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ABSTRACT

Many computation-intensive or recursive applications com-
monly found in digital signal processing and image pro-
cessing applications can be represented by data-flow graphs
(DFGs). In our previous work, we proposed a new tech-
nique, eztended retiming, which can be combined with min-
imal unfolding to transform a DFG into one which is rate-
optimal. The result, however, is a DFG with split nodes,
with it implied that we are able to unfold such a graph.
Generalizing the known unfolding methods so that they
apply to this new model has heretofore not been explored.
In this paper, we logically prove the specific changes that
transpire when a split-node graph is unfolded and propose
an algorithm for performing unfolding.

KEY WORDS
Parallel and Distributed Systems, Compilers, Opti-
mization, Modeling Languages

1 Introduction

Because the most time-critical parts of real-time or
computation-intensive applications are loops, we must
explore the parallelism embedded in the repetitive pat-
tern of a loop. A loop can be modeled as a data-flow
graph (DFQG) [3]. The nodes of a DFG represent tasks,
while edges between nodes represent data dependen-
cies among tasks. Each edge may contain a number of
delays (i.e. loop-carried dependencies). This model is
widely used in many fields, including circuitry [5], dig-
ital signal processing [4] and program descriptions [2].

The application of graph transformations like un-
folding [11] to DFGs in order to reduce execution times
has been widely noted. In our previous work [6,7,9,10],
we proposed an efficient algorithm, extended retim-
ing, which transforms a DFG into an equivalent graph
with maximum parallelism. Indeed, we have demon-
strated that extended retiming, when combined with
minimum unfolding, achieves rate optimality, the first
method we are aware of that this can be said about.
However, the result of extended retiming is a graph
containing split nodes, with it implied that we are able
to unfold such a graph.! An unfolding algorithm for

I This is not to say that we are physically altering the DFG
by placing registers inside of functional units. Rather, we are
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this generalized data-flow model has not been hereto-
fore proposed. In this paper, we will rectify this situ-
ation by constructing the necessary methodology.

In this paper, we formally define a split-node
data-flow graph and some associated terminology. We
logically prove the specific changes that transpire when
a split-node graph is unfolded and propose an algo-
rithm for performing unfolding. Finally, we demon-
strate our methods on specific examples.

2 Background

In this section, we wish to present the definitions and
results relating to unfolding and unfolded graphs. We
will rely on this previously-presented background ma-
terial [1,8,11] heavily as we establish our new results.

2.1 Unfolding and Unfolded Graphs

Recall that a data-flow graph (DFG) is a finite, di-
rected, weighted graph G = (V, E,d,t) where V is a
set of computation nodes, F is a set of edges between
nodes, d : E —N is a function representing the delay
count of each edge, and ¢t : V —N representing the
computation time of each node. Defining an iteration
to be one execution of all tasks in a DFG, then delays
along an edge represent precedence relations across it-
erations.

Now, let f be a positive integer. We wish to alter
our graph so that f consecutive iterations are visible
simultaneously. To do this, we create f copies of each
node, replacing node u in the original graph by the
nodes u; through uy in our new graph. This process is
known as unfolding the graph G f times and results in
the unfolded graph Gy = (Vy,Ey,ds,t5). The vertex
set V¢ is simply the union of the f copies of each node
in V. Since they are all exact copies, the computation
times remain the same, i.e. ty(uy) = t(u) for every
copy uy of u € V. Each edge of G also corresponds
to f copies in the unfolded graph. However, the delay
counts of the copies do not match that of the original
edge.

describing an abstraction for a graph which provides a feasible
schedule with loop pipelining.



As an example, suppose that we want to unfold
the graph in Figure 1(a) by a factor of 3. The five edges
without delays represent precedence relations within
each iteration of the graph, and are passed as they are
to the unfolded graph displayed in Figure 1(b). On the
other hand, edges with delays represent dependencies
between iterations. Let u; be the occurrence of node
u in the " iteration and investigate the two edges in
our graph which have delays:

e The edge (D, A) having delay count three tells us
that Dy must precede As, D, precedes A4, D>
precedes As, and so on. Since we are unfolding
our graph by a factor of 3, the nodes Dy, D1, D,
Agp, A1 and A, are all present in our graph. Thus,
when we execute this graph instead of the original
one, what was the execution of A in iteration 3 is
now the execution of Ay in iteration 1. Therefore,
we now need a one-delay edge from Dy to Ag.
Similarly, we require one-delay edges (D1, A1) and
(D2, As) as well. As we can see here, unfolding
is permitting us to replace three delays on the
original edge with one on each of the unfolded
edges. In general, f delays on an edge in graph
G are represented by 1 delay on each copy of the
edge in the unfolded graph Gy.

e Similarly, the two-delay edge (E, C) tells us that
Ey precedes Cy, E; precedes Cs, and E> precedes
Cy. Tt is simple to insert the edge (Fo,C2) since
both nodes are present in the unfolded graph. As
before, Cy in iteration 1 is actually the original
Cj, so this relation can be indicated by the edge
(E1,Cy) with 1 delay. Similarly, we also have a
1-delay edge (E2,Ci), as can be seen in Figure
1(b).
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Figure 1. (a) A sample DFG; (b) This DFG unfolded
by a factor of 3

As we can see, an edge (u;,v;) having d delays
in the unfolded graph represents a precedence relation
between node u in the " iteration and node v in it-
eration d - f 4+ j in the original graph. This idea is
formalized in the following theorem, which is proven
in [3].

Theorem 2.1 Let e = (u,v) be an edge in DFG G.
Let f be an unfolding factor for G. Then:

1. For all i,j € {0,1,2,...,f — 1}, there exists an
edge ey = (u;,v;) n Gy if and only if d(e) =
dief) - f+7j—i.

2. For all integers i,5 € {0,1,2,...,f — 1} with j =
(i+d(e)) mod f, there exists an edge ef = (u;,v;)

in Gy with dy(ef) = [@J ifi <j and [@W
otherwise.

3. The f copies of edge e in Gy are the edges e; =
(u’iav(i-i—d(e)) mod f) fOT 1=0,1,2, Jf -1

4. The total number of delays of the f copies of edge
e is d(e), i.e. d(e) = 2{2—01 ds(e;).

2.2 Extended Retiming

As in [6,7], an extended (or f-extended) retiming of
a DFG G = (V,E,d,t) is a function r : V —=ZxQf

where, for all v € V, r(v) = i + (;—;),J—ﬁ),,%)
for some integers i,rq,r2,...,r5 where 0 < 7, < t(v)
for k = 1,2,..., f. We view the integer constant ¢ as
the number of delays that are pushed to each outgoing
edge of v, while the f-tuple lists the positions of delays
within the node v. Note that a value of zero within
the f-tuple is merely a placeholder used to simplify
our notation; we cannot have a delay at this position.
For example, consider the graph of Figure 2(a). A 3-
extended retiming with r(4) = 1+ % (1,5,8), r(B) =
1 and r(C) = 0 results in the retimed graph of Figure
2(b).
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Figure 2. (a) A sample DFG; (b) This DFG retimed;
(c) Tts extended graph.

In [6] we demonstrated the effectiveness of our
extended retiming transformation via several experi-
ments, getting an optimal iteration period while re-
quiring less unfolding in all cases. The usefulness of
this new transformation is clear, but interpreting the
split-node graph that results from its application still



presents a problem. Furthermore, there exist exam-
ples where combining unfolding with extended retim-
ing yields a more efficient design. (We have noted
such an example in [8].) The problem of unfolding
data-flow graphs is not new but the model is. In us-
ing a split-node DFG to represent a situation, we are
conveying additional information about the underly-
ing properties of the entity being modeled. We must
carefully account for this additional data and use it to
make specific modifications to our existing unfolding
techniques to derive a more general algorithm which
applies to our situation.

2.3 Other Notations

We have just defined several concepts which we will
need for this discussion. In addition to reviewing these
previous ideas, we must augment our existing theory
slightly.

We define a split-node data-flow graph (SDQ)
with splitting degree d to be a finite, directed, weighted
graph G = (V,E,d,t) where V is the vertex set;
E CV xV is the edge set, representing precedence
relations among the nodes; d : E —7Z is a function
with d(e) the delay count for edge e; and t : V —Z9 is
a function with the d-tuple ¢(v) representing the com-
putation times of v’s pieces. Broadly speaking, ¢ is
the maximum number of pieces any node of G is split
into. (Trivially if § = 1 the SDG is simply a data-flow
graph as defined previously.) If a node v is not split
t(v) is an integer rather than a J-tuple. For example,
in the SDG of Figure 2(b), t(A) = (1,4,3,2) while
t(B) = t(C) = 2. We will use the notation T'(u) to re-
fer to the sum of the elements of u’s d-tuple if u is split
and to t(u) otherwise. In this example, T'(A) = 10 and
T(B)=T(C) =2.

In our model, delays may be contained either
along an edge or within a node. As we have stated,
the execution of all nodes in V' once is an iteration.
Delays contained along an edge represent precedence
relations across iterations; for example, the one-delay
edge between B and C in Figure 2(b) indicates that
the execution of B in the current iteration must termi-
nate before C' can begin in the next iteration. On the
other hand, delays within a node convey information
regarding the pipelined execution of a node. For ex-
ample, the three delays inside of A tell us that up to 4
copies of the node may be executing simultaneously in
a pipelined schedule of tasks. Furthermore, the posi-
tion of the delays inside of a node indicate the form of
the schedule of tasks for a graph. In the case of Figure
2(b) we can build a schedule in such a way that the
first iteration contains the beginning of A’s first copy;
the next iteration includes only the part of this copy
taking 4 time units to execute; the next iteration lasts
only 3 time units to match the next part of the copy;
and the next iteration includes the remaining piece of

A’s first copy. After that, we schedule the copies of B
and C' as best we can around the borders of the itera-
tions, making sure that the copy of B in this iteration
precedes the copy of C' in the next iteration, and that
the current copy of A starts upon termination of the
current copy of C.

Given an edge e = (u,v) in a data flow graph G,
we use d(u — v) to denote the total number of delays
along an edge, including delays contained within the
end nodes v and v. However, we will refer to the num-
ber of delays on the edge not including delays within
end nodes as d(e) as in the traditional case. As an ex-
ample, consider the graph in Figure 2(b). Denote the
edges (A, B), (B,C), (C,B) and (C, A) as ey, es, e3
and ey, respectively. Then d(A — B) and d(C — A)
are each 3 due to the split end node, even though
d(e1) and d(es) are each zero. On the other hand,
d(B - C) = d(C — B) = d(e2) = d(e3) = 1 since
there is no split end node for these two edges.

We will further define d*(u — v) as d(e) plus
the number of delays within the source node u, and
d™(u — v) as d(e) plus the number of delays within
the sink node v. Referring to our example again, we
see that dt(A — B) =d=(C - A) =3 but d~ (A —
B) =dt(C - A) = 0. Tt is easy to see that d(u —
v) = d"(u = v) + d (u — v) — d(e) for any edge
e = (u,v).

We see in Figure 2(b) that we wish to split node
A into four pieces while the other nodes remain whole.
If we split A into four separate nodes with appropriate
computation times, as shown in Figure 2(c), the result-
ing graph is functionally similar to the original but can
be manipulated via traditional methods, allowing us to
gain insight while we study our split-node graph. We
will call such a graph an ezxtended graph. If G is our
original graph, we will designate the extended graph
derived from G as X©.

3 Unfolding Split-Node Graphs

We will now apply our existing knowledge to the study
of unfolding graphs with split nodes. We begin by es-
tablishing characteristics of the unfolded graph, fol-
lowed by the derivation of an algorithm for unfolding
a split-node graph.

3.1 Properties of Unfolded Graphs

We have already presented many properties for an un-
folded graph without split nodes. Each of these results
may be extended to paths in such a graph, specifically
to an extended graph which corresponds to a split-
node graph. Thus, our basic strategy will be to apply
our original theory to an extended graph in order to
derive the desired properties for the split-node graph.
Proceeding in this fashion produces these results:



Theorem 3.1 Let G = (V,E,d,t) be a split-node
graph. Let u,v € V and e = (u,v) € E. Let f be
an unfolding factor.

1.

Let u be a node split by N delays into N +1 pieces.
For i =0,1,...,f — 1, the N; delays within node
u; in the unfolded graph lie between that node’s
copies of consecutive pieces f —i — 1 and f — 1,
2f —i—1land2f—i,..., N;f—i—1and N;f —1i.

The i*" delay of node u lies in mode u; of the
unfolded graph where j = (Nf —i —1) mod f,
where N is the number of delays contained within
u.

If u is a split node containing N delays, then u;
contains [N'“J delays for i =0,1,..., f — 1.

For any integers 0 < 4,5 < f, there is an edge
es = (u,v;) in the unfolded graph G if and only
if d¥(u — v) :d;[(u,- =) f+j—i.

For 0 <i,j < f with j —i = d*(u — v) mod f,
there is an edge ey = (u;,v;) with delay count

| M| if >

d}i_ (ui — ’Uj) =
[N"'Td(e)-l otherwise
where N is the number of delays contained within
the split node u.

The f copies of edge e = (u,v) in Gy are the edges
i = (Wi» V(i+N+d(e)) mod £) fori=0,1,..., f — 1.

The total number of delays along the f copies
of edge e, not including delays contained within
the end nodes, is d(e); in other words, d(e) =

Y dyled).

Proof:

1.

Designate the N pieces of u by u°, u!,..., u™¥~!

and consider the unfolded extended graph X]?.
In the original extended graph, u’ was separated
from w't! by an edge containing one delay for
i=0,...,N —2. Therefore, in X¢ 7o there are zero-

delay edges from u to u;fl fori =0,..., N—2and
i=0,.,f—2, along with one- delay edges from
uf 1 to ugt! forz—O .. N — 2. We now begin
constructing Gy from X by reassembling each
split node u;, 0 <i < f — 1, from the N - f pieces
of the copies of u. The first part of u; consists of
all subnodes along the path v, u},,..., u’}_l for
some integer k. By matching the upper and lower
indices on the subnodes we see that k—0 = f—1—
i,or k = f—i—1. We then have the one-delay edge

between ufji_l and ug ~% which inserts the first

delay into u; before starting another zero-delay
path between v}~ and u?,f 7. Following this
pattern, we see that we are inserting another delay
into u; every f subnodes until we have assigned

all delays.

. If the ** delay lies in u; then there exists an in-

teger k such that kf — j — 1 =i from (1) above.
Thus j=kf—i—1=(Nf—i—1) mod f.

. We must insert all delays into u; before we run

out of pieces. Thus the position of the last delay
must be smaller than the total number of pieces,
or fn—i < N. This yields n < N;ri, and since
n must be integral, we maximize it by setting it
equal to the floor of this fraction.

. First note that edge e in G corresponds to a path

from u® to v° in X¢ which consists of the edges
er, = (uF,uf*tt) for k = 0,1,..,N —1 and ey =
(u™,v%). Similarly, there is an edge (u;,v;) in
Gy if and only if there is a path from u) to v}
in X¢, which happens if and only if X¢ contains

— k41
the edges e, = (u{“iJrk) modf,u(;rkﬂ) mod 5) fOr
k=01,...,N—1and ex = (U{;n)moa s+ 3)-
By Theorem 2.1(1), this occurs if and only if

dler) = dsleg)-f+(@E+k+1)mod f
—(i + k) mod f
dlew) = dplen) f+j—(i+N)mod f

for 0 < k < N — 1, which is equivalent to

dHu—v) = Yilydle)
= f- Ek o0 dsler) +J
+Zk 0(z+k+ 1) mod f
Ek o(i + k) mod f
= f- d (Uzﬁvj)'i_j
+Zk 1(z%—k) mod f

—(4 +Ek:1(z + k) mod f)
= f-d}(ui—H}j)-i-j—i

. As noted above, the edge e in G corresponds to

the path from u° to v° in X“. By the analogue of
Theorem 2.1(2) for paths, under these conditions
there is a path from uf to v} in X§ with delay
count

[D(u:ﬂ))J ZfJ>Z
Df(u? = 1}?) =

[D(" = -| otherwise

Since Dy (ud = 1}?) = df(uZ — v;) and D(u® =
v?) = dt(u = v) = N +d(e) the result follows
immediately.



6. By logic similar to the previous section, the ana-
logue of Theorem 2.1(3) for paths implies the ex-
istence of f copies of this path in X¢, specifi-
cally the paths from u? to U(1+D(u0:>v0)) mod f for
i=0,1,..., f —1 and our desired property clearly
follows.

7. We have seen that d;{(ui = vj) = %(d+(u —
v) +i—j) = +(N +d(e) +i—j), and so

f

1

™

.
I
Il

d} (Ui = V(i4 N+d(e)) mod f)

N +d(e)

F-1 f1

<Z’L—Z N+i+d(e))modf>
Z(:f1 F-1
5 (22

i=0

= N+de
= N +de).

Since there are N total delays dlstrlbuted
among the f copies of node u, Zz o df(e,) =

i df (ui = V(i4N+d(e)) mod ) — N = d(e) and
our result is shown.

O

3.2 Our Unfolding Algorithm

Having established the needed properties, we for-
malize our unfolding method as Algorithm 1 below.
Broadly speaking, we first distribute delays within
source nodes. The simplest way to do this is to create
f copies of each node, each of which contains all de-
lays, then remove the correct delays from within each
node. Next, we assign delays to each edge between
nodes. Note that we have already accounted for de-
lays within end nodes and need only concern ourselves
with delays along the actual edges. Here we modify the
algorithm from [1], taking care to adjust our figures by
subtracting delays within source nodes.

4 Examples

To observe Algorithm 1 in action, we shall apply it to
a couple of examples.

4.1 First Example

To begin, let us reconsider our previous sample graph
(repeated as Figure 3(a) below) unfolded by a factor of
2. Our unfolding procedure takes place in two stages.

First we make two copies of the node set and as-
sign delays within nodes. Node A is the only split node
in the graph, so we are only concerned with dividing

Algorithm 1 Unfolding a split-node graph
Input: A DFG G =(V, E,d,t), an integer f
Output: The unfolded graph Gy = (Vy, Ef,dys,ts)
for all nodes u € V containing A(u) delays do
fori=0to f—1do
Add a copy of node u as u; to Vs
Aus)  Au)
end for
for i =0 to A(u) — 1 do
for j=0to f —1do
if jZ(—i—1) mod f then
Remove the i** delay from node ; mod f
A(ti mod f) = A(Uimod ) — 1
end if
end for
end for
end for
for all edges e = (u,v) in E do
0 < (A(u) + d(e)) mod f
A(u);-d(E)

pe|

fori=0to f—d—1do
Add edge ef = (ui, vi+s) to Ef
dy(ef) < p— A(ui)

end for

fori=f—dto f—1do
Add edge ef = (us, vigs—f) to Ef
di(ef) < p+1—Aui)

end for

end for

the three delays among Ay and A;. As we have previ-
ously specified, delay number zero (between the pieces
of A with computation times 1 and 4) is removed from
Ay, delay one (between the pieces of A with times 4
and 3) is taken away from A;, and the remaining delay
disappears from Ay. The result, displayed in Figure
3(b), is node Ay split in half and node A; divided into
pieces with computation times 1, 7 and 2. We note
here that A(A4g) =1 and A(A;) = 2 in this case.

(a) (b)

Figure 3. (a) Our original example; (b) The graph
unfolded by a factor of 2.

Next we assign copies of the four edges with ap-
propriate delays counts.

1. First we consider the edge from A to B. There



are no delays along the actual edge, but there are
three delays within the source node. Thus the
variables § and p in our algorithm are both one.
We therefore add the edge (Ao, Bi1) with delay
count p— A(A4g) = 1—1 = 0 during the first loop,
and (A1, Bg) with p—A(A;1)+1=1-2+1=0
when in the second.

2. Next we deal with the edge (B, C)) containing one
delay on the edge but none within the source node.
Hence § = 1 and p = 0 in this case, and since
A(B;) = A(C;) =0 for i = 0,1, we add a zero-
delay edge (By,C1) in the first loop and a one-
delay edge (B, Co) in the second.

3. Similarly, the one-delay edge (C, B) spawns the
zero-delay edge (Cp, By) in the first loop and the
one-delay edge (C1, Bg) in the second.

4. Finally, the zero-delay edge (C, A) must be han-
dled. Since § = p = 0, we never execute the sec-
ond loop. Two passes of the first loop are executed
which produce two zero-delay edges, (Co, Ag) then
(C1, Ay).

The final result appears in Figure 3(b). For clar-
ity, the nodes comprising iteration one are shaded.

4.2 Second Example

Next, consider the SDG in Figure 4(a) which we wish
to unfold three times. Node A is the only split node,
containing two delays. By our algorithm, the zeroth
delay is taken away from all copies of A except As,
while the first delay disappears from all copies ex-
cept A;. Because the edge (A, B) contains two de-
lays within its source node, we require edges (Ao, B2),
(A1, Bo) and (As, By). These last two edges require
one delay each, a demand satisfied by the delays con-
tained within the source nodes of these edges. (B, C)
in the original graph contains one delay, giving us zero-
delay edges (Bg,C1) and (B;,C3) and the one-delay
edge (B, Cp). Finally the zero-delay edge (C, A) gives
us three zero-delay edges in the unfolded graph, and
the unfolded graph as it appears in Figure 4(b) is com-
plete.

5 Conclusion

In this paper, we have formally defined a split-node
data-flow graph and redefined the standard terminol-
ogy to fit this new paradigm. We have logically proven
the specific changes that transpire when a split-node
graph is unfolded and propose an algorithm for per-
forming unfolding. Finally, we have demonstrated our
methods on specific examples.
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Figure 4. (a) Another sample SDG; (b) Figure 4(a)
unfolded thrice.
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