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A quasicrystal is a class of ordered structures defying conventional classification of solid crystals and
may carry classically forbidden (e.g., fivefold) rotational symmetries. In view of long-sought supersolids, a
natural question is whether a superfluid can spontaneously form quasicrystalline order that is not possessed
by the underlying Hamiltonian, forming “superfluid-quasicrystals.” Here we show that a superfluid-
quasicrystal stripe state with the minimal fivefold rotational symmetry can be realized as the ground state of
a Bose-Einstein condensate within a practical experimental scheme. There exists a rich phase diagram
consisting of various superfluid-quasicrystal, supersolid, and plane-wave phases. Our scheme can be
generalized for generating other higher-order (e.g., sevenfold) quasicrystal states, and provides a platform
for investigating such new exotic quantum matter.
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Introduction.—Quasicrystals exhibit exotic spatial pat-
terns that are neither periodic as solid crystals (i.e., lack of
translational symmetry) nor totally disordered (i.e., pos-
session of long-range order) [1]. The Bragg diffraction
peaks of quasicrystals possess rotational symmetries such
as five-, seven-, eight-, nine-, tenfold that are forbidden in
classical crystalline orders [1,2]. Since its first report in
Al-Mn and Al-Mn-Si alloys in 1984 [3], quasicrystal order
has been studied and discovered in many different materials
[4–10].
Supersolid, another exotic phase of matter, combines

solid crystalline structure with superfluidity, where two
continuous symmetries, namely, translational and Uð1Þ
gauge, are spontaneously broken [11]. Supersolids were
first predicted for helium almost 50 years ago [12,13], and
have recently been observed in cold atom experiments
[14,15], where a stripe phase with supersolid properties was
generated and observed in a Bose-Einstein condensate
(BEC) [14]. These great advances in the study of super-
solids raise a natural question: Is it possible to create a
novel quantum matter where both superfluidity and quasi-
crystal orders coexist?
In this Letter, we address this important question by

proposing a scheme to generate a stable quasicrystal
ground state in a BEC. The experimental setup contains
a 3D BEC confined in a 1D optical superlattice with
quintuple wells (defines five pseudospin states), where
neighboring wells are coupled by Raman assisted tunneling
to generate an effective spin-orbit coupling (SOC) [14,16]
in the perpendicular plane. The scheme utilizes natural
contact interaction and can realize quasicrystals with the
minimum fivefold rotational symmetry. In this new quan-
tum state, the Uð1Þ gauge symmetry is spontaneously
broken just as that in supersolid stripe phases [14,16].
However, the discrete translational symmetry, which is

preserved in supersolids and leads to periodic density
modulations in stripe phases [14,16], has also been broken,
leaving only specified rotational symmetry. A quasicrystal
order with such rotational symmetry but no periodic spatial
density modulation is spontaneously formed although the
underlying Hamiltonian does not possess such order.
Therefore, we denote this quantum matter as “super-
fluid-quasicrystal.” By tuning system parameters (e.g.,
Raman coupling strength, detuning, interaction, etc.), we
show, through both variational ansatz analysis and direct
simulation of the mean field Gross-Pitaevskii equation
(GPE), that there exists a rich phase diagram containing
various superfluid-quasicrystals, supersolids, and plane-
wave phases. Our scheme can be further extended to
generate any n-order superfluid-quasicrystal phases. Our
results may advance our understanding of both quasicrys-
tals and superfluids and should provide an excellent plat-
form for exploring many interesting properties of
superfluid-quasicrystals, a novel format of quantum matter.
Experimental scheme and Hamiltonian.—We consider a

3D BEC confined in a tilted superlattice potential

VSLðzÞ ¼ V1sin2ðkL1zÞ þ V2sin2ðkL2zþ ϕ12Þ þ αzz ð1Þ

along the z direction [Fig. 1(a)] with kL2 ¼ kL1=5. Here
two lattices can come from the same laser source with the
second lattice potential formed by two beams intersecting
with an angle θ ¼ 2 arcsinð1=5Þ ≈ 23°. The linear potential
αzz can be realized with a magnetic field gradient. Note that
this superlattice does not defy the definition for superfluid-
quasicrystal because it only breaks the translational sym-
metry in the z direction, while the spontaneous formation of
(quasi)crystal order is on the x-y plane. We denote five
wells in each unit cell as five pseudospins and the effective
couplingsΩ between neighboring spins are induced by five
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Raman beams, one in the z direction and four in the x-y
plane with designated wave vectors k̂j [Fig. 1(b)]. We
choose suitable parameters ϕ12, αz such that the energy bias
between neighboring wells jΔjj ≫ J to avoid direct hop-
ping (J is the bare tunneling rate without Raman coupling)
and jjΔjj − jΔijj ≫ Ω for i ≠ j so that two neighboring
wells are coupled only by one specific Raman pair.
The effective single particle Hamiltonian H0 in the x-y

plane can be written as

H0 ¼
X5

j¼1

�ðp̂ − p̂jÞ2
2

þ δj

�
jjihjj

þ
X4

j¼1

�
Ω
2
jjihjþ 1j þ H:c:

�
; ð2Þ

after a standard unitary transformation of the pseudospin
phases to remove the spatial dependence of the Raman
coupling [17]. Here we choose the units as ℏ¼kR¼m¼1,
where kR is the recoil wave vector and m is atomic mass.
The energy unit ER ¼ ℏ2k2R=m ¼ 1. δj is the detuning
determined by the Raman transition. p̂j satisfying p̂j ¼
p̂j−1 þ 2k̂j−1 and p̂1 ¼ − 2

5

P
5
j¼1ð5 − jÞk̂j [17]. In order to

generate good superfluid-quasicrystals, we consider a
regular pentagon (all minima form an equilateral polygon)

with p̂1 ¼ ð0; 1Þ, p̂2 ¼ ð−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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[see Fig. 2(a)], which can be realized using

k̂j ¼ ðp̂jþ1 − p̂jÞ=2 (j ¼ 1, 2, 3, 4) for four Raman lasers
in the xy plane.
For Ω ¼ 0 and δj ¼ 0 [Fig. 2(a)], five minima distribute

over the vertexes of a regular pentagon. All spin compo-
nents are uncoupled and only occupy one minimum.
As a strong Raman coupling Ω ¼ 0.4 is ramped on
[Fig. 2(b)], the minima are coupled as an open boundary
chain without coupling between the head and tail. The spin
components are mixed at each minimum and each well
starts to merge with its adjacent neighbor. Because the
locations of all minima [labeled as in Fig. 2(a)] are
axisymmetric to the vector p̂3, the two uncoupled minima
(the head and the tail) disappear first at the certain critical
value of Ω (we label the remaining minima as 2 to 4).
Finally, the remaining three minima merge into one
(minimum 3) approximately located at ð−0.207;−0.286Þ
[17] when Ω is extremely strong and its location is still
along the same line as p̂3.
Phase diagram.—We now study new quantum phases

emerging from interactions between atoms, which can be
described by the GPE under the mean-field approximation
with energy density

ϵ ¼
Z

dr̂
V

�
ψ†H0ψ þ c0

2
n2i þ

c2
2

X4

i¼1

niniþ1

�
; ð3Þ

where ψ is the five-component spinor wave function, ni ¼
ψ†
iψ i is the density for the spin component i, c0 and c2 ≈

ðJ=ΔÞc0 are the density interactions for the same and
neighboring spins, respectively. For realistic parameters,
J=Δ ∼ 1=20, the neighboring spin interaction can be
ignored [14] and this is a crucial condition for realizing
superfluid-quasicrystals or supersolids in experiments. The
wave function is normalized by the average atomic density
as V−1

R
dr̂ψ†ψ ¼ n̄ with V being the system volume. We

obtain the ground state using both variational ansatz
analysis and direct numerical simulation of the GPE,
and they agree well.

FIG. 1. (a) Proposed experimental scheme for generating
superfluid-quasicrystals with fivefold rotational symmetry. The
superlattice is generated by two optical lattices with different
periods. A potential gradient can be generated using a magnetic
field gradient. One Raman beam Rz in the z direction and four
others (Rj, j ¼ 1, 2, 3, 4) in the x-y plane generate the Raman
coupling between neighboring wells. (b) SOC in one unit cell.
Each Raman process only couples well j to its adjacent neighbor
jþ 1. The hopping between neighboring unit cells is irrelevant
because of the large bias between j1i and j5i. Only Raman-
assisted interwell tunneling in a unit cell is considered.

FIG. 2. Single particle lowest band dispersion. (a) Ω ¼ 0. The
minima form a regular pentagon structure in the momentum
space. (b) Ω ¼ 0.4. The minima are strongly coupled and all spin
components are mixed. Wells 1 and 5 are uncoupled and a barrier
between them can be clearly observed. The five minima are
axisymmetric to p̂3 for any Ω.
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The general form of the variational ansatz is

ψ ¼ ffiffiffi
n̄

p X5

j¼1

Cjeik̂m;j·r̂ξj; ð4Þ

whereCj are complex numbers satisfying the normalization
relation

P
jjCjj2¼1, k̂m;j denotes eachminimum inmomen-

tum space and ξj are the spinor part of wave function ξj¼
ðcosαjcosβjcosγj;cosαjcosβjsinγj;sinαj;cosαjsinβjsinηj;
cosαjsinβjcosηjÞT . We assume ξ1;j ¼ ξ5;6−j, ξ2;j ¼ ξ4;6−j
(ξi;j stands for the jth component of spinor ξi), and
k̂m;1ðk̂m;2Þ and k̂m;5ðk̂m;4Þ are axisymmetric to vector k̂m;3

based on the symmetry of the Hamiltonian. Generally it is
challenging to optimize the energy density functional with
so many variables. However, in the weak interaction region
n̄c0 ≪ 1, the BEC wave function at each band minimum is
quite close to the single particle spinor wave function, which
can thus be used to fix ξj for the variational calculation. A
similar method was used previously for studying a spin-1
spin-orbit coupled BEC, which gives all phases as those in
full variational calculation, although the phase boundary
maybe slightly different for the stronger interaction [18].We
also find that jC1j ¼ jC5j and jC2j ¼ jC4j hold in weak
interaction cases. The ground state energy is degeneratewith
respect to relative phases between Cj and the system
spontaneously chooses one set of relative phases for the
superfluid-quasicrystal and supersolid stripe phases.
In Fig. 3(a), we plot the phase diagram with respect to the

interaction strength n̄c0 and Raman coupling strength Ω
obtained from the variational ansatz calculation, where the
color shows the occupied probability jC3j2 at the momen-
tum minimum 3. At a finite Ω, 3 has the lowest energy;
therefore, atoms only occupy 3 without interaction, leading
to a plane-wave phase. On the other hand, a strong density-
density interaction prefers the equal occupation of all
minima. Therefore the competition between Raman

coupling and interaction may render different phases, as
shown in Fig. 3(a).
In the small Ω region, all five minima are equally

populated with the same probability 1=5 due to interaction,
forming a superfluid-quasicrystal [cross in 3(a)]. This new
quantum matter is confirmed by the real and momentum
space density distributions [Figs. 4(a) and 4(b)] obtained
from the GPE simulation in a harmonic trap. We see the
distribution in the real space is indeed in lack of transla-
tional symmetry, while in momentum space five equally
populated peaks form a regular pentagon with each vertex
designated as p̂j, showing the fivefold rotational symmetry
of the superfluid-quasicrystal phase. Note that the harmonic
trap breaks the degeneracy of the ground state and fixes the
relative phases between Cj.
With the increase in Ω, the occupation of five minima

changes to three, leading to a supersolid stripe phase [circle
in Fig. 3(a)], where jC3j2 increases to ∼0.35. The resulting
real and momentum space density distributions from the
GPE are shown in Fig. 4(c). Here a clear translational
symmetry in the real space is observed. In the momentum
space distribution (bottom inset), three minima are

FIG. 3. (a) Phase diagram from the variational ansatz analysis
when all the detunings δj are set to be zero. The color represents
the value of jC3j2. The white region is the plane-wave phase. The
three symbols (cross, circle, and square stand for Ω ¼ 0.06, 0.77,
and 0.95) along n̄c0 ¼ 0.1 are examples for superfluid-
quasicrystal, supersolid, and plane-wave phases. (b) Phase
transitions between different phases. The blue circles (green
rhombus) and orange squares (red triangles) show how jC1j2 þ
jC5j2 (jC2j2 þ jC4j2) varies with Raman coupling for n̄c0 ¼ 0.01
and 0.2, respectively.

FIG. 4. (a)[(b)] Real-space (momentum-space) distribution
for the superfluid-quasicrystal phase from GPE simulation.
The parameters are the same as the black cross marked in
Fig. 3(a). The five minima in momentum space are evenly
populated. (c) Spatial distribution for a supersolid phase [param-
eters chosen as black circle in Fig. 3(a)] with three minima
populated. The top and bottom insets show the real-space density
of state j3i and the momentum-space distribution, respectively.
(d) Phase distribution for state j3i at a nonzero momentum plane-
wave phase, and the insets give real (top) and momentum
(bottom) space distributions. The parameters correspond to the
black square in Fig. 3(a). All real-space density distributions
(including following panels) are obtained through subtracting the
real-space density at zero Raman coupling from those of finite Ω
to rule out the large density variation across the harmonic trap.
The plots are rescaled over the average density in the trap. The
total momentum-space distribution is the direct summation of
that for each pseudospin component.
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occupied unevenly and minimum 3 has a larger weight.
Here Ω is quite large and the spin components in each
minimum are mixed. Consequently, the spatial distribution
of state j3i exhibits clear density modulation (top inset).
For a very large Ω, all minima merge to one and the system
enters a plane-wave phase [square in Fig. 3(a)]. In Fig. 4(d),
we plot its phase distribution obtained from the GPE, which
shows a stripe pattern as expected. The overall real space
density distribution (top inset) is a Gaussian-type wave
packet and the BEC occupies one point in the momentum
space (bottom inset).
We characterize the transition between these phases in

Fig. 3(b), where we plot the populations P15 ¼ jC1j2 þ
jC5j2 and P24 ¼ jC2j2 þ jC4j2 with respect to Ω for two
different interaction strengths n̄c0 ¼ 0.01 and 0.2. In the
weak interaction case n̄c0 ¼ 0.01, P15 smoothly decreases
to 0 and P24 has a sharp turn at certain Ω, showing a
second-order phase transition from superfluid-quasicrystal
to supersolids. This occurs when the energy bias between
minima 1 and 2 with increasing Ω is larger than the
interaction energy cost. For the strong interaction
n̄c0 ¼ 0.2, P15 (P24) shows a sudden drop at Ω ∼ 0.5,
showing a first-order phase transition at the point where
single particle five minima merge into three. Before the
transition, the interaction energy cost is so strong that P15 is
always nonzero. Around Ω ∼ 0.8, the three minima merge
into one and P24 also suddenly drops to zero, showing a
first order phase transition to the plane-wave phase.
In addition to varyingΩ, wemay also adjust detuning δj to

change the relative population of the minima. In Figs. 5(a)
and 5(b), we plot the real and momentum-space distribution
from the GPE by adding a small detuning δ3 ∼ 0.01ER in
spin state j3i for the superfluid-quasicrystal state in Fig 4(a).
We see that the minimum 3 is now knocked out and the
translational symmetry is restored. The BEC becomes a
supersolid with exotic real-space distribution because it is
still populated on four of five vertexes of a regular pentagon.
The interplay among Raman coupling, detuning, and inter-
action leads to a rich phase diagram and hence enables the
designing and engineering of new superfluid-quasicrystal
and supersolid phases.

Experimental realization and detection.—The experi-
mental realization of our scheme is in the same spirit as
recent experimental reports on observing supersolid stripe
phases [14,16]. ConsiderN ¼ 105 23Na atoms confined in a
superlattice with five wells in one unit cell and the
condensate is initially split into each well equally with
an average density around n̄ ¼ 0.5 × 1014 cm−3. We
choose kR ¼ 1064 nm and thus ER ¼ 7672 Hz, for
Raman lasers. The Raman coupling strength Ω can be
tuned as low as 300 Hz [14,16], that is, Ω≲ 0.08ER,
which well resides in the superfluid-quasicrystal region. In
real experiments, ðc0 − c2Þ=c0 ≈ 1; therefore, the neigh-
boring-spin interaction term can be neglected. The same
spin density interaction strength can be evaluated with
c0 ¼ 4πℏ2as=m, where as is the two-body scattering
length. Taking as ¼ 50a0 (a0 is Bohr radius) [19,20],
we have n̄c0 ≈ 0.1ER, which is sufficiently strong for
the observation of superfluid-quasicrystals, although a
larger density n̄ or scattering length as (tuned by
Feshbach resonance) yields a larger parameter region
(Fig. 3) and is better for the observation of superfluid-
quasicrystal phases.
In experiments, the superfluid-quasicrystal phases may

be observed in the time-of-flight (TOF) image, where five
equally populated peaks are formed in the momentum
space at designated positions [Fig. 4(b)]. By measuring P15

and P24 in the TOF, the quantum phase transition between
different phases in Fig. 3(b) can be detected. Another way
to observe the superfluid-quasicrystal phases is using
Bragg scattering, similar to that for supersolids [14], where
the Bragg diffraction patterns for superfluid-quasicrystals
should give peaks possessing fivefold rotational sym-
metry [2].
Discussion and conclusion.—Our proposed experimen-

tal setup can be straightforwardly generalized for realizing
other superfluid-quasicrystal phases with higher order
rotational symmetry, such as n ¼ 7, where 7 Raman lasers
are needed with a similar experimental setup for 7 wells in a
superlattice. A similar idea can also be applied to generate
superfluid-quasicrystal phases in a spin-orbit coupled BEC
with atomic hyperfine state pseudospins [21–33], where
supersolid stripe phases have been proposed [34–44] for
both 1D and 2D SOC, but have not been observed in
experiments. Note that our proposed scheme for superfluid-
quasicrystals requires five almost degenerate band minima
for five different spins to generate a regular pentagon in the
momentum space. In experiments, an effective 2D SOC
(not exactly Rashba) has been experimentally realized
recently [31–33] by coupling three spin states at three
degenerate band minima, although the resulting band
minimum path in the lowest band is not a flat ring as
expected from a Rashba SOC. In our scheme, no flat
Rashba ring is needed and five Raman lasers with suitable
wave vectors and polarizations are chosen such that the
effective band minima are formed at p̂j for a regular

FIG. 5. (a)[(b)] Real-space (momentum-space) distribution for
a supersolid phase when one minimum is knocked off with a
small detuning δ3 ∼ 0.01ER in the superfluid-quasicrystal phase
in Figs. 4(a) and 4(b).
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pentagon. The crucial difficulty comes from the interaction
that is almost isotropic between any spin states. This
difficulty may be resolved using 133Cs atoms [45], where
the interaction may be tuned by Feshbach resonance to
favor the equal occupation of five minima in the momen-
tum space, instead of the plane wave at one minimum.
In summary, we have proposed a scheme for realizing

superfluid-quasicrystal stripe phases using a BEC in a 1D
quintuple-well optical superlattice with Raman-assisted
tunneling. Through variational and GPE analysis, we show
there is a rich phase diagram containing superfluid-quasi-
crystals, supersolids, plane-wave phases, and their phase
transitions. Our proposed experimental setup should lay out
a platform for future theoretical and experimental inves-
tigations of such exotic novel quantum matter.
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