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The recent experimental realization of spin-orbit (SO) coupling for ultracold atoms opens a completely new
avenue for exploring new quantum matters. In experiments, the SO coupling is implemented simultaneously with
a Zeeman field. Such SO-coupled Fermi gases are predicted to support Majorana fermions with non-Abelian
exchange statistics in one dimension (1D). However, as shown in recent theory and experiments for 1D spin-
imbalanced Fermi gases, the Zeeman field can lead to the long-sought Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)
superfluids with nonzero center-of-mass momentum Cooper pairings, in contrast to the zero center-of-mass
momentum pairings in Majorana superfluids. Therefore a natural question to ask is which phase, FFLO or
Majorana superfluids, will survive in SO-coupled Fermi gases in the presence of a large out-of-plane Zeeman
field. In this paper, we address this question by studying the mean-field quantum phases of 1D (quasi-1D)
SO-coupled fermionic cold-atom optical lattices.
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I. INTRODUCTION

Spin-orbit (SO) coupling plays an important role in many
important condensed-matter phenomena [1,2], ranging from
spintronics to topological insulators. The recent experimental
breakthrough in realizing SO coupling in ultracold Bose
and Fermi gases [3–7] provides a new platform for engi-
neering many new many-body quantum matters [8]. In the
experiments, the SO coupling is realized together with a
Zeeman field. It is well known that such SO coupling and
Zeeman field, together with the s-wave superfluid pairing in
degenerate Fermi gases, can support zero-energy Majorana
fermions [9,10] with non-Abelian exchange statistics when
the Zeeman field is beyond a certain critical value [11,12]. In
the solid state, the same ingredient has been realized using
a heterostructure composed of a semiconductor nanowire (or
thin film) with strong SO coupling, an s-wave superconductor,
and a magnetic field (or a magnetic insulator) [13–20].
Important experimental progress has been made along this
direction [21–24], where some signatures which may be
related with Majorana fermions have been observed. In the
solid-state heterostructure, the s-wave pairing is induced to
the semiconductor through proximity effects [25,26].

In degenerate Fermi gases, however, as observed in both
theory and experiments [27–30], the presence of a large
Zeeman field (realized by the spin population imbalance)
can induce nonzero center-of-mass momentum Cooper pair-
ings between atoms, i.e., Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) phases [31,32], especially in low-dimensional Fermi
gases. Such FFLO phases may not support Majorana fermions.
Therefore it is natural to ask whether the FFLO superflu-
ids [33–40] with nonzero center-of-mass momentum Cooper
pairs or the Majorana superfluids with zero center-of-mass
momentum Cooper pairs will survive in the presence of
SO coupling and a large out-of-plane Zeeman field. This
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question becomes especially important because of the recent
experimental realization of SO-coupled Fermi gases [6,7],
which makes the observation of Majorana fermions in cold
atomic systems tantalizingly close. The cold-atom system may
be a better platform for the observation of Majorana fermions
because of the lack of disorder and impurity [10,37,41–45], an
issue that has led to intensive debates in the condensed-matter
community on the zero-bias peak signature of Majorana
fermions in recent transport experiments [21,22].

In this paper, we address the competition between FFLO
and Majorana superfluids by studying the quantum phases of
spin-imbalanced Fermi gases in SO-coupled optical lattices.
Because the experimentally realized SO coupling is one-
dimensional (1D), which is the natural dimension requirement
for the realization of Majorana fermions in this system, we con-
sider 1D SO-coupled optical lattices (similar to 1D nanowires)
and investigate the quantum phase diagram at zero temperature
using the mean-field theory. The quantum phases of Fermi
gases are obtained by self-consistently solving the correspond-
ing Bogoliubov–de Gennes (BdG) equation. Without SO cou-
pling, there are no Majorana superfluids, and FFLO superfluids
appear in the large-Zeeman-field region. The SO coupling
enhances the Majorana superfluid phase while suppressing the
FFLO superfluid phase. Majorana and FFLO superfluids exist
for different filling factors (i.e., in different chemical-potential
regions). We characterize different quantum phases by visual-
izing their real-space superfluid order parameters, density-of-
states distributions, and Majorana zero-energy wave functions.
The effects of the harmonic trap are also discussed. We
find that similar quantum phases are preserved in a three-
dimensional (3D) optical lattice with weak tunneling along
the two transversal directions (quasi-1D geometry).

The rest of the paper is organized as follows. In Sec. II,
we present the BdG equation for describing Fermi gases
in SO-coupled optical lattices. The symmetry of the BdG
equation and its effect on the phase diagram is discussed.
In Sec. III, we present the main numerical results obtained
by self-consistently solving the BdG equation. We discuss the
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phase diagram, the characterization of various phases, and
the effects of the harmonic trap and Hartree shift. We also
present the results in a 3D optical lattice with weak tunnelings
along the two transversal directions. Section IV consists of the
discussion and conclusion.

II. HAMILTONIAN AND SYMMETRY

We consider a 1D degenerate Fermi gas with out-of-plane
Zeeman field and SO coupling in an optical lattice. The
dynamics of this system can be described by the standard
tight-binding Hamiltonian

H = H0 + HZ + HSO, (1)

where the first term is the usual spin-1/2 Fermi-Hubbard model
in an optical lattice, which reads

H0 = −t
∑
iσ

(ĉ†iσ ĉi+1σ + H.c.) − μ
∑
iσ

n̂iσ − U
∑

i

n̂i↑n̂i↓,

(2)

where t is the hopping amplitude, μ is the chemical potential,
U is the contact interaction (U > 0 ensures pairing), and n̂iσ =
ĉ
†
iσ ĉiσ , with ĉiσ and ĉ

†
iσ being the annihilation and creation

operators, respectively. The second and third terms are the
out-of-plane Zeeman field

HZ = −h
∑

i

(ĉ†i↑ĉi↑ − ĉ
†
i↓ĉi↓)

and SO coupling

HSO = α
∑

i

(ĉ†i−1,↑ĉi↓ − ĉ
†
i+1,↑ĉi↓ + H.c.),

which couples spin-up and -down components of neighboring
sites. Such types of SO coupling and Zeeman field have
been realized in recent experiments for both bosons and
fermions [3–7] using counterpropagating Raman lasers. Note
that the wave vector of the Raman lasers determines the
strength of the SO coupling α and has no relation to the
wave vector of the optical lattice. In experiments, the hopping
amplitude, Zeeman field, SO-coupling strength, and contact
interactions may be tuned independently.

Hereafter in our numerical simulation we set t = 1 through-
out this work as the basic energy scale. All other energies are
scaled by t . The total length of the 1D optical lattice is chosen
as N = 100, which is long enough to ensure that the coupling
between two ends is vanishingly small (�10−7t). An open
boundary condition is used to obtain the zero-energy Majorana
fermions at two ends of the 1D optical lattice in the topological
superfluid regime.

As the first approach for understanding the quantum phases
of such 1D SO-coupled optical lattices, we consider the
standard mean-field theory. We decouple the interaction term
in H0 using

−Un̂i↑n̂i↓ = �iĉ
†
i↑ĉ

†
i↓ + �∗

i ĉi↓ĉi↑ + |�i |2/U

−U 〈n̂i↑〉n̂i↓ − Un̂i↑〈n̂i↓〉 + U 〈n̂i↑〉〈n̂i↓〉. (3)

Notice that here we have taken into account the Hartree shift
term, which has quantitative effects on our results. The full

effective Hamiltonian reads

Heff = −t
∑

i

∑
σ

(ĉ†iσ ĉi+1σ + H.c.) −
∑
iσ

μ̃iσ ĉ
†
iσ ĉiσ

+
∑

i

(�iĉ
†
i↑ĉ

†
i↓ + �∗

i ĉi↓ĉi↑) + HZ + HSO, (4)

where the chemical potential μ̃iσ = μ + U 〈n̂iσ̄ 〉 becomes site
dependent, σ̄ = −σ . The superfluid pair potential is defined
as �i = −U 〈ĉi↓ĉi↑〉. Using the Bogoliubov transformation
ĉiσ = ∑

n(un
iσ �̂n − σvn

iσ �̂
†
n) to diagonalize the Hamiltonian

into Heff = Eg + ∑
n En�̂

†
n�̂n (where Eg is the ground-state

energy and �̂
†
n’s are the quasiparticle creation operators with

excitation energy of En), we obtain the BdG equation

∑
j

⎛
⎜⎜⎜⎝

Hij↑ αij 0 �ij

−αij Hij↓ −�ij 0

0 −�∗
ij −Hij↑ −αij

�∗
ij 0 αij −Hij↓

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

un
j↑

un
j↓

−vn
j↑

vn
j↓

⎞
⎟⎟⎟⎠

= En

⎛
⎜⎜⎜⎝

un
i↑

un
i↓

−vn
i↑

vn
i↓

⎞
⎟⎟⎟⎠, (5)

where Hij↑ = −tδi±1,j − (μ̃iσ + h)δij , Hij↓ = −tδi±1,j −
(μ̃iσ − h)δij , αij = (j − i)αδi±1,j . The other parameters in
the above equation can be written as

�ij = −Uδij

2N∑
n=1

[
un

i↑vn∗
i↓ f (En) − un

i↓vn∗
i↑ f (−En)

]
, (6)

〈n̂i↑〉 =
2N∑
n=1

[|ui↑|2f (En) + |vi↑|2f (−En)],

(7)

〈n̂i↓〉 =
2N∑
n=1

[|ui↓|2f (En) + |vi↓|2f (−En)],

with the Fermi-Dirac distribution f (E) = 1/(1 + eE/T ). The
BdG equation (5) should be solved self-consistently with
the order-parameter equation (6) and the particle-number
equation (7) for the average number of atoms per lattice site
n = ∑

i,σ 〈n̂iσ 〉/N . Here we denote n as the filling factor
for convenience. In our simulation, we take the attractive
interaction strength U = 4.5t and the temperature T = 0.

The original Hamiltonian Eq. (1) contains no imaginary
part; therefore the wave function in Eq. (5) can be made real,
and the order parameter in Eq. (4) is also real. This 1D or quasi-
1D system preserves an additional chiral symmetry, which
is broken in a two-dimensional (2D) Rashba SO-coupling
system. According to the topological classification [46], our
effective model belongs to the BDI symmetry class (which is
characterized by an integer Z topological invariant) instead
of the D class, which has a Z2 topological invariant in
1D [41,47,48]. The integer invariant Z indicates the number
of zero-energy Majorana fermions at each end of the 1D
system, as we will show in Sec. III D that our quasi-1D
system does host multiple Majorana fermions. The mean-field
Hamiltonian (4) still preserves the basic symmetry properties
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FIG. 1. (Color online) Phase diagram of 1D SO-coupled optical
lattices as a function of Zeeman field h and (a) and (c) filling factor
n or (b) and (d) chemical potential μ. (top) SO coupling α = 0.5t ;
(bottom) α = 1.0t . Five different phases are identified in each phase
diagram: normal BCS superfluid (NS), topological superfluid (TS),
FFLO, normal gas (NG), and insulator phase (Ins).

of Eq. (1). Consider the particle-hole operation

C
(

ĉi↑
ĉi↓

)
C−1 = (−1)i

(
ĉ
†
i↑

ĉ
†
i↓

)
; (8)

we have CH (μ)C−1 = H (−μ) when the Hartree shift term
is ignored and CH (μ)C−1 = H (−U − μ) when the Hartree
shift term is included. Thus the spectrum should be symmetric
about μ = 0 without Hartree shift and μ = −U

2 with Hartree
shift in Eq. (4), which is confirmed in our numerical results
(see Figs. 1 and 6). However, in the presence of a trapping
potential, the chemical potential becomes site dependent; thus
the particle-hole symmetry C is broken, and the band structure
is no longer symmetric about μ = 0. We emphasize that
this particle-hole symmetry is a particular symmetry for a
lattice system with respect to half filling and should not be
confused with the inherent particle-hole symmetry of the BdG
Hamiltonian, which is used for topological classifications.

III. PHASE DIAGRAM: MAJORANA VERSUS
FFLO SUPERFLUIDS

We self-consistently solve the BdG equations (5), (6),
and (7) with an open boundary condition to obtain the phase
diagram. The SO-coupled optical lattice supports several
different phases: normal BCS superfluid (NS) with � �= 0
and all nonzero quasiparticle excitation energies, topological
superfluids with � �= 0 and zero-energy Majorana fermions
located at two ends of the lattice, FFLO phase with oscillating
� and magnetization, insulator phase (Ins) with integer filling
factor and finite-energy gaps, and normal gas (NG) phase
without pairing and energy gap. These properties allow us

to identify the five distinct phases without any ambiguity. We
first study the phases without Hartree shift and address the role
of Hartree shift later.

A. Phase diagram without Hartree shift

Our numerical results are presented in Fig. 1 for two
different sets of SO-coupling strength. In Figs. 1(a) and 1(c)
we plot the phase diagram in the h-n plane, and in Figs. 1(b)
and 1(d) we plot the results in the h-μ plane. We see the phase
diagram is symmetric around n = 1 or μ = 0, as discussed
in the previous section. When the Zeeman field h is very
small, the system favors the normal BCS superfluids. With
increasing Zeeman field h, topological superfluids and FFLO
phases emerge as the ground states of the system for different
filling factors. The FFLO phase is more likely to be observed
around the integer filling factor n = 1. When the Zeeman field
becomes even larger, where only atoms with one type of spin
can stay on each lattice site, the insulator phase develops
with the filling factor n = 1. The insulator phase can also
be found when μ is too large (fully occupied band) or to
small (empty band). The topological phase and associated
Majorana fermions emerge with fractional filling factors n.
By comparing the phase region for different SO couplings, we
find that the SO coupling enhances the topological superfluid
phase and suppresses the FFLO phase. Note that without SO
coupling, there is only the FFLO phase and no topological
superfluid phase [27,29].

Different quantum phases in Fig. 1 can be characterized
by different densities of states (DOS) ρ(E) = ∑

[|uiσ |2δ(E −
En) + |viσ |2δ(E + En)] as a function of energy E and su-
perfluid order parameter �(xi) = �i , as shown in Fig. 2. In
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FIG. 2. (Color online) Representative density of states for (a) the
insulator phase, (b) normal BCS superfluid phase, (c) topological
superfluid phase, and (d) FFLO phase. The insets show the order
parameters in each phase. The corresponding phase points are marked
by the plus signs in Fig. 1(b). Note that there is a zero-energy peak in
the DOS in the topological superfluid phase as shown in (c).
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FIG. 3. (Color online) (a) Plot of the order parameter and the two
lowest eigenenergies E1 and E2 as a function of Zeeman field for the
transition from normal BCS superfluids to topological superfluids.
α = 1.0t,μ = −2.0t . (b) and (c) The Majorana zero-energy-state
wave function.

the insulator phase [Fig. 2(a)], the order parameter � = 0,
and there is an energy gap for excitations. In the normal
BCS superfluid phase [Fig. 2(b)], the order parameter is
nonzero, and there is a superfluid gap around E = 0. In the
topological superfluid phase [Fig. 2(c)], a zero-energy peak
appears in the DOS which corresponds to the zero-energy
Majorana fermions. Note that for the normal BCS superfluid
phase the order parameter has a strong oscillation near each
end, while for the topological superfluid, the order parameter
is a monotonic function of the sites. Similar features have
always been found for these two different phases for different
parameters. The FFLO phase [Fig. 2(d)] is characterized by
the spatially oscillating order parameter, and the excitations
are always gapless.

The emergence of a Majorana zero-energy state at the ends
of the SO-coupled optical lattices can clearly be seen in Fig. 3.
In Fig. 3 we plot the average order parameter � = ∑

i |�|i/N
and the first and second non-negative eigenvalues, denoted by
E1 and E2, of the BdG equation as a function of Zeeman field.
We see that in the normal BCS superfluid regime E1 is always
equal to E2 and smaller than the order parameter. The energy
gap not equal to the order parameter is a unique feature for
SO-coupled systems. When h approaches 1.0t (h > �), we
observe a sudden jump of the order parameter, and the system
enters the topological superfluid regime, where E1 = 0, and
E2 increases and reaches the maximum value 0.5 at h ∼ 1.1t .
When h further increases, E2 ∼ � gradually decreases and
becomes zero when the system enters the normal gas phase.
In the topological superfluid phase, E2 is the minimum energy
gap that protects the topological zero-energy Majorana state.
In Figs. 3(b) and 3(c), we plot the zero-energy state, which is
the eigenstate of the Bogoliubov quasiparticle operators �̂

†
0 =∑

iσ (u0
iσ ĉ

†
iσ + v0

iσ ĉiσ ). The eigenstate satisfies the condition
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FIG. 4. (Color online) Single-particle band structure of the SO-
coupled optical lattices. α = 1.0t , h = 1.7t [corresponding to the
dashed line in Fig. 1(d)]. The corresponding chemical-potential
regions for different phases are identified. (b) Plot of μ as a
function of Zeeman field for fixed filling factor n = 0.25, 0.5, 0.75,
1.0. The regions between the two circles on each line label the
topological superfluid phase (for n = 0.25,0.5) or the FFLO phase
(for n = 0.75,1.0).

that uiσ = viσ on one end and uiσ = −viσ on the other end.
Thus, by defining �̂

†
0 = γL + iγR , we could identify the left-

and right-end Majorana fermions γL(R).
The emergence of different phases in different parameter

regions can be understood intuitively from the single-particle
band structure (e.g., Fig. 4). When the Zeeman field is
very small, the pairing between atoms on the same Fermi
surface is preferred, and this is the normal BCS superfluid;
for a larger Zeeman field, depending on the filling factor or
the chemical potential, two intriguing new phases appear:
topological BCS superfluids and FFLO superfluids. In the
topological BCS superfluids, the chemical potential cuts
either the lower band (the higher band is empty) or the higher
band (the lower band is well below the Fermi surface), and
pairings between different bands are not allowed, leading
to an effective p-wave pairing that can host Majorana
fermions. In this region, Cooper pairings occurring near the
Fermi surface have zero center-of-mass momentum. Near
half filling, both bands are partially occupied, and there is
a competition between intraband pairing (BCS) and interband
pairing (FFLO). The latter dominates when the Zeeman field
is relatively large, leading to FFLO superfluids near the half
filling. Generally, whether we have BCS or FFLO superfluids,
the Cooper pairings can be destroyed by a strong enough
external Zeeman field, and the system eventually evolves into
a normal gas phase. An exception occurs at exactly half filling
(n = 1), where the lower band is fully occupied and there is a
finite-energy gap between the two bands, corresponding to an
insulator phase.

As an example, in Fig. 4 we plot the band structure for
α = 1.0t , h = 1.7t , which corresponds to the dashed line in
Fig. 1(d). The chemical-potential regions for different phases
are identified. Note that without SO coupling, the system is
a normal gas or insulator for such a large Zeeman field. The
appearance of superfluids is due to the presence of SO coupling
2α sin(kx)σy , which mainly modifies the band structure around
the edge (kx ≈ ±π ) and bottom (kx ≈ 0) of each band in a way
similar to a linear SO coupling. Therefore the superfluids are
sustained only at very low filling factors (band bottom) or half-
filling factors (band edge), and we see BCS (nontopological
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or topological) superfluids and FFLO superfluids appear at
two sides of the normal gas in each band for such a large
Zeeman field. The topological superfluids appear when the
chemical potential cuts either the lower or the upper band, and
FFLO superfluids appear near half filling, in agreement with
the above analysis.

Because of the SO coupling, the spin polarization is not a
conserved quantity anymore, which is different from the spin-
imbalanced Fermi gases in the literature. However, the filling
factor can still be controlled precisely in experiments. With
increasing Zeeman field, the chemical potential changes for a
fixed filling factor, leading to the transition between different
phases. In Fig. 4(b) we plot the chemical potential as a function
of Zeeman field for different filling factors n. Generally, when
n < 0.7 or n > 1.3, we find μ changes monotonically as a
function of the Zeeman field. However, in the case n = 0.75,
the chemical potential does not change when h < 1.0t and
then increases slightly when the system enters the FFLO phase
regime. For n = 1, the chemical potential is independent of the
filling factor due to the particle-hole symmetry. Notice that n

is not a simple function of the chemical potential; therefore
in Fig. 1 we see that the FFLO phase is very large in the h-n
plane but becomes much smaller in the h-μ plane.

B. Phase diagram in a harmonic trap

In a realistic experiment, a harmonic trapping potential
V (xi) = 1

2ω2
x(i − Lc)2 exists, where ωx is the trapping fre-

quency and Lc is the center of the lattice. The effects of the
trapping potential on the order parameter and filling factor
are shown in Figs. 5(a) and 5(b). With increasing trapping
frequency, the ultracold atoms are forced to the center of
the trap, which has a lower potential. With a high trapping
frequency, a shell structure is developed, where superfluid,
insulator, and normal gas phases appear in different regions
of the harmonic trap. Different phases in different regions
can be understood based on the local-density approximation
where the local chemical potential μ(xi) = μc − V (xi), where
μc is the chemical potential at the trap center. As shown
in Figs. 5(a) and 5(b), without a trap, the order parameters
are uniform in the bulk, and the filling factor is about 0.475;
this is in the topological phase region. With the increase of
the trapping frequency, the particles accumulate in the center
of the trap, as shown in Fig. 5(b). For very large trapping
frequency ωx = 0.2, there are no atoms except in a small
region around the trap center. The order parameter vanishes
because of the vacuum state on the edges and the normal gas
phase in the trap center [blue dash-dotted line in Figs. 5(a)
and 5(b)]. For other medium values of the trapping frequency,
more different phases mix and could not be identified. In the
superfluid regime in the trap, a topological superfluid or FFLO
phase may develop for different parameters. In Figs. 5(c)
and 5(d) we plot the phase diagram for a fixed trapping
potential. Notice that there is always a mixture of different
phases in different regions of the trap depending on their local
chemical potentials; therefore we only identify three different
phases in our plot: normal gas for the whole lattice, topological
superfluids (with zero-energy Majorana fermions), and other
superfluids (normal BCS superfluids or FFLO) in a certain
part of the lattice. In the topological superfluid, the Majorana

FIG. 5. (Color online) Phase diagram in the presence of a har-
monic trap. (a) Order parameter profiles and (b) atom density
distributions for different trapping frequencies: ωx = 0.0 (red dotted
line), 0.05 (orange dashed line), 0.15 (green solid line), and 0.2 (blue
dash-dotted line). In (a) and (b), we fix the Zeeman field h = 1.0t and
the average filling factor n = 0.475. (c) and (d) are phase diagrams as
a function of Zeeman field h and filling factor n or chemical potential
μ. In all the plots, α = 1.0t .

zero-energy states do not localize at the two ends of the trap but
in a certain middle region of the trapping potential [38]. The
position of the Majorana fermions changes with the trapping
frequency. With the presence of a trapping potential, the
effective chemical potential is site dependent; therefore the
particle-hole symmetry for lattices is broken, and the phase
diagram is not symmetric with respect to half filling n = 1
[Fig. 5(c)] or μ = 0 [Fig. 5(d)].

C. Effect of Hartree shift

We also study the effect of the Hartree shift on the
phase diagram. When the Hartree shift is included, the local
chemical potential and Zeeman field are both modified, as
seen from μ̃iσ = μ + U 〈n̂iσ̄ 〉. If we define 〈n̂i〉 and 〈m̂i〉 as
the local particle number and magnetization mi = ni↑ − ni↓,
then the modified chemical potential and Zeeman field when
including the Hartree shift term will be μi = μ + U 〈n̂i〉 and
hi = h − U

2 〈m̂i〉. The numerical results are presented in Fig. 6
for a direct comparison with the results without Hartree
shift [Figs. 1(c) and 1(d)]. Here the topological phase can
be determined based on the modified chemical potential and
Zeeman field. We see the phase diagram is still qualitatively
the same except that now the phase diagram is symmetric for
μ = −U/2, as discussed above. Since the Zeeman field hi

depends strongly on the local magnetization mi and the FFLO
phase is a competition between superfluid and magnetization,
it is hard to numerically determine FFLO phases near the phase
boundary between FFLO and topological superfluid phases.
This is because the total free energy becomes extremely
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FIG. 6. (Color online) Phase diagram with the inclusion of the
Hartree shift. α = 0.5t . All other parameters and notations are the
same as those in Fig. 1.

complex as a function of the order parameters and other
quantities, and most solutions we find correspond to excited
states, instead of the global minimum of the free energy. Thus
the boundary between the topological superfluid and FFLO
phase cannot be determined precisely.

D. Quantum phases in quasi-1D lattices

In a truly 1D system, quantum fluctuations become signif-
icant and need to be taken into account, which is beyond our
mean-field approximation. The quantum fluctuations can be
suppressed by considering a three-dimensional lattice with
weak coupling t⊥ = 0.1t along two transversal directions,
similar to the high-temperature cuprate superconductor where
the 2D superconductivity is stabilized by weak coupling along
the third direction. In experiments, such a setup can be realized
in 3D degenerate Fermi gases subject to 2D strong optical
lattices, forming weakly coupled 1D tubes. The 1D weak
lattice and SO coupling are then applied on each tube. The
quantum phases in the quasi-1D system are calculated by
self-consistently solving the corresponding BdG equation and
are found to be similar to the above 1D results. Here we
focus on the interesting topological and FFLO phases. The
order parameters of these two phases in quasi-1D lattices are
shown in Figs. 7(a) and 7(b). Compared to the 1D results,
the order parameters only change slightly due to the week
tunneling between neighboring tubes. In contrast to the 1D
lattices, the array of lattice tubes can host multiple Majorana
zero-energy states at each end, as shown in Fig. 7(c) for the
Bogoliubov excitation spectrum. This verifies that our system
belongs to the BDI topological class which has an integer
topological invariant Z [47]. The weak tunnelings do not lift
the zero-energy degeneracy because there is no SO coupling
along the transversal directions and the chemical potential cuts
all the subbands, which is in sharp contrast to the case with
Rashba SO coupling, where zero-energy states only survive for
an odd number of lattice tubes [49]. In our case, the zero-energy
wave functions are still localized around the edges of the tubes
but can expand along the transversal directions due to the weak
tunneling, as shown in Fig. 7(d). Note that each of these nine
zero-energy states does not distribute evenly over the nine
tubes. Although the wave functions of the edge modes are
mixed together, their direct couplings between zero-energy
states are forbidden by the chiral symmetry. The number of
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FIG. 7. (Color online) Topological and FFLO phases in quasi-
1D (100 × 3 × 3) lattices. The order parameters in (a) topologi-
cal superfluid and (b) FFLO phases. Red solid lines: quasi-1D;
green dashed lines: 1D for the same parameters. (c) The BdG
excitation spectrum in the topological superfluid phase. The inset
shows the nine zero-energy states (18 zero energies total shown
due to the intrinsic particle-hole symmetry of the BdG equation).
(d) The corresponding edge-state wave function along nine tubes
(denoted by different colors) of the quasi-1D lattice for one of the
zero-energy states. Because of the weak transversal tunneling, each
of the nine zero-energy states expands but is distributed unevenly
over the nine tubes. Other parameters are h = 1.2t , μ = −2t for
the topological superfluid phase and h = 1.8t , μ = 0 for the FFLO
phase.

zero-energy Majorana fermions may change with increasing
transversal tunneling strength whenever the subband splitting
is larger than the Zeeman splitting [50].

IV. DISCUSSION AND CONCLUSION

By considering 1D Fermi gases without the lattice, a
direct phase transition from FFLO superfluids to Majorana
superfluids with increasing SO coupling was briefly discussed
for one fixed Zeeman field and density [38]. Such a direct
transition may not occur for general Zeeman field and density,
where other phases (normal gas, BCS superfluids, etc.) may
appear in the transition, as shown in our lattice system. In a
lattice system, the filling factor has a direct physical meaning:
at each lattice site, there are at most two fermions. Our results
mainly focus on the change in the quantum phase diagrams
with filling factors and Zeeman fields in the lattice. The
phase diagram and its physical interpretation provide direct
knowledge on why it is impossible to find the coexistence of
topological and FFLO phases in such a system in the presence
of a large Zeeman field. It is also more natural to generalize
the 1D lattice results to weakly coupled quasi-1D systems than
the 1D continuous system.

Two intriguing phases can be detected in realistic experi-
ments. Signatures of Majorana superfluids and FFLO superflu-
ids have been proposed separately in cold atoms. For instance,
the finite center-of-mass momentum of Cooper pairings of the
FFLO superfluids can be detected by the noise correlation of
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the time-of-flight images [51]. In the topological phase, the
spatially localized Majorana fermions can be detected using
spatially resolved radio-frequency spectroscopy [52].

In summary, in this paper, we address the question of
which phase, FFLO or Majorana superfluids, will survive in
SO-coupled Fermi gases in the presence of a large out-of-plane
Zeeman field by studying the mean-field quantum phases of the
1D and quasi-1D SO-coupled optical lattices. In the optical lat-
tice system each site can host at most two fermions, making the
system host plenty of phases depending on the filling factor and
the Zeeman field, which is quite different from the free-space
results. At a finite Zeeman field we observe strong competition
between the topological superfluid phase and FFLO phase.
The SO coupling enhances the topological superfluid phase
while suppressing the FFLO phase. The weak tunneling along

transversal directions in quasi-1D lattices does not change
the results. These results not only are important for searching
for Majorana fermions in SO-coupled degenerate Fermi gases
but may also have significant applications for the solid-state
nanowire heterostructures where a similar physics exists.
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