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We discuss the thermodynamic signatures for the topological phase transitions into Majorana and Weyl
superfluid phases in ultracold Fermi gases in two and three dimensions (2D and 3D) in the presence of Rashba
spin-orbit coupling and a Zeeman field. We analyze the thermodynamic properties exhibiting the distinct nature of
the topological phase transitions linked with the Majorana fermions (2D Fermi gas) and Weyl fermions (3D Fermi
gas) which can be observed experimentally, including pressure, chemical potential, isothermal compressibility,
entropy, and specific heat, as a function of the interaction and the Zeeman field at both zero and finite temperatures.
We conclude that among the various thermodynamic quantities, the isothermal compressibility and the chemical
potential as functions of the artificial Zeeman field have the strongest signatures of the topological transitions in
both two and three dimensions.
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I. INTRODUCTION

Ultracold fermionic quantum gases have many advantages
in the investigation of quantum phenomena in a highly
tunable way. The experimental ability to control the interaction
between the Fermi atoms via Feshbach resonances [1] enables
one to study the crossover phenomena [2] from the BCS
superfluid of weakly bound Cooper pairs to the Bose-Einstein
condensate (BEC) of tightly bound molecules [3], universal
properties in the unitary regime [4], vortices [5], and so forth. In
addition, the experimental control of the internal spin states via
radio frequencies provides the study of the emergence of new
superfluid phases in a Fermi gas with population imbalance
which serves as an effective Zeeman field [6–8]. Another
new development enables one to trap two-dimensional (2D)
fermions in the quantum degenerate regime [9,10].

Furthermore, in recent experimental breakthroughs spin-
orbit coupling (SOC) has been developed using two-photon
Raman processes in bosonic as well as fermionic gases
[11–15], which has given rise to theoretical investigations
of the new quantum states of matter [16–19]. Thus far, the
experimental realization of SOC is an equal combination
of Rashba [20] and Dresselhaus [21] types of SOC. It has
been shown theoretically that in the presence of Rashba
SOC and a perpendicular Zeeman field, 2D cold fermion
systems with an s-wave Feshbach resonance can enter into
a topological superfluid phase with zero-energy Majorana
fermion excitations localized at the order parameter defects
such as vortices [18,22,23]. It has also been shown that in
three dimensions (3D) the corresponding system is capable
of supporting the intriguing Weyl fermion excitations [17].
The realization of ultracold fermionic gases with Rashba SOC
and a Zeeman field thus offers the tantalizing possibility of
experimentally engineering all three kinds of fundamental
relativistic fermions, namely, the Dirac, Weyl, and Majorana
fermions [24]. In addition to these powerful experimental
and theoretical developments, there have been more recently
added to the list. One is the development of methods for

high-precision measurements of the thermodynamic properties
such as compressibility, chemical potential, entropy, and heat
capacity for uniform s-wave Fermi superfluids [25,26]. In
recent developments, Ref. [26] has completely determined the
universal thermodynamics of an interacting Fermi gas across
an s-wave superfluid transition and has captured the onset
of superfluidity in the compressibility, chemical potential,
entropy, and heat capacity.

The question we address in this paper is what are the corre-
sponding thermodynamic signatures for interacting ultracold
fermions across the topological superfluid transitions to phases
supporting Majorana fermions (2D) and Weyl fermions (3D).
Our main conclusion is that among the various thermodynamic
quantities, the isothermal compressibility and the chemical
potential as functions of the artificial Zeeman field have
the strongest signatures of the topological transitions. The
signatures for the transition from the nontopological s-wave
superfluid to the Majorana superfluid phase in 2D are stronger
than the corresponding signatures in 3D where the transition
is in the Weyl superfluid phase. The other thermodynamic
quantities such as pressure, entropy, and specific heat have
only weak signatures of the topological transitions (that is,
the transition between a nontopological superfluid and a
topological superfluid as a function of the Zeeman field), even
though they are useful in capturing the topological superfluid
to the normal phase (pair potential � = 0) transitions in both
two and three dimensions.

In condensed matter systems, SOC, which results from
the coupling between the spin degrees of freedom and the
orbital motion of a quantum particle, plays an important
role in understanding interesting physics associated with
the topological quantum phenomena including the spin Hall
effect [27,28], topological insulators [29], and topological
superconductors [30]. These phases generically arise as a
result of topological quantum phase transitions (TQPT) in
the appropriate systems. TQPTs separate distinct phases of
matter which have exactly the same symmetries and thus
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are not associated with any spontaneous symmetry breaking
in the underlying Hamiltonian. Yet, the phases separated by
TQPTs have distinct topological properties which can often
manifest themselves in the properties of the order parameter
defects. For instance, it has been pointed out recently that
spin-orbit-coupled electron- or hole-doped semiconductor
thin films (2D) or nanowires (1D) with proximity-induced
s-wave superconductivity and a suitably directed Zeeman
field (�) support novel non-Abelian topological states with
the order parameter defects supporting localized topological
zero-energy excitations called Majorana fermions [31–36]
above a critical Zeeman field (� > �c). These theoretical
developments in the condensed matter system followed earlier
similar proposals in the context of ultracold fermions in two
dimensions in the presence of artificial SOC and a Zeeman
field and with s-wave pairing interactions [22]. While the
two-dimensional cold fermion systems support the Majorana
fermions in the order parameter defects (but are otherwise
completely gapped in the bulk), the corresponding three-
dimensional systems have topologically protected gapless
nodes in the bulk supporting the relativistic Weyl fermion
excitations. With Rashba-type of SOC and an increasing
strength of the Zeeman field, the three-dimensional system
supports a series of 3D topological quantum phase transitions
[37] from a nontopological superfluid state with fully gapped
fermionic excitations to a topological superfluid state with four
protected Fermi points (i.e., gap nodes) and then to a second
topological superfluid state with only two protected Fermi
points [17]. Such 3D topological gapless superfluids with
Weyl fermions, which result from quasiparticle excitations
in a linearized Hamiltonian near the nodes, are different from
the 2D fully gapped topological superfluids with Majorana
fermions [18,31]. Recently, similar Weyl fermion physics in
an analogous 3D condensed matter system has also been
discussed in the context of ferromagnetic superconductors
[38]. The results of the thermodynamic signatures of the
topological transitions to Majorana and Weyl superfluid phases
discussed in this paper apply to both cold fermion and
condensed matter systems, although our focus will mostly
be ultracold fermions where the methods for high-precision
measurements of the thermodynamic quantities have recently
been successfully developed.

The paper is organized as follows. In Sec. II, we derive
the mean-field order parameter and atom-number equations
for ultracold fermions with Rashba SOC and a Zeeman
field. We present in Sec. III the zero-temperature phase
diagram and the thermodynamic quantities as functions of
the interaction for both 2D and 3D Fermi superfluids from the
self-consistent numerical calculations. Section IV provides the
phase diagram and corresponding thermodynamic properties
at finite temperature. Section V consists of discussion and
conclusions.

II. MEAN-FIELD THEORY

The system we consider is a uniform s-wave fermionic
superfluid with the atom density n = N/V in the presence of
Rashba-type spin-orbit coupling in the xy plane and a Zeeman
field along the z direction. The dynamics of the Fermi gas can
be described by the Hamiltonian H = H0 + Hint, where the

single-particle Hamiltonian

H0 =
∑
γ γ ′

∫
drc†rγ

[
ξ (r)I − ih̄α

(
∂yσx − ∂xσy

) + �σz

]
γ γ ′ crγ ′ ,

(1)

where γ = ↑,↓ are the pseudospins of the atoms, ξ (r) =
−h̄2∇2/2m − μ, μ is the chemical potential, α is the Rashba
SOC strength, I is the 2 × 2 unit matrix, σi is the Pauli
matrix, � is the strength of the Zeeman field, and crγ is
the atom annihilation operator. Hint = −g

∫
dr c

†
r↑c

†
r↓cr↓cr↑ is

the s-wave scattering interaction with g = 4πh̄2ās/m, and the
scattering length ās can be tuned by the Feshbach resonance.

The grand partition function at temperature T is Z =∫
D[ψ,ψ̄] exp(−S[ψ,ψ̄]) with action

S[ψ,ψ̄] =
∫ 1/T

0
dτ

[∑
γ

∫
drψ̄γ (x)∂τψγ (x) + H[ψ,ψ̄]

]
,

(2)

where x = (r,τ ) and H[ψ,ψ̄] is the many-body Hamil-
tonian with field operators crγ and c

†
rγ replaced by the

anticommuting c-numbers, Grassmann variables, ψγ (x) and
ψ̄γ (x), respectively. Using the standard Hubbard-Stratonovich
transformation that introduces the pairing potential �(x) =
g〈ψ↓(x)ψ↑(x)〉 and integrating over the fermion variables lead
to the effective action

Seff[�,�̄] =
∫

dτdr
[ |�(x)|2

g
− T

2V
ln det

M
T

+ ξ (r)

]
,

(3)

where the matrix M is

M =

⎛
⎜⎝

∂τ − ξ↑(r) −h⊥(r) 0 �(x)
h∗

⊥(r) ∂τ − ξ↓(r) −�(x) 0
0 −�̄(x) ∂τ + ξ↑(r) h∗

⊥(r)
�̄(x) 0 −h⊥(r) ∂τ + ξ↓(r)

⎞
⎟⎠ ,

(4)

where h⊥(r) = −ih̄α(∂y + i∂x) corresponds to the transverse
component of the SOC field, � to the parallel component with
respect to the quantization axis z, and ξ↑,↓(r) = ξ (r) ± �.

To proceed, we use the saddle-point approximation �(x) =
� + �F (x), and write M = M0 + MF . The matrix M0 is
obtained via the saddle point �(x) → � which takes M →
M0, and the functional matrix MF = M − M0 depends only
on �F (x) and its Hermitian conjugate. Thus, we write the
effective action as Seff = S0 + SF . The first term is

S0[�,�∗] = V

T

|�|2
g

− 1

2

∑
k,iωn,η,λ

ln

(
iωn − Eλ

k,η

T

)
+

∑
k

ξk

T
,

(5)

where ωn = (2n + 1)πT and ξk = k2/2m − μ. Here Eλ
k,η are

the eigenvalues of

Mk =

⎛
⎜⎝

ξk + � h⊥(k) 0 −�

h∗
⊥(k) ξk − � � 0
0 �∗ −ξk − � h∗

⊥(k)
−�∗ 0 h⊥(k) −ξk + �

⎞
⎟⎠ , (6)
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which describes the Hamiltonian of elementary ex-
citations in the four-component Nambu spinor �k =
(ck↑,ck↓,c

†
−k↑,c

†
−k↓)†. Here, h⊥(k) = α(ky + ikx), and the

quasiparticle excitation energy

Eλ
k± = λ

√
ξ 2

k + α2k2
⊥ + �2 + |�|2 ± 2E0 (7)

is the eigenvalue of Mk, where λ = ± correspond to the
particle and hole branches, E0 =

√
�2(ξ 2

k + |�|2) + α2k2
⊥ξ 2

k ,

and k⊥ =
√
k2
x + k2

y . For α = � = 0, Eq. (7) reduces to Eλ
k =

λ
√
ξ 2

k + |�|2 in the standard BCS theory.
The saddle-point grand potential function � = −T ln Z0 is

� = V
|�|2
g

− T

2

∑
k,η,λ

ln(1 + e−Eλ
k,η/T ) +

∑
k

ξk, (8)

leading to the order parameter via minimization of � with
respect to �:

�

g
+ 1

2V

∑
k,η,λ

f (Eλ
k,η)

(
∂Eλ

k,η

∂�∗

)
= 0, (9)

where f (x) = 1/[1 + exp(−x/T )] is the Fermi-Dirac dis-
tribution function. For the case of 2D gas, Eq. (9) can be
expressed as∑
k,η

[
(1 − η�2/E0) tanh(E+

k,η/2T )/4E+
k,η − 1

2εk + Eb

]
= 0,

where Eb = h̄2/ma2 is the binding energy controlled by
Feshbach resonances; and for 3D gas,

V m

4πh̄2as

= −
∑
k,η

[
(1 − η�2/E0) tanh(E+

k,η/2T )/4E+
k,η − 1

2εk

]
.

The ultraviolet divergence at the large k in Eq. (9) has been
regularized by subtracting the term 1/2εk, and as is defined as
the renormalized scattering length. The total number of atoms
can be obtained from N = −(∂�/∂μ):

N =
∑
k,η

[
1 +

(
η(α2k2

⊥ + �2)

E0
− 1

)
ξk

2E+
k,η

tanh(E+
k,η/2T )

]
.

(10)

We self-consistently solve the order parameter equation (9)
and the number equation (10) for different parameters
(αKF ,�,ν,T ) for a fixed atom density n to determine �

and μ. Here ν = 1/KF as , and KF = (3π2n)1/3 is the Fermi
momentum for a noninteracting 3D Fermi gas with the same
density at � = α = 0 and ν = Eb and KF = (2πn)1/2 for a
noninteracting 2D Fermi gas. The energy unit is chosen as the
Fermi energy EF = h̄2K2

F /2m.

III. TOPOLOGICAL PHASE TRANSITIONS DURING
BCS-BEC CROSSOVER (T = 0)

A. Phase diagram

In Fig. 1, we show the mean-field zero-temperature phase
diagram as a function of the Zeeman field � and the interaction
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NTS
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FIG. 1. (Color online) (� − ν) phase diagram for (a) 2D and
(b) 3D Fermi gases at T = 0 with αKF = 0.4. Here, ν represents
interaction parameters, EB/EF for 2D and 1/KF as for 3D systems.
We label the fully gapped nontopological superfluid phase as NTS,
fully gapped topological superfluid phase as TS0, and topological
superfluids with two and four nodes as TS2 and TS4, respectively. Red
solid and blue dot-dashed lines denote �c =

√
μ2 + �2 and �� = �,

respectively, where the topological phase transitions occur. Green
dashed lines correspond to μ = 0, below which μ > 0 and above
which μ < 0. Note that TS4 superfluid phase, which is characterized
by 4 nodes along z-axis, arises when μ > 0 and merges at the
tricritical point, which is indicated by purple circle in the phase
diagram of 3D fermion superfluid.

parameter ν in the presence of Rashba SOC (αKF = 0.4). We
label the uniform topologically nontrivial s-wave superfluid
phases with zero, one, two, and four nodal points as TS0,
TS1, TS2, and TS4, respectively. For a 2D Fermi gas as in
Fig. 1(a), a topologically nontrivial superfluid phase with one
node, TS1, occurs only along the � = �c =

√
μ2 + �2 line.

Even though below and above � = �c, the superfluid gap
remains finite everywhere in the momentum space, thus the
excitation spectrum is fully gapped, �c is a phase boundary
between the nontopological superfluid (NTS) and nontrivial
(TS0) superfluid phases. Even though the TS0 phase is fully
gapped, the phase is topologically nontrivial because in the
presence of an order parameter defect such as a vortex, the
vortex core supports a nondegenerate zero-energy Majorana
fermion excitation. The TS0 phase has recently received
wide attention in condensed matter physics [31–36,39–41]
where 2D semiconducting thin films and 1D semiconducting
nanowires with proximity induced s-wave superconductivity
and a Zeeman field have been shown to support Majorana
fermions in order parameter defects such as vortices and
boundaries. Such localized Majorana fermion excitations are
thought to support non-Abelian statistics, which has been
proposed as a key resource for fault-tolerant topological
quantum computation (TQC) [42]. The 2D ultracold fermionic
gases with laser-induced Rashba SOC and a Zeeman field
in the TS0 phase can also support Majorana fermions in
vortices and sample boundaries and thus can potentially act
as a platform for fault-tolerant TQC. In contrast, for a 3D
Fermi superfluid as in Fig. 1(b), the blue dot-dashed line deter-
mined by the Chandrasekhar-Clogston-like condition � = �

is a topological phase boundary between fully gapped NTS
(� < �) and gapless TS (� > �) phases. In addition, within
the gapless TS phase, �c is a quantum critical point of
the topological phase transition between the TS phases with
two (TS2) and four (TS4) nodes. The fermions with linear
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dispersion relations near each node in the TS2 and TS4 phases
are manifestations of the relativistic Weyl fermions. The bulk
nodal excitation spectra of these phases are also topologically
protected and a topological invariant characterizing the nodal
points (in the context of He-3) was formulated by Volovik [37].
Recently, similar topologically protected Weyl fermion modes
have been shown to exist also in condensed matter systems
such as ferromagnetic superconductors [38].

B. Chemical potential

Chemical potential can be calculated by solving the order
parameter equation with the total number of the system fixed
self-consistently. With Zeeman field � and interaction ν as
tuning parameters, one can have chemical potential as a
function of � and ν, that is, μ = μ(�,ν).

In Fig. 2, we show the chemical potential as a function of �

for a given interaction ν and SOC αKF . Figures 2(a) and 2(b)
are plots of the chemical potential μ and its derivative with
respect to �, dμ

d�
, for 2D Fermi gas at Eb = 0.5EF and αKF =

0.4. In the side of a low Zeeman field �, where � < �c =√
μ2 + �2 and the system is in the nontopological superfluid

phase (NTS), μ is slowly varying as � increases. In the region
of a strong Zeeman field, where � > �c and the system is in a
gapped TS0 phase, μ decreases fast with increasing �. Near the
quantum critical point �c, the slope changes discontinuously
as can be seen clearly in the plot of dμ

d�
in Fig. 2(b), indicating

the change in the curvature.
As for the 3D Fermi superfluids, topological phase transi-

tion from a fully gapped NTS to a gapless TS4 state occurs
at Zeeman field � = �� = �, and the TS4 to TS2 phase tran-
sition occurs at � = �c =

√
μ2 + �2. Figures 2(c) and 2(d)

illustrate μ as a function of � at unitarity (1/KF as = 0) with
the same SOC strength as that in 2D fermion gases. Even
though the signatures of topological phase transitions across
the phase boundaries are weaker than the one for the 2D Fermi
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FIG. 2. (Color online) Chemical potential μ and its derivative
with respect to �, dμ

d�
for (a), (b) 2D Fermi gas at Eb = 0.5EF and

(c), (d) 3D Fermi gas at 1/KF as = 0 with αKF = 0.4. Red cross and
blue square indicate the critical points �� = � and �c =

√
μ2 + �2,

respectively. One finds that a fully gapped NTS phase occurs at � <

�c for 2D and � < �� for 3D gases.

system, μ in the fully gapped NTS phase (� < ��) increases
with increasing �, while μ decreases with increasing � when
it is in the TS2 phase (� > �c). The curvature of the chemical
potential versus the Zeeman field changes as the system moves
from the gapped to the gapless phases and vice versa. In con-
trast to the 2D Fermi superfluid, however, the dμ

d�
plot does not

exhibit a cusp at the phase boundary because of the existence of
the TS4 phase surrounded by the gapped NTS and gapless TS2

phases. It is when μ = 0 that the two distinct critical points ��

and �c merge (�� = �c) and a tricritical point occurs, leading
to the vanishing of the TS4 phase and the emergence of the
cusp in dμ

d�
even in a 3D Fermi superfluid system.

C. Compressibility

The compressibility can be obtained from the knowledge of
the pressure, as defined by κT = −(1/V )(∂p/∂V ). But in the
grand-canonical ensemble, where we need to fix the average
number of particles, the isothermal compressibility can be
directly written as

κT = 1

N2

(
∂N

∂μ

)
T ,V

. (11)

In the superfluid state, we need to consider μ dependence of
�. From the order parameter equation (∂�/∂�) = 0, we have
(∂/∂μ)(∂�/∂�) = 0, leading to(

∂�

∂μ

)
T ,V

= −
(

∂N

∂�

)
T ,V,μ

(
∂2�

∂�2

)−1

T ,V,μ

. (12)

Thus the isothermal compressibility in the superfluid phase
can be written as

κT = 1

N2

[(
∂N

∂μ

)
T ,V,�

−
(

∂N

∂�

)2

T ,V,μ

(
∂2�

∂�2

)−1

T ,V,μ

]
.

(13)

In Fig. 3, we present the isothermal compressibility κT

as a function of � for a given interaction ν at T = 0 with
αKF = 0.4 to investigate the signature of the topological phase
transitions. Since κT is related to the first derivative of the total
number N with respect to μ, that is, κT ∼ ∂N

∂μ
|T ,V , it is expected

to show the signatures of the topological phase transitions as
seen in the plots of μ in Fig. 2. In Fig. 3, κT shows a decreasing
trend in the superfluid phase with increasing �, while it is an
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FIG. 3. (Color online) Isothermal compressibility κT as a function
of � for (a) 2D Fermi gas at Eb = 0.5EF and (b) 3D Fermi gas at
1/KF as = 0 with αKF = 0.4. Red cross and blue square indicate the
critical points �� = � and �c =

√
μ2 + �2, respectively, same as in

Figs. 1 and 2.
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increasing function of � in normal phase as will be shown
in Fig. 5. For 2D uniform Fermi superfluids, at the critical
Zeeman field �c, a sharp peak emerges as shown in Fig. 3(a).
This peak in the compressibility corresponds to the phase
boundary between the 2D gapped NTS and the 2D gapped
TS0 phases. In our calculations we find that the compressibility
provides the strongest signature of the phase transition to the
2D topological phase with the Majorana fermion excitations.
In 2D at zero temperature there is no additional phase transition
from the TS0 phase to the normal phase at higher values of
�. This is because, with a finite Rashba SOC, the superfluid
pair potential always remains nonzero even at large values of
the Zeeman field. When the temperature is included as another
parameter on the phase diagram, a normal phase with � = 0
emerges even in 2D (see below).

As for the 3D case, Fig. 3(b) shows that κT (�) again
decreases with increasing � in the superfluid phase, and shows
the signature of the topological phase transitions by a smoothly
peaked curve near � = �c. As already seen in the plot of
μ vs �, κT of the 3D fermion system in the TS4 phase, which is
sandwiched between the gapped NTS and gapless TS2 phases,
is a fast varying function of �, while the compressibility in the
gapped NTS phase is slowly varying.

IV. THERMODYNAMIC SIGNATURES (T �= 0)

Experimentally, the thermodynamic properties of a given
substance are determined by measuring an equation of state
(EOS), such as the pressure p(μ,T ) as a function of the
chemical potential μ and the temperature T . Equivalently,
replacing the pressure by the density n = ( ∂p

∂μ
)T , one can

determine the density EOS, n(μ,T ). The local gas density
n(V ) can be measured [26] as a function of the local trapping
potential V from in situ absorption images of a trapped,
strongly interacting Fermi gas at a Feshbach resonance.
From the definition of the compressibility κT = 1

N2 ( ∂N
∂μ

)T , the
chemical potential as a function of temperature T is attainable
experimentally without numerical derivatives of the data [26].
Then, from the energy, pressure, and chemical potential,
entropy S = 1

T
(E + pV − μN ) and specific heat cV can be

obtained as functions of temperature T .

A. Thermodynamic properties

From the mean-field grand partition function

Z = Tr(e−(H−μN)/T ), (14)

we can calculate the corresponding grand potential function
� = −T ln Z = 〈H 〉 − T S − μ〈N〉 = −pV , where S is the
entropy and p is the pressure of the system. The differential
of the grand potential function is

d� = −S dT − p dV − 〈N〉 dμ, (15)

allowing us to obtain interesting thermodynamic properties.
The explicit expression of � in terms of the Hamiltonian under
consideration is

� = −T

2

∑
k,η,λ

ln
(
1 + e−Eλ

k,η/T
) +

∑
k

ξk + V
|�|2
g

. (16)

Then, the pressure of the ultracold Fermi gas can be
obtained through the grand potential function via p = −�/V.

In the thermodynamic limit, it reads

p = −T

2

∑
η,λ

∫
dDk

(2π )D
ln

(
1 + e−Eλ

k,η/T
) +

∫
dDk

(2π )D
ξk

+ |�|2
g

. (17)

The entropy can be obtained by

S = −
(

∂�

∂T

)
μ,V

. (18)

Then, the heat capacity can be obtained from the knowledge
of the entropy:

cV =
(

∂S

∂T

)
μ,V

. (19)

In the superfluid phase, � depends on temperature T as(
∂�

∂T

)
μ,V

= −
(

∂S

∂�

)
T ,V,μ

(
∂2�

∂�2

)−1

T ,V,μ

, (20)

leading to the specific heat in the superfluid phase

cV =
(

∂S

∂T

)
μ,V,�

−
(

∂S

∂�

)2

T ,V,μ

(
∂2�

∂�2

)−1

T ,V,μ

. (21)

B. Finite-temperature phase diagram

Figure 4 presents mean-field (T − �) phase diagrams for
2D and 3D homogeneous Fermi gases in the presence of
Rashba type of spin-orbit coupling. We choose the interaction
parameter ν as a two-body binding energy Eb = 0.5EF forthe
2D Fermi gas [Fig. 4(a)], while 1/KF as = 0 for the 3D Fermi
gas [Fig. 4(b)] with Rashba SOC αKF = 0.4. With increasing
temperature T , the superfluid order parameter � decreases and
undergoes the second-order phase transition to normal phase
(� = 0) denoted as N at T = Tc.
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FIG. 4. (Color online) (� − T ) phase diagrams for (a) 2D Fermi
gas at Eb = 0.5EF and (b) 3D Fermi gas 1/KF as = 0 with αKF =
0.4. Red dashed and blue dot-dashed lines denote �c =

√
μ2 + �2

and �� = �, respectively. Black solid lines represent �0 above which
the order parameter vanishes, or � = 0. The tricritical temperatures,
at which �c meets with �0 (black circles), for 2D and 3D gases are
T = 0.43EF at �c = �0 = 0.62EF and T = 0.44EF at �c = �0 =
0.42EF ,respectively.
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In Fig. 4(a), within the superfluid phase of the 2D fermion
gas, topological phase transition between the gapped NTS
phase (� < �c) and the gapped TS0 phase (� > �c) occurs at
T = T1 < Tc indicated with a red dashed line. In addition,
the TS0 phase vanishes at the tricritical temperature T1 =
Tc = 0.43EF with our choice of parameters Eb and α.
In Fig. 4(b), T2 (blue dot-dashed line) determined by the
Chandrasekhar-Clogston-like condition, � = �, is a phase
boundary between the NTS phase (T < T2) and the TS4

phase (T2 < T < min[Tc,T1]). It is when � = 0 that T2 = Tc

occurs and the system above Tc becomes the normal state
(� = 0). Thus, for � = 0, there is only one finite-temperature
phase transition at Tc(=T2) which is a transition between
the nontopological superfluid (NTS) (T < Tc) and the normal
state (T > Tc). In a similar manner as in the 2D system, the
TS4 phase vanishes at finite �, where Tc = T1 = 0.43EF at
unitarity (1/KF as = 0).

C. Thermodynamic quantities as a function of temperature

Since we learned that the chemical potential and the
isothermal compressibility at zero temperature can show the
evidence of the topological phase transitions as a function of
the tuning parameters such as the Zeeman field � and the
interaction parameter ν, we first consider below the chemical
potential and the compressibility at finite temperatures.

In Fig. 5, we show the chemical potential and isothermal
compressibility as functions of the reduced Zeeman field �/�0

for 2D on the left column and 3D on the right column at both
T > T1 (dashed) and T < T1 (solid). We choose the Rashba
SOC αKF = 0.4 and the interaction parameters Eb = 0.5EF
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FIG. 5. (Color online) Isothermal compressibility κT and chem-
ical potential μ as a function of �/�c for (a),(c) 2D and (b),(d)
3D Fermi gas at temperature T = 0.1EF (solid) and T = 0.45EF

(dashed). We indicates topological phase transitions with red cross
(�c) and blue squares (��) within the uniform superfluid phases.
One finds that normals (N) to superfluid phase transitions occur
at �0 and are characterized by the discontinuity of the isothermal
compressibility κT , while the chemical potential μ remains a
continuous function of � as well as a function of T .

for 2D and 1/KF as = 0 for 3D Fermi gases, respectively.
Figures 5(a) and 5(b) show that, at low temperatures, T < T1,
κT for both 2D and 3D fermions exhibit peaks at or near the
topological critical points, and a discontinuity at the phase
transition to the normal state at � = �0. Meanwhile, at high
temperatures (dashed), T > T1, it is hard to see the signature of
the topological phase transition between the gapped NTS and
gapless TS4 phases. We notice that as temperature increases,
κT increases in the superfluid phase, while it decreases in the
normal phase. Figures 5(c) and 5(d) are plots of both 2D and
3D chemical potentials as functions of �/�0 for T = 0.1EF

(solid) and T = 0.45EF (dashed), respectively. It shows that μ
is an increasing function of T and μ in the superfluid phase is
varying slowly compared with that in the normal phase. Even
though the signatures of the topological transitions, which
are strong at zero temperature, are weakened by the thermal
fluctuations, the characteristic features for the variations of the
thermodynamic quantities near the phase transitions remain
the same.

In Fig. 6, we present the other relevant thermodynamic
quantities in 2D and 3D Fermi gases, such as pressure p,
entropy S, and specific heat cV , which can be observed
experimentally, as a function of �/�0 at T = 0.1EF (solid)
and T = 0.45EF (dashed). We choose Eb = 0.5EF for 2D and
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FIG. 6. (Color online) Pressure p, entropy S, and specific heat
cV as a function of �/�0, where �0 corresponds to the Zeeman
field at � = 0, for (a),(c),(d) 2D Fermi gas at Eb = 0.5EF and
(b),(d),(f) 3D Fermi gas at 1/KF as = 0 at T = 0.1EF (solid) and T =
0.45EF (dashed). We used the red cross and blue square for �c and
��, respectively. One notices that the signatures of the normal (N)
to superfluid phase transitions are visible in both 2D and 3D Fermi
gases, characterized by the suppression of p and S in the superfluid
state and the discontinuity of cV . On the other hand, it is difficult
to observe the topological phase transitions even with some weak
signatures.
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1/KF as = 0 for 3D Fermi system with Rashba SOC αKF =
0.4. The main conclusion from these calculations is that the
signatures of the topological phase transitions are much weaker
in these quantities than those of ordinary phase transitions from
the ordinary s-wave superfluid to normal phases.

V. CONCLUSIONS

In summary, we have investigated the two- and three-
dimensional uniform fermion s-wave superfluids in the pres-
ence of Rashba spin-orbit coupling together with Zeeman
field as they undergo topological phase transitions as a
function of the interaction parameter ν and Zeeman field �

at zero temperature and as a function of Zeeman field � at
finite temperatures. In 2D s-wave Fermi gas, for � = �c =√

μ2 + �2 the superfluid phase is identified with a gapless
topological superfluid (with one node at k = 0), while it
becomes a fully gapped nontopological superfluid phase at
� < �c and a fully gapped topological superfluid phase TS0,
capable of supporting Majorana fermion excitations at order
parameter defects such as vortices, at � > �c. The TS0 phase
has recently received wide attention in condensed matter
physics [31–36,39–41] where 2D semiconducting thin films
and 1D semiconducting nanowires with proximity induced
s-wave superconductivity and a Zeeman field have been shown
to support Majorana fermions in order parameter defects such
as vortices and boundaries. Such localized Majorana fermion
excitations are thought to support non-Abelian statistics,
which has been proposed as a key resource for fault-tolerant
topological quantum computation (TQC) [42]. In contrast, 3D
s-wave Fermi gas is a fully gapped nontopological superfluid
at � < �, becomes a gapless topological superfluid with four
topologically protected Weyl fermion points [37] at � < � <

�c and another topological superfluid with two topologically

protected Weyl fermion points at � > �c. With our calculated
mean-field phase diagrams in both 2D and 3D we investigated
the thermodynamic properties across the relevant topological
phase transitions, including the isothermal compressibility,
chemical potential, pressure, entropy, and specific heat as
functions of the Zeeman field � and the interaction parameter
ν. In particular, the isothermal compressibility of the system
supporting the Majorana fermions, which is the 2D fermion gas
with Rashba SOC together and a perpendicular Zeeman field,
reveals the topological phase transition via a strong peak at the
critical point � = �c (Fig. 3). Furthermore, the phase boundary
can also be identified by the chemical potential through the
change of the curvature as a function of � (Fig. 2). For the
3D Fermi gas, the topological phase transition from the fully
gapped nontopological phase to the gapless topological phases
can be probed by the position of the peak in the isothermal
compressibility as a function of �, even if the signatures of
the topological transitions are weaker than those in the 2D
system. The signatures of the topological phase transitions at
low temperature disappear as the temperature goes above the
critical temperature T1. The other thermodynamic quantities,
such as pressure, entropy, and specific heat, have only weak
signatures of the topological phase transitions [that is, the
transition between a conventional (nontopological) superfluid
and a topological superfluid such as the Majorana and the Weyl
phases], while these are useful quantities to identify the phase
transitions from the normal phase to the topological superfluid
phases with decreasing values of the Zeeman field.
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