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Abstract

Many computation-intensive iterative or recursive applicationscom-
monly found in digital signal processingand imageprocessingapplica-
tions canbe representedby data-flowgraphs(DFGs). The executionof
all tasksof a DFG is called an iteration, with the averagecomputation
time of aniterationthe iteration period. A greatdealof researchhasbeen
doneattemptingto optimizesuchapplicationsby applyingvariousgraph
transformationtechniquesto the DFG in order to minimize this iteration
period.Two of themostpopularareretimingandunfolding, which canbe
performedin tandemto achieve anoptimal iterationperiod.However, the
resultis a transformedgraphwhich is muchlarger thantheoriginal DFG.
In our previous work, we proposeda new technique,extendedretiming,
which canbecombinedwith minimal unfolding to transforma DFG into
onewhoseiterationperiodmatchesthat of the optimal scheduleundera
pipelineddesign.In this paper, we augmentour previouswork by design-
ing anefficient retimingalgorithmwhichmaybeapplieddirectly to aDFG
insteadof thelargerunfoldedgraph.

Index terms: TaskScheduling,Data-flow graphs,Retiming,Unfolding,
GraphTransformation,Timing Optimization

1 Introduction

Because the most time-critical parts of real-time or
computation-intensive applications are loops, we must ex-
plore the parallelism embeddedin the repetitive pattern of a
loop. A loop can be modeledas a data-flowgraph (DFG) [4].
The nodesof a DFG representtasks,while edgesbetweennodes
representdatadependenciesamongtasks.Eachedgemaycontain
a numberof delays(i.e. loop-carrieddependencies).This model
is widely usedin many fields,includingcircuitry [8], digital signal
processing[7] andprogramdescriptions[2].

In our previous work [10–12], we proposedan efficient algo-
rithm, extendedretiming, which transformsa DFG into anequiv-
alent graph with maximum parallelization. However, there re-
mainedapplicationsfor whichouroriginal framework will notde-
liver thebestpossibleresult.Wehavecorrectedthisexclusionand
demonstratedthat extendedretiming is a techniquewhich, when
combinedwith unfoldingby theminimumrate-optimalunfolding
factor, transformsa graphinto onewhoseiterationperiodmatches
thatof therate-optimalscheduleundera pipelineddesign.To the
bestof our knowledge, this is the first methodthat can do this.
However, we have not yet developedanefficient methodfor find-�
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ing an extendedretiming undertheserevisedrules. We will ac-
complishthis taskin thispaper.

The execution of all tasksof a DFG is called an iteration.
A very popularstrategy for maximizing parallelismis to trans-
form the original graphby schedulingmultiple iterationssimul-
taneously, a techniqueknown asunfolding[13]. While thegraph
becomesmuchlarger, theaveragecomputationtimeof aniteration
(the iteration period) canbe reduced. In our previous work, we
demonstratedthat extendedretiming allows us to achieve an op-
timal iterationperiodwhenthe iterationperiodis an integer. We
later refinedour original schemeso that extendedretiming may
becombinedwith unfolding. We thenshowed that this combina-
tion achievesoptimality in all cases.In fact,we have shown that
this combinationattainsan optimal resultwhile doing a minimal
amountof unfolding. We find that thecombinationof traditional
retimingandunfoldingdoesnot correctlycharacterizethe imple-
mentationusinga pipelineddesignand, therefore,tendsto give
a largeunfolding factor. Thuswe not only maximizeparallelism
by usingextendedretiming,but we alsominimize thesizeof the
necessarytransformedgraph.

In additionto unfolding,oneof themoreeffective graphtrans-
formation techniquesis retiming, wheredelaysare redistributed
amongthe edgesso that the function of the DFG

�
remainsthe

same,but the lengthof the longestzero-delaypath(theclock pe-
riod of

�
, denoted����� �	� ) is decreased.This techniquewasintro-

ducedin [8] to optimize the throughputof synchronouscircuits,
andhassincebeenusedextensively in suchdiverseareasassoft-
warepipelining[15] andhardware-softwarecodesign[5]. Wehave
shown previously that neither unfolding [9] nor this traditional
form of retiming [11] canproduceoptimal resultswhenapplied
individually, but thecombinationwill achieve optimality [4].

To illustratetheseideas,considerthe exampleof Figure1(a).
The numbersinsidethe nodesrepresentcomputationtimes. The
shortbar-linescuttingtheedgefrom node 
 to node � (hereafter
referredto by theorderedpair ( 

��� )) representinter-iterationde-
pendenciesbetweenthesenodes. In other words, the two lines
cutting ��

��� � tell usthat task � of our currentiterationdepends
ondataproducedby task 
 two iterationsago.This representation
of sucha dependency is calleda delayon theedgeof theDFG.

It is clear that the clock period of this graphis 14, obtained
from thepathfrom � to 
 . Sinceaniterationof theDFG maybe
scheduledwithin 14 time unitsasin Figure1(b), the iterationpe-
riod of thisgraphis also14. However, if wewereto removeadelay
from ��

��� � andplaceit on ������� � , theiterationperiodwould be
reducedto 10 while not affecting the function of the graph. The
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Figure 1: (a) A data-flow graph; (b) The schedulefor the DAG part of
Figure1(a).

exampleshows how retiming may be usedto adjustthe iteration
periodof aDFG.

How small canwe make our iterationperiod? Sinceretiming
preserves the numberof delaysin a cycle, the ratio of a cycle’s
total computationtime to its delaycountremainsfixedregardless
of retiming. Themaximumof all suchratios,calledthe iteration
bound, actsasa lower boundon the iterationperiod. In the case
of Figure1(a), thereareonly two cycles, the small onebetween
nodes� and 
 with time-to-delayratio � ����� , andthelargeone
involving all nodeswith ratio � �� . Thustheiterationboundfor the
graphis �� .

Sincethecomputationtimesof all nodesareintegral, it seems
impossibleto geta fractionaliterationperiod.However, recallthat
theiterationperiodis theaverage time to completeaniteration.If
we cancompletetwo iterationsof our graphin 7 time units, the
averagewill equalour lower bound,andour graphwill be rate-
optimal. To get theseiterationstogetherin our graph,we must
unfold the graph. If we canunfold our graph � timesto achieve
this lower bound,our scheduleis saidto berate-optimal, and � is
calleda rate-optimalunfoldingfactor. This papershows that the
minimumrate-optimalunfoldingfactorfor adata-flow graphis the
denominatorof theirreducibleform of thegraph’s iterationbound.
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Figure2: (a) The DFG of Figure1(a) unfoldedby a factorof 2; (b) Fig-
ure2(a) retimedby extendedretimingto berate-optimal;(c) Theoptimal
schedulefor theretimedgraph.

As an example, let’s unfold the graphof Figure 1(a) by its
minimal rate-optimalfactor of 2, as shown in Figure 2(a). We
canscheduleaniterationof this new graph–whichis equivalentto

schedulingtwo iterationsof ouroriginalgraph–inthesame14time
units.We have doubledthesizeof our graph,but we have alsore-
ducedour iterationperiodto 7. We cannow retimethis unfolded
graphaswedid above to reduceourclockperiodto 10,which fur-
therreducestheiterationperiodto 5. Unfortunatelythis is thebest
wecandoby unfoldingtwiceandusingtraditionalretiming.

If we werepermittedto move a delay insideof � , asshown
in Figure2(b),our clock periodwould become7, theiterationpe-
riod would become�� andwe would have optimizedour graph,as
we canseeby the schedulein Figure2(c). This is the advantage
of extendedretimingover traditionalretiming: we areallowed to
move delaysnot only from edgeto edge,but from edgeto ver-
tex. We seefrom this that thecombinationof traditionalretiming
andunfoldingdoesnot completelygive thecorrectrepresentation
of the graph’s schedule,especiallywhenwe assumea pipelined
implementation.

An unfoldingof 2 combinedwith extendedretimingoptimizes
the graphof Figure1(a). If we limit ourselves to traditional re-
timing, we must unfold the original DFG four times. After we
retimein additionto unfolding,we cannow schedule4 iterations
of theoriginalgraphin 14timesteps,reducingour iterationperiod
without retiming to �� . We seethat traditional retiming tendsto
overestimatetherate-optimalunfoldingfactor, resultingin agraph
thatrequiresmoreresourcesfor execution.

Note that the graphoptimizedby extendedretiming and un-
folding is half the size of that optimizedby traditional retiming
andunfolding. Thereis a very clearadvantagein usingextended
retiming,but therehave beentwo drawbacksto thismethod.First,
asoriginallyproposed,extendedretimingonlypermittedtheplace-
mentof a singledelayinsideany node.This wastooseverea lim-
itation for whatwe wantedto do, andwe wereableto generalize
our methodanddealwith this problemin [10]. However, theonly
methodfor applyingextendedretiming andunfolding is the one
we’ve outlined: unfold thegraphandthenretime. Sinceretiming
is muchmoreexpensive thanunfolding in termsof computation
time,it is preferableto first applyextendedretimingto thesmaller
original graph,thenunfolding. We know from our resultsin [10]
that the two operationscanbe appliedin any order, so it makes
sensethatwe shouldbeableto developsuchanalgorithm.

In this paper, we will review our new form of retiming, ex-
tendedretiming, which achievesanoptimalresultwhile requiring
theuseof a smallerunfoldedgraph,andthusfewer resources.It
is definedin sucha manneras to allow us to combineextended
retiming with unfolding. Whenwe wish to apply unfolding and
extendedretimingto agraph,wehavetwo options:first retimethe
graphthenunfold it, or unfold it thenretimetheunfoldedgraph.
Wehave shown thatthesetwo methodsareequivalentin [10]. Be-
causeof this equivalence,we arenow ableto designan efficient
extendedretiming algorithmwhich canbe applieddirectly to the
originalgraph.Weshow thisfor graphswhoseiterationboundsare
oneor larger, which encompassesall non-trivial examples. This
resultimprovesour previouswork, theapplicationof which could
producea retiming function only for the larger unfoldedgraph.
Finally, we will demonstratethat the minimum rate-optimalun-
folding factorfor a data-flow graphis thedenominatorof theirre-
ducibleform of thegraph’s iterationbound.

2 Background

In this section,we wish to review previously presenteddefini-
tionsandresults.We will rely on this backgroundmaterial[1,13]



heavily aswe establishournew results.

2.1 Unfolding and Unfolded Graphs

Recall that a data-flow graph (DFG) is a finite, directed,
weightedgraph

� �������� !�#"$�&%#' where � is a setof computation
nodes, is a setof edgesbetweennodes,")(* ,+ N is a func-
tion representingthe delaycountof eachedge,and %-(.�/+ N
representingthecomputationtime of eachnode.

Now, let � be a positive integer. We wish to alter our graph
sothat � consecutive iterations(i.e., executionsof all of a DFG’s
tasks)arevisible simultaneously. To do this, we create� copies
of eachnode,replacingnode 0 in theoriginal graphby thenodes0 � through 021 in our new graph. This processis known asun-
folding the graph

� � times and resultsin the unfoldedgraph� 1 �3��� 1 �� 1 �#" 1 �&% 1 ' . The vertex set � 1 is simply the union
of the � copiesof eachnodein � . Sincethey areall exactcopies,
the computationtimesremainthe same,i.e. %�14�5061 � �7%��50 � for
every copy 0 1 of 0989� . Eachedgeof

�
alsocorrespondsto� copiesin theunfoldedgraph.However, thedelaycountsof the

copiesdo not matchthatof theoriginal edge.In general,anedge�506:&��;=< � having " delaysin theunfoldedgraphrepresentsa prece-
dencerelationbetweennode 0 in the >@?BA iterationandnode ; in
iteration "�CD�FEHG in theoriginal graph.

A classicresult from [8] characterizedthe upperboundof a
graph’scycleperiodin termsof thecomputationtimeof its longest
zero-delaypath. The analogousresult for an unfolded graph,
whichwe will needfor ourcomingwork, is provenin [4].

Thm 2.1 Let
�

be a DFG, � a potential cycleperiod and � an
unfoldingfactor.

1. ����� � 1 � �JILKNM4O�PF�RQ � (2QS8 � is a pathwith TS�RQ �VU �2WYX
2. ����� � 1 �VZ � iff TS�RQ �V[ �	\ pathsQS8 � with PF�RQ �^] � .

2.2 Extended Retiming

As in [10], we defineanextended(or f-extended)retimingof a
DFG

� �_������ !�#"$�&%#' is a function `a(��b+ Z c Q 1 where,for

all ;d8)� , `e�5; � �_>�E7f.g�h?�ikj�l �mg�n?@ikj=l ��XkXkXo� g�p?�ikj�lrq for someintegers>#�#` � �#` � �=XoXkXk��`N1 where s Z `Nt U %��5; � for uv�xwy�z�{�|XkXkXk�r� . We
view theintegerconstant> asthenumberof delaysthatarepushed
to eachoutgoingedgeof ; , while the � -tuple lists the positions
of delayswithin the node ; . Note thata valueof zerowithin the� -tuple is merelya placeholderusedto simplify our notation;we
can’t have a delay at this position. Also for simplicity we will
expressthe � -tuple as �?@ikj=l �5` � �#` � ��XkXkXk��` 1 � or asa single fractiong�h?@ikj=l when �.�}w .

Wecanseefrom thisdefinitionthat `e�5; � canbeviewedascon-
sisting of an integer part and a fractional part. We will usethe
notation~ g �5; � to denotethevalueof this integerpart,while � g �5; �
will bethenumberof non-zerocoordinatesin the � -tuple.Wewill
alsoassumethroughoutthis paperthat theelementsof an � -tuple
arelistedin increasingorder.

As with standardretiming,we will denotetheDFG retimedby` as
� g �������� !�#" g ��%�' . Whenwe definethe delaycountof the

edge�m���50��#; � after retiming,we mustrememberto includede-
layswithin eachend-nodeaswell asdelaysalongtheedgeitself.
Furthermore,we previously defineda pathQ to bea connectedse-
quenceof nodesandedges,with TS�RQ � beingthepath’s total delay
count.If wenow require TS�RQ � to countthedelaysbothamongthe
nodesandalongtheedgesof Q , we caneasilyobtaintheseproper-
ties:

Lem 2.1 Let
�

bea DFG withoutsplit nodesand ` an extended
retiming. Thentheretimeddelaycounton:

1. edge �.���50��#; � is " g �50�+�; � ��"6��� � E�~ g �50 �^� ~ g �5; � E� g �50 � .
2. path Qa(e0H�x; is T g �50H�3; � ��TS�RQ � E�~ g �50 ��� ~ g �5; � E� g �50 � .
3. cycle ��8 � is T g �B� � �-TS�B� � .
Given an edge ���/�50���; � , we use " g �50J+�; � to denotethe

total numberof delaysalonganedge,includingdelayscontained
within theendnodes0 and; . However, wewill referto thenumber
of delayson the edgenot including delayswithin end nodesas" g ��� � as in the traditionalcase. As with traditional retiming, an
extendedretiming is legal if " g ��� ��[ s for all edges�S8J and
normalizedif I��o� j ~ g �5; � ��s . Note that any extendedretiming
canbenormalizedbysubtractingI��k� j ~ g �5; � from all values~ g �5; � .
2.3 Static Scheduling

GivenaDFGG, aclockperiod � andanunfoldingfactor � , we
constructthe schedulinggraph

�*� �x�����# ��&�F�&%#' by reweight-
ing eachedge �����50���; � accordingto the formula ����� � �"6��� �V� 1 � C�%��50 � . We thenfurther alter

�*�
by addinga node ;y�

andzero-weightdirectededgesfrom ;�� to every othernodein G.
Figure 3(b) shows the schedulinggraphof the example in Fig-
ure 3(a) when ����� and �d��w . It canbe shown that, if

�1 is
a feasibleiterationperiod,thenthe schedulinggraphcontainsno
negative-weightcycles. Define �|���5; � for every node ; to be the
lengthof the shortestpathfrom ;�� to v in this modified

� �
. For

example,in the graphof Figure 3(b), we note that �D����� � ��s
and �D����� � �}�D����
 � � � �  . It takes ¡!��¢ �.¢o¢  L¢ � time to compute�|���5; � for everynode; [3].
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Figure3: (a)A DFG; (b) Theschedulinggraphwith £¥¤a¦ and §�¤©¨ ; (c)
Theschedulewith cycle period3.

As we’ve stated,theiterationperiodis boundedfrom below by
the iteration bound[14] of G, which is denotedB(G) anddefined
to bethemaximumtime-to-delayratio of all cyclesin G. For ex-
ample,thegraphin Figure3(a)containsonly oneloop,which has
two delaysanda total computationtime of 6; thus �.� �	� ��� for
this graph. The schedulefor this graphdisplayedin Figure3(c)



hasan iterationperiodof 3. In this situation,whenthe iteration
periodª of a staticscheduleequalstheiterationboundof theDFG,
wesaythatthescheduleis rate-optimal. Therelationshipbetween
the iterationboundof a DFG andthe DFG’s schedulinggraphis
givenin Lemma3.1of [3]:

Lem 2.2 Let
�

be a DFG, � a clock period and � an unfolding
factor. �.� �	�VZ �1 if andonly if theschedulinggraph

� �
contains

nocycleshavingnegativeweight.

We formally definean integral scheduleon a DFG
�

to be a
function �«(^��c­¬�+¯® wherethe startingtime of node ; in
the >�°5± iteration( > [ 0) is given by �²�5;$�&> � . It is a legal schedule
if �²�50��#> � EJ%��50 �LZ �²�5;$�&>³E-"6��� �#� for all edges���/�50���; � and
iterations> . For example,thelegal integralscheduleof Figure3(c)
is ´   �5;$�#> � �}�µ�5> � �D���5; �#� for all nodes; anditerations> , where
thevaluesfor �|���5; � arederivedfrom thegraphof Figure3(b).

A legal scheduleis a repeatingschedulefor cycleperiod c if�²�5;$�#>2EJw � �}�²�5;$�&> � E�� for all nodes; anditerations> . It’ s easy
to seethat ´   �5;$�#> � is an exampleof a repeatingschedule.A re-
peatingschedulecanbe representedby its first iteration,sincea
new occurrenceof thispartialschedulecanbestartedat thebegin-
ning of every interval of � clock ticks to form thecompletelegal
schedule.If anoperationof thepartialscheduleis assignedto the
sameprocessorin eachoccurrenceof thepartialschedule,we say
thatourscheduleis static.

Sincetheiterationboundfor thegraphof Figure3(a) is 3, and
all nodesof thisgraphare3 or smaller, Theorems2.3and3.5of [3]
tell us that theminimumachievablecycle periodfor this graphis
3. We canthenproducethestaticDFG schedulein Figure3(c) by
constructingthe schedulinggraphandthencomputing �|���5; � for
eachof thenodes.We canthenusethis informationto createthe
scheduleof Figure3(c) by applyingthe formula from the above
proof to createthe schedule;for this example ´   �����#s � ��s and´   ���L�&s � �d´   ��

��s � �-�
C �  �}w .
3 Finding an Extended Retiming from a

Static Schedule

As we’ve said throughoutthis paper, we currently have one
methodfor finding anextendedretimingwhich canbe combined
with a non-trivial unfolding factor to achieve optimality. In this
sectionwe will develop another, more efficient algorithm. We
demonstrateour methodsusing the graphin Figure 1(a) with a
clock periodof ¶ andunfoldingfactor � .

Our currentprocedurecalls for us to unfold the graphtwice
(asin Figure2(a)) andthenscheduleit with a clock periodof ¶ .
We useDFG schedulingasdefinedin [3], startingwith the con-
structionof theschedulinggraphin Figure4(a).Wenotefrom this
graphthat �|������s � ���D�����Fw � ��s , �|�����Fs � ���|�����Lw � � � � ��and �|����
*s � ���|����
�w � � � � �� . We next constructtheschedule
of Figure4(b) accordingto theformula ´ � �5;$�#> � ��¶e�5> � �D���5; �#� .
Sincethis is the schedulefor our unfoldedgraphandwe will do
no further unfolding, we can apply the result from [12], cutting
the graphimmediatelybeforethe last nodesto enter the sched-
ule (i.e., the two copiesof 
 ) andinstantlyreadinga legal retim-
ing with `µ����s � �·`e���Fw � �¸wF¹� � , `e����s � �º`µ����w � �¸w and`e��
*s � �»`µ��
�w � �ds . It is this functionwhich yieldsthegraphin
Figure2(b)whenappliedto thegraphin Figure2(a).

This function is now usedto constructa legal retiming on the
original graph.We addtheretimingsfor all copiesof a particular
nodetogetherusinga specialadditionoperator¼ which addsthe
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Figure4: (a) Schedulinggraphfor Figure2(a); (b) Cut schedulefor this
DFG; (c) TheretimedDFG.

integer partswhile concatenatingthe fractional parts. Formally,
for eachnode0 andpositive integers> andG ,
`µ�50 : � ¼a`µ�50 < � � ½4~ g �50 : � E w%��50 � �5¾ � �#¾ � ��XkXkXk��¾³¿ ��À¼ ½ ~ g �50 < � E w%��50 � �BÁ � �&Á � ��XkXoXk�#Á$Â � À� �5~ g �50 : � EÃ~ g �50 < �#�E w%��50 � �5¾ � �#¾ � ��XkXoXk��¾ ¿ �&Á � ��Á � ��XkXkXk�#Á Â � X

Thus, for our example, `e��� � �Äw ¹� � ¼�w ¹� � �Å��E �� � ��Æ{�zÆ � ,`e��� � �3w�¼�w��·� and `µ��
 � �ºs!¼}s��ºs . Applying this
to our original graphin Figure1(a) resultsin thegraphin Figure
4(c), with two delaysinside of node � next to eachother. The
resultis anoptimizedgraph,but theprocessrequiresa greatdeal
of time andspacebecausewe areworking with the muchlarger
unfoldedgraph.

In [10], we demonstratedthat the order of applicationdidn’t
matter;we couldderive anoptimalresulteitherby unfoldingthen
retimingor by applyingretiming first. Therefore,it makessense
thatwe shouldbeableto constructa methodsimilar to theabove
one,but which is appliedto theoriginal graph. Let usattemptto
do whatwe did above without theunfolding. In otherwords,we
proposeto constructour static scheduleas before,basedon the
original graphthis time. We will cut this resultingscheduleand
readour retimingasbefore.

We begin by applyingthis proposedalgorithmto thegraphin
Figure1(a). The schedulinggraphwith clock period ¶ andun-
folding factor � is displayedasFigure5(a);notethat �|����� � ��s ,�|����� � � � � �� and �|����
 � � � � �� in this case.This graphis now
scheduledaccordingto theformula ´ �#Ç � �5;$�#> � �bÈD��4�5> � �|���5; �#�@É
andcut before 
 ’s initial entrance,as in Figure5(b). The func-
tion thatwe now readhas `e��� � �9wVE �� � �&wy�zÆ{�zÊ � , `e��� � �9w and`e��
 � �ds . Whenappliedto theoriginal graph(asin Figure5(c)),
this function appearsto be a legal retiming which doesoptimize
thegraph.

Having establishedwhatwewantto do,wemustformalizethis
methodandprove its result is a legal retimingwhich optimizesa

DFG.Let ´Ë�5;$�#> � ��Ì �1 �5> � �|���5; �#�@Í betheintegralschedulewith
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Figure5: (a) Schedulinggraphfor Figure1(a); (b) Cut schedulefor this
DFG; (c) TheretimedDFG.

clock period � andunfolding factor � . ´Ë�5;$�#> � gives the starting
time of node ; in the >@?BA iteration. Thus the time at which the
prologueends,which we will denoteas Î andis wherewe want
to make our cut, equalsthestartingtime of the lastnodeto enter
thestaticschedule.In otherwords, ÎÅ�-ILKNM j ´Ë�5;$��s � . (SeethatÎÏ�,´Ë��

��s � ��wD� above.) We now wish to countthe number
of eitherwhole or partial occurrencesof eachnodeto the left of
this cut. The > ?5A copy of node ; begins to the left of the cut if´Ë�5;$�#> �ÐU Î . A copy of anodeis completeif Î � ´Ë�5;$��> �V[ %��5; � ;
otherwiseit is partial. Clearlyeachcompletecopy of a nodeadds
1 to theeventualretimingfunction.On theotherhand,if a copy is
cut, we only want to addthefractionof thenodeto theleft of the
cut, which is found by dividing the piece’s computationtime by
thecomputationtime of thewholenode.At theend,we combine
thecontributionsfrom a node’s copiesvia our ¼ operator, finally
arriving at theretimingformula

`e�5; � � Ñ:5Ò Ó ikjDÔ : l�Õ2Ö I��k�F×Øwy�
Î � ´Ð�5;$�&> �%��5; � Ù X (1)

Let us considerthis formula when appliedto node � of Figure
1(a).As wecanseefrom ourschedulein Figure5(b),thefirst four
iterationsof � areto beconsideredwhenconstructingthenode’s
retiming:

1. ´Ë���F��s � �-s and I��k��Ú4wy� � �� �2Û �}w .
2. ´Ë���F��w � �,ÈN�� C�w É �JÜ and I��o� Ú wy� � �rÝ �� � Û ��Þ� � .
3. ´Ë���F�z� � �,È �� CD� É �»¶ and I��o� Ú wy�$� �rÝ �� � Û � ¹� � .
4. ´Ë���F��� � � ÈN�� C|� É �}wyw and I��k�	Ú4w�� � �rÝ �#�� �ßÛ � �� � .

Combiningthesefiguresgivesus `e��� � ��wØ¼ Þ� � ¼ ¹� � ¼ �� � �wËE �� � �&w��zÆY�zÊ � , exactly thesameanswerwe foundby simply ex-
aminingthescheduletable.Our formulaappearsto accuratelyde-
scribethis situation.

We must show that (1) is, in fact, a legal extendedretiming
which minimizestheiterationperiodof a data-flow graph.Recall
that thesedefinitionsarebasedon the ~ g and � g functionsfor the
retiming ` in question. Therefore,beforeproceedingto our pri-
mary result,we mustfind theclosedformsof thesefunctionsfor
ourproposedformula.

Lem 3.1 Let ` be the extendedretiming given by Equation (1)
above. Then ~ g �5; � �7à 1 � ��Î � %��5; �#� E��D���5; �@á E-w and � g �5; � �à 1 � ��Î � w � E��|���5; �@á E�w � ~ g �5; � .
Proof: Lemma6.2of [9]. â
With this resultwe cannow show:

Thm 3.1 Let
� �3������ !�#"$�&%#' be a DFG with iteration period�1 [ w , i.e. with clock period � andunfoldingfactor � . Thenthe

retiming ` describedby Equation(1) is a legal extendedretiming
on
�

such that ���@� � g Ô 1 ��Z � if andonly if the schedulinggraph� �
containsnonegative-weightcycle.

Proof: Theorem6.3of [9]. â
4 Minimum Rate-Optimal Unfolding Factors

If the iterationperiodof a graph’s scheduleequalsthegraph’s
iterationbound,thescheduleis saidto be rate-optimal. As we’ve
saidthroughoutthis paper, our goal is to achieve rate-optimality
via retimingandunfolding. If a data-flow graphcanbeunfolded� timesandachieve rate-optimality(i.e. a clock periodequalto�ãC��.� �	� ), we saythat � is the rate-optimalunfoldingfactor for�

. Obviously we wish to achieve rate-optimalitywhile unfolding
aslittle aspossible.To this endwe needto computetheminimum
rate-optimalunfoldingfactorfor any graph.Webegin by showing
this link betweena graph’s clock periodanditerationbound:

Lem 4.1 Let
�

bea data-flowgraphwithoutsplit nodes,� a cycle
periodand � an unfoldingfactor with � Z � . Thenthere existsa
legal extendedretiming ` on

�
such that ����� � g Ô 1 �ËZ � if andonly

if �L� �	�ËZ �1 .
Proof: Follows from Lemma2.2andTheorem3.1. â
With this in handwe canshow:

Thm 4.1 Let
�

be a data-flowgraph without split nodeswhose
iteration boundexceeds1. Let � be a critical cycle of

�
, i.e.�L� �	� ��ä i å�læ i å�l . Let ç bethegreatestcommondivisor of PF�B� � andTS�B� � . Then

æ i å�lè is theminimumrate-optimalunfoldingfactor for�
.

Proof: Theorem7.2of [9]. â
In short,to find therate-optimalunfoldingfactorof adata-flow

graph
�

, wecompute�.� �	� (apolynomial-timeoperation[6]) and
reducetheresultingfractionto lowestterms.Thedenominatorof
this fractionis ourdesiredunfoldingfactor.

5 Experimental Results

Let’sconsiderthedata-flow graphrepresentationof aIIR filter.
Assumethat a multiplier (shown below as a circle) requirefour
unitsof computationtime,asopposedto onefor anadder(shown
asa square). Furthermore,to complicateour example,multiply
theregistercountof eachedgeby 2, referredto in [8] asapplying
a slowdownof 2 to our original circuit. The result is picturedin
Figure6(a).

The resultingcircuit hasan iterationboundof 3, andcanbe
retimedvia extendedretiming to achieve this clock periodas in
Figure6(b) without unfolding. However, if we restrictourselves
to traditionalretiming,thebestclock periodwe canget is 4. The
only way to obtainan optimal result is to unfold the graphby a



Comp. Min. Optimal Iter. Pd.w/
Benchmark Time Slow- Iter. Unf. Factor Bold U. F.é ê

down Bound Ext. Trad. Ext. Trad.

SecondOrderIIR Filter 1 4 2 3 1 2 3 4
SecondOrderIIR Filter 1 10 6 2 1 6 2 10
2-CascadedBiquadFilter 4 25 6 �#�� 2 6 5.5 12.5
All-Pole LatticeFilter 2 5 12

  � 2 6 1.5 2.5
All-Pole LatticeFilter 1 12 7 4 1 7 4 12
Fifth OrderElliptic Filter 2 12 16 �� 2 8 3.5 6
Fifth OrderElliptic Filter 2 30 20 �#�� 2 20 5.5 15

Table1: Experimentalresultsfor commoncircuits
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Figure6: (a)A 2-slow secondorderIIR filter; (b) Thisgraphoptimizedby
extendedretiming;(c) This graphoptimizedby traditionalretiming

factorof 2 andretimefor a clock periodof 6, asshown in Figure
6(c).

Repeatingthis exercisewith othercommonfilters yieldsTable
1. In all cases,we achieve betterresultsby usingextendedretim-
ing,gettinganoptimalclockperiodwhile requiringlessunfolding.
This improvementis illustratedby thelastfour columnsof our ta-
ble. Limiting ourselvesto traditionalretimingforcesus to decide
betweentwo pooroptions:If we wantanoptimalclock periodwe
mustunfold by a largerfactor, which is listedfor eachexamplein
thesecond-to-lastcolumnof Table1. This dramaticallyincreases
thesizeof our circuit, andthusthenumberof functionalunitswe
requireandtheproductioncosts.On theotherhand,if we wantto
unfold by our extendedunfoldingfactor(shown in boldfacein the
table),we will be forcedto accepta larger iterationperiod(listed
in thelastcolumnof thesametable).Theresultis asmallercircuit
runningat lessthanoptimalspeed.

6 Conclusion

Ouroriginalwork on this topic [11,12]yieldedanextendedre-
timing methodthat allowed us to transformany data-flow graph
to onewhoseclock periodmatchedthecycle periodof any of its
legal schedules.We alsodemonstrateda simplemethodfor find-
ing anextendedretimingwhich yieldeda desiredclock period.In
our next paper[10], we improved theseresultsby combiningour
methodwith unfolding, resultingin a more generalform of ex-
tendedretiming. This new result indicatedto us that we should
beableto find a retiming immediatelywithout unfoldingfirst. In
this paper, we have constructeda methodto do this, basedon our
earliersimplified algorithm. We have alsoderived the minimum
rate-optimalunfoldingfactorfor a data-flow graph.
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