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Abstract

Mary computation-intenge iteratve or recursve applicationscom-
monly found in digital signal processingand image processingapplica-
tions canbe representedby data-flowgraphs(DFGs). The executionof
all tasksof a DFG is called an iteration, with the averagecomputation
time of aniterationtheiteration period A greatdealof researcthasbeen
doneattemptingto optimize suchapplicationsby applyingvariousgraph
transformatiortechniquego the DFG in orderto minimize this iteration
period. Two of the mostpopularareretimingandunfolding which canbe
performedin tandemto achieve anoptimaliterationperiod. However, the
resultis a transformedyraphwhich is muchlargerthanthe original DFG.
In our previous work, we proposeda new technique extendedretiming
which canbe combinedwith minimal unfolding to transforma DFG into
one whoseiteration period matcheghat of the optimal scheduleundera
pipelineddesign.In this papey we augmenbur previous work by design-
ing anefficientretimingalgorithmwhich maybeapplieddirectly to aDFG
insteadof thelarger unfoldedgraph.

Index terms:. Task Scheduling,Data-flav graphs,Retiming, Unfolding,
GraphTransformationTiming Optimization

1 Introduction

Because the most time-critical parts of real-time or
computation-intenge applications are loops, we must ex-
plore the parallelism embeddedin the repetitve patternof a
loop. A loop canbe modeledas a data-flowgraph (DFG) [4].
The nodesof a DFG representasks,while edgesbetweenmodes
representlatadependencieamongtasks.Eachedgemay contain
a numberof delays(i.e. loop-carrieddependencies)This model
is widely usedin mary fields,includingcircuitry [8], digital signal
processing7] andprogramdescriptiong2].

In our previous work [10-12], we proposedan efficient algo-
rithm, extendedretiming which transformsa DFG into an equiv-
alent graph with maximum parallelization. However, therere-
mainedapplicationdor which our original framevork will notde-
liverthebestpossibleresult.We have correctedhis exclusionand
demonstratedhat extendedretiming is a techniquewhich, when
combinedwith unfolding by the minimumrate-optimalunfolding
factor transformsa graphinto onewhoseiterationperiodmatches
thatof the rate-optimalscheduleundera pipelineddesign.To the
bestof our knowledge, this is the first methodthat can do this.
However, we have not yet developedan efficient methodfor find-
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ing an extendedretiming undertheserevisedrules. We will ac-
complishthis taskin this paper

The execution of all tasksof a DFG is called an iteration.
A very popularstratgy for maximizing parallelismis to trans-
form the original graphby schedulingmultiple iterationssimul-
taneouslya techniqueknown asunfolding[13]. While the graph
becomesnuchlarger, theaveragecomputatiortime of aniteration
(theiteration period) canbe reduced.In our previous work, we
demonstratedhat extendedretiming allows us to achieve an op-
timal iteration periodwhenthe iteration periodis aninteger We
later refinedour original schemeso that extendedretiming may
be combinedwith unfolding. We thenshaved that this combina-
tion achiezesoptimality in all cases.In fact, we have shawvn that
this combinationattainsan optimal resultwhile doing a minimal
amountof unfolding. We find thatthe combinationof traditional
retiming andunfolding doesnot correctly characterizéhe imple-
mentationusing a pipelineddesignand, therefore,tendsto give
alarge unfolding factor Thuswe not only maximizeparallelism
by usingextendedretiming, but we alsominimize the size of the
necessaryransformedyraph.

In additionto unfolding, oneof the moreeffective graphtrans-
formation techniqueds retiming where delaysare redistributed
amongthe edgesso that the function of the DFG G remainsthe
same but the lengthof the longestzero-delaypath (the clodk pe-
riod of G, denoted:l(G)) is decreasedThis techniquewasintro-
ducedin [8] to optimize the throughputof synchronousircuits,
andhassincebeenusedextensiely in suchdiverseareasassoft-
warepipelining[15] andhardware-softvarecodesigri5]. We have
shavn previously that neither unfolding [9] nor this traditional
form of retiming [11] can produceoptimal resultswhen applied
individually, but the combinatiorwill achievze optimality [4].

To illustratetheseideas,considerthe exampleof Figure 1(a).
The numbersinside the nodesrepresentomputationtimes. The
shortbarlines cuttingthe edgefrom nodeC to nodeB (hereafter
referredto by theorderedpair (C, B)) represeninter-iterationde-
pendenciebetweenthesenodes. In otherwords, the two lines
cutting (C, B) tell usthattask B of our currentiterationdepends
ondataproducedy taskC two iterationsago. Thisrepresentation
of sucha dependengis calleda delayon the edgeof the DFG.

It is clearthat the clock period of this graphis 14, obtained
from the pathfrom A to C. Sinceaniterationof the DFG maybe
scheduledwithin 14 time unitsasin Figure 1(b), theiterationpe-
riod of thisgraphis also14. However, if wewereto removeadelay
from (C, A) andplaceit on (4, B), theiterationperiodwould be
reducedto 10 while not affecting the function of the graph. The
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Figure1: (a) A data-flav graph; (b) The schedulefor the DAG part of
Figurel(a).

exampleshavs how retiming may be usedto adjustthe iteration
periodof aDFG.

How small canwe malke our iteration period? Sinceretiming
preseres the numberof delaysin a cycle, the ratio of a cycle’s
total computatiortime to its delay countremainsfixed regardless
of retiming. The maximumof all suchratios, calledthe iteration
bound actsasa lower boundon the iterationperiod. In the case
of Figure 1(a), thereare only two cycles, the small one between
nodesB andC with time-to-delayratio % = 2, andthelargeone
involving all nodeswith ratio *. Thustheiterationboundfor the
graphis I.

Sincethe computatiortimesof all nodesareintegral, it seems
impossibleto getafractionaliterationperiod. However, recallthat
theiterationperiodis the aveiage time to completeaniteration. If
we cancompletetwo iterationsof our graphin 7 time units, the
averagewill equalour lower bound,and our graphwill be rate-
optimal. To get theseiterationstogetherin our graph, we must
unfold the graph. If we canunfold our graph f timesto achieve
this lower bound,our schedulds saidto berate-optimal and f is
calleda rate-optimalunfoldingfactor. This papershavs thatthe
minimumrate-optimalinfoldingfactorfor adata-flav graphis the
denominatoof theirreducibleform of thegraphs iterationbound.
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Figure2: (a) The DFG of Figure 1(a) unfoldedby a factorof 2; (b) Fig-
ure 2(a) retimedby extendedretiming to be rate-optimal;(c) The optimal
scheduldor theretimedgraph.

As an example, let's unfold the graphof Figure 1(a) by its
minimal rate-optimalfactor of 2, asshavn in Figure 2(a). We
canschedulaniterationof this new graph—whichs equivalentto

schedulingwo iterationsof ouroriginalgraph—inthesamel4time
units. We have doubledthe sizeof our graph,but we have alsore-
ducedour iterationperiodto 7. We cannow retimethis unfolded
graphaswe did above to reduceour clock periodto 10, which fur-

therreducegheiterationperiodto 5. Unfortunatelythisis the best
we cando by unfoldingtwice andusingtraditionalretiming.

If we were permittedto move a delayinside of A, asshavn
in Figure2(b), our clock periodwould become?, theiterationpe-
riod would become% andwe would have optimizedour graph,as
we canseeby the schedulein Figure2(c). Thisis the adwantage
of extendedretiming over traditionalretiming: we areallowed to
move delaysnot only from edgeto edge,but from edgeto ver-
tex. We seefrom this thatthe combinationof traditionalretiming
andunfolding doesnot completelygive the correctrepresentation
of the graphs scheduleespeciallywhenwe assumea pipelined
implementation.

An unfolding of 2 combinedwith extendedretimingoptimizes
the graphof Figure 1(a). If we limit ourselhesto traditional re-
timing, we must unfold the original DFG four times. After we
retimein additionto unfolding, we cannow schedulet iterations
of theoriginal graphin 14 time stepsreducingouriterationperiod
without retiming to % We seethat traditional retiming tendsto
overestimateherate-optimalunfoldingfactor resultingin agraph
thatrequiresmoreresourcesor execution.

Note that the graphoptimizedby extendedretiming and un-
folding is half the size of that optimizedby traditional retiming
andunfolding. Thereis a very clearadwantagein usingextended
retiming, but therehave beentwo dravbacksto this method.First,
asoriginally proposedextended-etimingonly permittectheplace-
mentof asingledelayinsideary node.This wastoo severealim-
itation for whatwe wantedto do, andwe wereableto generalize
our methodanddealwith this problemin [10]. However, the only
methodfor applying extendedretiming and unfolding is the one
we've outlined: unfold the graphandthenretime. Sinceretiming
is much more expensve thanunfolding in termsof computation
time, it is preferableo first apply extendedretimingto the smaller
original graph,thenunfolding. We know from our resultsin [10]
that the two operationscan be appliedin ary order so it makes
sensedhatwe shouldbe ableto develop suchanalgorithm.

In this paper we will review our new form of retiming, ex-
tendedretiming which achiezesan optimal resultwhile requiring
the useof a smallerunfoldedgraph,andthusfewer resources|t
is definedin sucha mannerasto allow usto combineextended
retiming with unfolding. Whenwe wish to apply unfolding and
extendedretimingto agraph,we have two options:first retimethe
graphthenunfold it, or unfold it thenretimethe unfoldedgraph.
We have shavn thatthesetwo methodsareequialentin [10]. Be-
causeof this equivalence,we arenow ableto designan efficient
extendedretiming algorithmwhich canbe applieddirectly to the
originalgraph.We shaw thisfor graphsvhoseiterationboundsare
oneor larger, which encompasseall non-trivial examples. This
resultimprovesour previouswork, the applicationof which could
producea retiming function only for the larger unfoldedgraph.
Finally, we will demonstratehat the minimum rate-optimalun-
folding factorfor a data-flav graphis the denominatoof theirre-
ducibleform of thegraphs iterationbound.

2 Background

In this section,we wish to review previously presentedlefini-
tionsandresults.We will rely on this backgroundmaterial[1,13]



hearily aswe establishour new results.
2.1 Unfolding and Unfolded Graphs

Recall that a data-flow graph (DFG) is a finite, directed,
weightedgraphG = (V, E, d, t) whereV is a setof computation
nodes,F is a setof edgeshbetweemodesd : E —N is afunc-
tion representinghe delay countof eachedge,andt : V' —N
representinghe computatiortime of eachnode.

Now, let f be a positive integer We wish to alter our graph
sothat f consecutie iterations(i.e., executionsof all of aDFG’s
tasks)arevisible simultaneously To do this, we createf copies
of eachnode,replacingnodew in the original graphby the nodes
w1 throughwy in our new graph. This processis knowvn asun-
folding the graph G f times and resultsin the unfoldedgraph
Gy = (Vy,Es,ds,ts). Thevertex setV; is simply the union
of the f copiesof eachnodein V. Sincethey areall exactcopies,
the computationtimes remainthe same,i.e. t¢(uy) = t(u) for
every copy uy of u € V. Eachedgeof G alsocorrespondgo
f copiesin the unfoldedgraph. However, the delay countsof the
copiesdo not matchthatof the original edge.In generalanedge
(ui, vj) having d delaysin the unfoldedgraphrepresents prece-
dencerelation betweemodew in the i** iterationandnodew in
iterationd - f + j in theoriginal graph.

A classicresultfrom [8] characterizedhe upperboundof a
graphs cycle periodin termsof thecomputatiortime of its longest
zero-delaypath. The analogousresult for an unfolded graph,
whichwe will needfor our comingwork, is provenin [4].

Thm 2.1 Let G bea DFG, ¢ a potential cycle period and f an
unfoldingfactor

1. c(Gy) =max{T(p) : p € Gisapathwith D(p) < f}.
2. cl(Gy) < ciff D(p) > f V pathsp € G with T'(p) > c.

2.2 Extended Retiming

As in [10], we defineanextendedor f-extendedyetimingof a
DFG G = (V, E,d,t) is afunctionr : V —ZxQ/ where,for
alv € V, r(v) = i+ (tz—;), oI %) for someintegers
i,71,72,....,7f Where0 < 7, < t(v) fork = 1,2,..., f. We
view theintegerconstant asthe numberof delaysthatarepushed
to eachoutgoingedgeof v, while the f-tuple lists the positions
of delayswithin the nodev. Notethata valueof zerowithin the
f-tupleis merelya placeholdeusedto simplify our notation;we
cant have a delay at this position. Also for simplicity we will
expressthe f-tuple as t(l—v) (r1,72,...,7¢) Or asasinglefraction
t?;) whenf = 1.

We canseefrom this definitionthatr(v) canbeviewedascon-
sisting of an integer part and a fractional part. We will usethe
notationz, (v) to denotethevalueof thisintegerpart,while £, (v)
will bethenumberof non-zerocoordinatesn the f-tuple. We will
alsoassumehroughouthis paperthatthe elementf an f-tuple
arelistedin increasingorder

As with standardetiming,we will denotethe DFG retimedby
r asG, = (V, E,d,,t). Whenwe definethe delaycountof the
edgee = (u,v) afterretiming, we mustremembeto includede-
lays within eachend-nodeaswell asdelaysalongthe edgeitself.
Furthermorewe previously defineda pathp to beaconnectede-
quenceof nodesandedgeswith D(p) beingthe pathstotal delay
count.If we now requireD(p) to countthedelaysbothamongthe
nodesandalongthe edgef p, we caneasilyobtaintheseproper
ties:

Lem 2.1 Let G bea DFG withoutsplit nodesandr an extended
retiming Thentheretimeddelaycounton:

1. edee = (u,v) isd,(u = v) = d(e) + 2, (u) — - (v) +
Ry (u).

2. pathp : uw = vis D, (u = v) = D(p) + 2, (u) — 2. (v) +
Ry (u).

3. cyclef € Gis D, (£) = D(¥).

Givenanedgee = (u,v), we used,(u — v) to denotethe
total numberof delaysalongan edge,including delayscontained
within theendnodesu andv. However, wewill refertothenumber
of delayson the edgenot including delayswithin end nodesas
d.(e) asin thetraditionalcase. As with traditionalretiming, an
extendedretimingis legal if d,(e) > 0 for all edges € E and
normalizedif min, ¢, (v) = 0. Notethatary extendedretiming
canbenormalizedby subtractingnin, 2. (v) fromall values:,. (v).

2.3 Static Scheduling

GivenaDFG G, aclock periodc andanunfoldingfactor f, we
constructthe schedulinggraph G°* = (V, E,w,t) by reweight-
ing eachedgee = (u,v) accordingto the formula w(e) =
d(e) — % - t(u). We thenfurther alter G° by addinga nodewq
andzero-weightdirectededgesrom wvo to every othernodein G.
Figure 3(b) shavs the schedulinggraphof the examplein Fig-
ure 3(a)whenc = 3 andf = 1. It canbe shawvn that, if % is
afeasibleiteration period, thenthe schedulinggraphcontainsno
negative-weightcycles. Define sh(v) for every nodew to be the
lengthof the shortestpathfrom vg to v in this modified G*. For
example,in the graphof Figure 3(b), we note that sh(A) = 0
andsh(B) = sh(C) = —1. It takesO(|V'|| E|) time to compute
sh(v) for everynodew [3].
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Figure3: (a) A DFG; (b) Theschedulinggraphwith ¢ = 3 andf = 1; (c)
Theschedulewith cycle period3.

As we've statedtheiterationperiodis boundedrom belav by
theiteration bound[14] of G, whichis denotedB(G) anddefined
to be the maximumtime-to-delayratio of all cyclesin G. For ex-
ample,thegraphin Figure3(a) containsonly oneloop, which has
two delaysanda total computatiortime of 6; thus B(G) = 3 for
this graph. The scheduléfor this graphdisplayedin Figure 3(c)



hasaniterationperiod of 3. In this situation,whenthe iteration
periodof a staticscheduleequalsthe iterationboundof the DFG,

we saythatthe schedulgs rate-optimal Therelationshipbetween
theiterationboundof a DFG andthe DFG’s schedulinggraphis

givenin Lemma3.1 of [3]:

Lem 2.2 Let G bea DFG, ¢ a clock period and f an unfolding
factor B(G) < % it andonlyif the schedulinggraph G* contains
no cycleshavingnegativeweight.

We formally definean integral scheduleon a DFG G to bea
functions : V x N — Z wherethe startingtime of nodew in
the :*® iteration(; >0) is given by s(v,%). It is alegal schedule
if s(u,3) + t(u) < s(v,i+ d(e)) for all edgese = (u,v) and
iterations:. For example thelegalintegral scheduleof Figure3(c)
is S3(v, 1) = 3(¢ — sh(v)) for all nodesy anditerations:, where
thevaluesfor sh(v) arederivedfrom the graphof Figure3(b).

A legal schedulés a repeatingschedulefor cycle period c if
s(v,t + 1) = s(v,1) + cfor all nodesv anditerations. It's easy
to seethat Ss(v, ¢) is an exampleof a repeatingschedule.A re-
peatingschedulecan be representedby its first iteration, sincea
new occurrencef this partialscheduleeanbe startedat the begin-
ning of every interval of ¢ clock ticks to form the completelegal
schedulelf anoperationof the partial schedulds assignedo the
sameprocessoin eachoccurrenceof the partial scheduleywe say
thatour schedulds static

Sincetheiterationboundfor the graphof Figure3(a)is 3, and
all nodesof thisgraphare3 or smaller Theorem<.3and3.50f [3]
tell usthatthe minimum achievable cycle periodfor this graphis
3. We canthenproducethe staticDFG schedulen Figure3(c) by
constructingthe schedulinggraphandthen computingsh(v) for
eachof the nodes.We canthenusethis informationto createthe
scheduleof Figure 3(c) by applyingthe formula from the abore
proof to createthe schedulefor this exampleSs(A,0) = 0 and
S3(B,0) = S3(C,0) =3 - % =1.

3 Finding an Extended Retiming from a
Static Schedule

As we've said throughoutthis paper we currently have one
methodfor finding an extendedretiming which canbe combined
with a non-trivial unfolding factorto achieve optimality. In this
sectionwe will develop another more efficient algorithm. We
demonstrateour methodsusing the graphin Figure 1(a) with a
clock periodof 7 andunfoldingfactor2.

Our currentprocedurecalls for us to unfold the graphtwice
(asin Figure 2(a)) andthenscheduldt with a clock periodof 7.
We useDFG schedulingas definedin [3], startingwith the con-
structionof theschedulinggraphin Figure4(a). We notefrom this
graphthat sh(A0) = sh(Al) = 0, sh(B0) = sh(B1) = —12
andsh(C0) = sh(C1) = —12. We next constructthe schedule
of Figure4(b) accordingto theformula.S7 (v, ) = 7(i — sh(v)).
Sincethis is the schedul€for our unfoldedgraphandwe will do
no further unfolding, we can apply the resultfrom [12], cutting
the graphimmediatelybeforethe last nodesto enterthe sched-
ule (i.e., the two copiesof C) andinstantlyreadinga legal retim-
ing with 7(A40) = r(Al) = 13, r(B0) = r(B1) = 1 and
r(C0) = r(C1) = 0. It is this functionwhich yieldsthe graphin
Figure2(b) whenappliedto thegraphin Figure2(a).

This functionis now usedto constructa legal retiming on the
original graph. We addthe retimingsfor all copiesof a particular
nodetogetherusinga specialadditionoperatord which addsthe
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Figure4: (a) Schedulinggraphfor Figure 2(a); (b) Cut scheduléefor this
DFG;(c) TheretimedDFG.

integer partswhile concatenatinghe fractional parts. Formally,
for eachnodeu andpositive integersi andj,

r(ui) @ 7(uy)

(zr(ui) + L(ozl, s, ..., an)>

t(u)
® (lr(uj) + ﬁ(ﬁl,ﬁm ---:ﬁm))
= (o) +2e(u))
+ﬁ (1, Q24 erry Gy B, By ooy Bom) -

Thus, for our example,r7(4) = 15 @ 15 = 2 + 5(5,5),
r(B) =1@®1 = 2andr(C) = 060 = 0. Applying this
to our original graphin Figure 1(a) resultsin the graphin Figure
4(c), with two delaysinside of node A next to eachother The
resultis anoptimizedgraph,but the procesgequiresa greatdeal
of time and spacebecauseve are working with the muchlarger
unfoldedgraph.

In [10], we demonstratedhat the order of applicationdidn’t
matter;we could derive anoptimalresulteitherby unfoldingthen
retiming or by applyingretiming first. Therefore,it makessense
thatwe shouldbe ableto constructa methodsimilar to the abore
one,but which is appliedto the original graph. Let us attemptto
do whatwe did abore without the unfolding. In otherwords,we
proposeto constructour static scheduleas before,basedon the
original graphthis time. We will cut this resultingscheduleand
readour retimingasbefore.

We begin by applyingthis proposedalgorithmto the graphin
Figure 1(a). The schedulinggraphwith clock period 7 and un-
folding factor2 is displayedasFigure5(a); notethatsh(A4) = 0,
sh(B) = —2 andsh(C) = —2* in this case.This graphis now
scheduledaccordingto theformula Sy, » (v, i) = [£(i — sh(v))]
and cut beforeC’s initial entranceasin Figure5(b). The func-
tion thatwe now readhasr(4) = 1 + (1, 5,8), r(B) = 1 and
r(C) = 0. Whenappliedto the original graph(asin Figure5(c)),
this function appeardo be a legal retiming which doesoptimize
thegraph.

Having establishedvhatwe wantto do, we mustformalizethis
methodandprove its resultis a legal retiming which optimizesa

DFG.LetS(v,4) = [%(z — sh(v))-l betheintegral schedulevith
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Figure5: (a) Schedulinggraphfor Figure 1(a); (b) Cut schedulefor this
DFG; (c) TheretimedDFG.

clock period ¢ and unfolding factor f. S(v, ) givesthe starting
time of nodew in the " iteration. Thusthe time at which the
prologueends,whichwe will denoteas M andis wherewe want
to make our cut, equalsthe startingtime of the lastnodeto enter
thestaticscheduleln otherwords, M = max, S(v, 0). (Seethat
M = S(C,0) = 12 abore.) We now wish to countthe number
of eitherwhole or partial occurrence®f eachnodeto the left of

this cut. The i** copy of nodew begins to the left of the cut if

S(v,i) < M. A copy of anodeis completaf M —S(v,3) > t(v);

otherwiseit is partial. Clearly eachcompletecopy of a nodeadds
1 to theeventualretimingfunction. Ontheotherhand,if acopy is

cut, we only wantto addthe fraction of the nodeto the left of the
cut, which is found by dividing the pieces computationtime by
the computatiortime of the whole node. At the end,we combine
the contributionsfrom a nodes copiesvia our @ operatoy finally

arriving attheretimingformula

r) = @ min{l,w}. )

i:S(v,i)<M t(v)

Let us considerthis formula when appliedto node A of Figure
1(a). As we canseefrom our schedulen Figure5(b), thefirst four
iterationsof A areto be consideredvhenconstructinghe nodes
retiming:

1. S(A,0) =0andmin {1, 2} =1.
2. S(Aal) = [% . 1-| :4andmin{1, 12154} = %

3. 5(A4,2) = [%-2] = 7andmin {1, 55"} = 5.

4. S(A,3)=[%-3] =11 andmin {1, 271} = L.

Combiningthesefiguresgivesusr(A4) = 1 & % @ % @ % =
1+ 1%(17 5, 8), exactly the sameanswerwe found by simply ex-
aminingthe scheduldgable. Our formulaappeardo accuratelyde-
scribethis situation.

We mustshaw that (1) is, in fact, a legal extendedretiming
which minimizestheiterationperiodof a data-flav graph.Recall
thatthesedefinitionsarebasedon thes, and®, functionsfor the
retiming r in question. Therefore,beforeproceedingo our pri-
mary result,we mustfind the closedforms of thesefunctionsfor
our proposedormula.

Lem 3.1 Let r be the extendedretiming given by Equation (1)
above Thems, (v) = |L(M —t(v)) + sh(v)] + 1 andR, (v) =
[Z(M —1) + sh(v)| +1 — 2. (v).

c

Proof: Lemma6.2of [9]. a
With this resultwe cannow shaw:

Thm 3.1l LetG = (V, E,d,t) bea DFG with iteration period
% > 1, i.e. with clodk period ¢ andunfoldingfactor f. Thenthe
retimingr describedby Equation(1) is a legal extendedretiming
on G sud thatcl(G, ¢) < cif andonlyif the schedulinggraph
G* containsno ngyative-weightycle

Proof: Theorem6.3of [9]. m|

4 Minimum Rate-Optimal Unfolding Factors

If theiterationperiodof a graphs scheduleequalsthe graphs
iterationbound,the schedulds saidto berate-optimal As we've
saidthroughoutthis paper our goal is to achiee rate-optimality
via retiming andunfolding. If a data-flav graphcanbe unfolded
f timesandachieve rate-optimality(i.e. a clock periodequalto
f - B(G)), we saythat f is the rate-optimalunfolding factor for
G. Obviously we wish to achiee rate-optimalitywhile unfolding
aslittle aspossible.To this endwe needto computethe minimum
rate-optimalunfoldingfactorfor ary graph.We begin by shaving
thislink betweena graphs clock periodanditerationbound:

Lem 4.1 LetG beadata-flowgraphwithoutsplit nodes¢ acycle
periodand f an unfoldingfactor with f < ¢. Thenthere existsa
legal extendedretimingr on G sud thatcl(G,. ) < cif andonly
if B(G) < 7

Proof: Follows from Lemma2.2andTheorem3.1. O
With thisin handwe canshaw:

Thm 4.1 Let G be a data-flowgraph without split nodeswhose
iteration bound exceedsl. Let ¢ be a critical cycle of G, i.e.

B(G) = %. Let g bethegreatesttommordivisor of 7'(¢) and

D(¢). Then% is theminimumrate-optimalunfoldingfactor for
G.

Proof: Theorem7.20of [9]. m|

In short,to find therate-optimalnfoldingfactorof a data-flav
graphG, we computeB(G) (apolynomial-timeoperatior{6]) and
reducetheresultingfractionto lowestterms. The denominatoiof
thisfractionis our desiredunfoldingfactor

5 Experimental Results

Let'sconsidetthedata-flav graphrepresentationf alIR filter.
Assumethat a multiplier (shavn belov as a circle) requirefour
units of computatiortime, asopposedo onefor anadder(shavn
asa square). Furthermoreto complicateour example, multiply
theregistercountof eachedgeby 2, referredto in [8] asapplying
a slowdownof 2 to our original circuit. The resultis picturedin
Figure6(a).

The resultingcircuit hasan iteration boundof 3, and canbe
retimedvia extendedretiming to achieve this clock periodasin
Figure 6(b) without unfolding. However, if we restrictoursehes
to traditionalretiming, the bestclock periodwe cangetis 4. The
only way to obtainan optimal resultis to unfold the graphby a



Comp. Min. Optimal Iter. Pd.w/
Benchmark Time Slow- Iter. Unf. Factor Bold U. F.

+ | x dovn | Bound || Ext. | Trad. | Ext. | Trad.
SecondOrderlIR Filter 1 4 2 3 1 2 3 4
SecondOrderlIR Filter 1] 10 6 2 1 6 2 10
2-CascadeiquadFilter 4 | 25 6 % 2 6 55 | 125
All-Pole LatticeFilter 2 5 12 g 2 6 15 2.5
All-Pole Lattice Filter 1] 12 7 4 1 7 4 12
Fifth OrderElliptic Filter || 2 | 12 16 z 2 8 35 6
Fifth OrderElliptic Filter 2|30 20 % 2 20 55 15

Tablel: Experimentatesultsfor commoncircuits

@

(b)

Figure6: (a) A 2-slav secondorderlIR filter; (b) This graphoptimizedby
extendedretiming; (c) This graphoptimizedby traditionalretiming

factorof 2 andretimefor a clock periodof 6, asshavn in Figure
6(c).

Repeatinghis exercisewith othercommonfilters yields Table
1. In all caseswe achieve betterresultsby usingextendedretim-
ing, gettinganoptimalclock periodwhile requiringlessunfolding.
Thisimprovementis illustratedby thelastfour columnsof our ta-
ble. Limiting ourselesto traditionalretiming forcesusto decide
betweerntwo pooroptions:If we wantanoptimalclock periodwe
mustunfold by a largerfactor whichis listedfor eachexamplein

the second-to-lastolumnof Table 1. This dramaticallyincreases

the sizeof our circuit, andthusthe numberof functionalunitswe
requireandthe productioncosts.On the otherhand,if we wantto
unfold by our extendedunfoldingfactor(shavn in boldfacein the
table),we will beforcedto accepta largeriterationperiod (listed
in thelastcolumnof the sametable). Theresultis asmallercircuit
runningat lessthanoptimalspeed.

6 Conclusion

Ouroriginalwork onthistopic[11,12]yieldedanextendedre-
timing methodthat allowed us to transformary data-flav graph
to onewhoseclock period matchedhe cycle periodof ary of its
legal schedulesWe alsodemonstrate@ simple methodfor find-
ing anextendedretimingwhich yieldeda desiredclock period. In
our next paper[10], we improved theseresultsby combiningour
methodwith unfolding, resultingin a more generalform of ex-
tendedretiming. This new resultindicatedto us thatwe should
be ableto find a retimingimmediatelywithout unfoldingfirst. In
this paper we have constructech methodto do this, basedon our
earlier simplified algorithm. We have alsoderived the minimum
rate-optimalunfoldingfactorfor a data-flav graph.
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