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Estimation of channel and data characteristics by the receiver is important in adaptive wireless
transmission protocols and in cognitive radio. This paper formulates the estimation problem
with the help of an illustrative example from the IEEE 802.11a OFDM standard. The problem
reduces to the estimation of the common component variance and mixing probabilities in a
“nite Gaussian mixture, with known values for component means. Using the known com-
ponent means,l 1, ... , l M , a set of non-linear transformations, sinhl ix and coshl ix of the
data (mixture random variable X) are used to develop convergent and computationally e�-
cient estimators for both the noise variance and the vector of symbol probabilities. The
estimation equations can be implemented recursively or with a batch processing algorithm.
Asymptotic variances of the estimates and the Cramer…Rao minimum variance bounds are
derived. The estimates converge to true unknowns even when the sequences of noise and data
symbols are dependent sequences. The OFDM example is simulated with parameters corre-
sponding to the highest acceptable error rate. For a time-varying channel model chosen from
the literature, it is shown that our estimator receives considerably more than adequate amount
of data during an average time interval of unchanging channel characteristics. Analytical
results, numerical results and related issues are discussed.

KEY WORDS: Ad hoc networks; cognitive radio; channel and data estimation; adaptive wireless tran-
smission; asymptotic variance

1. INTRODUCTION

Packet radio networks are being deployed in
such a wide array of diverse applications, that
concerns of a crisis in spectrum-availability are being
raised. Cognitive radio [1], i.e. radio systems with
adaptive intelligence, is receiving increasing attention
by researchers and developers in an attempt to
overcome such spectrum congestion bottlenecks.
Cognitive radio takes advantage of the rapidly
increasing sophistication of radio equipments•

capabilities to sense the spectral environment and
adaptively change the operating frequency, power,
modulation, and other parameters, in order to
dynamically reuse available spectrum without a�ect-
ing other (possibly licensed) users. Currently,Soft-
ware De“ned Radio[2] is a technology developed to
permit radio equipment to change the operating
frequencies during their operation, should the need
arise. This technology is ideally suited for cognitive
radio. Rules for the operation of cognitive radio are
being developed by regulatory bodies such as the
Federal Communications Commission (FCC).

As a consequence of the proposed design of
cognitive radio, multiple users (possibly belonging to
different groups or organizations) may operate their
radios with time-varying but overlapping space,
frequency and modulation schemes. Cognitive radio
approaches for secondary (unlicensed), opportunistic
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users, which take advantage of the available spectrum
without interfering with primary (licensed) users•
transmissions are being developed [1]. Multiple
groups of secondary users may need to compete to
use the available spectrum intermittently. Secondary
users may also alter their spectrum or modulation
techniques, or both, in order to continue using radio
frequencies in conjunction with primary users or
other secondary users. Of course, in the unlicensed
Industrial, Scienti“c and Medical (ISM) band of the
radio spectrum, there are no primary users and a free-
for-all situation arises, which is subject to common
regulations.

In situations wherein users need to dynamically
change and adapt operating parameters as described
above, channel and user assessment and monitoring
by the radio receiver is imperative. Several different
channel and data parameter estimation problems
become important for the successful operation of
such radio networks. Brodersenet al. [1] specify the
following channel quality estimation procedures as
part of the system functions of the radio equipment.
The transmitter parameters are based upon the
results of the channel sounding during link setup.
The physical layer should also continuously estimate
the quality of the sub-channels by analyzing the data
packets received during an ongoing communication.

Adaptive wireless transmission protocols have
also been proposed for current wireless communica-
tion technologies in Pursley and Wilkins [3], and Gass
et al. [4]. In [3], Pursley and Wilkins propose and
evaluate variable power, code rate and symbol rate
adaptation to match the multipath pro“le and
propagation loss of the wireless channel. The
approach requires the receiver to estimate some
measure of postdetection signal quality (PDSQ).
Pursley and Wilkins show how to obtain the signal-
to-noise-density ratio (S/N0) from the PDSQ for
di�erent combinations of ranges of S/N0 and num-
bers of multipath components. The approach in [3] is
to map the PDSQ to S/N0 starting from any method
for computing PDSQ. The value of the PDSQ
depends on the parameters of the data and the noise
at a point past the demodulation scheme. For a
complete monitoring of the channel, all the param-
eters of noise and data are useful. The objective of
this paper is to comprehensively develop a scheme for
monitoring the channel and to analyze the perfor-
mance of such a scheme.

The technique developed in this paper is
suitable for implementation at the receiver. The
development and analysis are very general and

completely mathematical in nature. The perfor-
mance of the estimators developed in this paper
are thoroughly analyzed.

1.1. Literature Survey

The demodulated data from the received signal
turns out to be a mixture random variable. Research
interest in mixture densities and applications have
steadily grown over the last few decades. The EM
algorithm [5], kernel density estimation [6], the method
of moments [7] and of moments of transformations [8]
and the minimization of some information measures
[9] are the common approaches. Tugnait, Tong and
Ding [10] provide an overview of the techniques
applicable to blind estimation in wireless data
communication. Wang and Chen [11] also discuss
applications of blind turbo equalization in noise.
Monin and Salut [12] deals with minimum variance
estimation of parameters when the parameter to be
estimated is constrained by bounds.

The problem of parameter estimation continues
to be of practical importance in digital wireless
communication and signal processing. Proposals for
cognitive radio are expected to increase the motiva-
tion to develop simple estimation approaches on the
one hand and sophisticated techniques on the other
hand. Simpler approaches would be necessary for
cursory examination of operating conditions to
monitor various subchannels for possible change-
over to a different subchannel, should the environ-
ment demand such a preemption of a transmitter
from a currently used subchannel. More accurate
estimation of parameters is required for the receiver
to process the received signal and detect the sequence
of symbols with the optimal decision scheme. Multi-
ple input and multiple output (MIMO) data
communication system have similar requirements.
Pham and Zoubir [13] present a sequential
M-estimation algorithm to estimate an unknown
parameter vector. The observation sequence is a
known linear transform of an unknown vector plus a
noise sequence. The noise probability density func-
tion is a mixture of a Gaussian density and a minor
contamination by an unknown symmetric function.
They cite the relevance of this problem in indoor and
urban radio communication. Farquharson et al. [14]
introduce an algorithm for estimating parameters of
polynomial phase signals in white Gaussian noise.
The cited applications are in radar, sonar, telemetry,
communications, and power systems. Denget al. [15]
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study a decision-directed channel estimation scheme
in a MIMO system. The received signal at them-th
antenna is due to a block ofL symbols corrupted by
Gaussian noise, possibly colored. The optimal
parameter estimation requires inversion of a square
matrix of L rows. Furthermore, naturally, the matrix
is dependent on transmitted data symbols. Instead of
inverting the matrix, they “nd approximate iterative
solutions. Di�erent decompositions of the matrix
result in di�erent well known techniques such as
Jacobi, Gauss-Seidel, and successive overrelaxation
iteration. To overcome the lack of knowledge of the
transmitted symbols, they use pilot symbols to obtain
the initial estimate of the channel and soft decision
feedback to improve the channel estimate after each
iteration. Our unsupervised estimation approach
(without requiring a knowledge of transmitted sym-
bols) developed in the present paper “nd applications
in the estimation of such MIMO channels. Other
recent publications on the use of estimation theory in
communication and signal processing are by Jeong
and Gray [16] and Vorobyov et al. [17]. Jeong and
Gray [16] compare the EM algorithm and a recent
alternative, the GMVQ (Gauss Mixture Vector
Quantization) approach for image retrieval. They
show that although both algorithms have about the
same performance, GMVQ technique has half the
computational complexity of the EM algorithm.
Vorobyov et al. [17] develop an estimator for a
random vector when it is corrupted by additive white
noise. Both the unknown vector and the noise are
assumed to be zero mean Gaussian with known
covariance matrices. The result is a linear estimator
that minimizes the mean squared error with a certain
selected probability.

Dattatreya and Fang [8] propose and study
Gaussian transformations of the data and develop
a method of moments of transformations to esti-
mate the additive noise variance and symbol
probabilities when the signal means for di�erent
symbols are known. The choice of a single control
parameter is crucial there and there is no guaran-
teed approach to verify the existence of a viable
parameter or to evaluate this parameter if one
exists. Simpler data transformations wherein con-
trol parameters (if any) can be easily selected, and
corresponding estimators with guaranteed conver-
gence are desirable. In this paper, we propose and
study hyperbolic transforms of the data. The
approach needs no external control parameters
and is guaranteed to converge. Results are summa-
rized in the following section.

1.2. Summary and Organization of the Paper

Section2 develops the estimation problem start-
ing from a practical example of a communication
system organized with an IEEE standard protocol.
Section 3 de“nes the hyperbolic data transformations
and derives the estimator equations for the common
noise variance and the symbol probabilities. The
equations connect the expectations of the data
transformations and the M unknowns (the M )1
symbol probabilities and the noise variance). These
equations are manipulated to eliminate the variance;
the resulting M )1 equations are linear in theM )1
symbol probabilities. Section 4 is devoted to the
analysis of the estimator. The linear equations for
symbol probabilities are “rst shown to be linearly
independent, thus verifying the su�ciency of the
proposed data transformations, and giving us a
computationally e�cient closed form solution, pro-
vided the exact values of the expectations of data
transformations are known. Substituting sample
averages of the data transformations for the exact
expectations gives us corresponding estimator equa-
tions. Even though the estimator equations for the
symbol probabilities are linear, their closed form
vector estimator is a non-linear function of the
multiple data transformations. The asymptotic
covariance matrix of the estimator for symbol prob-
abilities and noise variance is derived. Simulation
experiments are conducted and the Cramer…Rao
minimum variance bounds are evaluated for the
estimation problem, for comparison, in section 5. An
alternative estimator in an earlier publication is also
simulated for comparison; the results and properties
of the two estimators are compared and contrasted.
Section 6 concludes the paper.

2. PROBLEM FORMULATION

As a practical example, theIEEE 802.11astan-
dard Orthogonal Frequency Division Multiplexing
(OFDM) scheme, with a data rate of 36 Mega-bits
per second is used as a reference, where appropriate. In
this standard, data are represented by complex num-
bers. Each of the real and imaginary parts of a complex
number can be one of four possible values, giving 16
possible complex numbers for 16 di�erent symbols.
Therefore, each instance of a symbol represents 4 bits
of the original binary sequence of the data. The real
and imaginary components of a symbol are repre-
sented as sine and cosine waves of a speci“ed duration
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(3.2 l s). The sine wave is constructed with one of two
di�erent peak values and one of two di�erent phases, 0
and p radians. This approach is referred to asPulse
Amplitude Modulation (PAM) with four pulse levels.
The cosine wave has similar options as the sine wave.
The combination of the sine and cosine waves is called
Quadrature Amplitude Modulation(QAM). The sum of
such a sine and cosine wave is sometimes called a
complex wave and can take on one of the 16 possible
forms for the 16 di�erent values that a symbol can
attain. A total of 48 successive symbols are trans-
formed into 48 such complex waves, each of adi�erent
frequency. The bandwidth is actually divided into 52
sub-carriers. The other 4 sub-carriers are used for pilot
signals. The sum of these 48 complex waves for the
speci“ed duration of 3.2 l s constitutes an OFDM
symbol. A complete data packet is constructed from a
sequence of such OFDM symbols, preceded by control
signals. Each data packet begins with a preamble
sequence of several known symbols. The purpose of
repeating the same sequence of symbols in every packet
is to allow the receiver to perform synchronization,
frequency acquisition and Automatic Gain Control
(AGC). The AGC process is formulated later, in Eq.
(2). The maximum number of bytes (octets) allowed in
a packet is 4095 in the OFDM standard. Consider
1024 bytes (octets) of a payload data in a packet, which
corresponds to 512 complex numbers or 2048 real
numbers. Each real number takes on one of four
values. A 1024 byte frame takes about 0.25 ms of time
to transmit.

Before the packet arrives at the receiver, the
transmitted packet undergoes attenuation, phase shift,
and is also corrupted by noise. The known preamble
sequence of symbols allows the receiver to compute
fairly accurate values for the attenuation and phase
shift. The sine and cosine portions of each frequency in
each segment are separated and their amplitudes and
phases obtained through orthogonal transformation
processes. A sine wave multiplied by a sine wave and
integrated over the segment gives the required ampli-
tude and sign. Unfortunately, the signal is corrupted by
additive noise and this offsets the value obtained for
the sine wave by a small but unknown value. Similarly,
all other component values of all the complex numbers
are obtained at the receiver and these are slightly
corrupted versions of the original components of the
transmitted complex numbers. The corruption mech-
anism is usually modeled as addition of zero mean
Gaussian random variables for the real and imaginary
parts of the complex number, with justi“cation (see
[18]).

A symbol value for each received complex number
is computed and assigned through a detection algo-
rithm such as a maximum a posteriori probability
detection process. This detection process requires a
priori symbol probabilities. The statistical structure of
the data sequence can also be time-varying. For
example, over TCP connections (Tanenbaum [19])
between the same pair of transmitter and receiver,
di�erent types of data, such as computer “les, voice, or
image signals may be transmitted. If the receiver can
estimate the statistics of the data and of the additive
noise as it functions and operates on incoming data
signals, its performance will be superior. This will
favorably a�ect the overall performance of the data
networks in the form of reduced retransmissions of
data frames at the data link or of the data packets at the
transport layer. Such an adaptive estimation with no
other aid from the transmitter is called blind or
unsupervised parameter estimation. Such a channel
and data parameter estimation procedure would (i)
satisfy one of the system function requirements spec-
i“ed in cognitive radio [1], and (ii) provide the needed
data for the postdetection signal quality (PDSQ)
calculation in [3].

Consider a PAM scheme withM symbolsS1, ...,
SM and corresponding probabilities of occurrence
P1,..., PM. For the above OFDM example, M = 4.
Each symbol may represent two bits in a bit stream of
data. For the symbol Si, the transmitter constructs a
sinusoid of a carrier frequencyfc and an amplitudeai

for the duration T of the symbol. The quantity Tfc is a
large integer. In the earlier OFDM example,Tfc is
approximately 150,000. Theai values typically have
equal increments and are spread symmetrically around
the origin. The sinusoids forai and)ai are out of phase
with each other. A sequence of symbols produces a
succession of such segments of sinusoids resulting in
the data signal. A data frame [19] consists of a sequence
of possibly several hundreds of symbols. A sequence of
prearranged symbols is included at the beginning of the
data segment. This is the preamble in the OFDM
example. The receiver has full knowledge of such a
preamble symbol sequence. Lets(t) be the time
function modulating the carrier sinusoid of the entire
data frame. The time function sðtÞ sinð2pfctÞ is the
pulse amplitude modulated data signal. The receiver
receives a time function

asðtÞ sinð2pfct þ / Þ þ gðtÞ ð1Þ

where a is the unknown attenuation due to
the transmission distance and any multi-path fad-
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ing, / is the phase shift, andg(t) is the zero mean
additive noise signal. At the receiver, the parameter
a is estimated fairly accurately with the help of the
known pilot carrier symbol sequence. Similarly,
the phase shift / is obtained from the sinusoids of
the known preamble sequence. The received signal
is multiplied by the quantity g

a where g is a receiver
parameter. This is automatic gain control. The
resulting signal is

rðtÞ ¼ gsðtÞ sinð2pfct þ / Þ þ g
a

gðtÞ: ð2Þ

The demodulator multiplies the above processed
signal r(t) by hsinð2pfct þ / Þ and integrates over the
symbol time period T to result in

y ¼
Z T

0
rðtÞhsinð2pfct þ / Þdt

¼ T
2

ghai þ
gh
a

Z T

0
sinð2pfct þ / ÞgðtÞdt ð3Þ

whereai corresponds to the symbolSi transmitted.

t ¼ gh
a

Z T

0
sinð2pfct þ / ÞgðtÞdt ð4Þ

corresponds to the outcome of the equivalent noise
random variable ! that a�ects the detection scheme.
The “nal composite random variable input to the
detector is Y which is one of Tgh

2 ai with the symbol
probability Pi plus the zero mean noise random
variable ! . The noise ! is usually modeled as a
Gaussian random variable with good justi“cation.
Let the variance of this noise be q2. The set
fTgh

2 a1; . . . ; Tgh
2 aM g is known at the receiver. Thus, in

the M symbol system, the received random variableY
is an M component Gaussian mixture with known
component means bi ¼ Tgh

2 ai and unknown compo-
nent varianceq2. If Y is scaled and translated asX =
u + wY with known constants u and w, X is a
Gaussian mixture with component meansl i =
u + wbi and the variance of each component is
r 2 = w2q2. Therefore, without loss of generality, we
can and do assume thatl M = 0 and l i > 0,
i = 1,..., M )1. Thus, the parameter estimation
problem reduces to the estimation of the unknown
noise variance, r 2, and the M unknown data (or
symbol) probabilities P1, ..., PM, from a sequence of
identically distributed mixture samples {X1, ..., Xn},
each sample having the density of the random vari-
able X given by

pðxÞ ¼
XM
j¼1

Pj
1ffiffiffiffiffiffiffiffiffiffi

2pr 2
p exp �

ðx � l jÞ2

2r 2

 !
; ð5Þ

with l i > 0, i = 1,..., M )1 and l M = 0. To ensure
that the component densities are distinct, the com-
ponent means are assumed to be distinct. In order for
the mixture data to be in”uenced by all the compo-
nents, Pi > 0, for all i, is required.

3. DEVELOPMENT OF THE ESTIMATOR

3.1. Data Transformations

We propose the following non-linear functions
(transformations), using the hyperbolic sine (sinh)
and hyperbolic cosine (cosh) functions

giðxÞ ¼ sinhðl ixÞ; i ¼ 1; . . . ;M � 1; and ð6Þ

hiðxÞ ¼ coshðl ixÞ; i ¼ 1; . . . ;M � 1: ð7Þ

The expectations ofgi(x) and hi(x) are obtained from
the characteristic function of the Gaussian random
variable [20]. De“ne

ai ¼ E½sinhl iX� ¼ e
r 2l 2

i
2

XM�1

k¼1

Pk sinhl i l k ð8Þ

bi ¼ E½coshl iX�

¼ e
r 2l 2

i
2 1þ

XM�1

k¼1

Pkðcoshl i l k � 1Þ
 !

;

i ¼ 1; . . . ;M � 1;

ð9Þ

where sinhl i l k is interpreted as sinhðl i l kÞ. Simi-
larly, coshl i l k is used to denote coshðl i l kÞ.

3.2. Linear Equations forP

Dividing Eq. ( 8) by Eq. (9) and rearranging, for
eachi,

XM�1

j¼1

Pj bi sinhl i l j þ aið1� coshl i l jÞ
� �

¼ ai ;

i ¼ 1; . . . ;M � 1: ð10Þ

Let C be the (M )1)� (M )1) matrix with elements,

ci;j ¼ bi sinhl i l j þ aið1� coshl i l jÞ; ð11Þ
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P be the column vector of mixing proportions {P1, ...,
PM -1}, and A be the column vector {a1, ..., aM -1}

T.
Therefore,

CP ¼ A: ð12Þ
Substitute the values forai and bi in Eqs. (8), (9) and
(10) to give

XM�1

j¼1

Pj sinhl i l j

 !
e

l 2
i

r 2

2 þ e
l 2

i
r 2

2

XM�1

j¼1

XM�1

k¼1

PjPk

�
ðcoshl i l k � 1Þ sinhl i l j

þ ð1� coshl i l jÞ sinhl i l k

�
¼ ai ð13Þ

Consider the double summation in the previous
equation:

XM�1

j¼1

XM�1

k¼1

PjPk coshl i l k sinhl i l j

�
XM�1

j¼1

XM�1

k�1

PjPk coshl i l j sinhl i l k

�
XM�1

j¼1

XM�1

k�1

PjPk sinhl i l j

þ
XM�1

j¼1

XM�1

k�1

PjPk sinhl i l k ¼ 0; ð14Þ

by interchanging the roles of j and k in one pair.
Therefore, Eq. (13) reduces to

XM�1

j¼1

Pj sinhl i l je
l 2
i

r 2

2 ¼ ai ; ð15Þ

for every i which is identical to the corresponding
Eq. (8).

In summary, Eq. (15) is obtained from Eq. (13),
which is obtained from Eq. (10), separately for eachi.
Since (15) is identical to (8) for eachi, uniqueness of
a solution for P in (8) implies uniqueness of solution for
P in (10). The following subsection shows the unique-
ness of solution for (8). De“neS as the (M )1) � (M )1)
matrix with elements sinhl i l j for 1 � i; j � M � 1.

3.3. Proof that S is Non-singular

The Maclaurin series expansion for the hyper-
bolic sine function, sinhl i l j is

l i l j þ
l 3

i l 3
j

3!
þ

l 5
i l 5

j

5!
þ � � � ð16Þ

De“ne the following in“nite sequence

U i ¼
l 2kþ1

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2k þ 1Þ!

p ; k ¼ 0; 1; 2; . . .

 !
ð17Þ

where l i is a real number. For the problem at hand,
there areM )1 sequences,U1; . . . ;UM�1 .

Consider the vector space V consisting of the
complex “eld of scalars, theM )1 in“nite sequences
fU1; . . . ;UM�1g � V , and the in“nite sequence of
zeros being the zero vector,0. If u = { u0, u1, ..., } and
v = { v0, v1, ... } are vectors in V and c is a scalar, the
scalar multiplication operation is de“ned as

c � u¼ fcuð0Þ; cuð1Þ; . . .g; ð18Þ

and the vector addition operation is de“ned as

uþ v¼ fuð0Þ þ vð0Þ; uð1Þ þ vð1Þ; � � �g: ð19Þ

In other words, V is simply the linear span generated
by the vectors fU1; . . . ;UM�1g, and the “eld of
complex numbers.

Lemma 1: The set ofM )1 sequences,fU1; . . . ;UM�1g
is a basis for V .

Proof: Suppose the linear combination,

a1U1 þ a2U2 þ . . .þ aM�1UM�1 ¼ 0; ð20Þ

where a1, a2, ..., aM -1 are arbitrary, complex coe�-
cients. This implies,

a1fl 1;
l 3

1ffiffiffiffi
3!
p ; . . .g þ � � � þ aM�1fl M�1;

l 3
M�1ffiffiffiffi

3!
p ; . . .g ¼ 0:

ð21Þ

Therefore, the “rst M )1 equations in Eq. (21), can be
written in a matrix form as

l 1 l 2 . . . l M

..

. ..
. ..

. ..
.

l 2i�1
1ffiffiffiffiffiffiffiffiffiffiffi
ð2i�1Þ!
p l 2i�1

2ffiffiffiffiffiffiffiffiffiffiffi
ð2i�1Þ!
p . . .

l 2i�1
M�1ffiffiffiffiffiffiffiffiffiffiffi
ð2i�1Þ!
p

..

. ..
. ..

. ..
.

l 2M�1
1ffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2M�1Þ!
p l 2M�1

2ffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2M�1Þ!
p . . .

l 2M�1
M�1ffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2M�1Þ!
p

0
BBBBBBBB@

1
CCCCCCCCA

a1

..

.

ai

..

.

aM�1

0
BBBBB@

1
CCCCCA
¼

0
..
.

0
..
.

0

0
BBBBB@

1
CCCCCA
:

ð22Þ

Post-multiply the coef“cient matrix in Eq. (22) by

Diag l i½ �M�1
i¼1 : ð23Þ
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Let hi = l i
2, so the resulting product matrix is

1 0 . . . 0
..
. . .

.
1ffiffiffiffiffiffiffiffiffiffiffi
ð2i�1Þ!
p ..

.

0 . . . 0 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2M�1Þ!
p

0
BB@

1
CCA

h1 h2 . . . hM�1

..

. ..
. ..

. ..
.

hM
1 hM

2 . . . hM�1
M�1

0
B@

1
CA:

ð24Þ

The constant matrix on the left is clearly non-singular
since it is diagonal and all the diagonal entries are
non-zero. The (M )1) � (M )1) matrix in (3) is a
Vandermonde matrix [21] and hence, is invertible
since eachl i, i = 1,..., M )1 is non-zero and distinct.
Therefore, the only solution to Eq. (22) and hence to
Eq. (20), isa1 = ... = aM -1 = 0. This implies that
the set of M )1 vectors, fU1; . . . ;UM�1g is linearly
independent, thus completing the proof. h

Equip V with the following inner product

hU i ;U ji ¼
X1
k¼0

U iðkÞU jðkÞ ð25Þ

¼
X1
k¼0

l 2kþ1
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2k þ 1Þ!

p
 !

l 2kþ1
jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2k þ 1Þ!

p
 !

; ð26Þ

where z represents the complex conjugate ofz. No-
tice that by this de“nition

hU i ;U ji ¼ sinhl i l j : ð27Þ

It is not dif“cult to verify that Æ,æ is a valid inner
product in V , and hence V is a unitary space [21].
Lemma 2: The matrix S is non-singular for all distinct,
positive component mean values.

Proof: The matrix with element at row i and
column j equal to sinhl i l j may be written as the
Hermitian matrix

S¼
hU1;U1i hU1;U2i ... hU1;UM�1i

..

. ..
. ..

. ..
.

hUM�1;U1i hUM�1;U2i ... hUM�1;UM�1i

0
B@

1
CA:

ð28Þ

This matrix is also known as a Gram matrix. By
Lemma 1 the vectors fU1;...;UM�1g are linearly
independent. Therefore, by theorem 2, page 110
of Lancaster and Tismenetsky [21] the Gram
determinant of S is positive and thus, S is non-
singular. h

Therefore, Eq. (10) uniquely determinesP.

3.4. Estimation ofP and r 2 from Data

If there is a sequence ofn samples of data, {x1,
x2, ..., xn}, an estimator for ai, de“ned in Eq. (8) is

âi ¼
1
n

Xn

k¼1

sinhl ixk: ð29Þ

Likewise, an estimator for bi, de“ned in Eq. (9) is
given by

b̂i ¼
1
n

Xn

k¼1

coshl ixk: ð30Þ

Using âiðnÞ and b̂iðnÞ as the estimates forai and bi,
respectively, givenn samples of data, the Ĉ�1 matrix
can be evaluated.Ĉ�1ðnÞ is de“ned as the estimate of
C�1 given n samples of data. De“ne P̂ðnÞ as the
estimate of the vectorP, given n samples of data.
From Eq. (12) this gives,

P̂ðnÞ ¼ Ĉ�1ðnÞÂðnÞ; ð31Þ

our estimator to obtain the mixing proportions.
For the component variance,

r 2 ¼ E½X2� � ½l 2
1; . . . ; l 2

M�1�P; ð32Þ

so that

r̂ 2ðnÞ ¼ 1
n

Xn

i¼1

x2
i � ½l 2

1; . . . ; l 2
M�1�P̂ðnÞ: ð33Þ

4. ASYMPTOTIC ANALYSIS

4.1. Properties of the Non-linear Data
Transformations

Consider the case of independent sequences of noise
and symbols. Letc = E [X2] and

ĉðnÞ ¼ 1
n

Xn

k¼1

x2
k: ð34Þ

Also, let

mi ¼
XM�1

k¼1

Pkl i
k: ð35Þ

Hence, the mean ofX2 is

E½X2� ¼ c ð36Þ
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¼ r 2 þm2; ð37Þ

and the variance ofX2 is

Var½X2� ¼ E½X4� � E2½X2� ð38Þ

¼ 3r 4 þ 6r 2m2 þm4 � ðr 2 þm2Þ2 ð39Þ

¼ 2r 4 þ 4r 2m2 þm4 �m2
2: ð40Þ

From the central limit theorem [22], ĉðnÞ is asymp-
totically normal with mean r 2 + m2 and variance
1
n ð2r 4 þ 4r 2m2 þm4 �m2

2Þ, written as ANðr 2 þm2;
1
n ð2r 4 þ 4r 2m2 þm4 �m2

2ÞÞ.
Let

Yn ¼ ðY1ðnÞ; . . . ;Y2M�1Þ ð41Þ

¼ ðâ1ðnÞ; . . . ; âM�1ðnÞ; b̂1ðnÞ; . . . ; b̂M�1ðnÞ; ĉðnÞÞ ð42Þ

be the random vector consisting of the estimates ofai,
bi and c, and de“ne the covariance matrix R as
having elements Ri;j ¼ nCovðYiðnÞ;YjðnÞÞ. Let y =
{y1, ..., y2M -1} be the outcome of the random vector
Yn. The asymptotic variances of the estimatorŝP and
r̂ 2 are functions of R and their derivatives with
respect toy [22]. The following develops the asymp-
totic covariance matrix S.

Covðsinhl iX;sinhl jXÞ¼E½sinhl iXsinhl jX�
�E½sinhl iX�E½sinhl jX� ð43Þ

¼1
2
E½coshðl i� l jÞX��

1
2
E½coshðl iþl jÞX��aiaj ð44Þ

¼�1
2

e
r 2ðl i�l j Þ2

2 1þ
XM�1

k¼1

Pk cosh l kðl i�l jÞ
� �

�1
� �" #

þ1
2
e

r 2ðl iþl j Þ2

2 1þ
XM�1

k¼1

Pk cosh l kðl iþ l jÞ
� �

�1
� �" #

�aiaj : ð45Þ

Similarly,

Covðsinhl iX;coshl jXÞ

¼1
2

e
r 2ðl i�l j Þ2

2

XM�1

k¼1

Pk sinhl kðl i� l jÞ

þ1
2

e
r 2ðl iþl j Þ2

2

XM�1

k¼1

Pk sinhl kðl iþ l jÞ�aibj ð46Þ

Covðcoshl iX;coshl jXÞ

¼1
2
e

r 2ðl i�l j Þ2

2 1þ
XM�1

k¼1

Pk cosh l kðl i�l jÞ
� �

�1
� �" #

þ1
2
e

r 2ðl iþl j Þ2

2 1þ
XM�1

k¼1

Pk cosh l kðl iþ l jÞ
� �

�1
� �" #

�bibj

ð46Þ

for all 1� i;j�M�1. The above derivations use
hyperbolic identities and the characteristic function
of the Gaussian random variable. Cumbersome
details have been reduced for conciseness.

In order to compute Covðsinhl iX ;X
2Þ and

Covðcoshl iX ;X
2Þ, expressions are required for

E ½X 2e l kX � and E ½X 2e�l kX � where 1 � k � M � 1.
Firstly, an expression forE[Z2 ea Z] is derived whereZ
is a Gaussian random variable with meanl and
varianceq, and a is an arbitrary real constant. From
probability theory,

E½Z2eaZ � ¼ 1ffiffiffiffiffiffiffiffiffiffi
2pq2

p
Z 1
�1

z2eaze
�ðz�l Þ2

2q2 dz ð47Þ

¼ 1ffiffiffiffiffiffiffiffiffiffi
2pq2

p
Z 1
�1

z2e
�½z2�2ðl þaq2Þþl 2�

2q2 dz ð48Þ

¼ 1ffiffiffiffiffiffiffiffiffiffi
2pq2

p
Z 1
1

z2e
�½z�ðl þaq2Þ�2þða2q4þ2alq 2Þ

2q2 dz ð49Þ

¼ eal þa2q2

2
1ffiffiffiffiffiffiffiffiffiffi
2pq2

p
Z 1
1

z2e
�½z�ðl þaq2Þ�2

2q2 dz ð50Þ

¼ eal þa2q2

2 q2 þ ðl þ aq2Þ2
h i

ð51Þ

¼ eal þa2q2

2 l 2 þ ð1þ 2al Þq2 þ a2q4� �
: ð52Þ

Thus,

E½Z2e�aZ � ¼ e�al þa2q2

2 l 2 þ ð1� 2al Þq2 þ a2q4� �
ð53Þ

and hence,

E½Z2 sinhaZ � ¼ 1
2
ðE½Z2eaZ � � E½Z2e�aZ �Þ ð54Þ
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¼ 1
2

e
a2q2

2 �e�al ða2q4 þ l 2 þ q2ð1� 2al ÞÞ
�

þ eal ða2q4 þ l 2 þ q2ð1þ 2al ÞÞ
�
; ð55Þ

and

E½Z2 coshaZ � ¼ 1
2
ðE½Z2eaZ � þ E½Z2e�aZ �Þ ð56Þ

¼ 1
2

e
a2q2

2 e�al ða2q4 þ l 2 þ q2ð1� 2al ÞÞ
�

þ eal ða2q4 þ l 2 þ q2ð1þ 2al ÞÞ
�
; ð57Þ

Therefore, for the Gaussian mixture,

E½X2 sinhl iX� ¼
1
2

e
l 2

i
r 2

2

XM�1

k¼1

Pk
�
� e�l i l kðl 2

i r 4 þ l 2
k

þ r 2ð1� 2l i l kÞÞ:
þ el i l kðl 2

i r 4 þ l 2
k þ r 2ð1þ 2l i l kÞÞ

�
ð58Þ

and,

E½X2 coshl iX� ¼
1
2

e
l 2
i

r 2

2

XM�1

k¼1

Pk
�
e�l i l kðl 2

i r 4f þ l 2
k þ r 2

ð1� 2l i l kÞÞ:
þ el i l kðl 2

i r 4 þ l 2
k þ r 2ð1þ 2l i l kÞÞ

�
ð59Þ

for all 1� i � M � 1 . The required covariances are,

CovðX2; sinhl iXÞ
¼ E½X2 sinhl iX� � E½X2�E½sinhl iX� ð60Þ

and

CovðX2; coshl iXÞ
¼ E½X2 coshl iX� � E½X2�E½coshl iX�; ð61Þ

for all 1� i � M � 1. Let g ¼ fa1; . . . ; aM�1;
b1; . . . ; bM�1; cg, and thus, Yn is ANðg; 1

nRÞ, by the
central limit theorem.

4.2. Convergence Properties of the Estimators

The function in Eq. (31) is continuous every-
where except for values ofYn for which c(n) is
singular. The function det(c(n)) is a “nite-order
polynomial function of the elements of matrix c(n).
Observe thatc(n) is comprised of elements that are
linear combinations of the outcomes of continuous

random variables. As such, det(c(n)) is a continu-
ous, “nite-order polynomial function of Yn. The
equation det(c(n)) has a “nite number of roots.
Each root of det(c(n)) is an outcome of the vector
random variable Yn. Observe that Yn is a contin-
uous random vector with no non-zero probability
value at any outcome. Thus, the set of singularities
of c(n) is a “nite, nowhere dense set [23]. The
probability measure of this set of singularities is
clearly zero, since Yn is a continuous random
vector and does not take on non-zero probability
value at a single point, and the set of singularities
is formed by the “nite union of these points.
Hence, c(n) is invertible with probability one (wp1),
and Eq. (31) is continuous wp1.Yn converges to g

wp1, by the Theorem on page 24 of Ser”ing [22].
This gives rise to the following theorem.

Theorem 1: P̂ðnÞ converges toP wp1 and r̂ 2ðnÞ
converges tor 2 wp1.

Proof: The “rst part of the theorem follows from
the above explanation. The second part is due to the
fact that 1

n

Pn
i¼1 x2

i converges toc wp1 in Eq. (33), and
utilizing Application D on page 26 of Ser”ing [22]. h

The theorems from Ser”ing [22] used above to
show the convergence of̂P and r̂ 2 do not require the
sequences of random variables to be independent.
Therefore, P̂ and r̂ 2 developed here converge even if
the noise sequence is dependent and/or the sequence
of data symbols form a regular Markov chain.

4.3. Asymptotic Variance of P̂ for iid Sequences

Theorem 2: P̂ðnÞ is AN ðP; 1
n DP RDT

P Þ for independent
sequences of data symbols and noise.

Proof: Di�erentiating Eq. (31) with respect to y
with matrix di�erentiation de“ned as in Judge et al.
[24] yields,

DP ¼
@P̂

@yjðnÞ y¼g

��
" #

ðM�1Þ�ð2M�1Þ

ð62Þ

¼ C�1 @A
@yjðnÞ

� @C
@yjðnÞ

P̂
� �

y¼g

��
	 


ðM�1Þ�ð2M�1Þ
: ð63Þ

For y ¼ g, P̂ on the right-hand side of Eq. (63),
evaluates toP, which is a constant vector indepen-
dent of y. Therefore,
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DP ¼ C�1 @A
@yjðnÞ

� @CP̂
@yjðnÞ

 !" #

ðM�1Þ�ð2M�1Þ

: ð64Þ

Observe that

@A
@yjðnÞ

	 

1�ð2M�1Þ

¼ @A
@y1ðnÞ

; . . . ;
@A

@y2M�1ðnÞ

	 

ð65Þ

¼

1 0 0 0 0
0 1 0 0 0

. .
. . .

.

0 0 1 0 0

0
BB@

1
CCA
ðM�1Þ�ð2M�1Þ

: ð66Þ

In the above matrix, the entries are all 1•s on the main
diagonal and 0•s elsewhere. Also,

So,

is a (M )1)� (2M )1) matrix. The elements of matrix
@ðCPÞ
@y in row i and column j

¼

PM�1
k¼1 Pkð1� coshl i l kÞ; i ¼ jPM�1

k¼1 Pk sinhl i l k; i ¼ j �M þ 1
0; otherwise.

8<
: ð69Þ

Substituting Eqs. (66) and (68) into Eq. (64) and

simplifying yields

In summary, DP is an (M )1) � (2M )1) matrix that
is the product of C�1 and an (M )1) � (2M )1)
matrix with elements in row i and column j

¼
1�

PM�1
k¼1 Pkð1� coshl i l kÞ; i ¼ j

�
PM�1

k¼1 Pk sinhl i l k; i ¼ j �M þ 1
0; otherwise.

8<
:

ð71Þ

Each row of DP is non-zero for y ¼ g , therefore, by
Theorem A in Section 3.3 of Ser”ing [22], P̂ is
ANðP; 1

n DPRDT
PÞ . DP is an (M )1) � (2M )1) matrix

and R is a (2M )1) � (2M )1) matrix, thus, the
product DRDT is a (M )1)� (M )1) matrix, which is
dimensionally consistent. h

4.4. Asymptotic Variance of r̂2 for iid Sequences

Theorem 3: r̂ 2ðnÞ is AN ðr 2; 1
n Dr 2RDT

r 2Þ for indepen-
dent sequences of data symbols and noise.

Proof: The matrix of the derivatives of r 2 with
respect toy is given as

Dr 2¼ @E½X2�
@y

�½l 2
1;...;l

2
M�1�DP y¼g

��
	 


1�ð2M�1Þ
ð72Þ

CP ¼

PM�1
k¼1 Pk½a1ð1� coshl 1l kÞ þ b1 sinhl 1l k�

..

.

PM�1
k¼1 Pk½aM�1ð1� coshl M�1l kÞ þ bM�1 sinhl M�1l k�

0
BB@

1
CCA: ð67Þ

@ðCPÞ
@y

¼
. .

. . .
. ..

.
PM�1

k¼1 Pkð1� coshl i l kÞ
PM�1

k¼1 Pk sinhl i l k 0

. .
. . .

. ..
.

0
BB@

1
CCA ð68Þ

DP ¼ C�1

. .
. . .

. ..
.

1�
PM�1

k¼1 Pkð1� coshl i l kÞ �
PM�1

k¼1 Pk sinhl i l k 0

. .
. . .

. ..
.

0
BB@

1
CCA: ð70Þ

26 Singh and Dattatreya



¼ ½0; . . . ;0;1�1�ð2M�1Þ � ½l 2
1; . . . ; l 2

M�1�DP: ð73Þ

As in the previous subsection, Dr 2 is non-zero at
y ¼ g, and by Theorem A in Section 3.3 of Ser”ing
[22], r̂ 2 is ANðr 2; 1

n Dr 2RDT
r 2Þ. h

As in any (non-degenerate) estimation problem,
the asymptotic variances of the estimates of unknown
parameters are functions of the unknown parameters
themselves. In practice, estimates of asymptotic
variances are obtained by substituting the estimates
of unknown parameters in places of their unknown
values.

5. SIMULATION EXPERIMENTS
AND DISCUSSION

A simulation experiment is designed to mimic
the OFDM example mentioned in Section1. The real
or imaginary part of the complex wave is a PAM
signal with four equally-spaced levels. Since the
estimator is invariant to level translations, the four
component mean values of the mixture are chosen to
be 1, 2, 3 and 0. The OFDM noise tolerance standard
is speci“ed as a maximum packet error rate of 10%
for a 1000 byte packet. This corresponds to a symbol
error probability of 5 � 10)5 in the four-level PAM
scheme with iid symbols of equal probabilities.
Following [18], for a PAM system with four equi-
probable symbols whose successive mean values are
separated by 1 and for a probability of symbol error
of 0.5 � 10)4, the variance of the noise random
variable evaluates to approximately 0.0156. This
value is used for the common component variance
in our experiment. The symbol probabilities are
chosen to be all di�erent to illustrate the estimation
process. The sequence of samples is iid.

In order to gauge the effectiveness of the
estimators, the time-varying channel model in adap-
tive wireless transmission protocol of Gasset al. [4] is
used. The channel model in [4] is a two state discrete
parameter Markov chain (between successive trans-
missions) with a probability of 0.05 for a change in
the states of the channel. This translates into an
average of twenty successive data frames. In our
OFDM transmission scheme, 4096 bytes is the max-
imum frame size. If a frame size of 1024 bytes is used,
20 frames correspond to 2048� 20 = 40,960 real
number samples. The conclusion is that the channel is
stationary for an average of a few tens of thousands
of such real number samples. Estimation experiments

are conducted for a maximum of 5000 samples in this
paper. Figures 1…4 show plots of estimates ofP1,P2,
P3 and P4, respectively, versus number of data
samples for n up to 1000. Figure 5 is a plot of an
estimate of r̂ ðnÞ2 for n up to 1000. For the particular
example experiment shown, the values of the symbol
probabilities are chosen as P̂ ¼ f0:32; 0:27; 0:16;
0:25g. The values for the estimates were obtained by
running the simulation for 1000 times and averaging
the values produced. The standard deviation enve-
lopes over the 1000 trials are plotted on the upper and
lower sides of the plot of the averages. By compar-
ison, the EM algorithm converges after approxi-
mately 20 iterations, given the same problem and
2500 samples of data. The EM algorithm is not
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Fig. 1. Plot of P̂1ðnÞ versusn.

0 100 200 300 400 500 600 700 800 900 1000

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

n

Estimate of P1 
Estimate of P1 
Estimate of P1 

 + σ
P

1 − σ
P

1
P

1
 = 0.32

Fig. 2. Plot of P̂2ðnÞ versusn.
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practical for large data sets and for data sets with
varying sizes.

Our estimators are recursive so that cumulative
results of intermediate steps in the estimation algo-
rithm can be stored in accumulators and updated
estimates evaluated as and when required. Over
larger time intervals during which the parameters
may be varying, a common approach used in practice
is to use exponential forgetting, as follows. Letyi be
estimates of a parameter over successive non-over-
lapping time windows, i = 1,....

zi ¼ wyi þ ð1� wÞzi�1 ð74Þ

where 0 < w < 1 is the weight assigned to the
current window. The estimatezi uses all the windows

up to the present but with exponentially decreasing
weights for earlier windows.

The asymptotic variances of the estimates of the
“rst three mixing proportions for this mixture exam-
ple analytically evaluate to 1

n ½0:5048; 0:2330; 0:1392�.
Similarly, the asymptotic variance of the estimate of
the common component variance evaluates to
1
n 0:0142. As mentioned earlier, simulation to obtain
estimates of such variances is conducted with 1000
experiments, each experiment using 5000 mixture
samples. For 1000 experiments, the estimates of the
variances of the “rst three mixing proportions are
found to be 1

5000 ½0:3777; 0:1968; 0:1483�. For r 2, the
corresponding estimate of its variance is found to be

1
5000 0:3791. These “gures did not change signi“cantly
when the same experiment, each with 5000 data
samples, was repeated 2000 times instead of 1000
times. For 5000 data samples and 2000 experiments,
the corresponding values are 1

5000 ½0:3648; 0:1982;
0:1413� and 1

5000 0:3319.
Analytical expressions for the elements of the

Hessian of the log-likelihood function (van Trees
[25]) for the estimation problem (with M = 4) are
obtained with the help of Mathematica software.
Their expectations are numerically evaluated for the
above simulation problem and this gives the Fisher
Information matrix for the numerical problem at
hand. The Cramer…Rao minimum variance bounds
(MVBs) are evaluated by inverting the Fisher Infor-
mation matrix and picking its diagonal elements.
They are 1

n 0:3200, 1
n 0:5401, 1

n 0:1100, and 1
n 0:0007,

for P1, P2, P3, and r 2, respectively.
Ef“cient estimators that achieve MVBs are not

realizable for many practical estimation problems, for
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example, for the estimation of the prior probabilities
of a “nite mixture only, given complete information
about the component densities, as shown in Dattat-
reya and Kanal [26]. In view of this, the variances of
the estimators developed here, given in the above
paragraph, are assessed to be good.

5.1. Comparisons with other Estimators

The estimator in [8] is implemented for the above
problem of estimating the noise variance, in a
companion simulation experiment. As in the earlier
case, 1000 experiments are conducted. The average of
the 1000 experiments and its one standard deviation
envelope above and below are drawn as a function of
the number of data samples upto 1000, in Figure 6.
The estimates for several initial number of samples
”uctuate very heavily. They are not plotted upto 10
samples, to ensure that the scale of the plots allow
them to be illustrative. The deviation of these
estimates are higher than the corresponding ones in
Figure 5, for larger numbers of samples (around
1000).

It should be emphasized that the distinct supe-
riority of the approach in the present paper is the
convergence without any control parameter. The
estimator in [8] uses a control parameter and con-
vergence is not guaranteed for arbitrary choices of
the control parameter; neither is there a good
approach to “nd one, if it exists.

A comparison of our present estimator with a
simple decision directed scheme is also illustrative. In
a simple decision directed parameter estimation
algorithm, decisions on received symbols are made
using current estimates of parameters in the maximum

a posteriori probability scheme. These decisions are
then considered to be true symbols and the parameter
estimates are updated. Let the decision making
algorithm use an optimal scheme. Such a scheme is
“ctitious, since the parameters of the optimal decision
making scheme are unknown. But this helps us to
evaluate the best possible properties of the (“ctitious)
decision directed estimator. The expected value of the
estimate of noise variance by such a scheme is given
by

E½r̂ 2
dd� ¼

XM
i¼1

Z
x2Dðx iÞ

XM
j¼1

Pjpðxjx jÞðx � l jÞ
2dx

 !

ð75Þ

where xj denotes thejth of M symbols and D(xj)
denotes the region of the observation space for which
the optimal decision is xj. The probability density
function of the received random variable, condition
on the transmitted symbol xj is p(x| xj). The true
value of the noise variance is given by

E½r̂ 2� ¼
XM
i¼1

Pi

Z 1
x¼�1

XM
j¼1

pðxjx jÞðx � l iÞ2dx: ð76Þ

Clearly, the decision directed estimator of the noise
variance does not converge to its true value. The
original analysis of a simple two symbol decision
directed estimation scheme in Davisson and Schwartz
[27] shows that there is also a small but non-zero
probability of a runaway in which one of the symbol
probabilities converges to 1.

6. CONCLUDING REMARKS

The main contribution in this paper is the
development of convergent and computationally-
ef“cient estimators for the mixing proportions and
the common component variance of a “nite Gaussian
mixture with known component means. This case of
known component means occurs in QAM digital
wireless communication with automatic gain control.
Motivation for the study is comprehensively devel-
oped with an IEEE 802.11a OFDM standard exam-
ple. The coef“cients for the unknowns and the values
on the right-hand side of the linear equations forPj

are expectations of non-linear data transformations
sinhl ix and coshl ix for i = 1, ..., M , and X2. These
are well-behaved functions and their expectations are
estimated by the corresponding sample averages. As a
consequence, the vector estimator possesses a su�cient
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Fig. 6. Plot of r̂ ðnÞ and versusn using the estimator in [8].
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statistic vector. Therefore, the estimator can be
implemented recursively or in a batch processing
algorithm. The sample averages of non-linear data
transformations are convergent and asymptotically
normal for the case of iid data sequences. Their “nite
sample variances are also easily evaluated. However,
obviously, the solution to the linear equations to
evaluate the vector estimate involves multiplication
of the inverse of a matrix and a column vector, both
composed of the sample averages of data transfor-
mations. Therefore, evaluation of the “nite sample
variances of the estimates is very di�cult. Their
asymptotic variances are evaluated with considerable
e�ort. A practical OFDM numerical example is
simulated. The simulation plots the averages of the
estimates based on several independent trials. The
standard deviations above and below the average
plots are also included. The Cramer…Rao minimum
variance bounds are evaluated for the simulation
problems for comparison. The estimator developed
here is a superior alternative to the one developed by
one of the present authors with another co-author [8]
in the following ways. In [8], the estimator requires a
control parameter that should be determined by
examining a plot of a contour over a rectangular
area. Such plotting is easily accomplished with the
help of a computer. The authors have not been able
to construct an example problem for which no
control parameter exists in [8]. However, there is no
proof there that every problem case possesses a
control parameter value for convergent estimation of
the unknowns.

The present estimator is superior to the EM
algorithm in the following ways. The EM algorithm is
a batch processing algorithm only and does not
possess suf“cient statistics. All the data samples are
required to be retained for every iteration of the EM
algorithm. The probability density values of every
data sample is evaluated for the current estimates of
the unknown parameters, in every iteration of the
EM algorithm. Its implementation requires supplying
initial values for all the unknown parameters and
only a local convergence is guaranteed, in general. As
a consequence, variances or asymptotic variances of
the estimates cannot be obtained for the EM algo-
rithm estimator. Of course, the general EM algorithm
does not have the advantage of knowledge of
component mean values that the estimators in the
present paper enjoy.
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