kdyh d qlfh ghvfulswlrq ri wkh frqyh{ kxoo ri lqflghqfh
yhfwruv ri vlpsoh sdwkv iurp d jlyhq ruljlq wr d jlyhq ghvwlqdwlrq1 Lq dq|
fdvh/ zh jlyh ehorz wkh OS irupxodwlrq iru d vlqjoh sdlu ri ruljlq dqg
ghvwlqdwlrq frpelqdwlrq1

plq	gl>mil>m

S
m+il>m � im>l, @

;?
=

4
3

�4

l @ v
l 9@ v> w
l @ w

il>m � 3 ; +l> m, 5 D

Wkh OS gxdo ri wklv lv =

pd{ sv � sw
sl � sm � gl>m ; +l> m, 5 D

Ohwwlqj �l @ �sl zh jhw wkh uhodwlrqv=
plq�w � �v

�m � �l � gl>m; +l> m, 5 D

Zkhq erwk sureohpv kdyh rswlpdo vroxwlrqv wkhq +�l��v, kdyh wkh lqwhu0
suhwdwlrq ri wkh vkruwhvw glvwdqfhv iurp v wr l1 Wkh gxdo sureohp lv ihdvleoh
l� < qr gluhfwhg f|foh F 6S+l>m,5F gl>m ? 31 Li vxfk d f|foh h{lvwv/ wkhq wkh
sulpdo sureohp lv xqerxqghg +surylghg wkdw wklv f|foh fdq eh �uhdfkhg�
iurp v,1 Li wkh sulpdo dqg wkh gxdo duh erwk ihdvleoh wkhq wkh gxdolw| wkhr0
uhp dvvhuwv wkdw erwk kdyh rswlpdo vroxwlrqv dqg zh kdyh wkh fdvh deryh1 Li
wkh sulpdo lv lqihdvleoh dqg wkh gxdo lv ihdvleoh/ wkhq wkh gxdo lv xqerxqghg
dqg wklv lv xvhg lq wkh dqdorj ghylfh +xvlqj vwulqjv zkhq gl>m � 3, gxh wr
Plqw|1

41914 Ehoopdq*v Htxdwlrqv
Wkh iroorzlqj vhw ri htxdwlrqv duh fdoohg Ehoopdq*v htxdwlrqv=

xv @ 3
xm @ plqn^xn . gn>m `> m 9@ v

Li wkhuh duh qr qhjdwlyh f|fohv/ wkhq lw lv fohdu wkdw �v @ 3 dqg wkh vkruwhvw
glvwdqfhv �m duh zhoo gh�qhg1 Iru hdfk qrgh m wkhuh lv d odvw duf rq wkh
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vkruwhvw sdwk iurp v wr m dqg ohw xv ghqrwh wklv duf e| +n> m,1 Lw lv fohdu
wkdw �m @ �n.gn>m dqg vlqfh wklv lv wkh vkruwhvw sdwk wr m iurp v/ lw lv dovr
fohdu wkdw �n . gn>m � �s . gs>m iru s 9@ n1 Khqfh/ lq wklv fdvh/ wkh vkruwhvw
glvwdqfhv i�mj iurp v vdwlvi| Ehoopdq*v htxdwlrqv1 Xqghu wkh dvvxpswlrq
wkdw wkhuh duh qr qhjdwlyh f|fohv/ zh pd| dvn zkhwkhu dq| vroxwlrq ri
Ehoopdq*v htxdwlrqv uhsuhvhqw wkh vkruwhvw glvwdqfhv iurp wkh ruljlq1 Li zh
pdnh d voljkwo| vwurqjhu dvvxpswlrq wkdw hyhu| f|foh lv srvlwlyh lq ohqjwk
dqg wkdw wkhuh lv d �qlwh sdwk ehwzhhq wkh ruljlq dqg hyhu| rwkhu qrgh zh
fdq lqghhg vkrz wkh frqyhuvh lv dovr wuxh1
Wr gr wklv zh �uvw vkrz wkdw fruuhvsrqglqj wr dq| �qlwh vroxwlrq xm wr

Ehoopdq*v htxdwlrqv/ wkhuh duh sdwkv iurp v wr m zkrvh ohqjwkv duh htxdo
wr xm 1 Wklv lv grqh e| edfnwudfnlqj iurp d qrgh wr wkh qrgh wkdw surgxfhv
wkh plqlpxp rq wkh UKV ri wkhvh htxdwlrqv1 Iru h{dpsoh/ li xm @ xn.gn>m
wkhq zh zrxog edfn iurp m wr n1 E| uhshdwlqj wklv surfhvv/ zh jhw wr wkh
ruljlq v +hovh wkhuh zrxog eh d f|foh ri ohqjwk � 3,1 Grlqj wklv iru doo qrghv
jlyhv xv wkh ghvluhg wuhh urrwhg dw v zkrvh sdwkv wr hdfk ri wkh rwkhu qrghv
lv zkdw lv uhtxluhg1
Wr vkrz wkh xqltxhqhvv ri wkh vroxwlrq xqghu wkhvh frqglwlrqv/ zh revhuyh

wkdw li wkhuh duh +wzr ru pruh, gl�huhqw vroxwlrqv wkhq wkhuh lv d �uvw srlqw
+lq wkh vhqvh ri lwv sur{lplw| wr v lq wkh wuhh, zkhuh wkhvh wzr vroxwlrqv
glvdjuhh> lq wklv fdvh wkh rqh wkdw lv odujhu fdq hdvlo| vkrzq qrw wr vdwlvi|
wkhvh htxdwlrqv1 Vlqfh xqghu wkhvh frqglwlrqv/ vkruwhvw glvwdqfhv duh zhoo
gh�qhg/ wkh xqltxh vroxwlrq +zh duh uhihuulqj rqo| wr wkh xm ydoxhv dqg qrw
wr wkh sdwkv wkdw dfklhyh wkhvh ydoxhv, lv wkh vhw ri vkruwhvw glvwdqfhv1
Xqiruwxqdwho|/ Ehoopdq*v htxdwlrqv duh qrqolqhdu dqg duh qrw dv uhdglo|

vroydeoh/ vd|/ dv olqhdu htxdwlrqv1 Wkhuh duh/ krzhyhu/ vrph vshfldo fdvhv
zkhuh wkh| duh dqg vrph fdvhv zkhuh e| vlpsoh wulfnv zh fdq vroyh wkhp
hdvlo|1 Zh wuhdw vrph ri wkhvh �uvw ehiruh frqvlghulqj wkh jhqhudo fdvh1

41: Df|olf Qhwzrunv

Li wkh qhwzrun kdv qr gluhfwhg f|fohv dw doo/ wkhq lw fhuwdlqo| vdwlv�hv wkh
deryh frqglwlrqv dqg wkh vroxwlrq ri wkhvh htxdwlrqv duh yhu| vlpso| re0
wdlqhg1 Lw lv zhoo nqrzq wkdw wkh qrghv ri dq df|folf qhwzrun fdq eh qxp0
ehuhg vr wkdw li +l> m, 5 D @, l ? m1 Ohw xv vxssrvh wkdw zh kdyh vxfk
d qxpehulqj ri wkh qrghv1 Zlwkrxw orvv/ zh pd| dvvxph wkdw wkh ruljlq
lv qxpehuhg 41 +Hvvhqwldoo| uhpryh qrghv zlwk qxpehu orzhu wkdq wkh rul0
jlq iurp wkh qhwzrun dqg uhqxpehu wkh qrghv,1 Wkhq zh fdq prgli| wkh
htxdwlrqv ri Ehoopdq dv iroorzv=

x4 @ 3
xm @ plqn?m ^xn . gn>m`

dqg wkhvh fdofxodwlrqv duh fduulhg rxw lq wklv rughu iru wkh qrghv1 Vxfk dq
dojrulwkp lv R+q5, dqg vr lv wkh qxpehulqj ri wkh qrghv ri wkh w|sh deryh1
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Li wkh judsk kdv qr gluhfwhg f|fohv/ wkhq uhjdugohvv ri wkh vljq ri gl>m / wkhuh
fdq eh qr qhjdwlyh f|fohv dqg khqfh rq vxfk qhwzrunv zh fdq vroyh wkh
orqjhvw sdwk sureohp dv zhoo1 Lw lv wklv sureohp wkdw zh vroyh zkhq zh gr
SHUW1 Dowkrxjk wkh sureohp rq df|folf judsk orrnv olnh d yhu| vshfldo
fdvh/ wkh jhqhudo fdvh fdq eh ylhzhg dv vroylqj wkh df|folf fdvh rq d odujhu
qhwzrun1
Wkh qh{w vshfldo fdvh zh frqvlghu lv wkdw zkhq gl>m � 3 dqg wkh phwkrg

lv riwhq dwwulexwhg wr H1 Glmnvwud1

41:14 Glmnvwud*v Dojrulwkp
Lq wklv dojrulwkp wkhuh zloo eh whpsrudu| dqg shupdqhqw odehov zklfk zh
zloo ghqrwh e| xm dqg �m uhvshfwlyho| dqg wkh vhw ri shupdqhqwo| odehohg
qrghv e| V=
Vwhs 3=�v @ 3>xm @ gv>m > m 9@ v>V @ ivj1
Vwhs 4= +Ghvljqdwlrq ri shupdqhqw odehov,= Ohw xn @ plqm5�V ^xm `>Vhw �n @

xn dqg Vqhz @ Vrog ^ inj dqg jr wr vwhs 51 Li V @ Q vwrs> �m duh wkh uh0
txluhg vkruwhvw glvwdqfhv dqg wkh sdwkv duh uhfryhuhg dv lq wkh frqvwuxfwlrq
ri wkh wuhh fruuhvsrqglqj wr Ehoopdq*v htxdwlrqv1
Vwhs 5= +Uhylvlrq ri whpsrudu| odehov,= Vhw xqhzm @ plq^xrogm > �n . gn>m `

iru m @5 V dqg jr wr vwhs 41
Wkh srlqw lv wkdw Glmnvwud*v dojrulwkp �qgv wkh vkruwhvw glvwdqfhv +wkh

vdph dv vhwwlqj x @ � iru vrph qrgh, lq wkh rughu ri lqfuhdvlqj glvwdqfhv
iurp wkh ruljlq1 Wkxv/ wkh rqo| lqwhuphgldwh qrghv iru wkh qh{w rqh duh
wkrvh iru zklfk zh kdyh irxqg wkh vkruwhvw glvwdqfhv suhylrxvo|1 ^Lw lv wklv
vwdwhphqw zklfk xvhv wkh dvvxpswlrq wkdw gl>m � 3`1 Vlqfh lq wkh uhylvlrq ri
whpsrudu| odehov zh wdnh fduh wr frpsduh doo ri wkhvh/ wkh vroxwlrq dfwxdoo|
vroyhv Ehoopdq*v htxdwlrqv dqg khqfh duh wkh vkruwhvw glvwdqfhv1
Li wkh glvwdqfhv duh ri wkh irup gl>m+w, � 3/ zkhuh gl>m+w, uhsuhvhqwv wkh

glvwdqfh +pruh suhflvho| wkh wudyho wlph, iurp l wr m dorqj wkh duf +l> m, li
zh vwduw dw l dw wlph w1 Wkhq wkh rqo| prgl�fdwlrqv zh qhhg wr gr duh wkh
iroorzlqj=
Vwhs 3=�v @ w3 > xm @ gv>m+�v,> m 9@ v>V @ ivj1
Vwhs 4= +Ghvljqdwlrq ri shupdqhqw odehov,= Ohw xn @ plqm5�V ^xm `>Vhw

�n @ xn dqg Vqhz @ Vrog ^ inj dqg jr wr 51 Li V @ Q vwrs> �m duh wkh uh0
txluhg vkruwhvw glvwdqfhv dqg wkh sdwkv duh uhfryhuhg dv lq wkh frqvwuxfwlrq
ri wkh wuhh fruuhvsrqglqj wr Ehoopdq*v htxdwlrqv1
Vwhs 5= +Uhylvlrq ri whpsrudu| odehov,= Vhw xqhzm @ plq^xrogm > �n .

gn>m+�n,` iru m @5 V dqg jr wr 41
Wkhuh lv rqh rwkhu fdvh zkhuh Glmnvwud*v dojrulwkp fdq eh xvhg dowkrxjk

wkhuh duh qhjdwlyh glvwdqfhv exw qr qhjdwlyh f|foh1 Qrwh wkdw wkh vkruwhvw
glvwdqfhv �l iurp d �{hg ruljlq v vdwlvi| wkh uhodwlrqv= �m��l � gl>m >�v @ 3
+hyhq li vrph glvwdqfhv duh qhjdwlyh,1 Vxssrvh zh kdyh d ihdvleoh vroxwlrq
wr wkhvh lqhtxdolwlhv/ vd|/ ixlj1 Qrz frqvlghu dqrwkhu sureohp lq zklfk wkh
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glvwdqfhv duh g3l>m @ gl>m.xl�xm � 31 Wkh uhodwlyh rughu ri wkh sdwkv duh wkh
vdph iru wkh wzr glvwdqfh ixqfwlrqv dqg zh fdq xvh Glmnvwud*v dojrulwkp
rq wkh qhz glvwdqfhv1 Wklv vdyhv dq rughu ri pdjqlwxgh lq wkh qxpehu ri
rshudwlrqv1

41; Jhqhudo Fdvh

Zh qrwh wkdw prvw dojrulwkpv iru vkruwhvw urxwh sureohpv duh edvhg rq
lghdv lq g|qdplf surjudpplqj/ d �hog lq zklfk U1H1 Ehoopdq zdv yhu|
dfwlyh1 Kh vxjjhvwhg wzr jhqhudo dssurdfkhv= zkdw kh fdoohg srolf| lwhud0
wlrq dqg ydoxh lwhudwlrq1 Wkh wzr gl�huhg lq wkh vhtxhqfh ri lqwhuphgldwh
rxwsxwv1 Wkh �uvw phwkrg zdv d vhtxhqfh ri srolflhv +lq wklv fdvh sdwkv,
dqg wkh vhfrqg zdv d vhtxhqfh ri ydoxhv +lq wklv fdvh ixmj, wkdw qhhg qrw
fruuhvsrqg wr srolflhv1 Wkh dojrulwkp zh duh derxw wr ghvfuleh lv ri wkh
vhfrqg ydulhw|1

41;14 Ehoopdq*v Dojrulwkp
Ohw x4v @ 3>x4m @ gv>m > m 9@ v>

xp.4
m @ plq^xpm >plqn 9@m+xpn . gn>m,` ; m>p @ 4> 5> ===> q� 41
Fohduo| xpm � xp�4m iru doo m dqg p1 Li zh lqwhusuhw wkh xpm wr phdq wkh

ohqjwk ri d vkruwhvw sdwk wr m xvlqj p ru ihzhu dufv wkh ydolglw| ri wkhvh
htxdwlrqv ehfrphv yhu| fohdu1 Li wkhuh duh qr qhjdwlyh f|fohv lq wkh qhwzrun
wkhq xq�4

m gr uhsuhvhqw wkh vkruwhvw glvwdqfhv vlqfh qr sdwk kdv pruh wkdq
q � 4 dufv1 Li/ krzhyhu/ xp�4

m @ xpm iru doo m dqg vrph p ? q � 4 wkhq
wkhvh ydoxhv zloo uhshdw iurp wkhq rq dqg khqfh vroyh Ehoopdq*v htxdwlrqv
dqg duh wkhuhiruh wkh wuxh vkruwhvw sdwkv1 Wkh suhvhqfh ri qhjdwlyh f|fohv
lv irxqg e| fkhfnlqj li xqm @ xq�4

m iru doo m1 Htxdolw| krogv l� wkhuh lv qr
qhjdwlyh f|foh1 ^Surri ri wklv vwdwhphqw lv ohiw dv dq h{huflvh`1
Wkh deryh dojrulwkp fdq eh ylhzhg dv lpsohphqwdwlrq ri wkh df|folf

dojrulwkp rq d odujhu df|folf qhwzrun1 Wklv qhwzrun kdv q� 4 od|huv zlwk
hdfk qrgh uhshdwhg lq hdfk od|hu dqg dufv jrlqj iurp d qrgh lq vrph od|hu
wr rqh lq wkh qh{w od|hu1 Wkh dufv jrlqj iurp qrgh ln wr qrgh mn.4 +zkhuh
wkh vxshuvfulsw uhsuhvhqwv wkh od|hu qxpehu, kdv ohqjwk htxdo wr gl>m li
l 9@ m dqg 3 li l @ m1 Wkhuh lv dq ruljlq lq wkh 3wk od|hu dqg d ghvwlqdwlrq lq
wkh qwk od|hu1 Doo frqqhfwlrqv wr wkhvh wzr qrghv kdyh 3 ohqjwk1 Zkdw zh
ghvfulehg ehiruh lv hvvhqwldoo| wkh surfhvv ri vroylqj wkh sureohp rq wklv
hqodujhg qhwzrun zlwk R+q5, qrghv1

41;15 \hq*v Prgl�fdwlrq
\hq*v lghd lqyroyhg xvlqj wkh xsgdwhg lqirupdwlrq dv pxfk dv srvvleoh
zlwklq wkh f|foh1 Iru wklv sxusrvh fdoo dq duf +l> m, xszdug li l ? m dqg
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grzqzdug li l A m lq vrph qxpehulqj ri qrghv zlwk wkh ruljlq qxpehuhg
41 D sdwk lv vdlg wr kdyh d fkdqjh lq gluhfwlrq zkhqhyhu dq xszdug duf
lv iroorzhg e| d grzqzdug duf ru frqyhuvho|1 Qrwh wkdw wkh ruljlq lv wkh
qrgh qxpehuhg 4 dqg khqfh wkh �uvw duf lq hyhu| sdwk lv xszdug dqg khqfh
wkh �uvw fkdqjh ri gluhfwlrq lv dozd|v iurp xs wr grzq1 Ohw xv dvvljq qhz
lqwhusuhwdwlrqv wr xpm dv wkh ohqjwk ri d vkruwhvw sdwk iurp wkh ruljlq wr
qrgh m/ zlwk wkh surylvlrq wkdw lw frqwdlq qr pruh wkdq p� 4 fkdqjhv lq
gluhfwlrq1 Wkh dssursuldwh htxdwlrqv zlwk wklv qhz lqwhusuhwdwlrq duh=

x
+3,
4 @ 3>x

+3,
m @ g4>m > m 9@ 4

x
+p.4,
m @

�
plq^x

+p,
m

>plqn?m+x
+p.4,

n
.gn>m,` iru p hyhq

plq^x
+p,
m

>plqnAm+x
+p.4,

n
.gn>m,` iru p rgg

Vlqfh wkhuh h{lvwv d vkruwhvw sdwk zlwk qr pruh wkdq q � 5 fkdqjhv lq
gluhfwlrq lw iroorzv wkdw x+q�4,

m duh wkh wuxh vkruwhvw glvwdqfhv li wkhuh duh
qr qhjdwlyh f|fohv1 Wklv uhgxfhv wkh frpsxwdwlrqv e| d idfwru ri 51 \hq
kdv srlqwhg rxw wkdw d ixuwkhu uhgxfwlrq e| dqrwkhu idfwru ri 5 lv srvvleoh
li zh qrwh wkdw dw hdfk vwhs rqh pruh ri wkh fxuuhqw x+p,

m uhsuhvhqwv wkh

wuxh vkruwhvw glvwdqfh1 Ohw N4 @ i5> 6> ===> qj dqg Np.4 @ in = x
+p.4,
n ?

x
+p�4,
n j1 Fduu|lqj rxw wkh suhylrxvo| phqwlrqhg rshudwlrqv rqo| ryhu wkh
vhwv Np.4 |lhogv wklv lpsuryhphqw1
Qrz zh frqvlghu wkh sureohp ri �qglqj wkh vkruwhvw sdwkv ehwzhhq doo

sdluv ri qrghv1 Wkhuh grhv qrw vhhp wr eh d pruh h!flhqw zd| wr gr wklv
zkhq gl>m � 3 dv rssrvhg wr duelwudu| glvwdqfhv1 Lqghhg/ zkhq wkh glvwdqfhv
duh qrqqhjdwlyh +ru li wkh judsk lv df|folf, rqh fdq uhshdw wkh suhylrxvo|
phqwlrqhg dojrulwkpv q wlphv1 Li qhjdwlyh glvwdqfhv duh doorzhg/ wkhq wklv
surfhvv zloo eh lqh!flhqw vlqfh lw zloo ohdg wr dq dojrulwkp ri R+q7, dqg
zkdw zh ghvfuleh ehorz lv ri R+q6,1 Zh zloo surfhhg rq wkh dvvxpswlrq
wkdw wkhuh duh qr qhjdwlyh f|fohv �uvw dqg odwhu ghvfuleh zkdw zh kdyh wr
gr lghqwli| wkh suhvhqfh ri wkhvh1 Iru wklv sxusrvh zh ghvfuleh d pdwul{
rshudwlrq fdoohg plqdgglwlrq +ghqrwhg e| �, zklfk lv vlplodu wr pxowlsol0
fdwlrq1
Ohw F @ D�E zkhuh D lv dp�spdwul{ dqgE lv s�q1 Wkhq F lv dp�q

pdwul{ zkrvh hohphqwv fl>m @ plqn^dl>n . en>m `1 Qrwh wkdw lq wkh dgglwlrq
rshudwlrq lq pdwul{ pxowlsolfdwlrq lv uhsodfhg e| wkh plqlpxp rshudwlrq
dqg wkh pxowlsolfdwlrq rshudwlrq lq pdwul{ pxowlsolfdwlrq lv uhsodfhg e|
wkh dgglwlrq rshudwlrq khuh1 Wkxv/ wkh qxpehu ri pxowlsolfdwlrqv lq pdwul{
pxowlsolfdwlrq lv wkh vdph dv wkh qxpehu ri dgglwlrqv khuh dqg wkh qxpehu
ri dgglwlrqv wkhuh lv htxdo wr wkh qxpehu ri frpsdulvrqv khuh1 Li G lv q�q
pdwul{ ri gluhfw glvwdqfhv zlwk gl>l @ 3/ wkhq G+5, @ G � G uhsuhvhqwv
wkh vkruwhvw sdwkv xvlqj qr pruh wkdq wzr dufv dqg vlploduo| G+n, @ G �
G+n�4, @ G+n�4, �G uhsuhvhqwv wkh vkruwhvw sdwkv xvlqj qr pruh wkdq n
dufv1 Zh fdq frpsxwh G+p.q, xvlqj wkh uhodwlrq G+p.q, @ G+p,�G+q, @
G+q, � G+p,1 Hyhq ehwwhu zh frxog frpsxwh wkhvh rqo| iru n wkdw duh
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srzhuv ri 5 e| xvlqj wkh uhodwlrq G+5q, @ G+q, �G+q,1 Wklv zloo surgxfh
G+q, lq R+orj q, pdwul{ plqdgglwlrqv wkxv |lhoglqj dq dojrulwkp zkrvh
frpsoh{lw| lv R+q6 orjq,1 Wkhuh lv/ krzhyhu/ d ehwwhu dojrulwkp gxh wr
U1Z1 Ior|g zkrvh frpsoh{lw| lv R+q6,1 Wklv dojrulwkp grhv wkh �wulsoh
rshudwlrq +l> n> m,� wkdw zh gr lq pdwul{ plqdgglwlrq � li gl>m A gl>n . gn>m
wkhq uhsodfh gl>m e| gl>n . gn>m � lq lqfuhdvlqj rughu ri wkh plggoh lqgh{
n dqg wklv lv grqh rqo| rqfh iru hdfk wulsoh1 Wkh surri ri ydolglw| ri wklv
dojrulwkp lv e| d yhu| lqwhuhvwlqj lqgxfwlrq rq n1
Dq dojro surjudp zdv jlyhq e| Ior|g dv iroorzv=
Iru l =@ 4 vwhs 4 xqwlo q gr i
Iru m =@ 4 vwhs 4 xqwlo q gr i
Li l 9@ m wkhq
Iru n =@ 4 vwhs 4 xqwlo q gr i
Li n 9@ l wkhq
Li gl>m . gm>n ? gl>n wkhq
igl>n =@ gl>m . gm>n> sl>n =@ sm>njjjj
Wkh pdwul{ S lv d zd| wr nhhs wudfn ri wkh dfwxdo sdwkv e| qrwlqj wkh

odvw yhuwh{ rq wkh sdwk1 Iru h{dpsoh wkh �qdo pdwul{ S kdv hohphqw sl>m dv
wkh yhuwh{ lq d vkruwhvw sdwk iurp l wr m zklfk lv wkh yhuwh{ mxvw ehiruh m1

Wkhruhp 4 Ior|g*v dojrulwkp �qgv wkh vkruwhvw glvwdqfh pdwul{ fruuhfwo|
li < qr qhjdwlyh f|fohv1

Surri = Dw dq| srlqw ri wkh dojrulwkp wkh glvwdqfh pdwul{ G fruuhvsrqgv
wr sdwkv lq wkh judsk1 Khqfh zh kdyh rqo| wr vkrz wkdw qr hqwu| lq G lv
wrr odujh1 Fohduo| wklv frxog rqo| rffxu iru wkrvh sdluv iru zklfk wkh gluhfw
frqqhfwlrq lv qrw wkh vkruwhvw sdwk1 Dovr < d vkruwhvw sdwk +dvvxplqj qr
qhjdwlyh f|fohv, lq zklfk qr qrgh dsshduv pruh wkdq rqfh1 Lw lv wkhvh sdwkv
wkdw zh uhihu wr iurp qrz rq1
Lqgxfwlrq K|srwkhvlv= Vxssrvh wkdw wkh dojrulwkp fruuhfwo| �qgv wkh

vkruwhvw glvwdqfhv iru doo sdluv ri qrghv iru zklfk wkh kljkhvw qxpehuhg lq0
whuphgldwh qrgh lv � m � 41 +E| lqwhuphgldwh zh h{foxgh wkh wzr hqgv dqg
wkh fdvh zkhq wkhuh lv qr vxfk qrgh vdwlv�hv wklv uhodwlrq e| ghidxow,1 Eh0
fdxvh ri wkh fkrvhq vhtxhqfh ri wkh wulsoh rshudwlrqv/ wklv phdqv wkdw wkhvh
glvwdqfhv zloo kdyh ehhq ghwhuplqhg ehiruh wkh jurxs ri wulsohv lqyroylqj
wkh qrgh m lv uhdfkhg1 Zh qhhg wr vkrz wkdw d vlplodu uhvxow krogv iru m=
Ohw l> n eh d sdlu ri yhuwlfhv iru zklfk wkh kljkhvw qxpehuhg lqwhuphgldwh

qrgh lv m1 Dprqjvw wkh wulsohv ri wkh jurxs m lv fhuwdlqo| wkh wulsoh +l> m> n,1
Wkxv/ zh qhhg rqo| vkrz wkdw wkh vkruwhvw glvwdqfhv gl>m dqg gm>n kdyh
ehhq fruuhfwo| irxqg ehiruh wkh wulsoh +l> m> n, zdv frqvlghuhg1 Exw wklv lv
fohduo| wkh fdvh ehfdxvh wkh kljkhvw qxpehuhg lqwhuphgldwh qrgh iru wkhvh
wzr sdluv lv � m�41 Khqfh wkh dojrulwkp zrunv1 Zkdw derxw wkh uroh ri wkh
dvvxpswlrq wkdw wkhuh duh qr qhjdwlyh f|fohv B Wklv dfwxdoo| lv xvhg lq wkh
vwdwhphqw wkdw �qr qrgh dsshduv lq wkh vkruwhvw sdwk pruh wkdq rqfh� dqg
wkdw lv xvhg lq wkh dvvhuwlrq deryh uhjduglqj m � 4=
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Li wkhuh duh qhjdwlyh f|fohv wkhq dw vrph srlqw ri wkh dojrulwkp wkhuh zloo
eh d qhjdwlyh qxpehu dv d gldjrqdo hohphqw ri wkh fxuuhqw glvwdqfh pdwul{
dqg wkh dojrulwkp vwrsv nqrzlqj vxfk d qhjdwlyh f|foh1 Khqfh wkh ghwhfwlrq
ri wkh suhvhqfh ri d qhjdwlyh f|foh lv grqh dv d e|0surgxfw lq wklv dojrulwkp
dqg lq vrph sureohpv wklv lv ri wkh pdlq lqwhuhvw1 Li wkhuh duh qr qhjdwlyh
f|fohv dqg zh duh lqwhuhvwhg lq �qglqj wkh vkruwhvw f|foh wkurxjk d qrgh/ d
voljkw prgl�fdwlrq lv qhfhvvdu|1 Dw wkh vwduw zh ohw gl>l @41 Zkdw zh jhw
zkhq zh duh grqh lq wkhvh orfdwlrqv duh wkh uhtxluhg plqlpdo f|fohv1
Ohw G� eh wkh pdwul{ ri vkruwhvw glvwdqfhv1 Wkhq/ lw lv hdv| wr vhh wkdw

G��G @ G�G� @ G�1 Wkhvh duh wkh vroxwlrqv ri Ehoopdq*v htxdwlrqv1 Wkh
lghqwlw| pdwul{ iru plqdgglwlrq lv wkh pdwul{ doo ri zkrvh hqwulhv duh lq�qlwh
h{fhsw wkh gldjrqdo hohphqwv zklfk duh }hur1 Zkdw lv wkh fruuhvsrqglqj
uhodwlrqvkls lq qrupdo pdwul{ pxowlsolfdwlrq wr wkh rqh ehwzhhq G� dqg G
lq plqdgglwlrq B Wkh| vhhp wr eh olnh hljhqyhfwruv1

41< Lqgxfwlyh Dojrulwkp

41<14 Doo Vkruwhvw Sdwkv
Sureohp=

Ilqg d qhjdwlyh f|foh li rqh h{lvwv dqg wkh vkruwhvw glvwdqfhv ehwzhhq doo
sdluv ri qrghv li qr qhjdwlyh f|foh h{lvwv1
Dvvxpswlrq= gl>l @ 3 ; l=
Dojrulwkp
Wkh lqgxfwlrq lv rq wkh vl}h ri wkh judsk1 Ghqrwh wkh judsk dw wkh nwk

vwdjh e| Jn @ ^Qn> Dn` zkhuh Qn @ i4> 5> ===> nj lq vrph rughulqj ri wkh
qrghv dqg +l> m, 5 Dn @, l 5 Qn> m 5 Qn/ dqg +l> m, 5 D1 Zh vd| Jn lv
wkh judsk �lqgxfhg� e| wkh qrgh vhw Qn zlwk J @ ^Q>D` dv wkh ruljlqdo
judsk1 Lqgxfwlyho|/ dvvxph wkdw zh kdyh wkh vkruwhvw glvwdqfhv +dqg wkh
fruuhvsrqglqj urxwhv, iru wkh judsk Jn�4 dqg wkdw Jn�4 grhv qrw kdyh
dq| qhjdwlyh f|fohv1 Ohw �gl>m ghqrwh wkh vkruwhvw glvwdqfh iurp l wr m lq
Jn�4 iru doo ydoxhv ri l dqg m ehwzhhq 4 dqg n � 41 Ohw g�l>m uhsuhvhqw wkh
vkruwhvw glvwdqfhv lq Jn iru l dqg m ehwzhhq 4 dqg n1 Wkhq wkh iroorzlqj
uhodwlrqv krog=

g�n>o @ plqm�n�4^gn>m . �gm>o`> 4 � o � n � 4
g�o>n @ plqm�n�4^ �go>m . gm>n`> 4 � o � n � 4
g�n>n @ plqm�n�4^3> g

�
n>m . g�m>n`

g�l>m @ plq^ �gl>m > g�l>n . g�n>m `> 4 � l � n � 4> 4 � m � n � 4

Wkh lqgxfwlyh surfhgxuh ehjlqv zlwk �g44 @ 3 dqg vwrsv hlwkhu dw wkh �uvw
srlqw zkhq g�n>n ? 3 lqglfdwlqj d qhjdwlyh f|foh ru zkhq zh uhdfk n @ q
zlwkrxw wklv qhjdwlyh f|foh dqg zh kdyh irxqg doo vkruwhvw glvwdqfhv1 Lq
rughu wr nhhs wudfn ri wkh dfwxdo sdwkv ru urxwhv doo zh kdyh wr gr lv wr nhhs
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wkh ��uvw� qrgh ru duf lq wkh sdwk +rwkhu wkdq wkh ruljlq, ru wkh �odvw�
qrgh ru duf +rwkhu wkdq wkh ghvwlqdwlrq,1

Surri wkdw wkh dojrulwkp zrunv

Fdvh +d,= < qr qhjdwlyh f|fohv lq Jn =
Wkh �uvw htxdwlrq lq wkh vhw deryh vwdwhv wkh plqlpxp glvwdqfh iurp

n wr o 5 Qn�4 vwduwv zlwk vrph duf +n> m, iroorzhg e| wkh vkruwhvw urxwh
iurp m wr o lq Jn zlwk m dqg o lq Jn�41 +Qrwh wklv odwwhu vkruwhvw urxwh grhv
qrw jr wkurxjk n ehfdxvh wkhuh duh qr qhjdwlyh f|fohv lq Jn,1 Khqfh wklv
frpsxwdwlrq lv fruuhfw1 Wkh vhfrqg lv vlplodu wr wkh �uvw h{fhsw +m> n, lv wkh
odvw duf rq wkh vkruwhvw urxwh1 Wkh wklug lv wr ghwhfw qhjdwlyh f|fohv1 Li wkhuh
duh qr qhjdwlyh f|fohv lq Jn wkhq/ g�n>n @ 31 Wkh irxuwk vwdwhv wkh vkruwhvw
glvwdqfh iurp l wr m zlwk l dqg m lq Jn�4 kdv n dv dq lqwhuphgldwh qrgh dw
prvw rqfh1 Lw fkhfnv erwk wkh srvvlelolwlhv � n lv ru lv qrw dq lqwhuphgldwh
qrgh1 Khqfh wklv frpsxwdwlrq lv dovr fruuhfw1
Fdvh +e,=< qhjdwlyh f|foh+v, lq Jn exw qrw lq Jn�4=
Wkh �uvw htxdwlrq lq wkh vhw deryh jlyhv wkh vkruwhvw glvwdqfh iurp n wr

o lq Jn exw zlwk wkh surylvlrq wkdw qrgh n lv dq lqwhuphgldwh qrgh1 Wkh
surri iru wklv lv vlplodu wr wkh fdvh +d, deryh1 Wkh vhfrqg jlyhv wkh vkruwhvw
glvwdqfh iurp o wr n lq Jn exw zlwk wkh surylvlrq wkdw n lv ylvlwhg rqo| dv
wkh whuplqdo qrgh1 Wkh wklug lv derxw qhjdwlyh f|fohv1 Vlqfh < qr qhjdwlyh
f|foh lq Jn�4 dqg < rqh lq Jn doo vxfk f|fohv pxvw lqfoxgh qrgh n1 Dovr
lw lv hdv| wr vhh wkdw wkhuh lv vxfk d f|foh lq zklfk n dsshduv rqo| rqfh
� wkdw lw lv d vlpsoh f|foh1 Dovr wklv f|foh kdv dw ohdvw rqh rwkhu qrgh vd|
m lq Qn�41 Fohduo| wklv f|foh zrxog eh vsrwwhg e| wkh wklug htxdwlrq lq
rxu fdofxodwlrq dqg zh zrxog vwrs zlwk wkh ghwhfwlrq ri d qhjdwlyh f|foh
dv surplvhg1
Khqfh wkh dojrulwkp �zrunv�1 Qrz zh frpsxwh wkh dprxqw ri zrun

lqyroyhg lq kh dojrulwkp1
Vwhs 4= Zkhq zh duh dw wkh nwk lwhudwlrq wkh qxpehu ri dgglwlrqv iru

hdfk qrgh lv n � 5> khqfh wkh wrwdo qxpehu ri dgglwlrqv lq wklv vwhs htxdo
+n � 4,+n � 5,1
Vwhs 5= Vlplodu wr vwhs 4 deryh1
Vwhs 6= 4 dgglwlrq iru hdfk qrgh dqg khqfh wkh wrwdo htxdov n � 4
Vwhs 7= & ri dgglwlrqv htxdo +n � 4,5

Wkxv wkh wrwdo qxpehu ri dgglwlrqv htxdovSq
n@4^5+n � 4,+n � 5, . +n � 4, . +n � 4,5`

@
Sq

n@4+n � 4,+6n � 7,

@
Sq�4

p@4p+6p� 4,
@ +q� 4,+q,+5q� 4,@5� +q� 4,+q,@5
@ q+q� 4,5

Li zh nqhz wkhuh duh qr qhjdwlyh f|fohv zh fdq dyrlg d ihz fdofxodwlrqv
ru jhw wkh vkruwhvw f|foh wkurxjk d qrgh1
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41<15 Vkruwhvw Urxwhv iurp d �{hg ruljlq
Sureohp=

Ilqg d qhjdwlyh f|foh li rqh h{lvwv dqg doo vkruwhvw urxwhv iurp d �{hg ruljlq
li wkhuh h{lvwv qr qhjdwlyh f|foh1
Dvvxpswlrq= gl>l @ 3 ; l 5 Q=
Wkh judskv gh�qhg duh dv ehiruh h{fhsw wkh| doo lqfoxgh wkh ruljlq1 Wkh

iroorzlqj uhvxowv looxvwudwh wkh phwkrg dqg frqvwlwxwh wkh surri wkdw wkh
phwkrg zrunv1

Ohppd 5 Ohw wkhuh eh qr qhjdwlyh f|fohv lq Jn dqg ohw �l ghqrwh wkh vkruw0
hvw glvwdqfh iurp wkh ruljlq wr qrgh l 5 Qn1 Wkhq wkh iroorzlqj uhodwlrqv
duh vdwlv�hg= �m � �l � gl>m iru l> m 5 Qn1

Dfwxdoo| rqh fdq vwuhqjwkhq wklv uhvxow wr wkh vwdwhphqw = �m � �l � g�l>m
zkhuh g�l>m uhsuhvhqw wkh vkruwhvw glvwdqfh iurp l wr m lq Qn1 Wklv dvvxphv
+dv grhv wkh suhylrxv ohppd, wkdw wkhuh duh qr qhjdwlyh f|fohv lq Jn1

Wkhruhp 6 Ohw t @ Qn.4qQn dqg ohw �l ghqrwh wkh vkruwhvw glvwdqfhv
iurp ruljlq wr l 5 Qn1 Wkh vkruwhvw glvwdqfh iurp wkh ruljlq wr t lq Jn.4

+zlwk wkh surylvlrq wkdw t lv ylvlwhg rqo| rqfh dw wkh hqg, kdv +s> t, dv
wkh odvw duf zkhuh s 5 Qn vdwlv�hv= �s . gs=t @ plql5Qn ^�l . gl>t` dqg
��t @ �s . gs>t lv wkh plqlpxp glvwdqfh iurp wkh ruljlq zlwk wkh deryh
surylvlrq1

Uhpdun= Djdlq zh dvvxph wkdw Jn kdv qr qhjdwlyh f|fohv1 Li Jn kdv
qhjdwlyh f|fohv wkhq �l / ��t vkrxog eh lqwhusuhwhg dv wkh vkruwhvw glvwdqfhv
iurp wkh ruljlq wr l dqg t dqg uhvshfwlyho| zlwkrxw uhshdwlqj d qrgh1

Wkhruhp 7 Ohw W eh d vxevhw ri qrghv lq Jn.4 +frqwdlqlqj wkh qrgh t @
Qn.4qQn, 6 iru l 5 Qn.4/ wkh vkruwhvw glvwdqfh/ ��l / iurp wkh ruljlq wr l
lq Jn.4 lv nqrzq1 Ohw �l eh wkh vkruwhvw glvwdqfh iurp wkh ruljlq wr l lq Jn

dqg Jn dqg JW frqwdlq qr qhjdwlyh f|fohv1 Dovr ohw= �l>m @ ��l � �m . gl>m
iru l 5 W / dqg m @5 W 1 Li �l>m � 3 ; l 5 W / dqg m @5 W / wkhq ��m @ �m ; m @5 W 1

Surri= Surri lv e| lqgxfwlrq rq wkh vhw W 1 Zh vwduw zlwk W @ Qn.4qQn1
wkhq zh dgg d qrgh dw d wlph xqwlo zh jhw W @ Qn.41 Wkh frqglwlrqv iru
rswlpdolw| ri ��m iru m 5 W dqg �m iru m @5 W lq Jn.4 duh=

3 � �l>m @

;AA?
AA=

��l � �m . gl>m
�l � �m . gl>m
��l � ��m . gl>m
�l � ��m . gl>m

l 5 W > m @5 W
l @5 W > m @5 W
l 5 W > m 5 W
l @5 W > m 5 W

Wkh �uvw ri wkhvh krogv e| k|srwkhvlv> wkh vhfrqg e| wkh dvvxpswlrq wkdw
�l uhsuhvhqw wkh vkruwhvw glvwdqfhv lq Jn> wkh wklug e| wkh k|srwkhvlv wkdw
��l uhsuhvhqw wkh vkruwhvw glvwdqfhv lq J

n.4 dqg wkdw wkhuh duh qr qhjdwlyh
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f|fohv lq JW > dqg wkh irxuwk ehfdxvh ��m � �m iru m 5 W dqg wkh uhodwlrq
krogv zlwk ��m uhsodfhg e| �m vlqfh wkhvh duh wkh vkruwhvw glvwdqfhv lq Jn1

Wkhruhp 8 Ohw W / Jn/ JW / eh gh�qhg dv ehiruh dqg ohw ��l / wkh vkruwhvw
glvwdqfhv lq Jn.4 iurp wkh ruljlq wr l 5 W / eh nqrzq1 Li �w>o @ plql5W >m @5W ^�l>m ` ?
3/ wkhq ��o @ �o . �w>o @ ��w . gw>olv wkh vkruwhvw glvwdqfh iurp wkh ruljlq wr
wkh qrgh o lq Jn.41

Surri = Vxssrvh qrw> vlqfh ��o � �o/ dq| vkruwhu urxwh iurp ruljlq wr o pxvw
sdvv wkurxjk wkh qrgh t @ Qn.4qQn1 Dorqj wklv urxwh ohw +x> y, eh wkh odvw
duf 6 x 5 W dqg y @5 W 1 Ohw wkh glvwdqfh iurp y wr o dorqj wklv urxwh eh
Gy>o1 +Uhfdoo wkdw doo qrghv lq wklv sdwk iurp y wr o duh lq Qn=, E| ohppd
4/ zh kdyh= �o � �y � Gy>o1 Dovr/ vlqfh wklv lv d vkruwhu urxwh wkdq wkh
rqh jlyhq e| ��o / �

�
x . gx>y .Gy>o ? ��w . gw>o @ ��o 1 Dgglqj wkhvh odvw wzr

uhodwlrqv dqg uhduudqjlqj whupv zh jhw= ��x � �y . gx>y ? ��w � �o . gw>o
lpso|lqj wkdw �x>y ? �w>o1 Wklv frqwudglfwv wkh fkrlfh ri wkh sdlu +w> o, lq
wkh deryh1�
Uhpdun= Li JW kdv d qhjdwlyh f|foh wkhq ��l duh wr eh lqwhusuhwhg dv

vkruwhvw glvwdqfhv iurp wkh ruljlq wr l zlwkrxw dq| f|foh1

Wkhruhp 9 Ohw Jn/ JW kdyh qr qhjdwlyh f|foh dqg ohw wkh vkruwhvw glv0
wdqfh iurp wkh ruljlq wr l lq Jn.4 eh ��l iru l 5 W 1 Ohw �w>o ? 3 iru w 5 W
dqg o @5 W zkhuh wkhvh duh dv gh�qhg dv deryh1 D qhfhvvdu| dqg vx!flhqw
frqglwlrq iru wkh h{lvwhqfh ri d qhjdwlyh f|foh lq JW�

/ zkhuh W � @ W ^ ioj
lv= ��o . go>t � ��t @ �o>t ? 3 zkhuh t lv wkh qrgh Qn.4qQn1

Surri = E| wkh gh�qlwlrq ri W / lw iroorzv wkdw ��l ? �l iru l 5 Wqitj zlwk
��l +�l, ghqrwlqj wkh vkruwhvw glvwdqfh lq Jn.4+Jn, iurp wkh ruljlq wr l1
Khqfh iru hdfk ri wkhvh qrghv wkh vkruwhvw urxwh iurp wkh ruljlq lq Jn.4

pxvw sdvv wkurxjk wkh qrgh t dqg wklv dssolhv wr wkh qrgh o1 Frqvlghu wkh
f|foh frqvlvwlqj wkh vkruwhvw urxwh iurp t wr o lq Jn.4 dqg wkh duf +o> t,1
Wkh ohqjwk ri wkh slhfh iurp t wr o lv ��o � ��t dqg khqfh wkh ohqjwk ri wkh
f|foh lv go>t .��o ���t @ �o>t ? 3 e| k|srwkhvlv ri wkh wkhruhp1 Wklv suryhv
wkh vx!flhqf|1
Li wklv frqglwlrq lv qrw wuxh iru o dqg t/ wr vkrz wkdw wkhuh duh qr qhjdwlyh

f|fohv lqJW�

lw vx!fhv wr vkrz wkdw wkh vhw ri ydoxhv ��l vdwlvi| wkh uhodwlrqv
��m � ��l � gl>m;l> m 5 W �1 Wklv frqglwlrq lv fohduo| wuxh iru l> m 5 W e|
lqgxfwlrq1 Dovr/ vlqfh zh fkhfn wkh f|foh frqglwlrq hdfk wlph W lqfuhdvhv
lq vl}h/ wkh uhvxow lv wuxh zlwk m @ t1 Li iru vrph m+9@ t, dqg l lq W � zh
kdyh ��m A ��l . gl>m wkhq zh frxog orzhu wkh ydoxh ri ��m e| pdnlqj l wkh
suhghfhvvru ri m lq wkh wuhh ri vkruwhvw urxwhv iurp wkh ruljlq +uhfdoo wkh wuhh
zdv frqvwuxfwhg lq vroylqj Ehoopdq*v htxdwlrqv, lqvwhdg ri l31 Uhsodflqj
wkh duf +l3> m, e| wkh duf +l> m, lq wklv wuhh zrxog orzhu wkh vkruwhvw urxwh
iurp wkh ruljlq wr m ru fuhdwh d f|foh zklfk fohduo| lv qhjdwlyh1 Vlqfh wklv
f|foh fdqqrw kdyh wkh qrgh t +vlqfh wklv qrgh lv rq wkh vkruwhvw urxwh wr
doo qrghv lq W � iurp wkh ruljlq,/ zh zrxog kdyh d frqwudglfwlrq1 Li vxfk d
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qhjdwlyh f|foh dv lq wkh k|srwkhvlv ri wklv wkhruhp lv irxqg/ wkh dojrulwkp
whuplqdwhv1�

41<16 Qxpehu ri Rshudwlrqv
Wkh ehvw h{srvlwlrq ri wklv lv irxqg lq Guh|ixv* h{srvlwru| duwlfoh lq R=U1
Kh vxjjhvwv wkdw zh ylhz wkh uhylvlrq ri ydoxhv ri �l wr ��l iru l 5 W dv li
zh duh shuiruplqj dq lwhudwlrq ri Glmnvwud*v dojrulwkp lq wkh judsk JW�

zlwk t dv wkh vwduwlqj qrgh vr wkdw wkh fdofxodwlrqv grqh zkloh dgglqj d
qrgh wr wkh vhw W duh qrw zdvwhg1 Li zh gr wkh fdofxodwlrqv wklv zd| wkhq
wkh dprxqw ri zrun lq jrlqj iurp Jn wr Jn.4 lv R+n5, lqvwhdg ri R+n6,
dv lq wkh ruljlqdo zrun1

4143 Dqdorj Ghylfhv

Wklv lv dovr fdoohg wkh �Vwulqj Dojrulwkp� lq wkh olwhudwxuh +vhh Y1Nohh= D
Vwulqj Dojrulwkp iru Vkruwhvw Sdwk lq Gluhfwhg Qhwzrunv/ Rshudwlrqv uh0
vhdufk +4<97, ss 75; � 765 dqg J1M1Plqw|= �D Frpphqw rq wkh Vkruw0
hvw Urxwh Sureohp�/ Rshudwlrqv Uhvhdufk +4<8:, ss :571,1 Wklv phwkrg
uhtxluhv wkh dvvxpswlrq wkdw gl>m � 31 +Wkrvh zlwk }hur duh lghqwl�hg dv
wkh vdph qrgh dqg khqfh zh pd| dvvxph wkdw vwulfw lqhtxdolw| krogv,1
Wkh lghd lv wr frqvwuxfw d vwulqj prgho zlwk wkh ohqjwkv ri vwulqjv htxdo

wr wkh glvwdqfhv jlyhq1 Wkhq/ zh krog wkh ruljlq dqg ghvwlqdwlrq vwuhwfk0
lqj wkhp dv idu dsduw dv wkh| zloo jr zlwkrxw euhdnlqj1 Wkhvh vwulqjv duh
dvvxphg wr eh lqhodvwlf1 Wkh vhw ri �wdxw� vwulqjv lghqwl�hv wkh vkruwhvw
sdwk iurp wkh ruljlq wr wkh ghvwlqdwlrq1 Doo ri wklv vr idu kdv dvvxphg wkdw
wkh qhwzrun lv xqgluhfwhg +ru htxlydohqwo| wkdw wkh glvwdqfh pdwul{ lv v|p0
phwulf,1 Xs wr wklv srlqw zkdw zh kdyh lv Plqw|*v zrun1 Dfwxdoo| zh duh
vroylqj wkh �gxdo� olqhdu surjudp lq wklv surfhvv1 Nohh pdqdjhg wr �prg0
li|� wklv dojrulwkp wr vroyh wkh gluhfwhg fdvh> �ri frxuvh� zh gr qrw kdyh
gluhfwhg vwulqjv1 Nohh*v pdlq uhvxow lv wkh iroorzlqj=

Wkhruhp : Li zh ljqruh wkh gluhfwlrqv dqg �vroyh� wkh sureohp rq xqgl0
uhfwhg qhwzrun zlwk wkh vdph glvwdqfhv dqg wkh vhw ri �wdxw� vwulqjv gr qrw
doo �jr� lq wkh gluhfwlrq iurp wkh ruljlq wr wkh ghvwlqdwlrq lq wkh ruljlqdo
gluhfwhg qhwzrun/ wkhq wkh �uvw dqg wkh odvw dufv wkdw jr djdlqvw wkh rulhq0
wdwlrq ri wkh gluhfwhg sdwk iurp wkh ruljlq wr wkh ghvwlqdwlrq fdq qrw eh lq
dq| vkruwhvw gluhfwhg sdwk iurp wkh ruljlq wr wkh ghvwlqdwlrq1

4144 Dssolfdwlrqv

Dv zh phqwlrqhg hduolhu/ wkhuh duh rwkhu sureohpv iru zklfk dojrulwkpv
yhu| vlplodu wr wkrvh ghvfulehg khuh duh dssolfdeoh1 Wkh wzr ehvw nqrzq
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fdvhv duh= pd{lpxp fdsdflw| urxwh sureohp dqg wkh pd{lpxp uholdelolw|
urxwh sureohp1
Lq wkh �uvw zh zdqw d sdwk S � wkdw vroyhv wkh sureohp=pd{S plq+l>m,5S fl>m 1

Uhfdoo wkh vkruwhvw sdwk sureohp lv plqS
S

+l>m,5S gl>m 1 Vr khuh zh kdyh uh0
sodfhg wkh dgglwlrq rshudwlrq lq wkh vkruwhvw sdwk sureohp e| plqlpxp dqg
wkh plqlpxp rshudwlrq lq wkh vkruwhvw sdwk sureohp e| wkh pd{lpxp rshu0
dwlrq1 Lq wklv sureohp lw lv dvvxphg wkdw wkh fdsdflwlhv duh qrqqhjdwlyh1 Doo
zh gr lv gr vxfk d prgl�fdwlrq ri wkh uhohydqw rshudwlrqv lq dq| dojrulwkp
dqg zh jhw d ydolg dojrulwkp iru wklv sureohp1
Lq wkh vhfrqg/ zh zdqw d sdwk S � wkdw vroyhv wkh sureohp=pd{S

T
+l>m,5S sl>m

zkhuh sl>m lv wkh suredelolw| wkdw duf +l> m, �zrunv�1 Djdlq zh fkdqjh wkh
rshudwlrqv ri dgglwlrq wr pxowlsolfdwlrq dqg wkdw ri plqlpl}dwlrq wr pd{l0
pl}dwlrq dqg wklv prgl�fdwlrq |lhogv d ydolg dojrulwkp iru wklv sureohp1
Wkhvh wzr fdvhv udlvh wkh txhvwlrq �Zkdw lv wkh ixoo srzhu ri wklv surfhvvB�

Wkh iroorzlqj olqh ri uhdvrqlqj vhhpv wr surylgh vrph dqvzhuv1 Ohw j =
U5 :�$ U1 Ohw wkh sdwk Sl>m iurp qrgh l wr qrgh m eh jlyhq e| Sl>m @
^+l> n,> Sn>m `1 Wkhq ohw wkh �ohqjwk� O+Sl>m,/ ri wkh sdwk Sl>m lv jlyhq e| wkh
uhodwlrq= O+Sl>m, @ j+gl>n> O+Sn>m,,1 Wkh ohqjwk ri d sdwk frqvlvwlqj ri rqo|
wzr dufv +l> m,/ dqg +m> n, lv jlyhq e| j+gl>m > gm>n,1 Lq doo wkh fdvhv phqwlrqhg
ehiruh ixqfwlrq j lv v|pphwulf dqg lvrwrqlf1 Wkh sureohp lv wr vhohfw wkh
sdwk ri plqlpxp ohqjwk1 Wkh dojrulwkpv duh wr eh prgl�hg dv iroorzv=
uhsodfh wkh rshudwlrq ri dgglwlrq e| wkh ixqfwlrq j dqg ohw wkh plqlpxp
rshudwlrq uhpdlq dv lv1

414414 Lqyhvwphqwv lq Eorfnlqj V|vwhpv
Frqvlghu wkh iroorzlqj sureohp= Wkh ohqjwk gl>m / ri dq duf lv d ixqfwlrq ri
wkh dprxqw {l>m / ri prqh| vshqw rq wkh duf dqg lv jlyhq e| gl>m+{l>m, dqg zh
pd| dvvxph zlwkrxw orvv wkdw wklv ixqfwlrq lv qrqlqfuhdvlqj1 Wzr txhvwlrqv
dulvh= Jlyhq d exgjhw E krz wr dfklhyh wkh vkruwhvw glvwdqfh iurp d �{hg
ruljlq wr d �{hg ghvwlqdwlrq dqg frqyhuvho| jlyhq d jrdo ri wkh vkruwhvw
glvwdqfh wr eh � g krz gr zh dfklhyh wklv dw wkh orzhvw frvw1 Lw vkrxog
eh fohdu wkdw doo prqh| zloo eh vshqw rq dufv lq rqh vhohfwhg sdwk1 Xvlqj
wkh xvxdo gh�qlwlrq ri wkh ohqjwk ri d sdwk hyhq zkhq wkhvh ixqfwlrqv duh
olqhdu/ zh gr qrw nqrz d sro|qrpldo dojrulwkp1 Krzhyhu/ iru wkh pd{lpxp
fdsdflw| urxwh sureohp zlwk wklv prgl�fdwlrq wkhuh lv d qlfh dojrulwkp wkdw
xvhv vkruwhvw urxwh sureohp dv d vxesureohp1 Lq rughu wr dfklhyh d pd{0
fdsdflw| urxwh zlwk fdsdflw| � zh pxvw kdyh d sdwk doo ri zkrvh dufv kdyh
fdsdflw| � �1 Ohw duf �glvwdqfhv� eh gh�qhg e|= gl>m @frvw +ri kdylqj
fdsdflw| ri duf +l> m, � �,1 Qrz vroyh wkh vkruwhvw urxwh sureohp wr jhw
wkh ghvluhg uhvxow1 Wkh sureohp ri vshqglqj d jlyhq exgjhw wr dfklhyh wkh
pd{lpxp fdsdflw| fdq eh vroyhg e| vroylqj wkh deryh sureohp uhshdwhgo|
lq d sdudphwulf idvklrq1
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Wkhuh duh wzr fdvhv ohiw= +l, �qglqj wkh vkruwhvw urxwh ehwzhhq wzr vshf0
l�hg qrghv lq dq xqgluhfwhg judsk zlwk rgg +hyhq, qxpehu ri dufv> +ll,
�qglqj wkh vkruwhvw urxwh lq dq xqgluhfwhg qhwzrun ehwzhhq vshfl�hg qrghv
jlyhq wkdw wkhuh duh qr xqgluhfwhg f|fohv zkrvh ohqjwk lv qhjdwlyh � zh
fdq qrw uhsodfh dq xqgluhfwhg duf e| wzr gluhfwhg dufv jrlqj lq rssrvlwh
gluhfwlrqv dv xvxdo1 Wkhvh wzr sureohpv duh vroyhg xvlqj wkh wkhru| ri
�pdwfklqj% dqg zloo eh wdnhq xs lq wkdw vhfwlrq dv �dssolfdwlrqv%1
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Wklv lv sdjh {yll
Sulqwhu= Rsdtxh wklv

Uhihuhqfhv

^G` V1H1Guh|ixv= Dq Dssudlvdo ri Vrph Vkruwhvw Sdwk Dojrulwkpv/ Rshud0
wlrqv Uhvhdufk/ 4:/ +4<9<,/ ss1 6<807451

^4` U1H1 Ehoopdq= Rq d Urxwlqj Sureohp/ Txduw1 Dsso1 Pdwk1 49 +4<8;,/
ss1 ;:0<31

^5` H1Z1 Glmnvwud= D Qrwh rq Wzr Sureohpv lq Frqqh{lrq zlwk Judskv/
Qxphulvfkh Pdwkhpdwln/ 4/ +4<8<,/ ss1 59<05:41

^6` H1I1 Prruh= Wkh Vkruwhvw Sdwk Wkurxjk d Pd}h/ Surf1 Lqw1 V|ps1 rq
wkh Wkhru| ri Vzlwfklqj/ +4<8:,/ Dovr Wkh Dqqdov ri wkh Frpsxwdwlrq
Ode1 ri Kduydug Xqlyhuvlw|/ 63/ +4<8<,/ ss1 5;805<51

^7` M1\1 \hq= Dq Dojrulwkp iru Ilqglqj Vkruwhvw Urxwhv iurp doo Vrxufh
Qrghv wr d Jlyhq Ghvwlqdwlrq lq Jhqhudo Qhwzrun/ Txduw1 Dsso1 Pdwk1
5:/ +4<:3,/ ss1 85908631

^8` Y1 Vwudvvhq= Jdxvvldq Holplqdwlrq lv qrw Rswlpdo/ Qxphulvfkh Pdwk0
hpdwln/ 44/ +4<9<,/ ss1 68706891

^9` U1Z1 Ior|g= Dojrulwkp <:/ Vkruwhvw Sdwk/ Frpp1 DFP/ 8/ +4<95,/ ss1
6781

^:` V1 Zduvkdoo= D Wkhruhp rq Errohdq Pdwulfhv/ M1 DFP/ </ +4<95,/ ss1
440451

^;` J1E1 Gdqw}lj= Doo Vkruwhvw Urxwhv lq d Judsk/ R1U1 Krxvh/ Vwdqirug
Xqlyhuvlw|/ Uhsruw 9906/ +4<99,1



{ylll Uhihuhqfhv

^<` P1O1 Iuhgpdq/ Qhz Erxqgv rq wkh Frpsoh{lw| ri wkh Vkruwhvw Sdwk
Sureohp/ VLDP M Frps1 8/ +4<:9,/ ss1 ;60;<1 Wklv vkrzv wkdw wkhuh lv
dq dojrulwkp ri R+q5=8, iru wkh doo vkruwhvw sdwk sureohp1

^43` S1P1Vslud= D Qhz Dojrulwkp iru Ilqglqj Doo Vkruwhvw Sdwkv lq d Judsk
ri Srvlwlyh Dufv lq Dyhudjh Wlph R+q5 orj 5q,/ VLDP M1 Frps1 5
+4<:6,/ ss1 5;0651

^44` J1O1Qhpkdxvhu= D Jhqhudol}hg Shupdqhqw Odeho Vhwwlqj Dojrulwkp
iru wkh Vkruwhvw Sdwk Ehwzhhq Vshfl�hg Qrghv/ M1 Pdwk1 Dqdo1 dqg
Dsso1/ 6;/ +4<:5,/ ss1 65;06671

^45` P1V1 Ed}dudd dqg U1Z1 Odqjoh|= D Gxdo Vkruwhvw Sdwk Dojrulwkp/ M1
VLDP 59/ +4<:7,/ ss1 7<908341

^46` M1G1 Pxufkodqg= Wkh Rqfh0Wkurxjk Phwkrg ri Ilqglqj Doo Vkruwhvw
Glvwdqfhv lq d Judsk iurp d Vlqjoh Ruljlq/ OEV0WQW &89 +4<9:,

^47` M1G1 Pxufkodqg= D Qhz Phwkrg iru Ilqglqj Doo Hohphqwdu| Sdwkv lq
d Frpsohwh Gluhfwhg Judsk/ OVH0WQW &55 +4<98, +vhh dovr &68,


