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Finite-temperature Dicke phase transition of a Bose-Einstein condensate in an optical cavity
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In this paper we investigate the finite-temperature properties of a Bose-Einstein condensate (BEC)-cavity
system with a strong nonlinear atom-photon interaction by means of a functional path-integral approach. It is
shown that the experimentally observed phase diagram [Baumann, Guerlin, Brennecke, and Esslinger, Nature
(London) 464, 1301 (2010)] can be better explained in our finite-temperature theory. More importantly, we
identify a new dynamical unstable phase in this experiment. By tuning various experimental parameters, we
reveal some rich temperature-driven phase diagrams and, in particular, predict a four-phase coexistence point.
Finally, we find analytically that the specific heat in the superradiant phase increases exponentially at lower
temperatures. Moreover, it has a large jump at the temperature-driven critical point where the superradiant-normal
phase transition occurs. As a result, we argue that the specific heat can serve as a powerful tool to probe the
thermodynamic properties of the BEC-cavity system.
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I. INTRODUCTION

The experimental combination of a Bose-Einstein conden-
sate (BEC) with a high-finesse optical cavity [1,2] opens new
frontiers since it not only generates rich many-body phenom-
ena of quantum gases [3–14] but also has potential applications
in quantum information and quantum simulation [15,16]. For
example, this hybrid system can allow us to explore the well-
known Dicke model with infinite long-range interactions [17].
In this model, a second-order quantum phase transition from a
superradiant phase (SP) to a normal phase (NP) was predicted
more than 30 years ago [18–20]. However, the experimental
observation is still challenging because the critical condition,
i.e., the atom-photon coupling strength should be of the same
order as the atomic resonant frequency, is hard to satisfy
[21–24]. Recently, the superradiant quantum phase transition
has been observed successfully in the BEC-cavity system by
introducing the momentum-dependent spin states [25,26]. In
fact, those pioneer experiments produce a generalized Dicke
model with a nonlinear atom-photon interaction, which results
from the light shift of a single maximally coupled atom. This
nonlinear atom-photon interaction plays an important role in
the self-organization of the ultracold atoms, and moreover,
it also generates a positive feedback to suppress the density
fluctuations. In the strong nonlinear interaction regime, rich
dynamical properties as well as new quantum phase transitions
have been predicted [27–29].

Physically, a quantum phase transition occurs at absolute
zero temperature [30]. However, any experimental system is
preformed at a finite temperature. For example, the tempera-
ture in Ref. [25] for observing the Dicke phase transition is
∼50 nK. More importantly, thermal fluctuations may induce
new exotic phenomena beyond the predictions of the zero-
temperature theory [31]. A well-known example is the loss
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of long-range superfluid order in low dimensions (two or
one) at any temperature [32], where the superfluid physics
is characterized by the Berezinskii-Kosterlitz-Thouless transi-
tion [33,34]. Thus, it is crucially important to investigate the
thermodynamic properties of the system to fully understand the
experimental findings as well as to explore further the tem-
perature-dependent fundamental physics.

In this paper, we present an imaginary-time functional path-
integral approach to study the finite-temperature properties
of the recent experiment about the BEC-cavity system with
the strong atom-photon nonlinear interactions [25]. Our main
findings are the following:

(i) The experimentally observed phase diagram, i.e., Fig. 5
in Ref. [25], can be better explained in our finite-temperature
theory. More interestingly, we show that a phase called the
dynamical unstable phase (DUP) can be identified in this
experiment.

(ii) Different from the known results of the original Dicke
model, in which only the SP and the NP emerge at either zero or
finite temperatures [18–20], we find rich thermodynamic phase
diagrams including the NP, the SP, the CENP (coexistence
of the stable NP and the metastable SP), and the DUP. In
certain parameter regions, a temperature-induced four-phase
coexistence point is predicted.

(iii) We show both analytically and numerically that the
specific heat in the SP increases exponentially at lower tem-
peratures. Moreover, it has a large jump at the critical
temperature where the system has a transition from the SP
to the NP. Therefore the specific heat may serve as a powerful
tool to detect this temperature-driven phase transition.

This paper is organized as follows. In Sec. II, the model and
the Hamiltonian for the experimental setup of the BEC-cavity
system are illustrated briefly. In Sec. III, the thermodynamic
equilibrium equation is obtained by means of the imaginary-
time functional path-integral approach. The rich phase dia-
grams including the experimental observation are discussed in
Sec. IV. The specific heats in the different phases are calculated
in Sec. V. Finally, the conclusions are given in Sec. VI.
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FIG. 1. (Color online) A BEC interacts strongly with a
high-finesse optical cavity. The pump laser creates a standing-wave
potential along the z direction. Within the combining pump-cavity
mode profile, the ultracold atoms can coherently scatter pump light
into the cavity mode with a position-dependent phase. In addition,
the device single photon counting module (SPCM) is used to
measure the mean-photon number in experiment.

II. MODEL AND HAMILTONIAN

Figure 1 shows the experimental scheme of the BEC-
cavity system employed in Esslinger’s group [25]. In contrast
to previous proposals [22,23], this experiment prepares the
momentum-dependent spin states |↑〉 ≡ |px = ±k,pz = ±k〉
and |↓〉 ≡ |px = 0,pz = 0〉, where px and pz are the atomic
momenta in the x and z directions. These pseudospin states
can help us overcome the “no-go theorem,” which rules out
the SP-NP phase transition [35,36]. In the representation
of these pseudospin states, the collective spin operators are
defined as Sx = ∑

i(|↑i〉〈↓i| + |↓i〉〈↑i|) and Sz = ∑
i(|↑i〉

〈↑i| − |↓i〉〈↓i|), and the corresponding Hamiltonian for the
BEC-cavity system is written as (h̄ = 1) [25]

H =
(

ω + U

2N
Sz

)
ψ†ψ + ω0

2
Sz + g√

N
(ψ + ψ†)Sx, (1)

where ψ† denotes the photon creation operator. ω = −�c +
5U/2 is the effective cavity frequency, where �c = ωp − ωc

is the pump-cavity detuning and U = NU0/4 is the nonlinear
atom-photon interaction [37]. U0 = g2

0/(ωp − ωa) is the light
shift of a single maximally coupled atom. ωc is the cavity
frequency, ωa is the atomic transition frequency, ωp is the
pump laser frequency, and g0 is the single atom-photon
coupling strength. In experiment, both the pump laser and
the cavity are red-detuning from the atomic D2 line, so U

is negative. However, both signs of U can be achieved. The
effective atomic frequency is twice the atomic recoil energy
ωr = k2/2m, i.e., ω0 = 2ωr . g = g0�

√
N/[2(ωp − ωa)] is

the collective coupling strength, where � denotes the effective
Rabi frequency tuned via the pump power.

III. THERMODYNAMIC EQUILIBRIUM EQUATION

The finite-temperature properties of the BEC-cavity system
can be investigated by calculating the partition function or
the free energy of Hamiltonian (1) using the imaginary-time
(τ = it) functional path-integral approach. By rewriting the
collective spin operators as Sx = ∑N

i=1(α†
i γi + γ

†
i αi) and

Sz = ∑N
i=1(α†

i αi − γ
†
i γi), where α

†
i (αi) and γ

†
i (γi) are Fermi

operators, the partition function is given by Ref. [38]

Z =
∫

[dη] exp(−S), (2)

where [dη] is the integration measure. In the basis of 
i(τ ) =
[αi(τ ),γi(τ )]T , the action of Eq. (2) is expressed as

S = S0 +
N∑

i=1

∫ β

0
dτ


†
i (τ )M
i(τ ), (3)

where

S0 =
∫ β

0
dτψ∗(τ )(∂τ + ω)ψ(τ ) (4)

and

M = ∂τ I +
(

ω0

2
+ U

2N
ψ∗ψ

)
σz + g√

N
(ψ∗ + ψ)σx, (5)

where ∂τ = ∂/∂τ , β = 1/(kBT ), I is the unit matrix, and σx

and σz are the Pauli matrices.
Equation (2) shows that the partition function depends on

both the boson field ψ(τ ) and the Fermi field 
i(τ ). We first
integrate over the Fermi field 
i(τ ) and obtain an effective
action [39]:

Seff =
∫ β

0
dτ [ψ∗(τ )(ω + ∂τ )ψ(τ ) − NTr ln M]. (6)

Furthermore, we can expand the effective action Seff in Eq. (6)
around the stationary points, in which the following equations

δSeff(ψ∗,ψ)

δψ(τ )
= δSeff(ψ∗,ψ)

δψ∗(τ )
= 0 (7)

are satisfied, namely,

(ω + ∂τ )ψ∗ = (ω + ∂τ )ψ

= −
(

ω0
2 + U

2N
ψ∗ψ

)
Uψ + 2g2(ψ + ψ∗)

∂τ 2 − [(
ω0
2 + U

2N
ψ∗ψ

)2 + 4 g2

N
ψ∗ψ

] . (8)

Equations (8) are the operator-dependent equations, which
cannot be solved directly. In order to overcome this problem,
we present the Fourier expansions for both the boson field and
the Fermi field, i.e.,

ψ(τ ) = β−1/2
∑
f

ψ(f )e−ifnτ , (9)


i(τ ) = β−1/2
∑

p


i(p)e−ipnτ . (10)

Since the boson field ψ(τ ) and the Fermi field 
i(τ ) obey
periodic and antiperiodic boundary conditions, respectively,
we have fn = 2nπ/β and pn = (2n + 1)π/β with n being the
integer number. Moreover, here we focus on the constant path
that ψ is not influenced by τ . It implies that we can use the
constant trajectories (f = 0) to obtain

ωψ∗ = ωψ

= − 1

β

∑
n

(
ω0
2 + U

2N
ψ∗ψ

)
Uψ∗ + 2g2(ψ + ψ∗)

(−ipn)2 − [(
ω0
2 + U

2N
ψ∗ψ

)2 + 4 g2

N
ψ∗ψ

] .

(11)
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Finally, we consider the complex integration over the closed
contours to calculate the infinite sums in Eq. (11). By means
of the known result that

∑
n F (ipn)/β is equal to the sum

of residues of F (p)f (p) at poles of F (p), where f (p) =
(1 + eβp)−1 is the Fermi distribution [40], we obtain the
thermodynamic equilibrium equation

ωψ = F (ψ∗,ψ) tanh[βG(ψ∗,ψ)]ψ, (12)

where

F (ψ∗,ψ) = χU + 4g2

2
√

χ2 + 4 g2

N
ψ∗ψ

, (13)

G(ψ∗,ψ) = 1

2

√
χ2 + 4

g2

N
ψ∗ψ, (14)

with χ = ω0
2 + U

2N
ψ∗ψ .

It is straightforward to find that the thermodynamic equi-
librium equation (12) has two solutions. The trivial solution
ψ = ψ∗ = 0 corresponds to the NP, whereas the nontrivial
solution ψ(τ ) = ψ∗(τ ) = ±ψ0, if it exists, governs the SP and
satisfies the following nonlinear equation:

2ωζ(
ω0 + Uψ̄2

0

)
U + 8g2

= tanh

(
βζ

4

)
, (15)

where ζ =
√

(ω0 + Uψ̄2
0 )2 + 16g2ψ̄2

0 and ψ̄2
0 = 〈ψ†ψ〉/N is

the scaled mean-photon number. Moreover, the condition
δ2S/δψ2 (or δ2S/δ(ψ∗)2) > 0 determines the stability of the
solution of Eq. (12) and thus the phases of the BEC-cavity
system at both zero and finite temperatures.

Before proceeding, we consider two limits. (i) For U = 0,
i.e., the standard Dicke model, Eq. (15) reduces to the form

ω

4g2

√
ω2

0 + 16g2ψ̄2
0 = tanh

(
β

4

√
ω2

0 + 16g2ψ̄2
0

)
. (16)

In this case, only the SP and the NP can be found at both
zero and finite temperatures, which is consistent with that of
Ref. [38]. (ii) At zero temperature (T = 0), tanh(βζ/4) = 1
and the scaled atomic population is thus given by 〈Sz〉/2N =
−1/2 for the NP and

〈Sz〉
2N

= −ω

U
±

√
g2(4ω2 − U 2)

U 2(4g2 + Uω0)
(17)

for the SP, which are identical to those of Refs. [27,28].
With increasing temperature T , the function tanh(βζ/4)
decreases. As a consequence, Eq. (15) possesses some new
physical solutions, which can not only be used to explain
the current experimental observation but also generate rich
finite-temperature phase diagrams. In the following, we solve
numerically the nonlinear equation (12), together with the
stability condition, and then calculate the experimentally
measurable mean-photon number 〈ψ†ψ〉 = Nψ̄2

0 .

IV. PHASE DIAGRAMS

A. The experimentally observed phase diagram

We first address the recent experimental observations of
Esslinger’s group. Using their experimental parameters [41],

FIG. 2. (Color online) The mean-photon number 〈ψ †ψ〉 at T =
50 nk as a function of the pump-cavity detuning �c and the
pump power P based on the relation g2 
 3.3 × 10−3P (MHz)2.
The nonlinear atom-photon interaction and the effective atomic
frequency are given by U = −2π × 1.4 MHz and ω0 = 0.047 MHz,
respectively. In this figure, both red and black dashed lines, which
describe the phase boundaries, are plotted in terms of our finite-
temperature theory. However, the phase boundaries at T = 0 are
shown in the green dash-dotted line (without decay of photon, our
theory) and yellow solid line (with decay of photon, Ref. [26]), in
order to have a clear comparison.

we have g2 
 3.3 × 10−3P (MHz)2 for N = 1.0 × 105, where
the unit of the pump power P is μW [42]. According to the
above relation, we plot in Fig. 2 the mean-photon number
〈ψ†ψ〉 at T = 50 nK as a function of the pump-cavity detuning
�c and the pump power P . Since in experiment the nonlinear
atom-photon interaction can reach the same order as other
parameters, it affects strongly the stability condition and thus
modifies significantly the phase diagrams. For example, due to
the existence of this strong nonlinear atom-photon interaction,
the effective cavity frequency is shifted to ω = −�c + 5U/2.
When −�c < −5U/2, we have ω < 0 and δ2S/δψ2 < 0 for
both 〈ψ†ψ〉 = 0 and 〈ψ†ψ〉 �= 0. In such a case there is no
local minimum of the free energy of Hamiltonian (1) and the
BEC-cavity system is unstable. We call the phase for ω < 0
the DUP, in which no steady photon signal can be detected.
This behavior is similar to the experimental observations [25].
However, there is a slight difference in the phase boundary
(see the black dashed line in Fig. 2) since in the small −�c

regime the cavity loss (κ = 8.1 MHz in experiment) has a
strong influence on it [27,28]. The transitions from the SP/NP
to the DUP in Fig. 2 are only governed by variation of the
second-order derivative of the free energy from δ2F/δψ2 > 0
to δ2F/δψ2 < 0. The other phase boundary (see the red dashed
line in Fig. 2) is determined numerically from Eq. (15) and
agrees well with the experimental observations. Moreover, our
finite-temperature results are better than the zero-temperature
predictions (see the green dash-dotted line and the yellow
solid line in Fig. 2). Finally, we find that the magnitude of
the mean-photon number 〈ψ†ψ〉 is almost identical to that
of Ref. [25]. Based on the above analysis, we argue that the
experimental observations of the Dicke phase transition can
be better explained in terms of our finite-temperature theory.
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FIG. 3. (Color online) The mean-photon number 〈ψ †ψ〉 as a
function of the collective coupling strength g and the nonlinear atom-
photon interaction U for the different temperatures (a) T = 0 nK and
(b) T = 50 nK with the effective cavity frequency ω = 20 MHz and
the effective atomic frequency ω0 = 0.047 MHz.

More importantly, we point out that a phase called the DUP
can be identified in experiment.

B. The other phase diagrams

Having explained the experimental observations, we now
explore the rich phase diagrams by varying the controllable
parameters such as the pump-cavity detuning �c, the collective
coupling strength g, the nonlinear interaction U , and the
temperature T . In Fig. 3, we plot the mean-photon number
〈ψ†ψ〉 as a function of the nonlinear interaction U and
the collective coupling strength g for (a) T = 0 nK and
(b) T = 50 nK. At finite temperature, a new phase called
the CENP and a four-phase coexistence point emerge. In
the so-called CENP, both solutions of ψ̄2

0 = 0 and ψ̄2
0 �= 0

of Eq. (12) satisfy the stability condition, which shows that
two phases including the NP and the SP can coexist. On the
other hand, the free energies for both ψ̄2

0 = 0 and ψ̄2
0 �= 0 are

obtained, respectively, by

FNP

N
= − 2

β
ln

[
2 cosh

(
βω0

4

)]
, (18)

FSP

N
= ω|ψ̄0|2 − 2

β
ln

[
2 cosh

(
βζ

4

)]
. (19)

Numerical simulation shows that FNP < FSP in the CENP,
which implies that the NP is stable and the SP is metastable.
Thus, the properties of the NP play the dominate role in
determining the system’s character, namely, a much weaker
photon signature (〈ψ†ψ〉 → 0) will be detected in the CE NP.
However, it is quite different from the NP that the fluctuation
of the free energy F in the CENP is much stronger due to the
existence of the metastable SP. This means that in this CE NP,
rich dynamics can occur [39]. In addition, the transition from
the CENP to the SP/NP is a first-order phase transition. Whereas
the phase transition from the CENP to the DUP belongs to an
intrinsic transition, which is similar to the transition from the
SP/NP to the DUP in Fig. 2.

Figure 4 plots the mean-photon number 〈ψ†ψ〉 as a
function of the temperature T and the nonlinear atom-photon
interaction U for the different collective coupling strengths
(a) g = 0.70 MHz and (b) g = 0.75 MHz. It is shown that the
many phase transitions and a four-phase coexistence point can
be driven by adjusting the temperature T [43], if the nonlinear

FIG. 4. (Color online) The mean-photon number 〈ψ †ψ〉 as a func-
tion of the nonlinear atom-photon interaction U and the temperature T

for the different collective coupling strengths (a) g = 0.70 MHz and
(b) g = 0.75 MHz with the effective cavity frequency ω = 20 MHz
and the effective atomic frequency ω0 = 0.047 MHz.

atom-photon interaction U and the collective coupling strength
g are chosen to be appropriate values. The basic properties
for the different phases are the same as those in Fig. 3. We
note again that these exotic phase diagrams arise as results of
the strong nonlinear atom-photon interaction U and the finite
temperature T .

V. THE SPECIFIC HEAT

For a full understanding of the temperature-driven phase
transitions, it is necessary to discuss the thermodynamic
quantities in the different phases. Here we mainly consider
the specific heat per atom defined as

CV = 1

NkBT 2

∂2

∂β2
(ln Z). (20)

The other thermodynamic quantities can be calculated via
the same procedure. In the NP, the specific heat is obtained
analytically by Ref. [18]

CNP
V = ω2

0

8kBT 2

[
1 − tanh2

(
βω0

4

)]
, (21)

which reaches maximum at a certain temperature (see the blue
dashed line in Fig. 5). However, the explicit expression for
the specific heat in the SP cannot be obtained analytically in
general. Nevertheless, in the region T  Tc, where Tc is the
critical temperature separating the SP from the NP, we find

CSP
V 
 ζ 2

0

8kBT 2
sech2

(
ζ0

4kBT

)
, (22)

where ζ0 is the value of ζ =
√

(ω0 + Uψ̄2
0 )2 + 16g2ψ̄2

0 at T =
0. This analytical expression agrees well with the numerical
simulation, as shown in the insert part of Fig. 5. According
to Eq. (22), we find that the specific heat in the SP increases
exponentially at lower temperatures. More interestingly, the
specific heat has a large jump at the critical temperature Tc

(see the red dash-dotted line of Fig. 5). This jump behavior is
quite different from that of the mean-photon number 〈ψ†ψ〉,
which varies smoothly across the critical point. Therefore
the temperature-driven phase transition can be detected by
measuring the specific heat.

013616-4



FINITE-TEMPERATURE DICKE PHASE TRANSITION OF . . . PHYSICAL REVIEW A 87, 013616 (2013)

FIG. 5. (Color online) The specific heat CV as a function of the
temperature T for the different nonlinear atom-photon interactions U

and the collective coupling strengths g, where the effective cavity
frequency and the effective atomic frequency are given by ω =
20 MHz and ω0 = 0.047 MHz, respectively. Insert: The comparison
of the analytical result (AR) of the specific heat CV in Eq. (22) with
the direct numerical simulation (NS).

VI. CONCLUSIONS

In summary, we have developed a finite-temperature theory
for the recent experiment of the BEC-cavity system with the
strong nonlinear atom-photon interaction. Our theory has not
only explained the experimental observation of the Dicke
phase transition from the NP to the SP but also has predicted
rich new phases that either have been observed (but not pointed
out) or may be observable by tuning experimental parameters
to appropriate regimes. Our study is of crucial importance
for understanding the Dicke phase transition in a realistic
experimental system and may have potential applications in
quantum simulation, quantum optics, etc.
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