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ABSTRACT
Usuallythecoveringproblemrequiresall elementsn asys-
temto be covered.In somesituationsijt is very dif cult to
gure outasolution,or unableto cover all givenelements
becaus®f resourceconstraintsin this papeywe studythe
issueof the partial covering problem. This problemis also
referredto the robustk-centerproblemandcanbe applied
tomary elds. Thepartialcoveringproblembecomegven
more harderwhenwe needto determinethe subsewf the
groupof all availableelementgo shareresourcesSereral
approximationalgorithmsare proposedo cover the most
elementsn this paper For somerealtime systemssuchas
the battle eld communicationsystem,the algorithm pre-
sentedwith polynomial-timecompleity canbe ef ciently
applied. The algorithmcompleity analysisillustratesthe
improvementmadeby ouralgorithms whicharecompared
with other papersfor the partial covering problemin the
literature. The experimentalresultsshav that the perfor
manceof our algorithmsis muchbetterthanotherexisting
3-approximatioralgorithmfor therobustk-centemproblem.

KEY WORDS
Approximationalgorithms partialcovering,k-centerprob-
lem.

1 Intr oduction

In the battle eld, thereare a lot of communicationunits
andsomecommandcenters.The commandcentersarere-
sponsiblefor the successfulnformationexchangeamong
all mobile units. Becauseof the mobility for both mobile
units and centers,we try to cover the most mobile units
by a limited numberof control centerswith transmission
rangeconstraints.This kind of problemis analyzedasthe
clusteringproblem,which is clusteringa setof pointsinto
a few groups. Clusteringalgorithmshave beenexplored
anddeplgedin mary elds [1, 2], suchasdatacompres-
sion, information retrieval, databaseapplications,image
processingtacility location,clusteringnodesn adhocnet-
worksetc. Giventhatthegroupnumberis k, the clustering
problemis alsoreferredto thek-centemproblem.Wede ne
thek-centemproblemasfollows: LetS bea setof n objects,
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generlly representeds pointsin a d-dimensionalmetric
space Givenaninteger k  n, computea k-clustering
of S of the smallestpossiblesize In otherwords, the k-
centemproblemis formulatedby coveringS by k congruent
disksof the smallestpossiblesize. We alwaysassumehat
k diskshave the sameradiusr. In this paperwe only pay
attentionto the metric spaceby a plane(d = 2). However,
all algorithmscanbe easilyextendedo arbitrarymetrics.

Marny heuristicalgorithms[3, 4, 5] have beenstudied
well for the k-centerproblemwhenk 3. Therearetwo
major directions.Onedirectionis for the numberof disks
is x edto k andheuristicalgorithmstry to minimizethera-
diusr of disks. Theotherfocuseontheradiusof eachdisk
is x edto r while heuristicalgorithmsexplore minimum
numberof disksto cover all points. For the rst approach,
GonzaleZ6] gave a 2-approximatioralgorithmfor the k-
centerproblemin ary metric spacewith time compleity
O(k n). In thesamepaper Gonzalezprovedthatthereis
no polynomial-timealgorithmfor anapproximatiorfactor
smallerthan 2 unlessP=NP. Federand Greeneimproved
the2-approximatioralgorithmwith compleity O(n log k)
[7]. Some(1+ ) approximatioralgorithmg[7, 8] arestud-
ied with non-polynomiakunningtime. For the secondap-
proach,a polynomial-timeapproximationschemecan be
achieved within approximationfactorsarbitrarily closeto
1[7]. Gonzalezproposedan 8-approximationalgorithm
for the x ed-sizedisks covering problemin [9]. Huang
deviseda 7-approximationalgorithm for the 2-dimension
metric spaceanda 21-approximatioralgorithmfor the 3-
dimensionmetric space[10]. In [11], Franceschettsum-
marizedthe bestknown resultsin a table. However, to
achieve smallerapproximationfactor( < 7), the poly-
nomial runningtime will be very huge. For example,the
algorithmin [11] for an approximationfactor = 6 will
requiretherunningtimeto beO(k n) withk  10%.

A topic hasbeenstudiedduring theseyearsfor the
k-centerproblemis to cover partpoints[12, 13]. In some
casesthereis no solutionfor coveringn pointsin a plane
by k diskswith x ed radius. Examplesare like building
facilitiesto provide servicewithin a x edradiusto acertain
fraction of population,or allocatingcommandcentersn a
battle eld to supportcommunicationamongmobile units.
The problemde ned in [12] is calledthe robust k-center
problem,which is to cover at leastp points(p  n) by
k diskswith radiusr. In this paper we wantto cover the



mostpoints(at leastp points)for n pointsin a planeby k
availabledisks. Thosek disksareassumedvith the same
radiusr. This kind of problemis NP-completeproblem.
Thereasongs thatto cover at leastp points,whenwe set
p = n, it will bethesameto thek-centerproblem.

In orderto cover asmary pointsaspossible(at least
p from n) with k disks, in this paperwe hase madethe
contritutionsasfollows:

Come up with a new 2-approximationalgorithm—
RKC2 to the robust k-center problem. In [12],
the authorsonly presentedhe bestresult with a 3-
approximationalgorithm. Whenp is closeto n, this
new 2-approximatioralgorithmbecomespolynomial-
time running. (Section2)

Propose greedyalgorithmto cover partpoints. (Sec-
tion 3.1)

Modify the RKC2 algorithmto the RKCP2algorithm
for the purposeof coveringmostpoints. (Section3.2)

Transferthe 3-approximatioralgorithmfor therobust
k-centerproblemin [12] to the RKCP3 algorithm,
which is also applicableto the problemof covering
mostpoints. (Section3.3)

Therestof this paperis organizedasfollows. In Sec-
tion 2 we introducethe RKC2 algorithmfor the robust k-
centemproblemandproveit to be2-approximationSection
3 shaws different heuristic algorithmsto cover the most
pointsandoneexampleis illustrated. Experimentatresults
arepresentedn Section4. And conclusionsaredrann in
Sectionb.

2 NewRKC2 Algorithm

Therobustk-centemproblemde nedin thispaperonly con-
siderspointsin a plane(the dimensionis 2). Let n bethe
numberof all points,p beagivenpositive integersuchthat
p n.If wehavek samediskswith radiusr, therobustk-
centemproblemcanbede ned aswhetherk diskscancover
atleastp points. This problemis anNP-completgroblem.
Supposethat n pointsin a plane areaare the clients we
wantto sene, the centerof k disksarethefacility location
to cover p pointsamongn points,thenthe questionstud-
ied hereis the sameasthe facility location problemwith
outlierde nedin [12].

Figurelillustrateshow robustmeasurefeadto better
clusteringsolutions. In the example,to cover all points
requiresatleastk = 4 disks.However, if we needto cover
the most pointswith only 2 disks, Figure 1(b) shavs the
resultto coverp = 13 points.

Following the samede nition of algorithmapproxi-
mationfactorin [12], we shav our RKC2 algorithmbelov
andprove it to be 2-approximatiorto the optimal cost. For
somecasesyve canevenknow thatit is impossibleto cover
p pointsby k disks.LetV bethesetof all pointsin aplane

@) (b)

Figurel. (a) To cover all pointswith k=4; (b) To cover p
pointswith k=2, p=13.

andjVj = n. We supposehat the setof pointssatis es
the triangularinequality p is a given positive numberand
p n. Let C beasetin ouralgorithmthatincludesall

pointsto bethe centersof k disks. T; is atemporarypoint
setthatincludesp pointsfrom V. Eachdisk hasthe same
radiusr. We useFlag belov to shov whetherthereis a
solutionfor k disksto cover ary p pointswithin the point
setV. Thedist(a;b) is the Euclideardistancebetweerthe
pointa andb. ThealgorithmRKC2is asfollows:

Flag= No

— Selectp differentpointsfrom V, which gener
atesanew pointsetT; with T; 6 T; (j=1,:::,

i-1)

— Arbitrarily selectonepointfromT;, letthispoint
bec;, C = fcig

— Forj = 2;:::;k,do

Forapointt 2 T; andt 2 C, let

d; (t) = min [dist(t; ¢;);f or8¢ 2 C]
Letd; = maxzT, dj (t)

Let ¢, be the point t, which makes d; to
have the maximumvalue

c=Clfqgg
—|fdk ar

If k diskswith centeran C by radiusr can
cover atleastp pointsin V

ReturnYes

Else

Flag=Yes

If Flag= No
It isimpossibleto cover p pointswith k disks

ReturnNo

We explain how this algorithmworks. First, Flag is
resetto be No. Whenever it is possibleto cover p points
with the given k disks for a particular T; by the above
algorithm, Flag is setto Yes In the outerloop, p differ-
ent pointsfrom V are selectedn every iteration. Those
p pointsyield a new point setT;. Becausehereare "
times of different point sets,this outerloop will not end

until i = '; , which meanswe alreadycheckall possible



solutions. For every selectedhoint setT;, it only includes
p points. Subsequentlyonenodeis arbitrarily choserfrom
T; andthis pointbecomeghe centerof onedisk. We want
to nd theotherk 1 centerpositionsfor disks. Such
k points constructthe centersetC. The next centerin-
cludedto C is the pointin T; that hasthe maximumdis-
tancefrom all the pointsalreadyin C. Whentherearek
pointsin C, we already nd k centersby the RKC2 algo-
rithm for thep pointsarbitrarily choserto T; . dy meanghe
maximumdistancefrom ¢, (the kth center)to every other

diametemy dy, it is enoughfor themto cover all pointsin
T,. If d > 4r, it isimpossiblefor k diskswith radiusr to
coverall pointsin T;, whichwill beprovedby Lemma2.1.
Otherwise Flag shouldbe setto Yesto shaw the existence
for all pointsin T; coveredonly by k disks. Furthermore,
if k diskswith centersn C by radiusr cancover p points
in V, the RKC2 algorithmalreadyreacha solutionto the
robustk-centerproblemandis endedby the returnof Yes
TheTheorem2.1will proveit.

After " casesretestedandFlag is still No, it guar
anteesthattﬁereis no way to cover p pointsfrom V by k
diskswith radiusr. Sincewe still cannot nd amethodto
cover p points,thealgorithmwill returnNo.

In the RKC2 algorithm, the processto generatea
centersetC with given p pointsis similar to the greedy
algorithm in [6], which has been proved to be a 2-
approximationalgorithm. Theideais to executethe main
loop anotheriteration, and let dc+1 be the resulting dis-
tanceto thek + 1 centerto be added.Also the new center
pointsetC°become< [ fcy+1 gthathask + 1 pointsin it.
By thede nition of dix+; , we canseethatthe distancebe-
tweenary two pointsin C°is atleastdy; . Furthermore,
ary k-clusteringmusthave two pointsof C°in onesame
clusterfor jCY = k + 1. Thus,ary k-clusteringof T; must
have radiusno lessthandy+; =2. However for the RKC2
algorithm,the radiusof the k-clusteringwith centersat C
is exactly dg+1 . Thenwe have thelemmabelow:

Lemma2.1. Givenp pointsin T;, theRKC2algorithmpro-
videsa factor 2 approximationto theminimumk-clustering
of Ti. In otherwords, the radius by diskswith centes at
pointsin C is no larger than 2 timesthe radius of any k
clusteringdisksof T;.

Theorem2.1. Givena setV of n pointsfroman arbitrary
metric,aninteger k  n, andan integer p, the RKC2al-
gorithm s a 2-appioximationalgorithm for the robust k-
centerproblem.

Proof. FromLemma2.1,it is obviousthatthe RKC2 algo-
rithm generates 2-approximatiorsolutionwhend, ~ 4r
happenediuringthe algorithmexecution. This is because
whendy  4r, thek diskswith radius2r cancover atleast
p points. For the casethat every time dy > 4r duringp
pointsselection( '; times)from V, it is impossiblefor k
disksto covertheentirep pointswith radiusr. Thatmeans
no solutionexists. Thusthe RKC2 algorithmcannot nd a
centersetC with radius2r to cover p points. O

Figure2. To cover 2 pointswith adisk by the greedyalgo-
rithm.

Given p pointsin T;, to generatek centersrequires
O(p k) time. A betterway to reducethe time compleity
to O(p logk) is shawvnin [7]. Sincethe RKC2 algorithm
will execute B timesfor thedifferentpointsetT;, thetime

compleity shouldbeO( " plogk). Whenwe wantto
cover the mostpoints, p shouldbe the sameasn andthe
time compleity for the robust k-centerproblembecomes
O(n logk). It is a polynomial-timealgorithm. Further
more,whenp is closeto n, the RKC2 algorithm cansstill
remainpolynomial-timerunning.

3 Different Algorithms to Cover the Most
Points

Given n pointsin a plane,sometimest is impossiblefor

all pointsto be coveredwithin k disksby radiusr. Evenif

suchcasesxist,to nd asolutionuntil now will requirethe
computationtime to be exponential,sincek-centerprob-
lemis NP-completeIn the real-timesystem suchascov-

ering all communicatiorunitesin a battle eld, this is too
costly To cover atleastp pointswithin k disksis alsoNP-
complete.Thereasoris thatwhenwe setp = n, therohust
k-centerproblembecomeghe standardk-centerproblem.
In this sectionwe shov somepolynomial-timealgorithms
to cover pointsasmary aspossible.

3.1 GreedyAlgorithm

For n pointsin a planeto be coveredby diskswith radius
r, thereareat most2 ’; differentcasedor disk covering.
Thisis becausdor ary two pointa; b, thereareat mosttwo
centerpositions,from which the distanceto both points(a
andb) areexactr. In Figure2, thereare2 differentdisk
covering for the point a andb, which canbe disk o; and
0,. Becausalisk o3 coversthe samepointsasoy, it is not
necessaryor usto pay attentionto it ary more. In other
words, we always can move a disk to uniquelyrepresent
two pointswith thosepointsonits circle edge.For thepoint
candd in Figure2, thereis only onecasefor disk covering
sincethe distancebetweenc andd is 2r (the diameter).
Onedisk covering is saidto be uniqueonly if thereis at
leastonepoint differentfrom ary otherdisk covering. Let
D bethesetwith differentdiskscoveringandG bethedisk
setreturnedby the greedyalgorithmthatonly hask units.
Below is thegreedyalgorithmto cover the mostpoints.



G="7

For ary two points, we generatgwo new disk units
to cover themif possible. Supposeherearem such
uniquedisk coveringwith m 2 7 . Thesedisks

— Selectthediskthatcoversthemaximumnumber
of pointsfrom D. Let this disk be D;, D =
D fDjg, G=G][ fD;g.

— Remae the pointscoveredby D; from all disk
inD.

ReturnG.

Thereareat most2 g differentdisk coveringgiven

n points.Constructingsuchdiskswill consumeime O(2

% ). In oneiteration thetime to selecthedisk thatcovers
themaximumnumberof pointsneeddime O(2 1 ). After
includingD; to bein disk setG, the greedyalgorithmwill
refreshthenumberof pointscoveredby all otherremaining
disksin D. Thusit requiresanextratime O(2 g ). Inthe
greedyalgorithm, we have k iterations. The computation
compleity for thegreedyalgorithmshouldbeO(2 ) )+
kOo@ 5 +2 5)=0(2 5 )+0(4k )= 0(k n?).

3.2 RKCP2 Algorithm

The algorithmfor the robust k-centerproblemdoesnt re-
questto cover all pointswith given k disks. With a little
changeto the RKC2 algorithmto solve therobustk-center
problemin Section2, we canapplyit to the caseof cover
ing the mostpoints. Herewe assume = n, which means
the algorithmtriesto cover all availablepoints. All points
arein thepointsetV andC is apointsetincludingk units,
which arethe positionsfor the centerof k disks. Below is
the RKCP2 algorithm procedureto cover the mostpoints
from the 2-approximatioralgorithm RKC2 for the robust
k-centerproblem.

Arbitrarily selectone point from V, let this point be
¢, C=fcg

— Forapointt 2 V andt 2 C, let
di (t) = min[dist(t; ¢);f or8¢ 2 C]

— Letd, = maxizy di(t)

— Letc bethepointt, whichmakesd; to have the
maximumvalue

-C=C]J fagg
ReturnC

Thetime complity for theabore RKCP2algorithm
canbeO(n logk) [7].
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Figure3. (a) 30 pointscanbe caveredby 6 diskswith ra-
dius 180m;(b) Theresultby the greedyalgorithm.

3.3 RKCP3 Algorithm

In [12], the authorsillustrate a 3-approximatioralgorithm
for therobustk-centemproblem which canalsobeadopted
to solve the problemof covering the maximumnumberof
points. That 3-approximatioralgorithmhasthe input with
aradiusr for k disksandasetof n pointsV from anarbi-
trary metricspace.lt will gure outasolutionS suchthat
cost(S)  3r. Forthen pointsV, it assumeshatthere
existsanoptimalsolutionO suchthatcost(O) = r.

For eachpointv; 2 V, G; (Ej, resp.) is denoted
asthe setof pointsthat are within distancer (3r, resp.)
fromv;. ThesetG; is referredasdisksof radiusr andthe
setE; asthe correspondingexpandeddisks of radius3r.
The RKCP3algorithmprocedurgo cover the mostpoints
canbedescribedsfollows with alittle modi cation to the
original 3-approximatioralgorithmin [12].

Constructall disksandcorrespondingxpandedisks.

— Let G; be the hewiest disk, i.e. containsthe
mostuncoveredpoints.

— Mark ascoveredall pointsin the corresponding
expandedlisk E; .

— Updateall thedisksandexpandedlisks,i.e., re-
move from themall coveredpoints.

The algorithm above has been proved to be a 3-
approximationalgorithm for the robust k-centerproblem
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Figure4. (a) The resultby the RKCP2 2-approximation
algorithm; (b) The resultby the RKCP3 3-approximation
algorithm.

in [12]. Thetime compleity for the algorithmshouldbe
Ok n).

3.4 Examplefor the Above Algorithms

To cover the mostpointsin a plane,we shov an example
here appliedwith different algorithmsmentionedabove.
Given 30 pointsrandomlyscatteredn a squareby 1,000
meters* 1,000 meters,an optimal solutionfor all points
coveredby 6 disksis shavnin Figure3(a). Theresultswith
thegreedyalgorithmareillustratedin Figure3(b). With the
RKCP2and RKCP3algorithmsto cover the mostpoints,
we have the resultsshavn in Figure 4(a) and Figure 4(b)
respectrely. In the greedyalgorithms,the centerposition
of onedisk is determinecdby 2 pointson its edge. For the
RKCP3algorithmto coverthemostpoints,we shav a big-
gercircle with radius720meterdfor every coveringdiskin
Figure4(b). The numberof pointscoveredis countedby
thosein thesmalldisks(with radius180meters) All points
that are betweenone small disk andits correspondingig
circleareremovedfrom the systenby the 3-approximation
algorithm. Following this property point 7 is not covered
by thealgorithmbecausé is rst removedfrom thesystem
afterthedecisionmadefor the rst disk.

4 Simulation Results

We evaluate the performanceof different algorithms
throughcoveringdifferentnumberof pointsscatteredn an
areaby disks. The performancef eachalgorithmis mea-

suredby the numberof pointscoveredby givendisksand
how mary disksareusedfor the system.In the simulation,
we compareheresultsfor differentalgorithms.

The positionof all pointsarerandomlydistributedin
anareaby 1,000* 1,000meters.The numberof pointsis
variedfrom 20to 279duringthesimulation.All diskshave
the sameradiusby 180 meters.During the simulation,the
centerpositionof adisk canbearnywhereinsidethe square
area. Differentnumberof disksis assignedaccordingto
how mary pointsin all. Therelationshipbetweerthenum-
ber of points and disksfollows the equationl belowv. D
representiow mary disksavailablein the systemwhile P
denotesghe numberof pointsinside the simulatedsquare
area.

P
D = dzce+ 3 1)

In Table 1, the performanceof the greedy 2-
approximation(RKCP2) and 3-approximation(RKCP3)
algorithmsarelisted with the modelde ned above. Inside
the square 20, 50, 100, 200 and 270 pointsare randomly
scatteredor onesimulationeventrespectiely. UnderCol-
umn“# p”, thedatashavs thenumberof pointscoveredby
a specialalgorithmandthe following Column*“%” repre-
sentghe percentagef the coveringpartbasedn all avail-
ablepoints. During thesimulation,the numberof available
disksis changedaccordingto the numberof all pointsin
the system,which is de ned in Equation1. To cover the
pointsasmary aspossible differentalgorithmswill con-
sumedifferentnumberof disks. The datain the Column“#
d” istheresultof useddisksby the executionof thosethree
algorithms.

For the systemwith 270 points, thereare 16 disks
available. However, the greedyalgorithm can cover all
points only with 15 disks for somecases. The RKCP3
algorithm from the 3-approximationalgorithmin [12] is
not ef cient becausdt only usespart of available disks.
We can seefrom Table 1 that when the systemhas270
points,4 diskswith radius720 meters(180 meters* 3) is
probablyenoughto coverthemall. Onthecontrary the 2-
approximatioralgorithmalwaystriesto cover pointsby all
disks. Undera few circumstancesuchaslessnumberof
pointsin theareaandfewer disksavailable,the RKCP3al-
gorithmyieldsa betterperformancehanthe RKCP2algo-
rithm, which canbe seenfrom Table1 for the systemwith
50 points.Mostof thetime, thegreedyalgorithmperforms
thebestwhile the 3-approximatioralgorithmsgeneratehe
worstresults.

We shav the simulation resultsfor different algo-
rithms in Figure 5 when the numberof points increases
from 20 to 279. The curwesin Figure 5 representthe
numberof covered points by different algorithms. That
straightline representthetotal pointsin thesimulationen-
vironment. When an algorithm hasa betterperformance
to cover more points, the simulatedcurve will be closer
to the straightline. Thus, the greedyalgorithm always
yields a good performancegspeciallyfor a large number



Algo. 20 points 50 points 100points 200points 270points

#p | % | #d | #p | % | #d | #p | % | #d | #p | % | #d | #p | % | #d

Greedy | 16 | 80 | 4 | 39 | 78 | 5 | 93 | 93 | 8 | 199 | 995 | 13 | 270 | 100 | 15

2Appr | 7 | 35| 4 | 12| 24| 5 | 51 |51 | 8 | 174 | 87 | 13 | 257 | 952 | 16

3-Appr | 6 | 30| 2 | 18|36 | 4 | 33 | 33| 4 | 63 | 315| 3 | 91 | 337 4

Tablel. Coveredpointsanduseddisks.

* [2] D.B.Shmas,E. TardosandK. Aardal,“Approximational-
e - gorithmsfor facility locationproblemgextendedabstract},
=0 //' in Proceeding®fthe29th AnnualACM Symposiunen The-
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Figure5. Thenumberof coveredpoints.

of pointsscatteredn the squarearea. The numberof cov-
eredpointsgoesup for all threealgorithmswhenthereare
more pointsavailable. But the increasingrateis slow for
the 3-approximatioralgorithm. Whenpointsare scarcely
scatteredn the simulationarea the 3-approximatioralgo-
rithm sometimegperformsbetterthanthe 2-approximation
algorithm. However in the long run, the 2-approximation
algorithmgeneratesnuchbetterresults.

5 Conclusion

In daily life or somespeciakircumstanceésuchasthebat-
tle eld), it is very hard or impossibleto cover all users
with limited seners. Thusto cover most userswill be
a satisfyingresult. This problem belongsto the robust
k-centerproblem. In this paperwe presenteda new 2-
approximationalgorithm (RKC2) for the robust k-center
problem, which is polynomial-time running when p is
closeto n. Basedon it, areal polynomial-timealgorithm
(RKCP2)is proposedto caver the most points. Among
thosethreeproposeceuristicpolynomial-timealgorithms
(greedy RKCP2,RKCP3)for therobustk-centerproblem
to coverthemostpoints,thegreedyalgorithmyieldsagood
performancendicatedby the simulation. The outcomeof
the 3-approximation(RKCP3) algorithm originally from
[12] is poor becauseghe coveredpointsis below 50% for
mostcasesWhenmoredisksareavailable,the polynomial
2-approximatioralgorithm(RKCP2)yieldscloseresultsas
thegreedyalgorithmwhile therunningtimeis O(n logk).
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