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ABSTRACT

The mathematics of tangles has been very useful in studying recombinases which act
processively and which require DNA to be in a certain configuration in order for the
enzyme to act. Electron micrographs of the enzyme-DNA complex show the enzyme as
a blob with DNA looping out of it. The configuration of the DNA within the blob cannot
be determined from the electron micrographs. However, mathematics can in some cases
determine the configuration of the DNA within the enzyme blob as well as the enzyme
action.

In this paper, several theorems used to analyze recombinase experiments are sum-
marized. In particular Xer recombinase, an enzyme which does not act processively is
analyzed. Unfortunately, for enzymes which do not act processively, infinitely many
possibilities exist. Several experiments are proposed to reduce this number and to em-
phasize both the usefulness and limitations of tangle analysis. Although the local action
cannot be mathematically determined without more biological assumptions, it is pos-
sible to determine the topology of the synaptic complex through additional biological
experiments.
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Tangle calculus has been successfully used to study certain enzymes called re-
combinases [1]. In sections 1 and 2, the necessary biology and mathematics are
summarized. In sections 3, 4, and 5, current techniques to analyze recombinase
action are presented. In section 6, these techniques are applied to the enzyme Xer
recombinase. Section 7 emphasizes some shortfalls in the mathematical analysis of
the local action of an enzyme which does not act processively and suggests focusing
on the entire synaptic complex instead. Section 8 analyzes four different synaptic
complex models for Xer and proposes experiment which may determine the topology
of the synaptic complex.



1. A Recombinase Primer

Recombinases are enzymes which cut two segments of DNA and interchange the
ends and can thus change the topology of closed circular DNA. Some recombinases,
called site-specific recombinases, bind to two specific sequences which are identical
or nearly identical. If the two sequences appear on the same strand in the same
direction (for example, -CTTGA——CTTGA-), then the sequences are oriented as
direct repeats. If the two sequences appear on complementary strands in opposite
directions (for example, -CTTGA—— AGTTC_ ), then the sequences are oriented
as inverted repeats. In the figures below, the arrows denote the orientation of these
sequences. Recombination allows viruses to integrate into and excise out of host
genomes and can be involved in the regulation of transcription by turning genes on
or off by inverting segments of DNA. Note that deletions and fusions occur with
direct repeats, resulting in a change in the number of components, and inversions
occur with inverted repeats with no change in the number of components.
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Fig. 1. Direct repeats recombination: deletion, fusion.
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Fig. 2. Inverted repeats recombination: inversion.

Since they break and rejoin DNA strands, recombinases produce knots and links
when acting on closed circular DNA. Two main techniques, gel electrophoresis and
electron microscopy, can be used to identify these knots and links. Gel electrophore-
sis does not give as much information as electron microscopy but is much simpler.
In gel electrophoresis, an agarose gel is used to separate some knots and links by
crossing number and sometimes even by knot type [2][3]. Agarose is a sugar poly-
mer which forms a matrix through which the negatively charged DNA can travel
when a positive electrode is put at the bottom of the gel. For DNA molecules with



the same number of base pairs, gel velocity is determined by the average geometric
conformation of each molecule as it migrates through the obstruction field imposed
by the gel. Knotted DNA travels faster than unknotted DNA because a knot is
more compact than an unknot when tied in a molecule with the same number of
base pairs. Similarly, for low crossing number knots, gel velocity is determined by
the crossing number of the knot. In some circumstances knots of the same crossing
number can also be separated by gel electrophoresis. For example, torus knots have
been separated from twist knots [3][4]. Thus the five crossing torus knots can also
be distinguished from the five crossing twist knots via gel electrophoresis. However,
no one has been able to separate out all of the six crossing knots or all of the seven
crossing knots, etc.

Electron microscopy is another method used to identify knotted DNA. The DNA
is coated with the protein RecA in order to thicken the strand to better identify
crossings. This RecA coated DNA is spread out on a slide, and electron micrographs
(EMs) are taken. If the crossings can be determined, then the knot can be identified.
However, this method is time consuming, requires equipment and expertise to which
some labs may not have easy access, and can be misleading. Certain knots spread
out better and thus their EMs are easier to identify. And if an EM cannot be
identified, it is ignored. Due to the difficulties with EM, biologists do not always
fully identify the knotted and linked products, relying instead on information such
as crossing number obtained through the much easier and faster technique of gel
electrophoresis. Fortunately some mathematical analysis of these experiments only
require knowledge of the crossing number.

Electron micrographs of recombinases bound to DNA show an enzyme “blob”
with 2-3 loops of DNA sticking out of this blob. Biologists would like to know what
is happening within this enzyme blob, but since this cannot be determine from the
pictures, the mathematics of tangles have been used instead to model the enzyme
action [5].

2. A 2-string Tangle Primer

For a more in depth introduction to 2-string tangles see chapter 9 in [6]. For a
more in depth introduction to rational 2-string tangles see [7].
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Fig. 3. Some tangles.



A 2-string tangle is a pair (B, t) where B is a 3-dimensional ball and t is a
pair of arcs properly embedded in B. The enzyme blob can be thought of as the
3-dimensional ball and the DNA strands within the enzyme blob can be thought of
as arcs embedded in the 3-ball. A tangle is rational if it can be formed from either
the zero tangle or the infinity tangle by alternating between rotating the NE and
SE endpoints of the tangle and rotating the SW and SE endpoints of the tangle.
Observe that the tangle (2, 3, 4) is obtained from the zero tangle by rotating NE
and SE 2 x 180°, followed by rotating SW and SE 3 x 180°, and then rotating NE
and SE 4 x 180° (figure 4). By convention, the tangle corresponding to (cy, ..., ¢p)
always ends with horizontal crossings. Thus the tangle with two horizontal crossings
followed by three vertical crossings in figure 4 is the (2, 3, 0) tangle since it ends
with zero horizontal crossings.
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Fig. 4. Drawing the (2,3,4) tangle

The tangles are called rational because the rational number corresponding to
its continued fraction can be used to identify the tangle. For example (2, 3, 4)
30 30

corresponds to the = tangle since 4 + il— = 5. Two tangles are said to be
2

equivalent if one can be deformed (via an ambient isotopy) to the other keeping
the boundary of the 3-ball fixed. Two rational tangles are equivalent if and only if
the rational numbers corresponding to their continued fraction are the same. For
example the tangle (-2, -4, 1, 3) is the same as the tangle (2,3,4) since both tangles
correspond to @ A rational tangle is called integral if its rational number is an

integer and thus consists solely of horizontal crossings.
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Fig. 5. The 2 —tangle Fig. 6. Adding tangles

Tangles can be added as shown in figure 6. A knot or link can also be formed
from a tangle or a sum of tangles by taking its numerator closure as shown in figure 7
or its denominator closure as shown in figure 8. Both the numerator closure and the
denominator closure of a rational tangle give a particular type of knot or link called
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N(U + P) = unknot N(U +R) = N(2/1) N(U + R+ R) = N(5/2) N(U +R+R+R) = N(8/3)
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