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ABSTRACT

Loop fusion is commonly used to improve the instruction-
level parallelism of loops for high-performance embedded
computing systems. Loop fusion, however, is not always
directly applicable because the fusion prevention dependen-
cies may exist among loops. Most of the existing techniques
still have limitations in fully exploiting the advantages of
loop fusion. In this paper, we present a general loop fu-
sion technique for loops or nested loops based on the loop
dependency graph model, retiming, and multi-dimensional
retiming concepts. We show that any “J+K” model loop
can be legally fused using our legalizing fusion technique.
Polynomial-time algorithms are developed to solve the loop
fusion problem for “J+K” model loops considering both tim-
ing and code size of the final code. Our technique produces
the final code and calculates the resultant code size directly
from the retiming values. The experimental results show
that our loop fusion technique always significantly reduces
the schedule length.
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1. INTRODUCTION

Embedded systems usually have strict timing requirement.
Many embedded systems are equipped with multiple func-
tional units or processors, such as VLIW or system-on-a-
chip, to satisfy the ever-growing performance requirements.
Much of the computation involved in embedded system oc-
curs within loops. Loop transformations such as loop align-
ment, loop skewing and loop tiling can be used to optimize
the execution of the loops[5, 13, 20, 1, 3, 10]. Loop fusion is
to combine and transform multiple loops into one loop and
it is commonly used to improve the instruction-level par-
allelism in the embedded system with multiple functional
units[16]. Loop fusion can also be used to enhance data
locality so that memory references and power consumption
can be reduced[9, 6, 11, 18, 2, 19]. But loop fusion is not
always applicable because of the existence of conflict data
dependencies among loops. Most of the existing techniques
still have limitations in exploring the potential opportuni-
ties of loop fusion [7, 6, 16, 11, 18, 2]. Many loop fusion
techniques try to solve problems by directly dealing with
compiled code and loop index computation, which is lack
of an effective analysis model and inefficient for embedded
system design. Furthermore, the existing loop fusion tech-
niques do not consider the resultant code size of a fused loop
which is another critical concern for the design of embedded
systems [21, 4]. Therefore, a systematic approach to solve
the loop fusion problem considering both timing and code
size is necessary for fully exploiting the advantages of loop
fusion and avoiding ad-hoc practices.

In this paper, we propose a general loop fusion technique
to maximize the opportunities of loop fusion for nested loops.
The loop fusion problem for simple loops becomes a special
case of the application of our technique. In the following, we
show an example of loop fusion problem. The code shown
in Figure 1(a) contains three sequential loops enclosed in
a shared outermost loop. But these loops cannot be di-
rectly fused because of the conflict data dependencies ex-
isting among them. First, we found that the loops a and
b cannot be combined into one loop because we need the
value of A[i][j + 1] to compute BJ[i][j]. Obviously, the value
A[i][j + 1] is not available in the (i,4)"" iteration. This
kind of dependency is called fusion-prevention dependency
which can be represented by a negative weight edge in a loop
dependency graph (LDG) with nodes representing loops as
shown in Figure 2(a). We use the graph representation of
loops in this paper and will give a detailed explanation later.
Second, we found another fusion-prevention dependency be-
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Figure 1: (a) The original 2-level loop with three inner
loops. (b) The fused loop.

tween the loops a and ¢, i.e., the computation of C[¢][j] is de-
pendent on A[i][j + 1] and A[i][j +2]. Thus, loop a and loop
¢ cannot be fused without an appropriate transformation.
Many previous works can not deal with fusion-prevention
dependencies, and cannot fuse loop a, b and ¢ into one loop.
Although some of them can fuse loop b and ¢ [7, 6, 16, 11,
18], these techniques still have limitations.

We propose a graph transformation technique to solve the
loop fusion problem for the code in Figure 1(a). By retiming
nodes a, b, and ¢ in the loop dependency graph, all the
negative weight edges, i.e. fusion-prevention dependencies,
can be eliminated as shown in Figure 2(b). Therefore, all
the three loops can be legally fused. Assuming there are four
functional units, the schedule length of the fused loop can be
reduced from 9 to 4 control steps. The detailed technique of
graph transformation will be discussed later in this paper.

Several valuable works have been proposed for loop fusion
recently[19, 9, 17]. Loop shifting tries to compute loop index
offsets for loop fusion. The greedy algorithm for incremental
loop fusion proposed in [19] is not efficient. Also, unneces-
sary shifting may be introduced because their dependence
graph model is built on a lower level abstraction. Loop align-
ment is a very similar technique to loop shifting, which can
be also applied for loop fusion[3, 1]. In this paper, we use a
loop dependency graph model which is built on loop level.
The graph transformation technique proposed in this paper
combined with loop dependency graph model provides an in-
stant solution of loop fusion with the understanding of the
essential property of loop nests. As a result, our algorithm
always finds an optimal solution within just one round. Fur-
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Figure 2: (a)The LDG of the loop shown in Figure 1(a).
(b)The retimed LDG with retiming #(a) = (0,2), 7#(b) =
(0,1), and 7(c) = (0,0).

thermore, the complexity remains constant no matter how
deep the loop nests are. “Shift-and-peel” loop transforma-
tion is proposed by Manjikian and Abdelrahman[9]. The
technique requires uniform dependencies among the loops
to deal with fusion-prevention dependencies. Actually, the
“shift-and-peel” technique can be regarded as a special case
in our proposed loop fusion technique. Passos et. al. pro-
posed a nested loop fusion technique in [17], which targets
to achieve the fully parallel execution of the innermost loop
body on parallel architectures. However, the execution se-
quence of the nested loop can be changed and the code size
may become very large. Therefore, it is not suitable for
design and optimization of embedded systems.

In this paper, we present an efficient loop fusion technique
based on retiming and multi-dimensional retiming concepts
[8, 14, 15] to maximize the opportunities of loop fusion.
Loop fusion theorems are derived based on the fundamental
understanding of loop properties. We show that loops or
nested loops that can be formulated by a “J+K” model can
always be legally fused when appropriate transformation is
applied. Therefore, the advantage of loop fusion can be fully
exploited in system design. Our contributions are as follows:

1. We develop an efficient graph transformation technique
to legalize loop fusion for any “J+K” model loop with
a J-level outer loop and multiple K-level inner loops,
where J >= 0 and K > 0, based on the loop de-
pendency graph (LDG) model, retiming, and multi-
dimensional retiming concepts.

2. We derive theorems to show the correctness of the le-
galizing fusion process.

3. We prove that any “J+K” model loop can be legally
fused using our legalizing fusion technique.

4. Polynomial-time algorithms are proposed to solve the
loop fusion problem while considering timing and code
size.

5. The time complexity of our legalizing fusion algorithm
is O(|V||E|), where V is the number of the loops and
F is the number of loop dependency edges in our LDG
model. The time complexity remains a constant when
the loop nest level increases.



6. Our technique produces the final code and calculates
the resultant code size of a fused loop directly based
on the retiming values.

The experimental results show that our loop fusion tech-
nique can be effectively applied and significantly reduce the
schedule length. For example, the schedule length of the
Livermore benchmark LL18 is reduced by 55% after loop
fusion using our technique, while most of the previous tech-
niques[7, 6, 16, 11, 18] cannot fused the three sequential
loops of LL18. The schedule lengths of the fused loops us-
ing ULF_IP algorithm in our experiments are reduced by
57% on average when there are 8 FUs.

The rest of the paper is organized as follows: We intro-
duce the basic concepts and principles related to our loop
fusion technique in Section 2. Section 3 presents various
loop models and the properties of the various loop mod-
els which provide the necessary conditions for our legalizing
fusion technique. In Section 4, we present the legalizing
fusion algorithms for “1+K” model loops and illustrate the
legalizing fusion process by examples. A general legalizing
fusion algorithm for “J+K” model loops is presented in Sec-
tion 5. The generation of the fused loop and the calculation
of the resultant code size are provided in Section 6. Section
7 presents the experimental results. And finally, Section 8
concludes the paper.

2. BASIC CONCEPTS

In this section, we provide an overview of the basic con-
cepts and principles related to our legalizing fusion tech-
nique.

2.1 Loop Dependency Graph

Loop fusion is a loop optimization technique which com-
bines several sequential loops into one loop. Data depen-
dency analysis is critical for loop fusion [20, 5, 9, 12]. The
fused loop should not violate any data dependency between
the original loops which can be represented by the loop de-
pendency vector[17]. For two sequentially executed n-level
nested loops a and b , with iteration (i1,%2, - ,in) € b
and (j1,72, - ,Jn) € a, we say that there is a loop depen-
dency vector d = (i1 — J1,92 — J2, -+ ,in — Jjn) that rep-
resents the data dependency between these two loops if a
data value computed in (ji,72, -+ ,jn) € a is consumed in
(il,iz,”' ,in) €b.

To clearly show the data dependencies between loops,
we use a loop dependency graph (LDG) to model a nested
loop. A multi-dimensional loop dependency graph (MLDG)
G = (V,E,9) is a node-weighted and edge-weighted directed
graph, where V' is a set of nodes representing the loops to be
fused. E C VXV is a set of edges representing dependencies
between the loops. 0 is a function from E to Z™ representing
the minimum loop dependency vector between two loops. We
use the minimum loop dependency vector of an edge in our
MLDG model instead of all the loop dependency vectors as
in [17] to improve the efficiency of our technique. All the
comparisons between two loop dependency vectors are based
on the lexicographic order in this paper. For example, in the
two-dimensional case, a vector ¥ = (v1,v2) is smaller than
a vector @ = (u1,u2) according to the lexicographic order if
either v1 < w1 or v1 = w1 and ve < us.

In a loop dependency graph, a fusion-prevention depen-
dency is represented by an edge e with edge weight d(e) <

(0,0,---,0). Fusion-prevention dependencies are the data
dependencies which become reverse to the control flow af-
ter the loop fusion is performed, making the fusion ille-
gal [9, 17]. The loop dependency graph of the loop in Fig-
ure 1(a) is shown in Figure 2(a). There are three nodes
V = {a,b,c} in the loop dependency graph which repre-
sent the three innermost loops in the program. The loop
dependency edges are F = {e1 : a — b, e2 : a — ¢,
es b — ¢ es:c — b es: ¢ — a}. The loop depen-
dency vectors are {(0,—1),(0,0)} between nodes a and b,
{(0,—2),(0,—1)} between nodes a and ¢, {(0,0)} between
nodes b and ¢, {(1,0)} between nodes ¢ and b, and {(2, 1)}
between nodes ¢ and a. According to our MLDG defi-
nition, 6(61) = (07_1)7 6(62) = (07 _2)7 5(63) = (070)7
d(es) = (1,0), 6(es) = (2,—1). The fusion-prevention de-
pendency edges are e; and es.

2.2 Multi-Dimensional Retiming

Leiserson and Saxe [8] proposed the retiming technique.
Passos et. al. [15, 14] developed the multi-dimensional re-
timing technique to optimize the multi-dimensional prob-
lems. Retiming redistributes delays, i.e., data dependency
distances, in a graph to achieve the minimum cycle time. In
this paper, we develop a graph transformation technique to
remove fusion-prevention dependencies based on the multi-
dimensional retiming technique. Note that the retiming
technique preserves all the data dependencies of the orig-
inal LDG.

For a multi-dimensional loop dependency graph G, a multi-
dimensional retiming # is a function from V to Z™. The
retiming value 7(u) represents how many delays are added
into the edges u — v and subtracted from the edges w — wu,
for u,v,w € V. Therefore, in the retimed MLDG G", we
have §"(e) = d(e) + 7(u) — 7(v) for each edge e : u — v. The
summation of the edge weights in a cycle remains a con-
stant after retiming. The retiming value 7(u) means that
a node w originally executed in the iteration i is moved to
the iteration 7 — 7(u). For a loop dependency graph, all the
computations of loop u are executed 7(u) iterations earlier.
Some iterations of the original loop are moved out of the
loop body to become prologue and epilogue. That is, the
codes to be executed before and after the loop body to com-
plete the execution of the whole loop. The number of copies
of a node w in prologue or epilogue can be computed from
the retiming value [21].

The normalized retiming value for node u is defined as
r(u) — min, r(u), where min, r(u) is the minimum retim-
ing value of all nodes w in V [21]. From this definition, we
know that the normalized retiming value for any node u in
V is larger than or equal to (0,0) in the two-dimensional
case. For example, the retiming values for nodes a,b and ¢
of the LDG in Figure 2(a) computed by the legalizing fusion
algorithm are (0,0), (0, —1), and (0, —2) respectively. We
obtained the normalized retiming value by subtracting the
minimum retiming value (0, —2) from the original retiming
values of the three nodes. Thus, the normalized retiming
values are 7(a) = (0,0) — (0, —2) = (0,2), #(b) = (0,—1) —
(07_2) = (07 1)7 and F(C) = (07 _2) - (07 _2) = (070) We
retime the three nodes of the LDG in Figure 2(a) with the
normalized retiming values 7(a) = (0,2), #(b) = (0,1), and
7(c) = (0,0). The retimed LDG G" of the LDG in Fig-
ure 2(a) is shown in Figure 2(b). After retiming, the weight
of edge e1 becomes " (e1) = (0,—1)+(0,2) — (0,1) = (0,0).



And the weight of edge e2 becomes §" (e2) = (0, —2)+(0,2)—
(0,0) = (0,0). Therefore, all the fusion-prevention depen-
dencies are removed.

3. PROBLEM MODEL AND LOOP PROP-
ERTIES

The problem of legalizing fusion is to remove all the fusion-
prevention dependencies in a loop dependency graph. We
solve the problem with graph transformation technique based
on multi-dimensional retiming concept. We found that all
the fusion-prevention dependencies can be removed provided
a legal MLDG. In this section, we first propose different loop
models. Then, we discuss the properties of the LDGs for
various loop models which provide necessary conditions for
the correctness of our legalizing fusion algorithms. Finally,
we illustrate the legalizing fusion process using an example
LDG of a “14+1” model loop.

3.1 Loop Models

We propose a “J4+K” model to represent any nested loop
that contain sequential K-level loops enclosed within the J-
level shared outer loop as shown in Figure 3. It is obvious
that J > 0 and K > 1. When there is no shared outer loop
in the “J+K” model, J = 0, it becomes the “0+K” model.
When J = 1, K-level sequential loops are enclosed by one
shared outermost loop, and it becomes the “1+K” model.

Shared outer loop
J-Level

} Inner loop
. K-Level

Loop Body

} Inner loop
: K-Level

Loop Body

Figure 3: “J+K” model.

3.2 Basic Properties of Various Loop Models

For “0+K” model loops, the corresponding LDGs are di-
rected acyclic graphs (DAGs). Therefore, there always exists
a retiming or multi-dimensional retiming that can retime the
negative weights to be non-negative according to the basic
retiming concept [8, 15, 14]. Thus, all the fusion-prevention
dependencies can be removed. Due to the space limitation,
we do not provide the proof of the following lemma, but it
can be easily proved by the basic retiming principles.

LEMMA 3.1. Any “0+K” model loop can be retimed so
they can be legally fused after retiming.

In the “J4+K” model, when J > 1, several K-level loops are
enclosed inside the shared J-level outer loop. There may ex-
ist some loop-carried data dependencies in this case, which
may cause a dependency cycle in the corresponding LDG.
For a nested loop in “J+K ” model (where J > 1) to be
legally executed, each cycle in the LDG must contain at
least one edge e representing an outer loop-carried depen-
dencies by definition, whose weight d(e) has positive value

on the first J dimensions, i.e., (d1(e),d2(e),---,ds5(e)) >
(0,0,---,0). The property stated in Lemma 3.2 ensures the
legality of a “J+K” model loop and also provides an impor-
tant condition for applying our legalizing fusion algorithms.

LEMMA 3.2. A Loop Dependency Graph G = (V, E,§) of
a “J+K” model loop (where J > 1) is a legal LDG if the
value of the first J-dimensions of an edge weight §(e) sat-
isfies that (61(e),---,0s(e)) > (0,0,---,0), Ve € E, and
for any cycle c = {vi — v2 — -+ — v, — v1}, the summa-
tion of the edge weight 6(c) satisfies that (61(c),--- ,0s(c)) >
(0,0,---,0), where §;(e) denotes the i-th element of the vec-
tor d(e).

3.3 An lllustration of Legalizing Fusion Pro-
cess by an Example LDG of a “1+1”” Model
Loop
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Figure 4: (a)Example LDG. (b) The corresponding con-
straint graph. (c) The retimed LDG.

In the loop dependency graph shown in Figure 4(a), the
edge between the node a and b and the edge between node
b and c are fusion-prevention dependency edges. We use a
graph transformation technique to remove all the fusion-
prevention dependencies based on the retiming concepts,
i.e., we retime the LDG such that in the retimed LDG G”
all the edges satisfy that 6"(e) > (0,0). We only need to
retime the second dimension of the weight of each edge e
because all the edges e in the LDG G satisfy that d1(e) > 0
according to lemma 3.2.



We first remove all the edges e with d1(e) > 1 from the
LDG G and obtain a directed acyclic graph (DAG) G'.
Then, we construct a constraint graph G. of the shortest
path problem by adding a source node vp and also the edges
from vo to all the other nodes of the LDG. All the edges e be-
longing to the original LDG G are labeled with d2(e) in the
constraint graph G.. The edges added from the source node
to all the other nodes of the LDG G are labeled with 0. The
corresponding constraint graph of the LDG in Figure 4(a)
is shown in Figure 4(b) and it has no cycle. The Bellman-
Ford algorithm can be applied to compute the shortest dis-
tance from the source node vy to each other node v;, which
serves as the second element of the retiming value of node
v, 1.e., T2(v;). The first element of the 2-dimensional re-
timing vector of node wv; is set to be 0. The normalized
retiming values computed by the Bellman-Ford algorithm
are 7(a) = (0,3),7(b) = (0,1),7(c) = (0,0),7(d) = (0,1).
The retimed LDG is shown in Figure 4(c). There is no
fusion-prevention dependency in the retimed LDG and the
transformed loops corresponding to the retimed LDG G"
can be legally fused.

4. LEGALIZING FUSION ALGORITHMSFOR

“1+K” MODEL LOOPS

In this section, we propose two legalizing fusion algo-
rithms, the Basic_LFi+k algorithm, and the LF_I Pi4 k al-
gorithm to legalize the loop fusion for “1+K” model loops.
The Basic_LFi4+k algorithm transforms the graph without
considering the critical path length of the fused loop. The
LF_IP 4k algorithm keeps the critical path length of the
fused loop to be minimal when transforming the graph.

4.1 The Basic.LFix Algorithm

After understanding the legality condition of a nested
loop, that is any outer loop-carried loop dependency should
have a positive distance, we found that we only need to re-
time one dimension to solve the loop fusion problem for any
multi-dimensional nested loops. For a “1+K” loop, we only
need to retime the second dimension out of the (1 + K) di-
mensions. Alg. 4.1 shows the procedure of the Basic_LF14xk
algorithm.

According to lemma 3.2, every legal loop dependency graph
G = (V,E,d) of a “1+K” model loop must satisfy that
d1(e) > 0,Ve € E, and 61(c) > 1, for each cycle ¢ in G.
Therefore, in the Basic_LFi4+k algorithm, after removing
all the edges e with d1(e) > 1 from the LDG G, we ob-
tain a directed acyclic graph (DAG) G’. Then, we con-
struct a constraint graph G. of the shortest path problem by
adding a source node vy and also the edges from vg to all the
other nodes of the LDG G. All the edges in the constraint
graph G, are labeled correspondingly. The edges added from
the source node to all the other nodes of the LDG G are
labeled with 0. The edges belonging to G are weighted
depending on the value of the sub-vector of the original
edge weight. We define a sub-vector of the weight d(e) =
(61(e),- -+ ,01+x(e)) of an edge e in the LDG of a “1+K”
model loop as Sub.vector(d(e),2) = (dz(e), - ,d1+x(€)).
For the “141” model loop, Subvector(d(e),2) is defined to
be (0). All the edges e with Sub_vector(d(e),2) > (0,--- ,0)
in the LDG G are labeled with d2(e) in the constraint graph
Gc. And all the edges e with Sub_vector(d(e),2) < (0,---,0)
in the LDG G are labeled with d2(e) — 1 in the constraint

graph G.. The construction of the constraint graph G.
does not create cycles. The Bellman-Ford algorithm is ap-
plied to compute the shortest distance D(vo,v;) from the
source node vg to each other node v;, which serves as the
second element of the (1 + K)-dimensional retiming vec-
tor of node wv;, i.e., 72(v;). All the other elements of the
(1 + K)-dimensional retiming vector of node v; are set to
be 0 in the Basic_LF14k algorithm. The complexity of the
Basic_LF1 i algorithm is O(|V||E|).

Algorithm 4.1 Basic Legalizing Fusion Algorithm for
“14K” Model Loop (Basic-LF14x)

Require: A loop dependency graph G = (V, E, 9)
Ensure: A retiming function r of the loop dependency graph
/*Remove all the edges e with d1(e) > 1 from E */
E'— E —{elé(e) > (1,—0c0)}
Construct the constraint graph G. = (V¢, Ec, W), where V. «
VI U{w}, Ec — E'JEs, here Es ={ (vo — vi) |vi €V }
/* Set the edge weight of the constraint graph*/
for all edges e. € E’ do
if Sub_vector(d(ec),2) > (0,0,---,0) then
we(ec) < d2(ec)
else
we(ee) «— d2(ec) — 1
end if
end for
for all edges e. € Es do
we(ec) < 0
end for
Call the Bellman-Ford algorithm to compute D(vo,v;), the
shortest distance from vg to each node v; € V'
for all nodes v; € V do
Constructing a (1 + K)-dimensional zero vector 7(v;), i.e.,
F(vz) - (0» 0,--- 70)
72 (v;) < D(vo,v;)
end for
return r

The basic idea of the Basic_LF1+ i algorithm is to retime
the second dimension of the LDG of a “14+K” model loop
such that the weight of each edge in the retimed LDG sat-
isfies that 6" (e) > (0,0,---,0). In the retimed LDG by the
Basic_LF1+k algorithm, there is no fusion-prevention de-
pendency. Thus, the transformed loop is legal to be fused.

An example LDG of a “142” model loop shown in Fig-
ure 5(a) is used to show the graph transformation process of
the Basic_LFi4+k algorithm. Figure 5(b) shows the corre-
sponding constraint graph of Basic_LFi+k algorithm. The
normalized retiming values computed by the Basic_LFi4+k
algorithm are #(a) = (0,2,0),#(b) = (0,1,0) and 7(c) =
(0,0,0). In the retimed LDG shown in Figure 5(c), there is
no fusion-prevention dependency.

THEOREM 4.1. Given a legal LDG of a “1+K” model loop,
the Basic_LFi4+k algorithm can always transform the loops
so that they can be fused legally.

PROOF. According to lemma 3.2, every legal loop depen-
dency graph G = (V,E,¢) of a “1+K” model loop must
satisfy that d1(e) > 0,Ve € E, and 61(c) > 1, for each cycle
¢ in G. Therefore, after all the edges e with d1(e) > 1 are
removed, the obtained graph G’ is a DAG. The construction
of the constraint graph G. does not create cycles. Thus, G,
is a DAG. Bellman-Ford algorithm is applied to compute the
single-source shortest distance D(vo,v;) from vo to all the
other nodes v;, which is the second element of the retiming
vector for node v;, i.e., 72(v;).
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Figure 5: (a)An example LDG of “1+2” model loop.
(b) The constraint graph of the Basic_.LFi;x Alg. (c)
The retimed LDG by the Basic_LF; i Alg.

For an edge e : v; — wv; in LDG G, if the sub-vector
of the weight of edge e satisfies that Sub_vector(d(e),2) >
(0,---,0), the corresponding weight of edge e in the con-
straint graph G, is d2(e). Bellman-Ford algorithm computes
the shortest distance D(vo,v;) from v to v; as the second
element of the retiming vector for node v;, i.e., ¥2(v;), and
the shortest distance D(vo,v;) from v to v; as the second
element of the retiming vector for node vj, i.e., 72(v;). It
follows that,

Fz(vj) < Fg(vi) + 52(6) == 52(6) + Fz(vi) — 7?2(1)]‘) >0
According to the definition of retiming, we have
dz(e) = da2(e) + 2(vi) — 72(v;) = d2(e) = 0,

For an edge e : v; — wv; in LDG G, if the sub-vector
of the weight of edge e satisfies that Sub_vector(d(e),2) <
(0,---,0), the corresponding weight of edge e in the con-
straint graph G. is d2(e) — 1. Bellman-Ford algorithm com-
putes the shortest distance D(vo, v;) from vg to v; as the sec-
ond element of the retiming vector for node vj, i.e., 72(v;),
and the shortest distance D(vo,v;) from vo to v; as the sec-
ond element of the retiming vector for node v;, i.e., 72(v;).
It follows that,

Fz(’l)j) < 172(1}1') + 52(6) -1 = 52(6) + ’7‘2(’02‘) — ’FQ(’UJ') >1
According to the definition of retiming, we have
d2(e) = d2(e) + 72 (vi) — 72(v;) = d2(e) > 1

In the Basic_LFi4+k algorithm, we only retime the second
dimension, so 67 (e) = d1(e) > 0. We already showed that all

the edges e with Sub_vector(d(e),2) > (0,---,0) in the LDG
G satisfy that 05 (e) > 0 in the retimed LDG G". And all the
edges e with Sub_vector(d(e),2) < (0,---,0) in the LDG G
satisfy that d5(e) > 1 in the retimed LDG G". Therefore,
we have 6" (e) > (0,0,---,0), Ve € E, which means there is
no fusion-prevention dependency in the retimed graph. [

4.2 The LF_1P,x Algorithm

The Basic_LFi1 i algorithm retimes the LDG of a “1+K”
model loop so that each edge e satisfies that §"(e) > (0,--- ,0)
in the retimed LDG G". But the critical path[15] of the
fused loop based on the Basic_LF1tk algorithm can be in-
creased when the zero-weight edge connecting the critical
paths of two loops as shown in Figure 6(a). To increase
the instruction level parallelism of the fused loop, we pro-
pose the LF_I P4k algorithm (Legalizing Fusion Algorithm
with Instruction-level Parallelism for “1+K” Model Loop).
In the LF_I P4k algorithm, we modify the weight setting
of the constraint graph G. in the Basic_LFi+k algorithm
to be:

for all edges e. € E’
if Sub_vector(d(e),2) > (0,0,---,0) then
we(ec) < d2(ec)
else
wc(ec) — 52(6c) -1
endif
endfor

All the other operations of the LF_I P14k algorithm are
the same as the Basic_LF 4k algorithm. Only the weight of
the edges e. belonging to the original LDG G are set differ-
ently in the constraint graph G.. The LF_I P14k algorithm
guarantees that any edge e in the retimed LDG G" satisfies
that 6" (e) > (0,0,---,0). Therefore, the critical path of the
fused loop is the longest critical path of the original loops
as shown in Figure 6(b). In other words, the critical path of
the fused loop will not be increased.

Figure 6: (a)The critical path of the fused loop by the
Basic_LFi 1 g Alg. (b)The critical path of the fused loop
by the LF_IP1+K Alg.

THEOREM 4.2. Given a legal LDG of a “1+K” model loop,
LF_IPi 4k algorithm can always transform the loops so that
they can be legally fused and the critical path of the fused
loop is minimal, i.e., the longest critical path of the original
loops.
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Figure 7: (a) The constraint graph of the LF_I P, i Alg.
(b) The retimed LDG by the LF_IP;, i Alg.

We use the same example LDG shown in Figure 5(a) to
show the graph transformation process of the LF _IPi4k
algorithm. Figure 7(a) shows the corresponding constraint
graph of the LF _I P11 i algorithm. The normalized retiming
values computed by the LF_IP;yk algorithm are 7(a) =
(0,3,0),7(b) = (0,2,0) and 7(c) = (0,0,0). In the retimed
LDG shown in Figure 7(b), there is no fusion-prevention
dependency. Note that the longest zero-weight path of the
retimed LDG in Figure 5(c) is b — ¢. While it just contains
one node in Figure 7(b).

5. LEGALIZING FUSION ALGORITHMFOR

“J+K” MODEL LOOPS

We develop the ULF_IP algorithm shown in Alg. 5.1 based
on the LF_I P11k algorithm to legalize the loop fusion for
any “J+K” model loop with J > 0. Based on the under-
standing of the property of the nested loop, in the ULF_IP
algorithm, we only retime the (J + 1)-th dimension out of
the (J 4+ K) dimensions to legalize the fusion for “J+K”
Model Loops.

e When J = 0, the input of the ULF_IP algorithm is a
“04+K” model loop. The LDG G = (V, E,§) of any
“04+K” model loop is a DAG. Therefore, it can always
be legally fused after retiming. In the ULF_IP algo-
rithm, we expand the weight d(e) of the edge e in the
original LDG G to be a (1 4+ K)-dimensional vector,
i.e., w'(e) = (0,8(e)). The LF_IPi1k algorithm can
be applied on the graph G’ = (V, E,w’).

e When J = 1, “J+K” model loop is a “1+K” model
loop. Thus, the LF_I P11k algorithm can be applied
directly.

e When J > 1, according to lemma 3.2, we only need to
retime the (J 4 1)-th dimension of the edge weight of
the LDG G. We construct a new graph G’ = (V, E, w'),
in which the weight of edge e in the graph G’ is com-
puted as w’(e) = (1,0541(e), - ,6s+K(€)), if the weight
of edge e in G satisfies that (d1(e),d2(e),---,ds(e)) >
(0,0,---,0). Otherwise, if the weight of edge e in
G satisfies that (d1(e),---,ds(e)) = (0,0,---,0), the
weight of edge e in the graph G’ is computed as w’(e) =
(0,6541(€e), -+ ,0s+x(e)). The constructed graph G’

is a (1 + K)-dimensional LDG, and the LF [Py al-
gorithm can be applied.

Algorithm 5.1 Universal Legalizing Fusion Alg. with In-
struction Level Parallelism (ULF_IP)

Require: A loop dependency graph G = (V, E, §)
Ensure: A retiming function 7 of the loop dependency graph

if J =0 then
Construct a “14+K” LDG G’ = (V, E,w’), where, w'(e) =
(0, (5(e)), Ve € E.
/* Call the LF_I Py algorithm */
7 «— LF_IP 1k (G")
(i) — (P (vi), 75 (vs), -+

end if

if J =1 then
/* Call the LF_I P i algorithm */
7— LF_IP; g (G)

end if

if J > 1 then
Construct a “14+K” LDG G’ = (V, E,w’), where, w/(e) =
(17 6J+1(e)7 o 6J+K(e))7 if (61(6)7 62(6)7 T 75](6)) >
(07 0,--- 70) Otherwise, w/(e) = (07 6J+1(e)7 R 6J+K(e))7
if (81(e), d2(e),--- ,d85(e)) = (0,0,---,0).
/* Call the LF_I P i algorithm */
7 «— LF_ 1P g(G)
Add (J — 1) zeros in retiming vector 7 (v;), 7(vi) <«
(07 ] 0777,(1)2))
———

J-1
end if
return r

,TﬂlJﬁK(vi)),VUi eV

Figure 8(a) shows the LDG of a “0+2” loop. Figure 8(b)
shows the constraint graph of the ULF_IP algorithm for the
LDG in Figure 8(a). The normalized retiming values com-
puted by the ULF_IP algorithm are 7(a) = (3,0),7(b) =
(1,0) and #(c) = (0,0). The retimed LDG transformed by
the ULF_IP algorithm is shown in Figure 8(c). There is no
fusion-prevention dependency in the retimed LDG.

(-1,0) (1,0)
@) r(b)=(1,0) b)
0
©-2) -1 -2
@ . 19=(0,0) @
(a) (b) (c)

Figure 8: (a)Example LDG of a “0+2” model loop. (b)
The constraint graph of the ULF_IP Alg. (c) The re-
timed LDG using the ULF_IP Alg.

Figure 9(a) shows the LDG of a “2+1” loop. Figure 9(b)
shows the constraint graph of the ULF_IP algorithm for the
LDG in Figure 9(b). The normalized retiming values com-
puted by the ULF_IP algorithm are 7(a) = (0,0,4),7(b) =
(0,0,2), #(c) = (0,0,0), #(d) = (0,0,4), 7(e) = (0,0,1).
There is no fusion-prevention dependency in the retimed
LDG by the ULF_IP algorithm as shown in Figure 9(c).
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Figure 9: (a)Example LDG of a “2+1” model loop. (b)

The constraint graph of the ULF_IP Alg. (c) The re-
timed LDG by the ULF_IP Alg.

THEOREM 5.1. Given alegal LDG of a “J+K” model loop,
the ULF_IP algorithm can always transform the loops so that
they can be legally fused and the critical path of the fused
loop is minimal, i.e., the longest critical path of the original
loops.

6. FUSED LOOP GENERATION

Code size is one of the major concerns besides the per-
formance concern for embedded systems with very limited
on-chip memory resources [4, 21]. In this section, we first
use an “141” loop example to illustrate how to generate the
fused loop based on the retiming concept considering the re-
sultant code size. Then, we propose the loop transformation
algorithm to generate the fused loop based on the retiming
values. According to the generating process of the fused
loop, we derive mathematical formula to calculate the resul-
tant code size of the fused loop based on the retiming values.
With the accurate code-size calculation, the designers of the
embedded systems can clearly know the resultant code size
of the fused loop after loop fusion is performed. The for-
mula for code-size computation is especially important for

design space exploration of embedded systems that consider
the trade-offs between timing performance and code size.

We use an “141” loop example to illustrate the generation
of the fused loop based on retiming concept. We show that
prologue, epilogue, and the loop indexes can be directly ob-
tained from retiming values. We use the iteration spaces of
the fused loop based on three different retiming operations
to show how the prologue/epilogue of a retimed nested loop
are produced in a multi-dimensional iteration space.

Figure 10(a) shows the original code of an “1+41” model
loop with two innermost loops a and b. The iteration space
of the illegally fused loop, i.e., combining loop a and loop b
directly without retiming, is shown in Figure 11(a).

Figure 10(b) shows the fused loop with retiming values
7(a) = (0,1),7(b) = (0,0). The iteration space is shown
in Figure 11(b). It clearly shows that the prologue com-
posed of a copy of loop a is produced in j-dimension be-
cause the retiming value 7(a) = (0,1) indicates that loop
a is retimed once in j-dimension. While, there is no pro-
logue of loop a produced in i-dimension because 7i(a) = 0.
Let R; be the maximum retiming value for loop level-i, i.e.,
R; = max,{ri(u)}. And let the outermost loop level to be
loop level-1. And for loop u with retiming value #(u), there
are R; — 7;(u) copies of loop u moved out of the loop body
to become epilogue in loop level-i. Consequently, the loop
count of loop level-i needs to be changed to S; — R; in the
fused loop suppose the original loop count is from 0 to S;.
For this example, the loop count of loop level-2, i.e., the
innermost loop, is changed to be M — 1. At the same time,
loop index k of loop u is changed to be (k + 7(u)).

Figure 10(c) shows the fused loop with retiming values
7(a) = (1,0),7(b) = (0,0). Figure 11(c) shows the iteration
space for the fused loop. In this example, prologue and
epilogue are produced for the outermost loop level because
loop a is retimed once in i-dimension. Thus, one copy of
loop a is moved to the prologue, and one copy of loop b is
moved to the epilogue. Note that the prologue and epilogue
are represented by an one-level loop. The loop count of loop
level-1 is changed to N — 1 in the fused loop. And the loop
indexes are also adjusted according to the retiming values.

Figure 10(d) shows the fused loop with retiming values
7(a) = (1,1),7(b) = (0,0). Figure 11(d) shows the iteration
space for the fused loop. Because loop a is retimed in both
dimensions, the prologue is produced in both dimensions.
Also, the epilogue composed of copies of loop b is produced
in both dimensions.

In summary, the process of generating the fused loop of
our loop fusion technique is to generate the prologue and
epilogue from the outermost loop level to the innermost loop
level by applying retiming from the first dimension to the
last dimension. At the same time, loop indexes and loop
bounds are transformed. Finally, the code of the fused loop
is produced.

According to the generating process of the fused loop, we
propose the one level loop transformation algorithm shown
in Alg. 6.1. And the algorithm 6.2 call the algorithm 6.1
repeatedly to produce the fused loop.

Code Size Computation of the Fused Loop for “J+K”
Model Loops

Theorem 6.1 derives the final formula for calculating the
code size of a fused loop for “J+K” model. The final code
size of the fused loop we computed include four parts: the
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Algorithm 6.1 One Level Loop Transformation Algo-
rithm(Alg_Tran)

Require: A “J+K” loop L, Corresponding loop dependence
graph G = (V, E,§), Retiming function #(u),Vu € V, Loop
level i, Loop count S;

Ensure: Transformed loop L’

L' —L
R; = maxy{7i(u)}, Vu € V
for all nodes v € V do
/*Generate the prologue of loop u with respect to the loop
level-i*/
if 7i(u) = 1 then
Prologue < loop u with (J + K — 3) loop levels
end if
if 7;(u) > 1 then
Prologue < loop u with (J + K — i+ 1) loop levels
end if
/*Generate the epilogue of loop u with respect to the loop
level-i*/
if R; — 7i(u) =1 then
Epilogue «— loop u with (J + K — i) loop levels
end if
if R; — 7i(u) > 1 then
Epilogue «— loop u with (J + K — i+ 1) loop levels
end if
Generate the shared loop level-i with loop count S; «— S; —R;
/* Transform the loop body of loop u*/
7 (u) < (0,0,---,0), 7i(u) — 7 (u)
For loop index Ij, = 1,12, , 174+ K] of loop wu, Io=1I, +
7 (u)
end for
return the transformed loop L’

Algorithm 6.2 Fused Loop
rithm(Alg_fuse)

Require: A “J+K” loop L, Corresponding loop dependence
graph G = (V, E, §), Retiming function r(u),Vu € V
Ensure: Fused loop
/* Transforming the loop level by level from the outermost loop
level to the innermost loop level and generate the fused loop */
L1 +— L
fori=J+1toJ+ K do
Lo — Alg Tran(G, L1, R, 1, S;)
L1 «— Lo
end for
return L1

Generation  Algo-

prologue, the epilogue, the fused loop body and the loop
control instructions. Suppose the number of the “count and
jump” loop control instructions required for a single loop
level is Cnt_Jmp. And we use |u| to denote the code size of
the loop body of loop wu.

For “J+K ” model loops, prologue can be produced for all
the loop levels. The code size of the prologue of loop u for
loop level-i can be P;(u) = ( (Ju|+ (J+ K —1) x Cnt_Jmp) X
ri(u) ), or Pi(u) = (Ju| + (J+ K +1—1i) x Cnt_Jmp). The
actual code size of the prologue of loop u for loop level-
i is the minimum of these two, i.e., P;(u) = min{( (|Ju] +
(J 4+ K — i) x Cnt_Jmp) x ri(u) ), (Jul+(J+ K +1—
i) x Cnt_Jmp)}. The total code size of the prologue of
loop w is the summation of the prologue for all the loop
levels, i.e., P(u) = >, Pi(u), i = 1 to J + K. Similarly, the
code size of the epilogue of loop u for loop level-i can be
Ei(u) = ( (Jul+ (J+ K —1i) x Cnt_Jmp) X (R; —ri(u)) ) or
Ei(u) = (Ju|+ (J+ K +1—1) x Cnt_Jmp). The actual code
size of the epilogue is the minimum of these two, i.e., E;(u) =

min{( (Ju|+ (J+ K —i) x Cnt_Jmp) x (R; —ri(u)) ), (Ju|+
(J+ K +1—14) x Cnt_Jmp)}. The total code size of the
epilogue of loop u is E(u) =Y, Ei(u), for i =1to J + K.

THEOREM 6.1. Given a legal nested loop of “J+K” model
and the corresponding LDG G = (V, E, §), the total code size
of the fused loop is M = Y P(u)+ >, E(u) + >, [u] +
(J+ K) x Cnt_Jmp,Yu € V.

Note that the retiming values computed by the ULF_IP
algorithm for the “J+K” model loop have the property that
#u) = (0,--- , 7541, -+ ,0),Vu. Only the (J+ 1)-th element
of the retiming value for loop u maybe greater than 0. It
means we only retime the (J + 1)-th dimension to legalize
the loop fusion, so the prologue/epilogue is produced only
for loop level-(J 4 1). It makes the code-size computation
of the the fused loop much easier.

We use the LDG of an “14-1” model loop shown in Figure
2(a) to demonstrate the calculation of the code size of the
fused loop. There are three simple loops a, b, and ¢ enclosed
within the outermost loop level. Suppose the code sizes
of the original loops are |a| = 12, |b] = 8, and |¢| = 8.
And suppose Cnt_Jmp = 2. The retiming values of this
example LDG computed by the Basic_LFi4+k algorithm are
7(a) = (0,2),7(b) = (0,1),7(c) = (0,0). In the fused loop,
the prologue of loop a is P(a) = Pi(a) + Px(a) = P2(a) =
min(24,14) = 14. The prologue of loop a for loop level-
2 is better to be programmed as a loop to achieve smaller
code size. The prologue of loop b is P(b) = P1(b) + P2(b) =
P(b) = min(8,10) = 8. The prologue of loop b for loop
level-2 is better to be programmed as just a copy of the
loop body of loop b. And there is no prologue for loop
c. Similarly, the epilogue can be calculated as E(a) = 0,
E(b) = E1(b)+ E2(b) = E2(b) = min(8,10) = 8, and E(c) =
Ei(c) + E2(c) = E2(c) = min(16,10) = 10. Therefore, the
total code size of the fused loop is M = 224+ 184+28+4 = 72.

Then, we use the LDG of a “0+2” model loop shown in
Figure 8(a) to demonstrate the code-size calculation. There
are three sequential 2-level loops a, b, and c in this example.
Suppose the code sizes of the original loops are |a| = 12,
|b] = 8, and |¢| = 8. Also suppose Cnt_Jmp = 2. The re-
timing values of this example LDG computed by the “04-2”
ULF_IP algorithm are 7(a) = (3,0),7(b) = (1,0),7(c) =
(0,0). According to Theorem 6.1, the code size of the pro-
logue is composed of P(a) = Pi(a) + P2(a) = Pi(a) = 16,
P(b) = Pi(b) + P2(b) = P1(b) = 10, and P(c) = 0. The
code size of the epilogue is composed of E(a) = 0, E(b) =
El(b) + Ez(b) = El(b) = 12, and E(C) = E1(C) + EQ(C) =
Ei(c) = 12. Hence, the total code size of the fused loop is
M =26+244+28+4 =82.

7. EXPERIMENTS

This section presents the experimental results of our algo-
rithms. We simulate a DSP processor with 4, 6, or 8 function
units and compare the schedule length of the original loop
and the fused loop. The standard list scheduling algorithm
is used in our experiments. All the loop dependency graphs
used in our experiments have fusion-prevention dependen-
cies. Most of the previous works such as [7, 6, 16, 11, 18] can-
not do the loop fusion in this situation or cannot fuse all the
loops into one loop because of the fusion-prevention depen-
dencies. In our experiments, there are 6 experimental cases
from the 2-level nested loops and 5 experimental cases from



the 3-level nest loops. LL18 is a “0+2” model loop. LDGI,
LDG2, LDG3, LDG4, and LDG5 are the LDGs of “1+1”
model loops. “14+2"LDG1, “1+2”LDG2, and “142”LDG3
are the LDGs of “14+2” model loops. “24+1"LDG1 and
“24+1"LDG2 are the LDGs of “24+1” model loops.

LL18 is the eighteenth kernel from the Livermore bench-
mark. LDG1, LDG2, and LDG3 refer to the examples pre-
sented in Figure 2, 8, and 17 in [17]. LDG4 is shown in
Figure 2(a). LDGS5 is shown in Figure 4(a). The nodes of
an LDG are obtained from the DSP benchmarks including
WDF (Wave Digital filter), IIR (Infinite Impulse Response
filter), DPCM (Differential Pulse-Code Modulation device),
and 2D (Two Dimensional filter).

Program |Orig][ Basic % [LFIP] %
LDGI1 9 5 44.4% 4 55.6%
LDG2 37 18 51.3% 17 | 54.1%
LDG3 41 22 46.3% 22 46.3%
LDG4 23 12 47.8% 8 65.2%
LDG5 29 13 55.2% 9 68.9%
LL18 9 5 44.4% 4 55.6%

[ Average Improvement | 482% [[ - [57.6% |

Table 1: Schedule length of the original loop and
the fused loop when there are 4 FUs

Program |Orig][ Basic % [LFIP] %
LDG1 9 5 44.4% 3 66.7%
LDG2 36 12 66.7% 12 1 66.7%
LDG3 37 15 59.5% 15 | 59.5%
LDG4 23 12 47.8% 7 69.6%
LDG5 29 13 55.2% 7 75.9%
LL18 9 5 44.4% 3 66.7%

[ Average Improvement [ 53.0% [ - [67.5% |

Table 2: Schedule length of the original loop and
the fused loop when there are 6 FUs

Program |Orig][ Basic % [LFIP] %
LDG1 9 5 44.4% 3 66.7%
LDG2 36 10 72.2% 9 75.0%
LDG3 38 14 63.2% 11 71.1%
LDG4 23 12 47.8% 7 69.6%
LDG5 29 13 55.2% 7 75.9%
LL18 9 5 44.4% 4 55.6%

[ Average Improvement [ 545% [ - [68.9% |

Table 3: Schedule length of the original loop and
the fused loop when there are 8 FUs

Table 1 displays the schedule length of the original loop
and the fused loop when there are 4 function units. Column
“Orig.” shows the schedule length of the original loop. Col-
umn “ Basic” shows the schedule length of the fused loop
by the Basic_LFi4k algorithm. The fourth column shows
the improvement of the schedule length of the fused loop
by the Basic_LFi+k algorithm. Column “LF_IP” shows
the schedule length of the fused loop by the LF_I P4k al-
gorithm. The sixth column shows the improvement of the
schedule length of the fused loop by the LF _IPi+k algo-
rithm. Table 2 displays the schedule length of the original
loop and the fused loop when there are 6 function units.
Table 3 displays the schedule length of the original loop and
the fused loop when there are 8 function units.

Table 1- 3 show that the LF_IPiik algorithm always
achieves a schedule length that is shorter than or equal
to that achieved by the Basic_LFiik algorithm because
the critical path of the fused loop by the LF_I Ptk algo-
rithm is shorter. The schedule length of the fused loop by
the LF_I P14k algorithm achieves the minimal critical path
length when there are enough function units. For example,
the schedule length of the fused loop of LDG5 is minimal
when there are 6 FUs as shown in Table 2. And the sched-
ule length of the fused loop of LDG3 is minimal when there
are 8 F'Us as shown in Table 3.
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Figure 12: (a)Example LDG of a “1+42” model loop.
(b) Example LDG of a “142” model loop. (b) Example
LDG of a “241” model loop.

Program 4 FUs 8 FUs
Orig /ULF_IP| % [Orig/ULF_IP] %
“1+2”LDGI1| 12 10 [16.7%] 11 7 [36.4%
“1+2”LDG2| 16 11 B1.3% 15 7 53.3%
“1+2”LDG3| 38 23 [39.5% 34 12 64.7%
“2+1”LDG1] 25 16 36% | 24 9  62.5%
“2+1"LDG2] 29 17 WU1.4% 28 9  67.9%
Average Improvement 32.9% - - 56.9%

Table 4: Schedule length of the original loop and
the fused loop

The experimental results of “14+2” model loops and “2+1”
model loops are provided in Table 4. Table 4 compares the
schedule length of the original loop and the fused loop us-
ing the ULF_IP algorithm when there are 4 Function Units,



and 8 Functional Units. “14-2”LDGI1 refers to Figure 5(a).
“14-2"LDG2 refers to Figure 12(a). “14-2”LDGS3 refers to
Figure 12(b). These are example LDGs of “1+2” model
loops. “2+1"LDGI refers to Figure 9(a) and “24+1"LDG2
refers to Figure 12(c), which are two example LDGs of “241”
model loops. The second column shows the schedule length
of the original loop when there are 4 Functional Units. The
third column shows the schedule length of the fused loop
using the ULF_IP algorithm when there are 4 Functional
Units. The fourth column shows the improvement of the
schedule length of the fused loop by the ULF_IP algorithm
when there are 4 Functional Units. The schedule length
of the fused loop using the ULF_IP algorithm is reduced
by 32.9% on average when there are 4 Functional Units as
shown in Table4. And the ULF_IP algorithm reduces the
original schedule length by 56.9% on average when there
are 8 Functional Units.

8. CONCLUSION

In this paper, we presented a general loop fusion tech-
nique based on loop dependency graph model and multi-
dimensional retiming concept. We derive legalizing fusion
theorems to transform the loops to be legally fused. Poly-
nomial time legalizing fusion algorithms were developed to
solve the loop fusion problem for any “J+K” model loop.
Our loop fusion techniques were carefully designed to con-
sider multiple optimization objectives, such as minimizing
the critical path and code size of the fused loop. We also
illustrated the generating process of the fused loop based
on the computed retiming values. The experimental results
showed that our loop fusion technique always significantly
reduced the schedule length because we maximized the uti-
lization of the Functional Units by exploiting more instruc-
tion level parallelism. Our future work will combine loop
fusion with other loop transformation techniques such as
loop distribution and loop unrolling to further optimize the
execution of the loops.
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