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ABSTRACT 

 
Applications such as image processing, fluid mechanics, and 
weather forecasting require high computer performance. 
Researchers and designers in those areas are looking for 
solutions to multi-dimensional problems through the use of 
parallel computers and/or specialized hardware. It is known that 
in highly parallel computers communication is often the limiting 
execution speed bottleneck. While the problem of calculating 
and minimizing communication costs due to loop data 
dependencies has been widely studied, such research has 
involved changing the way iterations are partitioned, not 
modifying the graph or loop data dependencies themselves. This 
paper uses algorithms that minimize loop data communication 
for multi-dimensional graphs by modifying the structure of the 
input graph and changing the distribution of the loop 
dependencies using multi-dimensional retiming. These 
algorithms are extended to large graphs and compared for 
effectiveness. Results are shown which illustrate the efficiency 
of the algorithms as well as the savings achieved for large 
graphs. 
 
Keywords: Multi-Dimensional Data Flows Graphs, Retiming, 
Retiling, Loop Tiling and Communication Minimization.  
 

1. INTRODUCTION 
 
The use of parallel computer systems has reduced the execution 
time of parallel applications considerably. In addition, the speed 
of individual processors has also increased leading to a further 
reduction in system latency. Unfortunately, with the increases of 
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speed in today’s processors, it has been difficult for parallel 
systems to keep up with the resulting interprocessor 
communication bandwidth. As such communication costs are 
becoming an increasingly important design consideration.  
 
Communication minimization requires not only an efficient 
strategy for the partitioning of computational tasks, but also an 
optimized method of distributing delays in the graph (retiming) 
so as to reduce the amount of data that needs to be moved 
between iterations. Much of the initial research on retiming 
focuses on one-dimensional scheduling problems [7, 9,l 12]. 
Multi-dimensional retiming research was originally focused 
around the improvement of parallelism inherent in multi-
dimensional applications. Some studies focusing on uniform 
nested loop scheduling are similar to the solution of the multi-
dimensional problem. These loop quantization [2]. These 
techniques do not change the structure of the iterations, and 
therefore may not achieve a fully parallel solution. Other 
techniques that search beyond loop boundaries include perfect 
pipelining [3] and Doacross loops [10]. Perfect pipelining has 
the disadvantage of unpredictability of the size of the repeating 
pattern and the gain of performance. Doacross presents an 
overlap of consecutive iterations that contributes to the 
improvement of the execution rate. These two methods also 
have their limitations and may not get the optimal result.   
   
Later research has studied the scheduling of multi-dimensional 
applications. For example, the affine-by-statement technique 
[11], and the index shift method [18] are able to achieve a fully 
parallel execution of multi-dimensional tasks, utilizing 
algorithms based on linear programming techniques. However, 
these methods do not consider possible memory changes and, 
consequently, they may introduce new queues dependent on the 
problem size. This research culminated in the chained multi-
dimensional retiming technique proposed in [19, 20] which is 
able to achieve a fully parallel solution in polynomial time while 
considering memory elements.  



Since then research in this field has been applied and expanded 
to a number of areas including clustered computing systems [1, 
4, 13] and superscalar processors [6].  In [12] multi-dimensional 
retiming was applied to DSP applications, similar to the ones 
considered in this study, but once again focusing on 
parallelization.  
  
While the above results use multi-dimensional retiming, they are 
geared towards full parallelism and scheduling, not 
communication minimization. Previous research on 
communication minimization, on the other hand, has 
concentrated on decreasing the communication by changing the 
partition, not by modifying the delays themselves. 
  
Research on the best way to minimize communication for a 
given data flow graph, was introduced with Irigoin and Triolet’s 
paper [16] which set the background assumptions for the 
problem (which they termed “supernode partitioning”, but 
which most later papers call “tiling”).  They presented a 
technique called hyperplane partitioning, which partitions the 
iteration space into regularly spaced hyperplanes. However, in 
their paper they do not present a method of determining the size 
or shape of the tiles so as to minimize the communication. 
  
Ramanujam and Sadayappan proposed a solution that 
considered only lower triangular matrices [21]. As such, it did 
not always find the optimal solution. Later, Boulet and others 
proposed a method of generating an optimal tile for a given data 
flow graph [7]. These results relied on the fact that the effective 
communication for different size partitions is the same, as long 
as the partitions are scaled properly. For example, for two-
dimensional graphs, their results showed that the 
communication grows as the square root of the number of 
nodes, as long as the tile shape remains constant. Hence, the 
communication per square root of area will be constant even as 
the number of nodes per partition increases. These results were 
made more precise by Calland and Risset [8], by noting that 
redundant communication between partitions may be 
eliminated. Hodzic and Shang further extended these results to 
include the calculation of the size of each partition so as to 
minimize the total running time [14]. More recently, tiling has 
been used to improve cache utilization [5, 15, 17]. However, 
these last results did not consider communication time between 
processors.  
  
In this paper retiming is used to minimize the communication 
for a graph that represents data dependencies of uniform nested 
loops.   A simple example of uniform loop dependencies can be 
found in dependencies between accesses to the same array, as in 
the following code segment. 
 
for i = 1 to 1000 
 for j 1 to 1000 
  A[i,j] = A[i-1, j-1] + A[i-1, j-2]. 
 end 
end 
 
If different processors calculate each A[i, j] this data will need 
to be transferred between processors. However, if the same 
processor calculates two or more iterations, the values of certain 
neighboring iterations will not have to be transferred to another 
processor. For example, if processor 1 calculates the values of 
A[6,6], A[5,5] and A[5,4] in the above example, then no data 
from another processor is needed to calculate A[6,6].  
  

This paper uses existent techniques to determine both the shape, 
and size of the iterations to be executed on a particular processor 
for a given set of loop dependencies. Furthermore, this paper 
also minimizes the communication requirements imposed by 
uniform inter-array loop dependencies by changing the 
dependencies themselves. These dependencies are difficult to 
modify since changing one dependency often means changing 
other ones as well. Three techniques are used to reduce the 
communication requirements. First, the structure of the graph is 
modified where possible so as to combine dependencies and 
eliminate nodes. Second, the communication is reduced by using 
the method of multi-dimensional retiming. Third, the overall 
magnitude of the dependencies is reduced so as to lessen the 
communication. These algorithms were previously shown to be 
able to give minimal results for most real-world filters [22].  
Therefore these algorithms are tested on larger, randomly 
generated graphs and examine how they perform. 
 
Section 2 describes basics of retiming and the communication 
calculations. Section 3 introduces the flow of algorithms 
involved. Section 4 demonstrates the effectiveness of the 
algorithm for large input graphs while section 5 draws a 
conclusion from the results obtained and discusses ideas for 
future research. 
  
 

2. PRELIMINARIES 
 
Multi-dimensional Graphs, Retiming and Loop Partitions 
A multi-dimensional data flow graph (MDDFG) G = (V, E, d, t) 
is a node-weighted and edge-weighted directed graph, such as 
the one shown in Figure 1(A).  Figure 1(A) presents a simple 
multi-dimensional data flow graph (DFG). The vectors next to 
the edges in the graph represent multi-dimensional delays that 
indicate what iteration data will be used in. For example, the 
vector (0,2), on edge eX,C represents the fact that data generated 
by node X during iteration (0,0), will be used by node C during 
iteration (0,2). Figure 1(B), shows the associated iteration space. 
In the iteration space delays are represented by the lines with 
arrows, while the group of iterations that are to be executed by a 
single processor is bounded by dashed lines. For example, the 
delay associated with edge eX,C is shown by the thick black 
arrow in the (0,2) direction. 
  
A multi-dimensional retiming r is a function from V to Zn that 
redistributes the nodes in the original dependence graph created 
by the replication of an MDDFG G. In summary, a multi-
dimensional retiming ``pushes” the same delay from all 
incoming edges of a node to all outgoing edges of the same 
node, or vice-versa.  As an example consider Figures 1(E) and 
(G). Notice these graphs are exactly the same except that the 
two delays of value (3,2) on both incoming edges of node C in 
(E)  have been pushed through node C to node C’s only 
outgoing edge in (G). For further examples and  details see [18]. 
 
Intuitively it is important to know that the vectors on each edge 
(delays) are responsible for the communication requirements of 
the graph. It may be shown that when calculating the effective 
communication for such a graph it is best to align the iterations 
to be executed on the same processor, or loop tile, with the 
worst (outermost or extreme) delay vector of the graph. Hence, 
in (B), the partition is aligned with the vectors (2,0), and (0,2). 
By doing so the effective total communication will be 
minimized.  Further details and examples may be found in [7].



 
 

Figure 1: (A) Original data flow graph. (B) Iteration space for the original data flow graph with effective communication of 13.0. (C) The 
graph after graph simplification. (D) Iteration space for (C) with effective communication of 10.58. (E) The graph after angle modification. 
(F) Iteration space for (E) with effective communication of 5.66. (G) The graph after delay reduction. (H) Iteration space for (G) with 
effective communication 4.0. 
 



Furthermore, for a given graph, the best possible partition is 
may easily be found. Hence, once the extreme delay vectors of a 
graph are known the CPSRA can easily be determined.  The key 
result for the partition in (B) is that the effective total 
communication delay for the graph, or CPSRA, is equivalent to 
13.0 communication units. Notice that the modified graph in (E) 
has a CPSRA of 5.66 as noted in (F) while the retimed graph of 
(G) has a CPSRA of 4.00 as noted in (G).   
  
While the details of retiming or minimizing the CPSRA may not 
be clear to unfamiliar readers, there are several important results 
to remember. (1) Retiming pushes delays from all incoming 
edges of a node to all outgoing edges. This normally changes the 
angle of all the associated edges. (2) The total communication 
delay will be less if the outermost delays are “pulled” towards 
each other. (3) The total communication delay will be less if the 
magnitude of all delays is decreased. (4) The total 
communication delay (CPSRA) for a graph can be optimized 
once the best delays have been found and the outermost 
(extreme) delays have been established. Therefore retiming is 
used to “draw in” the outermost delay vectors. Note, however 
that reducing the angle of one delay may have the unintended 
consequence of increasing the angle of another delay. Finally 
note that a basic theory of retiming is that the total delay for any 
loop can not be changed. Therefore, (5) the loops with the most 
clockwise and counter-clockwise sum of delays give us the 
optimum that can be achieved.  
 
Communication Minimization Algorithm  
Figure 1 can also be used to introduce the concepts of the 
overall communication minimization algorithm. Figure 2 shows 
the overall flow of this algorithm. The overall communication 
minimization algorithm begins with graph simplification, 
followed by angle modification and then uses delay reduction.  
The main goal of the algorithm is to change the delay vectors of 
the graph so as to reduce the communication. This is largely 
done using multi-dimensional (MD) retiming to draw in the 
outermost delay vectors.  
 
Since deciding on the exact retiming vectors is a difficult and 
computationally intensive problem, it is worthwhile to reduce 
the complexity of the graph using graph simplification. Figures 
1(C) and (D) demonstrate the concept of graph simplification 
which is an important pre-processing step. During this process, 
certain nodes are eliminated from the graph. For example, in 
(C), node X is eliminated and its associated edges are combined 
to produce a new edge, eB,C with a delay equal to the sum of 
delays on edges, eB,X and eX,C. Note that in the associated 
iteration space shown in (D), the outermost delay vectors as well 
as the associated partition have been modified, with the resulting 
effective communication reduced to 11.55. Just as importantly, 
the graph has been simplified by eliminating node X.  
 
Once graph simplification is done, MD retiming is used to 
reduce the communication in two ways. First, it is possible to 
modify the extreme vectors of the graph using MD retiming. 
This is known as angle modification. This enables the shape of 
the partition to be changed, and the resulting communication to 
be reduced.  
 
Figures (E) and (F) demonstrate the concept of angle 
modification. During this process, multi-dimensional retiming is 

used to redistribute the delays of the graph so as to reduce the 
angle of the outermost (extreme) delay vectors. In (E) delay (2, 
0) is “pushed” through node B, resulting in a new delay on edge 
eB.C of (3, 2). The angle of the resulting partition, as shown in 
(F) has been further reduced, and the effective communication 
reduced to 5.66. Note that graph simplification could also have 
been used to accomplish this task, with the additional benefit of 
simplifying the graph. When possible, graph simplification is 
the preferred technique, however there are many cases when it is 
not possible. 
 
Angle modification is accomplished using two different 
algorithms which are compared for large graphs in the results. 
The first algorithm, extreme vector modification, changes only 
the worst delays in the graph by “borrowing” delays from 
neighboring edges. This is repeated with the next worst delay 
until no more delays can be improved. The second algorithm, 
loop modification, changes all delays in a loop at once.  Loop 
modification takes a different approach than extreme vector 
modification. It considers the delay sum of entire loops instead 
of individual vectors. The intuition behind this approach is to 
retime the loops that have the worst angles first, since these 
loops will be the hardest to adjust.  
 
Finally, after angle modification, it is possible to reduce the 
overall magnitude of the delay vectors in the graph, thereby 
reducing the overall communication. This is known as delay 
reduction. During delay reduction delays are pushed through 
nodes that have more incoming edges than outgoing edges, or 
more outgoing edges than incoming edges. However, this is 
only done when it does not change the extreme vectors of the 
graph. 
 
Figures 1(G) and (H) demonstrate the concept of delay 
reduction. With this technique the angle of the partition is not 
changed. Instead, the sum of all delays in the graph is decreased.  
The sum of all delays in the graph in (E) is (7,6). Figure 1(G) 
shows a retimed version of 1(E). In (E), where a (3,2), delay is 
pushed through node C. By doing so the sum of all delays in the  
graph is reduced from (7,6), to (4,4). The new effective 
communication, as shown in (H), is 4.0, which is 31% of the 
communication in (B). Note that delay reduction is done after 
angle modification since delay reduction, if done properly, will 
not change the angle of the outermost vectors, but angle 
modification is likely to change the sum of the delays in the 
graph.  Further details of this algorithm may be found in [22].   
 
 

3.   EXPERIMENTAL RESULTS 
 
This section presents experimental results for several different 
sizes of large graphs.   Figure 3 shows the results for graphs 
from with between 20 and 70 nodes. Several comments should 
be made to explain the figure. These graphs were randomly 
generated with both sparse and dense number of edges ranging 
from NlogN to twice NlogN, where N is the number of nodes. 
The loop types of the graphs were also varied. For “rand” loops 
all edges were randomly generated. For large loops edges were 
added such that some loops comprised of all nodes were created.  
The “Orig Spread” column represents the original spread of the 
outermost delays in the original graph, in degrees.

 



 
The “Min Spread” represents the minimum spread between the 
angles of the outermost loops of the graph. It should be noted 
that this angle can not be changed and therefore represent the 
minimum angle attainable for the modified graph. It should also 
be noted that the numbers in these columns are highly dependant 
upon the algorithms used to add delays to the edges. In short 
adding edges and creating loops of the correct type is analogous 
to the inverse of the problem considered in this paper. In all the 
results for each row below represent the averages for ten graphs 
of the indicated types.  
  
Results are next compared for the two main angle modification 
algorithms.  For each algorithm the final spread, extra spread 
and final communication percentage is given. The “Final 
Spread” is the final angle between the outermost angles in 
degrees.  The “Extra Spread” is the difference between the final 
spread and theoretical minimum spread.  Rows with an extra 
spread of 0 indicate that the algorithm was able to retime the 
graph and achieve the minimum possible spread. This column is 
largely used as a benchmark of the success of the algorithms. 
Finally the “Final Comm Percent” column indicates the 
percentage of communication for the final graph compared to 
the communication for the original graph.  As an example, for 
the first row a graph of 20 nodes with 20log20 edges was 
created.  All edges were created between two random nodes. 
The original spread of the graph’s vectors was 156 degrees 
while the minimum spread of the loops was 84 degrees. The 
extreme vector algorithm was able to achieve a modified spread 
of 84 degree and a final communication of 475 of the original. 
The loop modification algorithm was able to do the same.  Cells 
with dashes in them indicate that the indicated algorithm was 
not able to be completed on the given graph on a standard 

computer in less than one hour. Results for such graphs were not 
considered.  
  
Analysis of these results shows that extreme vector modification 
is very efficient.  It is able to retime the graph in most cases 
such that the theoretical minimum spread as determined by the 
loops is achieved. It is not able to reach the minimum spread in 
all cases, especially for “dense” graphs with large number of 
edges; however it is close. On the other hand, due to the time 
intensive nature of the algorithms involved its rum time is more 
than one hour for as little as 60 nodes. On the other hand the 
loop modification algorithm is able to be completed for all but 
the largest graphs in a reasonable amount of time. However it is 
less successful in modifying the delays and results in spreads 
that are up to 22 degrees away from optimal.  These results 
match the results found in [22] which showed the extreme 
vector modification was able to achieve better results since it did 
not get stuck in local minima.  
 
 

4. CONCLUSION 
 
Applications such as image processing, fluid mechanics, and 
weather forecasting, require high computer performance. 
Researchers and designers in those areas are looking for 
solutions to multi-dimensional problems through the use of 
parallel computers and or specialized hardware. It is known that 
in highly parallel computers, communication is often the 
limiting execution speed bottleneck. While the problem of 
calculating and minimizing communication costs due to loop 
data dependencies has been previously studied, such research 
has involved changing the way iterations are partitioned, not 
modifying the graph or loop data dependencies themselves. This 
paper presents algorithms that minimize loop data 
communication for multi-dimensional graphs by modifying the 
structure of the input graph and changing the distribution of the 
loop dependencies themselves using multi-dimensional 
retiming. The algorithms presented are applied to large graphs. 
These algorithms are able to find the optimal result in many 
cases. However, due to the time intensive nature of the 
algorithms they are limited to certain sizes of graphs. Results 
that illustrate the savings which are possible with these solutions 
are presented for several randomly generated input systems. 
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