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ABSTRACT
Many computation-intensive or recursive applications
commonly found in digital signal processing and image
processing applications can be represented by data-flow
graphs (DFGs). In our previous work, we proposed a new
technique, extended retiming, which can be combined with
minimal unfolding to transform a DFG into one which is
rate-optimal. The result, however, is a DFG with split
nodes, a concise representation for pipelined schedules.
This model and the extraction of the pipelined schedule it
represents have heretofore not been explored. In this pa-
per, we construct scheduling algorithms for such graphs
and demonstrate our methods on specific examples.
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1 Introduction

Because the most time-critical parts of real-time or
computation-intensive applications are loops, we must ex-
plore the parallelism embedded in the repetitive pattern of
a loop. A loop can be represented as a data-flow graph
(DFG) [1]. The nodes of a DFG depict tasks, while
edges between nodes symbolize data dependencies among
tasks. Each edge may contain a number of delays (i.e.
loop-carried dependencies). This model is widely used in
many fields, including circuitry [2], digital signal process-
ing (DSP) [3] and program descriptions [4].

In our previous work [5–8], we proposed an efficient
algorithm, extended retiming, which transforms a DFG into
an equivalent graph with maximum parallelism. Indeed, we
have demonstrated that extended retiming, when combined
with minimum unfolding, achieves rate optimality, the first
method we are aware of that this can be said about. The ef-
fectiveness of extended retiming was further demonstated
via experimentation in [6]. In all cases explored, we were
able to achieve better results by using extended retiming,
getting an optimal clock period while requiring less unfold-
ing.

While the usefulness of this new transformation is
clear, the result of extended retiming is a graph contain-
ing split nodes. This is not to say that we are physically
altering the DFG by placing registers inside of functional
units. Rather, we are describing an abstraction for a graph

which provides a feasible rate-optimal schedule with loop
pipelining. The split-node graph is simply the most com-
pact means for expressing this best schedule. This combi-
nation of reduced size and extensive implanted system in-
formation potentially makes the split-node DFG an attrac-
tive archetype for research into DSP on parallel embedded
systems, where concision is key. However, before we get
to that point, much basic work remains to be completed.

The properties of split-node graphs and the means by
which they can be manipulated in order to draw out the
pipelined schedule represented therein have not been ex-
plored in the literature. By using a split-node DFG to char-
acterize a situation, we are conveying not only that a sched-
ule is to be pipelined, but we are giving specific clues as to
how it is to be pipelined. Thus, while many scheduling al-
gorithms for traditional data-flow graphs exist throughout
the literature [9–13], we must make specific modifications
to existing methods so that they apply to this new model
and produce an optimal schedule which obeys the addi-
tional rules regarding pipelining that the split-node graph
dictates.

In this paper, we develop the first method designed
specifically to efficiently schedule the system represented
by a split-node graph. To that end, we formally define a
split-node data-flow graph and redefine the terminology of
scheduling to fit this new paradigm. We develop schedul-
ing algorithms for split-node graphs, and explain how to
achieve a rate-optimal schedule by applying these algo-
rithms. Finally, we demonstrate our methods on specific
examples.

2 Background

Before proceeding to our primary results, we first introduce
our basic models. We then review previously established
results pertinent to our task.

We define a split-node data-flow graph (SDG) with
splitting degree Æ to be a finite, directed, weighted graph
� � ����� �� �� where � is the vertex set; � � � � � is
the edge set, representing precedence relations among the
nodes; � � � �Z is a function with ���� the delay count for
edge �; and � � � �ZÆ is a function with the Æ-tuple ����
representing the computation times of �’s pieces. Broadly
speaking, Æ is the maximum number of pieces any node of
� is split into. (Trivially if Æ � � the SDG is simply a data-



flow graph as defined previously.) If a node � is not split
���� is an integer rather than a Æ-tuple. For example, in the
SDG of Figure 1, ���� � ��� �� �� �� while ��	� � ��
� �
�. We will use the notation � ��� to refer to the sum of the
elements of �’s Æ-tuple if � is split and to ���� otherwise.
In this example, � ��� � �� and � �	� � � �
� � �.
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Figure 1. A sample SDG.

In our model, delays may be contained either along an
edge or within a node. As we have stated, the execution of
all nodes in � once is an iteration. Delays contained along
an edge represent precedence relations across iterations; for
example, the one-delay edge between 	 and 
 in Figure 1
indicates that the execution of 	 in the current iteration
must terminate before 
 can begin in the next iteration. On
the other hand, delays within a node convey information
regarding the pipelined execution of a node. For example,
the three delays inside of � tell us that up to � copies of
the node may be executing simultaneously in a pipelined
schedule of tasks. Furthermore, the position of the delays
inside of a node indicate the form of the schedule of tasks
for a graph. In the case of Figure 1 we can build a schedule
in such a way that the first iteration contains the beginning
of �’s first copy; the next iteration includes only the part of
this copy taking � time units to execute; the next iteration
lasts only � time units to match the next part of the copy;
and the next iteration includes the remaining piece of �’s
first copy. After that, we schedule the copies of 	 and 


as best we can around the borders of the iterations, making
sure that the copy of	 in this iteration precedes the copy of

 in the next iteration, and that the current copy of � starts
upon termination of the current copy of 
. We see that it
is straight-forward to derive a schedule from a simple SDG
purely through observation. Our purpose is to formalize
this method so that it may be applied automatically to more
complex examples.

Given an edge � � ��� �� in a SDG �, we will use the
traditional notation ���� to refer to the number of delays
on the edge not including delays within end nodes. We will
further define ����� �� as ���� plus the number of delays
within the source node �. Referring to Figure 1, we observe
that ����� 	� � � while ���� � � for � � ���	�.

An integral time schedule or integral schedule is a
function 
 � ��N�Z where the starting time of node �
in the ��� iteration is given by 
��� ��. It is a legal sched-
ule if 
��� �� 	 � ��� � 
��� �	 ���� � ��� for all edges
� � ��� �� and iterations �, while a legal schedule is a re-
peating schedule for cycle period � and unfolding factor �

if 
��� � 	 �� � 
��� �� 	 � for all nodes � and iterations
�. Such a schedule can be represented by its first � itera-
tions, since a new occurrence of this partial schedule can
be started at the beginning of every interval of � clock ticks
to form the complete legal schedule.

As we’ve stated, an iteration is simply an execution
of all nodes in a data-flow graph (DFG) once. The average
computation time of an iteration is called the iteration pe-
riod of the DFG. If a DFG � contains a loop, then this iter-
ation period is bounded from below by the iteration bound
[14] of �, which is denoted 	��� and is the maximum
time-to-delay ratio of all cycles in �. For example, there
are two loops in Figure 1: the outer � � 	 � 
 � �

loop with total computation time �� and delay count �; and
the 	 � 
 � 	 loop with time � and delay count �.
The larger of these ratios comes from the outer loop, and
so 	��� � �

�
in this case. When the iteration period of

the schedule equals the iteration bound of the DFG, we say
that the schedule is rate-optimal. Clearly, if we have a legal
schedule for � with cycle period � and unfolding factor � ,
its iteration period is �

�
, and since 	��� is a lower bound

for the iteration period, we must have 	��� � �
�

.

3 SDG Scheduling Algorithms

We now discuss a method for scheduling a split-node
graph, based on the as-early-as-possible (AEAP) schedul-
ing algorithm [9]. We begin by constructing a related se-
quencing graph based on our SDG. This sequencing graph
is designed to model all intra-iteration dependencies. To
this end, we remove all edges from the SDG with non-zero
delay count. We also replace any split node by its head
and tail and re-route all zero-delay edges involving the split
node. Edges leaving a split node must leave the tail of the
node in the sequencing graph, and those entering a split
node must now go to the head. Finally, a dummy source
node and edges from it to all other nodes are added. The
procedure for constructing this graph appears as Algorithm
1, with the sequencing graph for Figure 1 given as Figure
2(a).

We can now produce a forward schedule using the se-
quencing graph. We assume that the dummy node � � exe-
cutes at time step zero and takes no time to execute. Since
the sequencing graph is acyclic, we may apply a modified
version of the ���� � 	 ���� algorithm from [15] for find-
ing the lengths of the shortest paths from �� to every other
vertex. We begin by sorting all of the vertices, with � pre-
ceding � in the sorted list if there is an edge from � to �

in the sequencing graph. Taking the vertices in sorted or-
der, we now find the longest paths to each vertex from � �.
The length of the longest path is the starting time for the
node in the first iteration; repeating this iteration gives us
the complete schedule. However, since we must execute a
split node in order from start to finish, we schedule only the
head of any split node. This complete procedure appears as
Algorithm 2.
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Figure 2. (a) The sequencing graph for Figure 1; (b) The forward schedule for this graph; (c) The backward schedule.

Algorithm 1 Building the sequencing graph for a split-
node DFG
Input: A split-node DFG � � ����� �� ��
Output: An acyclic sequencing graph �� � �� �� ���
� � � �
�� � �
for all � � � do

if ���� is an �-tuple with � � � then
/* Replace all split nodes by a head and tail. */
� � � � �

�
���� ���

�������first element of ����
���������� element of ����

else
/* Any non-split node is retained as-is. */
� � � � �

�
���

������ ����
end if

end for
for all 	 � �
� �� � � with ��	� � � do

/* Edges from a split node now leaving tail. */
if 
 is a split node then
� � 
�

else
� � 


end if
/* Edges into a split node routed into head. */
if � is a split node then
� � ��

else
� � �

end if
�� � ��

�
���� ���

end for
/* Add dummy source node. */
� � � � �

�
����

������� �
for all � � � � with � �� �� do

/* Add edges from source to all other nodes. */
�� � ��

�
����� ���

end for

Algorithm 2 Forward scheduling
Input: A split-node DFG � � ����� �� �� with clock period 


Output: An forward repeating schedule �
/* Apply Algorithm 1 to � */
�� � �	�
	�
�����������
for all � � � � do
���	���� �	

end for
���	����� �
/* Find longest paths to all nodes in seq. graph. */
Topologically sort the vertices of � �

for all 
 � � � taken in sorted order do
for all � � � � adjacent to 
 do

if ���	��� � ���	�
� � ���
� then
���	���� ���	�
� � ���
�

end if
end for

end for
for all � � � do

if � is a split node then
/* Schedule only the heads of split nodes. */
���� ��� ���	����

else
/* Schedule the complete node if not split. */
���� ��� ���	���

end if
end for
for all � � � and integers � 
 � do

/* Repeat to derive complete schedule. */
���� ��� ���� �� � 
 � �

end for

As an example, return to the sequencing graph in Fig-
ure 2(a). The longest paths to both ����� and 
 are zero,
while those to ����� and 	 are �. Adopting a near-optimal
clock period of �, we schedule copies of 
 at steps �� and
copies of � and 	 at �� 	 � for � � �, as shown in Figure
2(b).

By a similar process, we may construct a SDG’s back-
ward schedule. First of all, when constructing the sequenc-
ing graph, we reverse the direction of all edges inherited
from the original graph. (In the case of Figure 2(a), this
means that the edges ����� � 	 and 
 � ����� become
the edges 	 � ����� and ����� � 
, respectively.) With
such a construction, the longest path lengths may be sub-



tracted from the designated clock period to derive the fin-
ishing times for the nodes. We must then subtract a node’s
execution time to find the starting time. For example, re-
turning to our modified version of Figure 2(a), we would
compute path lengths of � for ����� and 	, � for 
 and �
for �����. Assuming again a clock period of �, we would
schedule � to start execution at step � � � � � � �, 	 to
begin at ����� � �, and
 to commence at ����� � �.
This ALAP schedule is pictured in Figure 2(c).

4 The Clock Period of an SDG

One detail passed over in Algorithm 2 is the specification
of a clock period for our SDG. While we could use almost
anything sufficiently large for an input parameter and a le-
gal schedule would still result, we are interested in mini-
mizing this so as to produce the best possible schedule. To
this end, the minimum clock period is formally defined as
the length of the longest zero-delay path (i.e. connected
sequence of nodes and edges) in a graph. Informally, the
clock period represents the “maximum amount of propaga-
tion delay through which any signal must ripple between
clock ticks” [2].

In an SDG, “paths” are either internal pieces of split
nodes, or zero-delay edge sequences from the tail of a split
node through unsplit nodes into the head of another split
node. We thus calculate the clock period of an SDG in
two phases. First, we determine the computation time of
the biggest piece of any split node. (Of course, in the case
of unsplit nodes, this is the total computation time.) Next,
we use the sequencing graph to find sums of computation
times along paths from split-node tails to split-node heads.
The maximum over this combined data set is the minimum
clock period. A formalized method for this, based on the
method from [2] for traditional DFGs, appears as Algo-
rithm 3.

Algorithm 3 Determining the clock period of a split-node
DFG
Input: A split-node DFG � � ����� �� ��
Output: Its clock period 


/* Compute zero-delay paths. */
�� � �	�
	�
�����������
Topologically sort the vertices of � �

Æ����� �
for all � � � � taken in sorted order with � �� �� do
Æ���� ����� �����Æ�
� 	 �
� �� � ���

end for
for all � � � do

if ���� is an �-tuple with � � � then
/* Find time of split node’s largest piece. */
����� ������� element of ���� 	 � � �� ���� ��

���� ��������� Æ�����

else

���� Æ���

end if
end for

� ����
��� 	 � � � �

Reconsider the graph in Figure 1. One topological
sort of the nodes in its sequencing graph (Figure 2(a))
yields the order ��, 
, �����, ����� and 	. The longest
paths into each of these nodes was noted above. We now
compute the Æ-values by adding the lengths of the paths into
these nodes to the computation times of the nodes them-
selves (since any signal must pass through the end node as
well). Thus the Æ-values for �����, �����, 	 and 
 are �,
�, � and �, respectively. � is the only split node and has
a computation time of � for its largest piece. The longest
zero-delay path into � is the edge from 
 into its head,
which has length � as noted. Thus 
��� � �, the 
-values
equal the Æ-values for the other nodes, and the maximum is
�, the clock period we have been using all along.

5 Analysis

The key thing to realize in constructing the sequencing
graph in Algorithm 1 is that any node in the original SDG
is replaced by either one or two new nodes in the sequenc-
ing graph, depending on whether or not the original node is
split. Thus the first and last loops execute in ���� �� time
steps, while the loop in between them at worst requires
������. It is therefore clear that Algorithm 1 is of com-
plexity ���� �	 ����.

Similarly the time complexities of Algorithms 2 and
3 are ���� � 	 ���� due to the topological sorts. The loop
immediately following the sort in Algorithm 2 requires at
worst ������ time steps since the SDG is a directed graph,
while the remaining loops take ���� �� time. The first loop
in Algorithm 3 has time complexity at worst ���� �	 ����,
while the second takes ���� �� time to run.

We can therefore conclude that the time complexity
of our overall scheduling process for a split-node graph is
at worst ���� � 	 ����. Not only have we constructed an
initial method for scheduling a SDG, we have constructed
one that is no more complex than similar existing methods
for traditional DFGs [9, 10].

6 Achieving Rate Optimality via Unfolding

While our scheduling algorithm appears effective, this first
example demonstrates its weakness. Because our algo-
rithms require an integral clock period, the best we could
accomplish was to create a schedule for Figure 1 with a
near-optimal period of �. We previously determined that
the iteration bound for Figure 1 is the smaller �

�
. Indeed,

the fact that our AEAP and ALAP schedules differ notica-
bly tells us that there is room for improvement. The ques-
tion is then what to do with a fractional iteration period.

Unfolding [16] transforms a data-flow graph by
scheduling multiple iterations simultaneously. For our par-
ticular example, if we schedule two iterations together dur-
ing � clock cycles, we would achieve an average iteration
period equal to our lower bound. In other words, if we
unfold Figure 3(a) twice and then schedule with a clock



period of �, we would achieve rate-optimality. In [17], we
presented an unfolding algorithm for the split-node model.
Applying this algorithm to unfold our initial example twice
yields the graph in Figure 3(b). For clarity, the nodes com-
prising iteration one are shaded, those in iteration zero are
not. With unfolding complete, we now attempt to sched-
ule the unfolded graph with a clock period of � time units.
Algorithm 1 produces the sequencing graph in Figure 4(a).
From the information contained in this graph, we can de-
rive the time schedule for the zeroth iteration seen in Figure
4(b) below via Algorithm 2. Note that this iteration is the
zeroth iteration for the unfolded graph and contains itera-
tions zero and one of the original graph.
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Figure 3. (a) Our original example; (b) The graph unfolded
by a factor of �.
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Figure 4. (a) Sequencing graph for Figure 3(b); (b) The
time schedule for iteration zero.

Finally, we can use the information from this table to
construct a first schedule. Now, as in [18], we can opti-
mize this schedule to arrive at the final rate- and processor-
optimal schedule for Figure 1 pictured in Figure 5.

7 Example

We now review our methods by applying them to an addi-
tional example, the graph pictured in Figure 6(a). Applying
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Figure 5. Rate- and processor-optimal schedule for Figure
1.

Algorithm 1 to this split-node graph produces the schedul-
ing graph in Figure 6(b). The longest length of any path in
this graph is �, so we adopt this as our clock period. Fur-
thermore, the longest path from �� to � has zero length, the
longest paths to 	���� and ����� each have length �, and
the longest paths to 
���� and � each have length �. We
can thus produce the time schedule for the zeroth iteration
seen in Figure 6(c) below via Algorithm 2. Propagating
these values across time and optimizing for best processor
assignment as in [18] yields the final time- and processor-
optimal schedule in Figure 7.
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A1D0 B 1

E 1
C 0
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Figure 7. Final schedule for Figure 6(a).

8 Conclusion

In this paper, we have formally defined a split-node data-
flow graph and redefined the terminology of scheduling to
fit this new paradigm. We have developed scheduling al-
gorithms for split-node graphs, and demonstrated how to
achieve a rate-optimal schedule by applying these algo-
rithms. Finally, we have demonstrated our methods on spe-
cific examples.
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