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Abstract

This paper shavsthat a novel network called the fat-stack is universally excient when ad-
equate capacity distribution is provided and is suitable for useasan interconnection network
in parallel computers. The fat-stack resenblesthe fat-tree and the fat-pyramid in hardware
structure, but it hasits unique strengths. It is a construct of an atomic subnetwork unit
consisting of one ring and one or more upward links to its upper subnetwork. This simple
structure entails easywirabilit y. The network also useslesswires. More importantly, it has
the capability to scaleup to represen a large-scaledistributed network. Our routing analysis
shaws that the fat-stack incurs certain unsurmountable delay when wires have uniform unit
capacity assignmen. But doubling capacity up the network forms a universal network. Our
universality proof shows that a fat-stack variant with increasedlinks and of area £( A) can
simulate any competing network of areaA with O(log A) overheadindependert of wire delay.
The universality result implies that the augmerted fat-stack of a given sizeis nearly the best
routing network of that size. The augmerted fat-stack is the minimal universal network for
an O(log A) overheadin terms of hardware usage. Actual simulations show that the perfor-
mance of the augmerted fat-stack approacesthat of the fat-pyramid and is far higher than
that of the fat-tree.

"Work supported in part by Tl University Program, NSF EIA-0103709, TexasARP 009741-0028-2004and NSF
CCR-0309461.



1 Intro duction

An excient network should move tratc speedily for the computing task and require no excessie
hardware to build. In this paper we shaw that the fat-stackis sud an excient network by showving
that it is universal i.e., it cansimulate any other network with an overheadof no morethan (some
power of) the logarithm of the area of the hardware containing the network. This universality
result alsoimplies that the fat-stack performs much better than or aswell as most, if not all, of
known networks. We will formally de ne the fat-stack network in Section2. We study the routing
properties and universality of this tiered network.!

Universalrouting networks have beenstudied in the pastin the cortext of interconnectionnet-
works. Work on the fat-tree and the fat-pyramid hasinitiated someprinciples and methodologies
for studying and designinguniversalrouting networks[5,7,13]. To apply thesetenetsto large-scale
distributed networks, it it crucial for the network to be scalable.We proposethe fat-stack because
its structure is amenableto scaling. It turns out that the fat-stack is versatile as well. In this
paper, we report the results of the fat-stack in the interconnection cortext. We wish this work
alsoforms a good foundation for studying its application in the distributed setting.

A typical fat-tree assumesa 4-ary tree structure with link capacitiesdoubling up the levels of
the tree. The fat-pyramid inherits the 4-ary tree framework of the fat-tree and adds a meshon
ead level of the nodesup the tree. Speci ¢ hardware layouts of the two networks and a fat-stack
will be descrited in Section4. The fat-tree is the rst proved universal network [13]. But it
is universal only under unit wire delay condition; its universality does not hold under nonunit
wire delays [5]. The fat-pyramid has beenproven to be universal under both unit and nonunit
wire delay conditions [5]. The fat-tree has beenusedin the CM-5 parallel computer whereasthe
fat-pyramid has not beenadopted for any madine. Another clear advantage of the fat-pyramid
over the fat-tree is its better absolute exciency due to its hierarchical meshes.But these same
meshesof the fat-pyramid reduceits scalability, increaseits wire usageconsiderably and make it
not scalableto represen a distributed network.

The fat-stack is relatively simplistic in structure. It canbe constructedby stadking up atomic

1The choice of the term \fat-stack" stems from the obsenation that the network is a construct of identical
atomic subnetwork units stadked up and tapering upwards fast.



subnetvork units following a fat-tree framework. The commonsubnetvork unit is madeof aring of
certain nodesand one or more upward links ead from one node of the unit. Theselinks connect
to the samenode of a subnetwork right above the unit. The network is built up recursiwely.
We considertwo variants of the fat-stack in this paper. One has only one upward link from a
subnetvork and the top level node is omitted. This variant is not strictly basedon a tree due to
the omissionof somelinks. We refer to this variant asthe generalfat-stadk or just the fat-stack.
The secondvariant hasasmany upward links asthe number of nodesin the subnework. We refer
to this variant asthe augmened fat-stack which is the main focus of this paper.

The property of simple structure of the fat-stack ertails easierwiring and padaging than
the fat-pyramid and most other known networks. The network also useslesswires than the fat-
pyramid. For a 4-ary layout, the fat-tree uses2N j P N wires, the augmened fat-stack uses
N=2 i P N more wires than the fat-tree, and the fat-pyramid usesN=2 P N log, N more wires
than the augmered fat-stack, whereN is the number of processors.n the layout, ead leaf node
is a single processorand the link capacitiesdouble up the levels.

In addition to scalability, lesswire usage,and simpler construct, another advantage of the
fat-stack over the fat-pyramid is that the augmerted fat-stack is the minimal universal network
for the sameasymptotic overhead(O(logA)) under both unit and nonunit wire delay conditions.
This lower bound network notion is in terms of hardware usage. The augmerted fat-stack also
has much better performancethan the fat-tree due to its ring connections. The fat-stadk can be
adoptedasa network structure whenthe computing tasksrequire no more than the capacity that
the augmened fat-stack can o®er. It can also be consideredas a designbesidesknown universal
network alternatives.

Our cortributions are thus the following: (1) We added another universal network classinto
the repertory of known universalnetworks. (2) The augmered fat-stack is the minimal universal
network under nonunit wire delay condition with O(logA) overhead. (3) The fat-stack is easier
to construct and easierto scalethan the fat-pyramid. (4) The generalfat-stack can scaleto the
sizeof a distributed network, soanalysisresults would be valuableto evaluate the performanceof
large-scaledistributed networks.

Routing schemeshave direct impact on the universality of a network. In Section3, we attempt
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to establishthe most e+cient algorithms speci c to the fat-stack. They are o2ine algorithms, but
can also be regardedas online sincethe network has a tiered overall structure. The universality
of the fat-stack relys on routing capability in terms of a linear combination of congestionand
distancethat a padet travels. We say that network A can simulate network B with overhead?
if, for any t, the routing performedby B in time t can be performedby A in time 1t .

The fat-tree and fat-pyramid have been studied under the conditions of unit and nonunit
wire delays and compact VLSI hardware texture. Under the sameconditions, the fat-stack can
be consideredas resenbling the fat-tree and fat-pyramid networks. The establishedresults for
the fat-tree and fat-pyramid networks [5,7,13,16] bear someuseful implications on the universal
propertiesof the fat-stack. We will prove the universality of an augmened fat-stack usinga similar
physical layout and under both unit and nonunit wire delay conditions.

While much of our work is analytical proof, we alsosimulated the augmerted fat-stack together
with the fat-tree and the fat-pyramid in order to visualizeand comparetheir performancesn real-
istic terms. The simulations were carried out using the ns-2 network simulator. The nodesof the
networks arethought as tted onthe sametemplate of referenceand the wires have nonunit delay.
This type of simpli cation enablesusto relate the experimertal data to the analytical results. The
simulations demonstratethat the augmeried fat-stack has a high performanceimprovemern over
the fat-tree and approadesthe fat-pyramid in exciency. The universalrouting capability of the

augmerted fat-stack makesit a good alternative interconnectionnetwork.

2 Network Mo del

We now descrite the precisegraphic-theoretic topology of the fat-stack, an addressingscheme,
and a computation and communication framework on which routing is based.

The fat-stack is a hierarchical network, consisting of tiers or levels. Ead level has one or
more subnetvorks. Each subnetvork is a ring. There is one link connectinga subnetork to an
upper level from onenode to an upper node. A graphical represemation of a fat-stack is shown in
Figure 1. A fat-stack can have arbitrary levelsof rings. In our analysisof the fat-stack application

as interconnection network, we use a variant of the fat-stack where every node of a subnetvork



hasa link to an upper level node. We will referto this variant asthe augmente fat-stack

Figure 1: A fat-stack topology that hasthree nodesin a subnetwvork. Eadh subnetvork connects
to its upper level via a node by a singlelink. Dashedlines represen tier boundaries.

Let n be the number of nodesin a subnetvork, and N the number of processorsat the bottom
level. The structure of a fat-stadk is one of an n-ary tree in which ead non-leafnode represeis
a ring of switches and a leaf node represets a processor. The connectivity of a fat-stack can
be given in the following addressingscheme. Nodesin a subnetvork at a level is numbered in
sequenceof 0 through n, wherenode 0 is always the one connectedthe subnework to the upper
layer and is called a joint node. The numbering is made sequetially (clockwise) from the joint
node. The number of eat node is the sameas the number of the subnetwork subtendingto this
node. This sequetial numbering schemeallows °exibilit y to cover varying number of nodesin the
subnetvork no matter what topology the subnetvork assumes.

Nodesin the top tier is numbered 0 to n, and represered by a unituple in the form of (0).
A subnework of the next tier connectingto a node of the upper tier can be regardedas having
beenassigneda number the sameasthe upper node number. The addressof a node u in a lower
subnetvork at level | will be a I-tuple composedof the numbers of u and the nodes at upper
levelsto the top level through ead of which a lower subnetvork is connectedthat leadsto u. For
example,(1, 2, 2) is the addressof node 2 of a subnework at level 3 that connectsto node 2 of a

subnework at level 2 that connectsto node 1 of the top level subnework. The cardinality of the



addressof an node is from 1 to the height of the tree.

By corvertion, an edgein the network graph correspndsto a channelwith its capacity speci ed
as having one atomic unit. A channelis composedof a certain number of wires. This notation
bearswell on hardware speci cation in interconnectionnetworks.

The structure of the fat-stack di®erssigni cantly from the structures of the fat-tree and the
fat-pyramid in that the fat-stadk can be viewed as a stadk-up of basic subnework units of a
commonstructure cortaining a ring and a singleupward link. The capacitiesof the channelsand
the nodesof a fat-tree are de ned as doubling from onelevel to the next up the tree and growing
a little lessthan doubling at levels closeto the root [13]. The normal form of the fat-pyramid
doublesthe capacitiesup the tree [5]. The butter®y fat-tree which is what the fat-pyramid is
basedon has also a pre xed capacity distribution [7]. In thesestructures, eadh edgerepreseis
oneunit of capacity and implies a channelconsistingof a bunch of wires, and to increasecapacity,
extra edgesand nodesof the samecapacity are created.

The capacity speci cation commonin the fat-tree and fat-pyramid analysesprovides an alter-
native represemation of capacity. In both cases,an edgeis consideredto represem one unit of
capacity. Then eat duplicate of a node and an edgecan be regardedasa split of a node and a link
of larger capacity of an integertimes. If a reverseprocessof the split and duplicate is performed,
the fat-tree and the fat-pyramid can all be reducedto a singular structure resenbling that of the
fat-stadk shawvn in Figure 1. In fact, we can usethis technique to specify capacity in the setup of
simulations.

We employ an abstract model of padet routing. In this model, routing is done completelyin
parallel threads, ead of which is tantamount to a singleatomic switch unit asfor a oneinput port
and one output port with the minimal capacity assumedfor the network. Similarly, ead link on
an upper tier is modeled as a composite bundle of minimal capacity links.

An edgeand a node of an fat-stack can have multiple units of capacitiesassigned. If the
links and nodes all have the same capacitiessuc as 1, the network will be homogeneous.As
demonstratedin [14],an arbitrary number of capacity distributions canbe speci ed for a fat-stack
by combining two types of switcheswith a constart number of inputs and outputs. Our study

will concerrate on the routing improvemert from a uniform network to a network with capacity
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increasingtowards the upper levels of the network.

The basic mode of operation assumedof the fat-stack is the usual distributed random-access
madine (DRAM) model [15]. In DRAM, all memory is located at the processorsand its access
is madeby messagesouted through the routing interconnectionnetwork. Indivisible padets will
be usedfor routing analysisand they can be perceived asthe basicconstituents of data tratc and
asaconveniert scalarquartity for mathematical analysis. Large messagesan be fragmerted into

padets.

3 Routing on the Fat-Stac k

In this section,we establishsomerouting algorithms speci ¢ to the fat-stack under unit wire delay
assumption. We considerqueuing delays and distancesthat routed padkets travel. We focus on
oZine scenarioswhich should suzce for proving the universality of the fat-stack. We attempt to
establishthe most excient algorithms possible. The o2ine algorithms can also sere as a good
basisto study dynamic routing properties of the network.

Unit wire delay denotesthat it takes unit time for a padket to move through a wire. It
simpli es establishingthe lower boundsof throughput, bisection,and connectionavailability. This
assumptionimplies that a padket traversesa distanceof at most one during a single routing step
or oneunit time, and that at most one padket can passthrough a wire during one routing step.
In later sections,wires will be consideredas transmissionlines that pipeline bits and have delay
(speed)variations.

Delay at a switch is causedby how fast a padket can be processedand put onto the output
wire, which in turn is a function of the padcket queuelength. The halting of a padet at a node is
usually larger than wire delays provided that the wires are not too long.

In the fat-stack network, the location of the sourceand destination nodes decidesa locality
property. For nodesl1 and 2 indexedby i, let n; represen the numbersof nodesin the subnetvork

they arein and g their addresstuples in the form of (¢!, &, ¢, ...). The distancea padet needs



to travel to go from node 1 to node 2 is at least

NG it 1
d;2)=  [(icri & mod ni+ bicyi cij=nic)+ (¢ +jaji 1)]
i=1 i=1
The diameter of the network is thereforemax(8i8j d(i; j )], wherei and | are any two leaf nodesof

the entire network.

In view of the locality feature, we have the following theorem.

Theorem 3.1. The numker of link and subnetworklevelsa packettravelsfrom source node u to
destination node v is at least log, N | ming. i. max(jasjja.j)(C, 8 €,), where N is the numker of leaf

nodesand ¢, or ¢, takesthe value of null if it does not exist.

By this theorem,whenlog, N is one, padket movemert is con ned to a network that hasonly
leaf nodes. If all the padkets are local, upper levels are not required. This appliesto all the levels
of the network.

We rst demonstrateexcient routing within a ring subnetvork where at eat node there is
a number of padkets queuedup and all the padkets are to be routed to the samenode. In all of
the following lemmasand theoremswe use the samenotations. Let n be the number of nodes

in a subnetvork. Let g be the number of padkets queuedat node i, whereO - i - n, and

gq= max. i. n(Q).

Lemma 3.1. In a ring subnetworkR of a fat-stack, there is a routing schelule of length O(nq)

requiring a maximum queuesize of £( g).

Proof. Considerthe situation in which all the padets are routed to the samenode and sert out
of R along only one outgoing link at that node. Without loss of generality, assumethe joint
node (node 0) is the sink node. The sdeduling usesthe following algorithm. At ead time step,
allow one half of the n nodesin R to transmit, i.e., the nodesof the two halvesof R takesturns
to transmit and receive. Each node sendsa padet along the shortest path towards node O if its
gueueis not empty. The passingof padketstakesO(nq) time stepsand requiresa maximum queue
sizeof £( ng). To seethis algorithm works, considercutting R next to node n=2 if n is even and

between node dn=2e and node bn=2c if n is odd. If n is even, route the padets of node n=2 to
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either left or right. Nodesto the left of the cut point route padets clockwise, and nodesto the
right route padkets courterclockwise. At ead time step, allow node 0 and one half of the nodes
in R to transmit. Each node sendsout a padket if its queueis not empty, and receivesthe padet
from its neighbor that is upstream and has sert out a padet two stepsbad. There are O(nq)

padkets to be sernt out the ring, and the queueat ead node doesnot grow. m

The routing algorithm usedin Lemma 3.1 ertails certain °ow cortrol to prevert nodesfrom

overwhelminga node. The following corollary can be easily veri ed.

Corollary 3.2. Thereis a greedy schemethat takesthe sameamount of time (O(nq)) but requires

a queuesize of O(nq) at the sink node.

We now shonv how much latency is incurred and how latency can be mitigated when padkets at
ead node areto berouted to somerandom nodes. The padkets at a node can be from the lower or
upper level subnework. We begin by assumingthat there is a queueat ead node which contains
a certain number of padets, and padets routed to the destinationsare \consumed" there { they

are sern out of the subnetvork on outgoing links.

Lemma 3.2. In a ring subnetworkof a fat-stack, using the greedy routing scheme,barring that
the packetsat a node go out of the ring from the downwad link at the node, there is a worst case

routing schelule of length O(nq) requiring a maximum queuesize of O(nq).

Proof. This is equivalent to proving that Lemma 3.1 is the worst case. Obsene that a link is
duplex and that padkets rotates cortinuously along the ring path. The subnetvork can be seen
asa systemwith its outgoing links as sinks. Given nq padets existing on the ring, if the padets
are to exit through a single outgoing link, the worst casesdedulelength is obviously O(nqg). For
the queuesize, for routing from a node to somearbitrary number of nodes, the padet passing
can be ernvisionedasif the ring is composedof a few logical rings at ead time step, which do not
interfere with ead another by our assumptive model of transmission. Possiblecollision or queuing
is neededonly when pairs of nodesat the samedistance from the sink node on ead side of the
sink node transmit at the sametime. Assumethere is one node in the logical ring that doesnot
send padets to the sink node, then by our greedyrouting sdheme, the transmissionqueuesize

will be O(ng). Thus, Corollary 3.2 hasthe worst casequeuesizeas well. [
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Theorem 3.3. For a ring subnetwork,without “ow control, the correspnding joint node hasan

upper bound of O(nqg) on its queuesize and an upper bound of O(nq) on its transmissiontime.
Proof. The theorem follows from Corollary 3.2 and Lemma 3.2. ]

We now analyzehow much delay canoccur over an ertire fat-stack when ead processorsends
padketsto di®eren destinations. Again we focus on the worst casescenario. Eac of the nodesin

the subnetvorks of the bottom level of the fat-stack hasa queuethat is within the length of g.

Theorem 3.4. By the worst case greedy routing scheme,the routing schelule length of packets
traversing the entire network of a fat-stack is O(N + nlog, N) and the queuelength required is

O(1).

Proof. The joint node in eat subnework will needa queueof size O(nq), accordingto Theo-
rem 3.3. Although the queuelength at eat processomay be g, at ead time stepthere canbe no
more than one padet being sert out. In e®ectwe are consideringthat ead sud node has only
one packet.

At eadt upper level i including the top level, the queueat the joint node and at all top level
nodesis, in the worst case,0(n'), whereast is O(1) at other nodes. This follows from Theorem3.3
now that the queuelength is O(1) at eah non-joint node and O(n') at the joint nodesand the
top level nodes. A padket goesfrom a bottom node to another bottom node, traversingthe ertire
height (log, N) of the underlying 4-ary tree twice. In the subnetvork at ead level i a padket
may traverseO(n) extra edgesand may be delayed at most O(n') stepsdue to existing queue.
Note that padkets travel through the tree in a completely parallel manner becausethe edgesare
bidirectional (duplex links). To make the queuesto be O(1), we canjust view the scheduleasone

executedpadket by padket, i.e, by spreadingout the queuedpadets. [

By the above analysis,there canbe no morethan 2n padetstraversingon the duplex downward
links of the top level subnetwork at onetime. Padket passingis restricted by the xed number of
nodeson the top level. Lower levels beforethe bottom level imposesimilar constrictions.

We now considerthe e®ectof increasingthe number of links betweensubnetvorks at di®eren

levels of the fat-stack. We show that the augmened fat-stack can be more excient. In the
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augmerned fat-stack, every node in a subnetork is linked to the samenode on the immediate

upper level asshown in Figure 2.

Figure 2: Topology of an augmeried fat-stack. Each subnetvork hasthree nodes. Every node has
a link to a commonnode at its next upper level. Dashedlines represen tier boundaries.

Theorem 3.5. In a ring subnetworkof an augmentd fat-stack, using the greedy routing scheme,
barring that the packetsat a node go out of the ring from the downwad link at the node, there is

a worst caserouting schelule of length O(ng) requiring a maximum queuesize of O(nQ).

Proof. The motion of padets incurs the most delay when all the nodes except the sink node
transmit padkets towards a singlenode on the samesubnetvork, just asin the situation described

in Lemma3.2. O

We are most interestedin the delay of padets traversingthe erntire network from the bottom

level nodesto somedestination nodes.

Theorem 3.6. By the worst case greedy routing scheme,the routing schelule length of packets
traversing the entire network of an augmente fat-stack is O(N + log, N) and the queuelength

required is O(1).

Proof. The proof is similar to that of Theorem 3.4. A padet at node u destinedto node v takes

the path that passeghrough the upper node of the subnetwork r that connectsu and v instead
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of r itself. It traversesthe tree height twice to move from one leaf node to another. Sothe total
distancea padet travelsis at most O(log, N ). Also, the longestqueuea padket encouners along

its path is n'°% N (= N). O

The routing capabilities we derived of the two variants of the fat-stack are tantamount to the
more generalbut powerful routing results obtained by Leighton, Maggs,and Rao [9{12]. We will

usethe following lemmain proving the universality of the augmerted fat-stack in the next section.

Lemma 3.3 (Leigh ton, et. al.). For any setof packetswith edge-simplepaths havingcongestion

¢ and dilation d, there is a schelule of length O(c+ d) requiring a maximum queuesize of O(1).

The above lemma holds under unit wire delay condition. In the lemma, the term congestion
refersto the maximum number of padkets that must traversea single edgein onedirection, and

dilation refersto the maximum number of edgesthat must be traversedby a single padet.

4 Univ ersality of the Augmen ted Fat-Stac k

In this section, we prove the universality of the augmerned fat-stack (AFS) with increasedlink
capacities. The addedcapacitiesare necessaryor the network to be universal. The only limitation
to the universality is that the competing network hasto have the sametotal areaasthe AFS. The
AFS can be comparedto the fat-tree and fat-pyramid networks and henceenableus to prove its
universality following a similar approad. Its universality makesthe AFS a good candidateasthe
interconnectionnetwork for a general-purmseparallel computer.

To comparewith the fat-tree and the fat-pyramid, the AFS will assumea similar hardware
con guration as follows: (1) the capacities of nodes and links are modulated as doubling up
the tiers; (2) without obscuringthe results of Section 3, we assumethat the leaf nodesare not
connectedwith ead other and eat leaf node is an H-tree layout of log, A processorsgad of which
is of area£(log A); and (3) a procedureof \split-and-duplicate” of nodesand links is performed
on the structure showvn in Figure 2 to obtain an adequateinterconnectionlayout.

It hasbeenshown that afat-tree canezciently (i.e., in nomorethan polylogarithmic slovdown)

simulate any network of comparablevolume or area under the unit wire delay assumption|[1,5,
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7,9,13], and that the fat-pyramid can achieve a logarithmic exciency under a nonunit (linear)
wire delay model [5]. There hasbeensomevariation in the exact number of links and the overall
connectivity implemerted in the models of the fat-tree sinceits universality was rst proved by
Leiserson[13]. We refer mainly to the results proved by Greerberg along with those for the
fat-pyramid [5]. The fat-pyramid is basedon superimposing hierarchical meshconnectionson a
butter°y fat-tree.

We rst establish the similarity betweena typical butter®y fat-tree and an AFS and prove
the universality of the AFS under unit wire delay assumption. We then prove that the AFS is
universalunder nonunit wire delay condition dueto its addedmeshconnectivity. To facilitate our
discussionwe illustrate the fat-tree, the fat-pyramid, and the AFS togetherin Figure 3, which is

adapted from Figure 1 of [5].

ll el

Figure 3. A fat-tree, a fat-pyramid, and an AFS in one layout. Processorsare represeted by
circles;the squaresare switches. The fat-tree links are represered by thin lines, the fat-pyramid
meshlinks by thick solid and dashedlines, and the AFS meshlinks by the thick solid lines.

The channel capacitiesin the fat-tree in Figure 3 double at increasinglevels of the underlying
4-ary tree, whereall 4 child nodesconnectto one parert node with a double redundancyat eadh
level. This capacity incremert can be viewed as splitting the upper node into two and duplicating

the four downward links once. We can do a reverse of the \split-and-duplicate” procedureto
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transform the fat-tree into a singular 4-ary tree structure by overlaying individual nodesand links
and hencetheir capacities. We can perform the sameoverlay procedureon the fat-pyramid to get
a 4-ary tree in which all the switch nodesat ead level of the underlying tree are connectedwithin
a mesh. The procedurecan also collapsethe AFS layout into a singular structure similar to the
oneshown in Figure 2.

The di®erenceof the three networks lies in if and how the nodes at a level of the tree are
interconnected. Unlike the fat-pyramid, the fat-tree has no connectinglinks among switcheson
the samelevels, and the AFS featuresthe switch nodesof the sameparert connectedby a ring.
The degreeof connectivity decease# the order of the fat-pyramid, the AFS, and the fat-tree.

In overlaying the nodesand links of the fat-pyramid, the capacitiesof the meshlinks increase
at the samerate asthose of the other nodesand links. The overall capacity increaseis 2" times
up the underlying fat-tree whereh is the level number from the leaf nodesdesignatedas level 0.

Tofacilitate the comparisonof the three networks, we modulate the AFS with the samecapacity
distribution pattern asfor the fat-tree and the fat-pyramid. Intuitiv ely, comparedto the fat-tree,
the AFS merely possessesiore connectivity due to the connectedsubnetwork nodesand thus can
not be worseo®in computing and routing exciency.

Universality proofs for the fat-tree and fat-pyramid are parameterizedby hardware area or
volume. In proving the universality of the fat-tree and the fat-pyramid, a geometric bisecting
method was usedto decommsethe competing network to match with the structure of the base
network [5,13]. This method hasits basisin the theories and constructions of the VLSI graph
layouts [2,3,8]. The competing network canbe in terms of a cube or an areain a two dimensional
designspace. Extension of computation analysisfrom two dimensionsto three dimensionshas
beenshawvn to be straightforward [4,6]. The decomposition is to recursiwely cut the cube or area
into two piecesin the direction of the shorter edgesuntil ead piece cortains either zero or one
processors. It has been proven that a balanceddecompsition tree can always be obtained, in
which the number of processoron either side of a given node (cut) is equalto within one[13]. In
view of the decomposition tree, a valid assumptionis that the number of padckets that can ener
or leave an area(equivalertly a subtree)in unit time is proportional to the perimeter of the area.

As sudh, there are O(log A) padets amortized on eat wire of the fat-tree of area£( A), resulting
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in an overhead. With this postulate and basedon the generalrouting theorem of Lemma 3.3,

Greerberg [5] proved the universality of the fat-tree in terms of hardware area.

Lemma 4.1 (Green berg). A fat-tree of area £( A) can simulate any network of area A with

O(logA) overhad.

Adding a meshon ead subnetwork of the fat-tree can causeonly a constart factor increasein
area. In addition, the connectionsand the framework of the fat-tree are intact when the meshes

are added. Thus, we have the following theorem.
Theorem 4.1. An AFS of area £( A) can simulate any network of area A with O(log A) overhed.

The bene t of the AFS meshesis that it enablesus to drop the unit wire delay assumption
usedin arriving at the above theorem. The fat-tree is not universalwhen simulating a meshunder
nonunit wire delay assumption|[5].

We now proceedto prove the universality of the AFS under nonunit wire delay condition. We
again baseour proof on the result of Greerberg pursuart to the fat-pyramid. We shall again
adopt the condition that ead bottom level node is a cluster of £(log A) £ £(log A) processorsn
an H-tree layout.

In the fat-pyramid proof, an appropriate layout of the fat-pyramid is producedby enbedding
the basebutter®y fat-tree into the graph of the tree of meshesperforming a \fold-and-squash”
transformation, and adding the meshconnectionsof the fat-pyramid [5]. In this layout, the length
of the edgesof the tree of mesheshecomesO(log A) whereasthe length of the wires connectedto
a switch h levelsup from the H-tree blocks are O(2" logA). Now the routing path of a padket goes
alongfat-tree edgesupwards until it readhesa switch that is adjacen in the samemeshto another
switch that leadsto the destination by going down fat-tree edges. Two processorsseparatedby
a distance * in the competing network R is dt=log, Ae H-tree blocks apart in the fat-pyramid
F. A padket must traversethe height of the subtree enclosingthe two processorglog,(x=logA)
levels) and the H-tree blocks and travels a distanceof O(x+ logA). It is thereof proved that any
messagdollowing a path of length £ in a competing network travels O(£+ logA) distancein the

fat-pyramid.
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The congestionin F to route the samemessagesetasin R is O(T logA) whereT is the time
required to deliver the messageset in R and, given a linear delay function w, T | w(¥). A
messageanust traverseat most 2log, + fat-pyramid edgesand eat edgehasa maximum delay of
w(x+ log, A) steps. Hencethe following theoremis proved by computing the overheadbasedon

the total delivery timesin F and R and the de nition of w [5].

Lemma 4.2 (Green berg). Using transmissionlines, a fat-pyramid of area £( A) can simulate

any network of area A with O(log A) overh@ad under nonunit wire delay assumption.

We can now shaw the universality of the AFS by following the samelines of the fat-pyramid
proof. In the AFS layout a padet hasto travel a path of the samelength asfor the fat-pyramid
to read a switch that is adjacert to another switch in the samemeshthat leadsto the destination
node, and hencethe sameoverall distanceasin the fat-pyramid layout. Similarly, the congestion

and the dilation are the same.

Theorem 4.2. Using transmissionlines, an AFS of area £( A) can simulate any network of area

A with O(log A) overhad under nonunit wire delay assumption.

Note that the path that a padket in the AFS travelscould not be shorter for the given connec-

tivit y, so AFS is the minimal universalnetwork with O(log A) overheadin terms of wire usage.

5 Exp erimen tal Results

We did se\eral experimerts using the ns-2 network simulator to visualizeand comparethe perfor-
manceof the networks discussedsofar. There aretwo xtures in the experimerts. The nodesare
consideredas xed on a template, and wiring the various links for eat network does not bloat
the template. This makesit easyto stipulate that the networks are of the samearea. A xed
traxc scenarioof three tratc typesis usedto run tratc through ead of the networks in order to
obtain data on how well ead performs.

We simulated the fat-tree, the augmerned fat-stadk, and the fat-pyramid. The the general
template is similar to the node layout illustrated in Figure 3. Now the switches of the second

and top levels are conbined into singular nodes. Wires are also conbined into singular links
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with composite capacities. Each network hasa distinct wire layout. In the template there are 64
processornodes and 21 switches as required by a 4-node subnetork con guration. Downward
links from the secondlevel switcheshave a capacity of 0.2 Mbps. Links from the top switch are
0.4 Mbps in capacity. Upward links from the bottom level have a capacity of 0.1 Mbps. Links
within subnetvorks on a level have the samecapacitiesas their upward links.

The split wiresand nodesusedpreviouslyin discussinghe networks are collapsedinto singular
links and nodeswith composite capacities. Link connectionsdi®eramongthe networks. However,
their topologiescan all be easily tted into the template without violating the area constrairt.
Leaf nodes consist of single processorgsthat act as switches as well as processorsand they are
connectedwithin a meshin the fat-stack and the fat-pyramid. The links are modeled as duplex
links having a delay of 10 ms. This implies that the wires have varying (nonunit) delays and
varying length asthe materials of the wires could vary. From the processordo the switch at the
top in the rst four networks, there are three tiers. In ead tier, links in the subnetvorks and its
upward link(s) are assignedthe samecapacity. Upwards acrossthe three tiers, link capacitiesare
0.1,0.2,and 0.4 Mbps successigly, i.e., they double up the underlying 4-ary tree.

A simplistic communication model was usedin all of the simulations. We used UDP as the
transport protocol, soin e®ectthe simulations merely enulate IP routing. We usedthe adaptive
link-state routing as the routing protocol so that routing respondsto tratc loadson the links.
Eadh network wassimulated under all three traxc types. The duration of the simulationsis all 120
seconds.During this period, 40 processomodesgeneratetratc at start and end times generated
at random. Traxc sinks are alsorandomly selectedamongthe 64 processomodes. There are a
total of 60 connectionsor °ows createdduring ead simulation. The °ows start and end at random
times within the simulation duration.

The typesof the tratc generatedat the sourcesare of constart bit rate (CBR), exponertial
on/o®, and Pareto on/o®. The commonattributes of the tratc typesare that the padet sizeis
1,000bytes and the averagesendingrate is 80 Kbps. Other attributes vary with the latter two
typeshave bursty sendingpatterns. The queuingrule appliedfor all links is stochastic fair queuing
or SFQ with default con guration parameters(maximum queuelimit setat 40 padkets and using

16 buckets for hashingead of the °ows).
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We extracted from the results of experimerts the overall throughput and delay asthe speci ¢
tratc movesthrough ead network. They are calculated by obtaining the start time and the
duration that ead padet stayed in the network beforearriving at its nal destination. We use

them asthe metrics for comparison. The data is listed in Table 1.

Table 1: Simulation Results

Network Tratc Type | Throughput (bps) | Delay (sec)
CBR 928113.333333| 0.763641

Fat-tree Exponertial 917320.000000| 0.841578
Pareto 875986.666667 | 0.780242

CBR 1126821.333333| 0.194550

Aug. fat-stack | Exponertial 1130601.333333| 0.230433
Pareto 1097736.000000| 0.215983

CBR 1652286.666667| 0.146700

Fat-pyramid Exponertial 1624204.000000| 0.169914
Pareto 1589376.000000| 0.162286

The asymptotic nature of the simulation overheadswe derived in Section4 for networks does
not warrant a direct comparisonof thesenumbersin terms of O(log A) althoughi it is inferablethat
logA corresppndsto logN (A is greaterthan N). Therefore, without obscuringour analytical
results, we can rate the performanceof the networks relative to ead other.

The data shows that throughput increasesand delay decrease# the order of the fat-tree, the
augmered fat-stadk, and the fat-pyramid. This is becausemore and more meshlinks are added
in that order. The augmerned fat-stack performsbetter than the fat-tree by » 23%in throughput
and » 73%in overall delay. It is lessexcient that the fat-pyramid by » 31%in throughput and
» 25%in overall delay. In other words, the augmerned fat-stack has a considerableimprovemert

over the fat-tree and approadesthe fat-pyramid in exciency.

6 Conclusion

In this paper we have showvn that the augmerned fat-stack with upward increasinglink capacities

is universally excient and is suitable for use as an interconnection network. The universality is
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basedon o2ine routing capabilities. But online routing should have the sameezciency due to
analysisof padet routing on a \leveled" network [9,11].

Ead of the two fat-stack variants can be viewed as a construct of a common atomic unit
consistingof a ring and one or more upward links. The augmerned fat-stadk has simpler connec-
tivit y than the fat-pyramid and is therefore easierfor wire routing and useslesshardware. In
simulations, the augmered fat-stack performsalmost aswell asthe fat-pyramid and much better
than the fat-tree. This makesit a valuable candidate for certain classesof supercomputing tasks
that would require an interconnectionnetwork more excient than the fat-tree. In somecasesthe
augmeried fat-stack can be a substitute for the fat-pyramid.

The generalfat-stack variant incurs someunsurmourtable delay asead of its subneworks has
only oneupward link. Howewer, the generalfat-stack can be scaledup to represem a distributed
network. It would be desirableto study the scalability of the fat-stack and its application to

distributed networking.
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