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Many commoniterative or recursive DSPapplicationscanberepresentedby synchronousdata-
flow graphs(SDFGs). A greatdeal of researchhasbeendoneattemptingto optimize such
applicationsthroughretiming.However, despiteits proveneffectivenessin transformingsingle-
ratedata-flow graphsto equivalentDFGswith smallerclock periods,the useof retiming for
attemptingto reducetheexecutiontime of synchronousDFGshasnever beenexplored.In this
paper, wedojust this. Wedevelopthebasicdefinitionsandresultsnecessaryfor expressingand
studyingSDFGs.We review theproblemsfacedwhenattemptingto retimea SDFGin order
to minimizeclockperiod,thenpresentanalgorithmfor doingthis. Finally, wedemonstratethe
effectivenessof ourmethodonseveralexamples.

1 Introduction

Sincethemosttime-criticalpartsof DSPapplicationsareloops,we mustexploretheparallelism
embeddedin the repetitive patternof a loop. Oneof the mostusefulmodelsfor representing
DSPapplicationshasproven to be the multirate or synchronousdata-flowgraph (SDFG) first
proposedby Lee[1]. Thenodesof a SDFGrepresentfunctionalelements,while edgesbetween
nodesrepresentconnectionsbetweenthem.Eachnodeconsumesandproducesa predetermined
fixednumberof delays(i.e.,datatokens)oneachinvocation.Additionally, eachedgemaycontain
someinitial numberof delays.Thismodelhasprovenpopularwith designersof signalprocessing
programmingenvironments[2] with its useleadingto numerousimportantresultsregardingthe
scheduling[3], hierarchization[4], vectorization[5] andmultiprocessorallocation[1] of DSP
programs.

A greatdeal of researchhasbeendoneattemptingto optimize variousaspectsof an ap-
plication’s executionby applyingvariousgraphtransformationtechniquesto the application’s
SDFG.Oneof themoreeffective of thesetechniquesis retiming[6,7], wheredelaysareredis-
tributedamongtheedgessothathardwareis optimizedwhile theapplication’s functionremains
unchanged.Retiming was initially appliedto single-rateDFGs to optimize the application’s
scheduleof tasksso that the clock period of the graph(i.e., the total computationtime of the
longestzero-delaypath)wasdecreasedin orderfor theapplicationto bemoreefficiently sched-
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uledfor executiononmultiprocessors[8]. It waslaterextendedto themoregeneralSDFGmodel
in orderto extendvectorizationcapabilities[9] or minimizethetotaldelaycountof aSDFG[10].
However, the problemof usingretiming to minimize the clock periodof a multirateDFG has
remainedunexplored. In this paper, we will discussthis problemand proposea methodfor
accomplishingthis task.

In additionto its ability to reduceclock period,schedulingalonetypically yieldsa schedule
requiringmoreresourcesthanthescheduleproducedby retimingfirst. (Both of theseideasare
elaborateduponin [11].) While the benefitsareclear, reworking our retiming methodsso that
they maybeappliedto synchronousgraphsisnoteasy. Thedifferencebetweenthesingle-rateand
multi-ratemodelslies in thespecificationof productionandconsumptionrateson eachedge;in
single-rategraphsall suchratesareassumedto bethesame,whereasdifferentratesfor different
edgesaretypically specifiedwhenconstructingSDFGs.Two pitfallswerenotedin [12]. First of
all, aretimingmaybederivedfor asingle-rateDFGby solvingalinearprogrammingproblem[7].
The introductionof rateson the edgespotentiallychangesthis to a more complicatedinteger
linearprogrammingproblem.Second,theintroductionof ratesinvalidatesthetraditionalresults
regardingthe delaycountsof pathsandcycles,depriving usof many usefulresultsderived for
thesingle-ratecase.Specifically, in thesingle-ratecase,we seekto remove zero-delaypathwith
excessive total computationtimes. It isn’t clearwhatwe want to avoid in themulti-ratecase;a
specificdelaycountononepathmayor maynotbeadequate,dependingonwhatrateshavebeen
specified.

Finally, themostpopularmethodfor retimingSDFGshasbeento translatetheSDFGto its
single-rateequivalent,retimethisnew graph,thentranslateback[10,13]. Therearetwo problems
with this idea. First, aswe will demonstrate,it maybe impossibleto translatea retimedsingle-
rategraphbackto a retimedSDFG.Second,even if this methodworks,thecostsin performing
thenecessarytranslationsanddramaticallyincreasingour problemsizemaybeprohibitive. It is
clearlypreferableto work with theoriginalSDFGasmuchaspossible.

In this paper, we will develop thebasicdefinitionsandresultsnecessaryfor specifyingand
manipulatinga SDFGandits single-rateequivalent. We will review retimingandpoint out the
problemswhicharisewhenit is appliedto SDFGs.Wewill proposeapolynomial-timealgorithm
which retimesa givenSDFGto have a specifiedclock period. Finally, we will demonstratethe
effectivenessof ouralgorithmby applyingit to severalexamples.

In thenext section,we will formalizethe fundamentalconceptsrelatedto thestudyof syn-
chronousdata-flow graphs.We thendiscussretimingandtheproblemswe faceaswe applyit to
SDFGs.Next is our retimingalgorithm,followedby a detailedexample.Finally, we summarize
ourwork andpoint to futuredirectionsfor study.

2 Synchronous Data-Flow Graphs

Theconceptof a synchronousdata-flow graphwasdevelopedandusedextensively by Leeand
Messerschmitt[1], but wasnot rigorouslydefineduntil thework of Zivojnovic et al [10,14]. In
this section,wereview theirdefinitionsandideasin orderto formalizetheseconcepts.
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2.1 BasicDefinitions

A synchronousdata-flow graph (SDFG) (sometimescalled a multirate or regular data-flow
graph)is a finite, directed,weightedgraph

���������
	��
�����������
���
where:

�
is the vertex set

of nodesor actors, which transforminput datastreamsinto outputstreams;
	��������

is the
edgeset,representingchannelswhich carrydatastreams;

��� 	�!
N "$#&%(' is a functionwith� )+*&,

the numberof initial tokens(delays) on edge
*
;
�-�.�/!

N is a function with
��)102,

the
executiontimeof node

0
;
�-�3	4!

N is a functionwith
�5)+*&,

thenumberof datatokensproduced
at
*
’s sourcenodeto be carriedby

*
; and

���.	/!
N is a function with

�6)+*&,
the numberof

datatokensconsumedfrom
*

by
*
’ssinknode.(In thisdefinitionN is thesetof naturalnumbers#37 �98:�
;:�=<><?< ' .) If

�5)+*&,@�A�6)+*&,@� 7 for all
*CBD	

, we saythat
�

is a homogeneousdata-flow
graph(HDFG). HDFGsarealsosometimesreferredto assingle-ratedata-flowgraphsor simply
data-flowgraphs.

To illustrate,considertheSDFGgiven in Figure1(a)below. Thenumbersabove thenodes
representtheexecutiontimesfor theindividual tasks,while thesmallernumbersat eitherendof
anedgedenotetokensproducedor consumed.As anexample,

��)+EF,G�H8
while

��)+I@,��J��)�KL,�� 7
in thefigure.Furthermore,thenumbersateitherendof theedgeconnecting

E
and

I
indicatethat

node
E

producesonetoken on this edgewhenit executes,while node
I

consumestwo tokens
from this edgeeachtime it fires.
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Figure1: (a)A SDFG;(b) Its topologymatrix; (c) Its repeatingschedule;(d) An inconsistentSDFG

It is sometimesusefulto characterizeanSDFGby its topology matrix, an s 	 s � s � s matrix
similarto anincidencematrix. Eachrow correspondsto oneedgein thegraph,while eachcolumn
correspondsto a node. A positive

)1t
��u3,�v1w
entry in the topologymatrix indicatesthenumberof

tokensproducedby the
u vxw

nodeonthe
t v1w

edge,while anegativeentryheregivesthenumberof
tokensconsumedby node

u
from edge

t
. All otherentriesarezero.As anexample,thetopology

matrix of Figure1(a)is givenin Figure1(b).
In [1] it wasdemonstratedthatarepeatingsequentialschedulecanbeconstructedfor aSDFG�

if therankof thegraph’s topologymatrix is onelessthanthenumberof nodesin theSDFG.
(The reverseis not necessarilytrue, aswe will seeshortly.) If this conditionholds thereis a
positive integervector y in thenullspaceof thetopologymatrix calleda repetitionvectorfor

�
.

Therepetitionvectorfor
�

with thesmallestnormis calledthebasicrepetitionvector(BRV) for�
[15]. For example,theBRV for theSDFGin Figure1(a) is y �{z�8 7|7~}�� . Theelementsof

a BRV y indicatethat y
� copiesof node
0 � mustbeexecutedduringevery iterationof thestatic
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schedule.In ourexamplewemustscheduletwo copiesof
E

andonecopy eachof
I

and
K

each
time;seeFigure1(c). Finally, aSDFGis consistentif it hasaBRV. An exampleof aninconsistent
SDFGwith rank

;
topologymatrixappearsasFigure1(d). It is clearthat,if weattemptto execute

this circuit, eachnodewill fire oncebeforenode
E

deadlocksthesystemwaiting for its second
token.

2.2 ConstructinganEquivalentHDFG

In orderto studyanSDFG,it is sometimesusefulto createits equivalenthomogeneousdata-flow
graph (EHG). As thenameimplies,anEHG performsthesamefunctionastheoriginal SDFG,
but is constructedso thateachedgecarriesat mostonetoken. Sinceeachnodeis expectingto
eitherproduceor consumemoredatathanthis,anEHGcompensatesby insertingmultipleedges
betweennodes.

An algorithm for creatinga graph’s EHG appearsin [11]. It is adaptedfrom the method
of [15] for constructingtheEHG of cyclostaticDFGs,which not only permitmultiple tokensto
passalongedgesbut alsospecifiesthepatternof theirproductionor consumption.Thealgorithm
first createsenoughcopiesof eachnodeto satisfythe specificationsof the BRV. It theninserts
edges.If nodesin aSDFGareconnectedby azero-delayedge,thenthefirst datatokenproduced
by the first copy of the sourcemustbe consumedby the first copy of the sink in the EHG. If
therearedelayson anedge,thedatacontainedhereis consumedfirst, sothatthefirst new token
producedis in factneededby a latercopy of thesink. Thealgorithmdetermineswhichcopiesof
sourceandsink to mapto oneanotherbasedonhow muchdatahasbeencreatedandused.As an
exampleof ouralgorithmin action,theEHGof Figure1(a)appearsin Figure2(a).

Therearetwo significantdifferencesbetweenour algorithmandthatof [15]. First, theorigi-
nal algorithmwasmoreconcernedwith makingsurethat theamountof dataproducedandcon-
sumedon an edgematched.This yields a simplerbut moreconfusinggraph. For purposesof
clarity, wedonotcombineedgesbetweennodes.If multiple tokensareto besentbetweennodes
in the EHG, eachtravels alongits own edge. Onebenefitis that the delaycountsbetweenthe
original SDFGandtheEHG matchin our model.More significantly, theoriginal algorithmalso
insertedcontrol dependenciesinto the EHG, insuringthatall copiesof a nodeexecuteserially.
Sinceweareconcernedwith maximizingparallelism,weconcernourselvesonly with theneces-
sarydatadependencies.

Finally, asderived in [15], we will say that a SDFGis live if its EHG hasno zero-weight
cycles.Otherwisethegraphis deadlocked. An exampleof aconsistentdeadlockedgraphappears
asFigure2(b), with its EHG in Figure2(c). As we cansee,the loop betweennodes

E
and

I��
containsnodelays,andsoit is impossibleto schedulethemsinceeachmustprecedetheother. It
shouldbeclearthata SDFGmustbeboth live andconsistentin orderfor it to have a repeating
staticschedule.

3 Retiming

A greatdealof researchhasbeendoneattemptingto optimizethescheduleof an application’s
tasksafterapplyingvariousgraphtransformationtechniquesto theapplication’s HDFG. Oneof
the moreeffective of thesetechniquesis retiming [6, 7], wheredelaysareredistributedamong
theedgessothattheapplication’s functionremainsthesamewhile theexecutiontimedecreases.
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Figure2: (a) Figure1(a)’s EHG; (b) A deadlockedSDFG;(c) Its EHG

Despiteits usefulnesswhenappliedto HDFGs, the applicationof retiming to SDFGswasex-
ploredonly marginally prior to 1994[13,16] beforebeingstudiedby Zivojnovic et al primarily
asa way to minimizethedelaycountof a SDFG[10,12]. In this sectionwe intendto review the
basicsof retiming,explore someof thepitfalls which arisewhenstudyingretimingof SDFGs,
demonstratetheeffectivenessof retiming,andproposetwo algorithmsfor retimingSDFGs.

3.1 BasicDefinitions

A pathin eitheraSDFGor aHDFGis any sequenceof nodesandedges.Theclock period
����)��L,

of a HDFG
�

is thendefinedto bethelengthof thelongestzero-delaypath[8]. This definition
is problematicon two counts. First, it is not clearwhat the delaycountof a path in a SDFG
really is in light of theinconsistenciesin theresultsfrom [10]. Second,supposethatwe attempt
to applyour definitiondirectly to SDFGs,asdemonstratedby Figure2(b). We would conclude
thattheclockperiodequals

8
, but in reality thegraphmusthave aninfinite clockperiodbecause

of theproblemsschedulingnodes
E

and
I��

. Thus,we areforcedto definetheclock periodof a
SDFGto beequalto theclock periodof its EHG.As anexample,theclock periodof theSDFG
in Figure1(a)is � by ourdefinition.

Similar problemsarisewhenwe attemptto minimize theclock period. We will saythatan
iteration of a SDFGis the executionof all nodesof its EHG once. The averagecomputation
time of oneiterationis thencalledthe iteration periodof theSDFGandis equalto theiteration
periodof the EHG. (In Figure1(a) the iterationperiod is also � .) If a SDFGcontainsa loop,
thentheiterationperiodis boundedfrom below by the iteration bound[17], which is definedto
be themaximumtime-to-delayratio of all cyclesin theEHG. For example,theEHG in Figure
2(a) containsthreeloops:

)+EW���
I$��KL,
and

)+E � �
I$��KL,
eachwith total computationtime of �

anddelaycount
8
; and

)+I$��KL,
with computationtime

8
anddelaycount 7 . Thusthe iteration

periodof thegraphin Figure1(a)is
8
. Thiscanbeclearlyseenfrom theschedulein Figure1(c),

whereoverlappediterationscreatehigherthroughput.(The iterationperiodof anSDFGcanbe
overestimatedusingthe ideasfrom [14] without constructingthe EHG, but our methodyields
a tighterbound,which is importantaswe attemptto minimize the iterationperiodof anSDFG
next.)

A retiming � � ��!
N "G#&%3' is a functionwhich specifiesa transformationof a graph

�
. It
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Figure3: (a)Figure1(a)retimed;(b) Its EHG; (c) Its repeatingschedule

labelseachvertex with anumberof delaysto beremovedfrom eachincomingedgeandplacedon
eachoutgoingedge,changing

�
into theretimedgraph

���������G�
	$���:� �����x���
�=�
where

�:�6)+*&,.�� )+*&,¢¡£�5)+*&, � )1¤ ,¦¥��6)+*&, � )102, for eachedge
*��§)1¤��
02,

in
	

[10,12]. As anexample,a retiming
with � )+E�,¨��8

and � )+I@,©� � )�KL,ª� % transformstheSDFGof Figure1(a) into thatof Figure
3(a). Examiningthe EHG in Figure3(b), we seethat we have now achieved an optimal clock
periodof

8
which translatesinto themorecompactscheduleof Figure3(c).

3.2 ProblemsRetimingEHGs

On first glance,it appearsthatwe shouldjust beableto retimetheEHG via traditionalmethods
andthenmapbackto theoriginal SDFG,aswasdoneby Leeoriginally [13]. Unfortunately, the
initial translationfrom SDFGto EHG is too complex to permit this. As an example,consider
the unit-time SDFGgiven in Figure4(a), with its EHG appearingin Figure4(b). A retiming
with � )+E�,«� � )+I � ,¨� 7 and � )+I��=,¨� � )�KL,ª� % transformstheEHG into thegraphshown in
Figure4(c) with clock period

8
. We now wish to try andmatchthis with someretimedversion

of theoriginal SDFG,but have a problemwith thedelaycountof theedgebetween
E

and
I

. If
thenew delaycountis 7 , theEHG shouldhave no delayon theedge

)+E��
IF�=,
andonedelayon)+EW�
I � ,

, exactly theoppositeof whatwe actuallyhave. On theotherhand,if theretimeddelay
count is

8
or more,thenboth

)+E��
I � ,
and

)+EW�
I��=,
shouldhave non-zerodelaycounts,which

alsocontradictswhatwehave. In any case,therecanbenodirectmatchingin thiscase.If weare
to retimeSDFGs,we mustwork directlyon theoriginal graphitself.

4 Retiming a SDFG

SincewecannotretimeaSDFGby workingwith its EHG,wemustdevelopmethodsfor retiming
theSDFGdirectly. In thissectionwe refinethemethodsof [7] to dealwith thissituation.

4.1 Initial Problems

Unfortunately, the retimingalgorithmswe will proposewill eitherbe pessimisticor expensive.
Thereasonfor this is thattheoriginal methodswe areusingasa basiswerethemselvesbuilt on
oneresultfrom [7]:
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Figure4: (a) A unit-timeSDFG;(b) Its EHG; (c) Its retimedEHG
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Figure5: (a)A pathin aSDFG;(b) Its homogeneousequivalent

Thm 4.1 Let
�

bea HDFG and
�

a potentialclock period.
����)��L,F¬H�

iff everypath in
�

with
total computationtimelarger than

�
hasdelaycountlarger than 7 <

Theproblemnow is that insufficient delaysalonga pathin a SDFGdo not necessarilytranslate
into a zero-delaypathin theEHG. As anexample,considertheunit-time SDFGin Figure5(a)
below, with its EHG given in Figure5(b). For

����8
, examiningonly theoriginal SDFGwould

leadusto retimethispatheventhoughsuchanexerciseis unnecessary. To avoid suchfalsepaths,
we mayneedto constructintermediateEHGsfor study, a verycostlyprocess.

In a similar vein, the natureof an EHG raisesthe questionof what a pathactuallyis. The
traditional definition saysthat a path is a sequenceof nodesand edges. Sincewe now have
multiple edgesbetweennodes,we mustbevery carefulto considerall pathsresultingfrom such
multiple copies.To illustrate,thetraditionaldefinitionwould dictatethat thereis onepathfromE

to
K.­

in Figure5(b). Becauseof the pair of edgesbetween
I �

and
K.­

, we will abuseour
definitionslightly andsaythat therearein fact two pathsbetween

E
and

K ­
in theEHG when

we do our calculationsbelow. While this makessense,it is somewhat differentfrom whathas
alwaysbeendoneandsomustbenoted.

Anotheradditionalcostthattheproblemof insufficient delaysforcesusto paycomesin the
form of additionalchecksfor legality. In the original algorithmsfrom [7], only onedelayat a
time wasmoved, a stipulationwhich did not causethe proposedretiming to becomeillegal at
any intermediatestep(asproven in [7]). Becausewe arenow pulling groupsof delaysthrough
nodes,this situationno longerexists,andsowe will have to checkfor legality at every stageof
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analgorithm.
Thequestionnow is to determineexactlyhow many delaysto view assufficient. Let

*L�(¤®!0
beanedgein a SDFG.Eachcopy of

¤
in theEHG creates

��)1¤~,
tokens. By our construction

eachof theseis to travel alonga separateedge.Sincethereare y=¯ copiesof node
¤

in theEHG,
theremust thenbe a total of y ¯±° �5)+*&, edgesto carry all of the data,eachof which we expect
to requirea delaywhenwe retimethegraph. Similarly, y=² copiesof

0
areeachreceiving

�6)+*&,
tokens,andsotheremustbe y ² ° �6)+*&, edgesfor thesedata.We will useeitherof thesefiguresas
thenumberof tokensrequiredby anedgein theSDFGduringretiming.

4.2 RetimingAlgorithm

We will seekour retiming via relaxationon the edgesof our graph. We do this by sortingour
verticesandthensweepingalongthesortedlist. Whenwe get to a point wherethecurrentpath
is too long,we insertenoughdelayssoasto breakthepathup into sufficiently smallpieces.We
thenverify thatwe areallowed to do this. If we cannotthenthereis no retimingandwe return
with an error; otherwisewe sweepfurther. Onceour prospective retiming hasbeenfound,we
testtheretimedgraphto make surethat theclock periodis within our requirements.If it is we
have founda way to retimetheSDFG;otherwisethereis nosuchretiming.

We begin our constructionby consideringAlgorithm 1 below, the ³ ) s 	 s , -time algorithm
from [7] for finding the lengthof the longestzero-delaypathinto eachvertex of a HDFG. This
procedurefirst sortstheverticessothatthoseoccurringearlyin thelist areconnectedto vertices
later in the list by zero-delayedges.It thentracesthroughthe list, associatingeachvertex with
the lengthof its longestzero-delaypath. If a vertex is not connectedto a previousone,its path
lengthmustequalits own computationtime; otherwiseits pathlengthequalsits own time, plus
thesumof the timesof all theotherverticesfoundalongthepathto this point. We requirethis
algorithmnotjust for constructingourretiming,but alsofor verifying thatourfinal retimedgraph
executeswithin therequiredtime frame.

With this in handwe cannow proceedto our primary method,given asAlgorithm 2. We
begin by retimingour SDFGwith theresultto dateandconstructingits EHG.TheEHG is then
handedto Algorithm 1 to find thelengthsof themaximumpathsto all vertices.At this point, if
the longestpathlengthis sufficiently small,we returnour currentretiming functionasthefinal
answer. Otherwisetheverticesin our SDFGfall into oneof two groups.If all copiesof a vertex

Algorithm 1 Findcomputationtimeof mostexpensivezero-delaypathto all vertices
Input: A HDFG ´¶µ¸·1¹¢º¼»Lº¼½(º¼¾�¿
Output: The À ¹�À -lengthvector Á

Topologicallysorttheverticesof ´ , with Â precedingÃ if thereis azero-delayedgefrom Â to Ã in ´
for all Ã in orderfrom thesortedlist do

if Ã hasnozero-delayincomingedgein ´ thenÁÅÄÆÃ6Ç¢È�¾�Ä�Ã Ç
elseÁÅÄÆÃ6Ç¢È�¾�Ä�Ã Ç É-Ê�Ë�Ì(Í9ÁÅÄÆÂÅÇ
À Î6Ï¨Ð=Â@Ñ�Ã in ´ with ½(ÄxÏ�Ç¢µÓÒ&Ô
end if

end for
return Á
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Algorithm 2 RetimeaSDFGvia Relaxation
Input: A SDFG ´¶µÕ·+¹¢º¼»�º�½(º¼¾�ºxÖ�º�×�¿ , apotentialclockperiod ×
Output: A retiming Ø suchthat ×�Ù1Äx´ � Ç¦Ú�× if oneexists

for all ÃLÛ$¹ doØ6ÄÆÃ Ç�È�Ò
end for
for Ü�ÈÞÝ to À ¹�À do

Constructtheretimedgraph ´ � giventhecurrentØ
ConstructtheEHG ßàµÕ·+¹«á�º¼»«á�º�½=á�º¼¾1á�¿ for ´ �Á�È�âÓãåä:æ«ãå¾+ç Äxß|Ç /* Apply Algorithm 1 */
if Ê�Ë�ÌGÍ9ÁÅÄÆÃ Ç�À ÃWÛ�¹«áxÔªÚ�× then

return Ø /* All pathlengthssmallenough;stop.*/
end if
for all Ã in ¹ do

if nocopy of Ã in ß is incidentonazero-delayedgein ß thenè Ä�Ã Ç�Èêé
elseè Ä�Ã Ç�ÈëÊ�Ë�Ì(Í9ÁÅÄÆÃ=ì¼Ç�À Ã=ì is acopy of Ã in ß�Ô
end if

end for
for all Ã with

è ÄÆÃ Ç�Ú�× doØ6ÄÆÃ6Ç¢È�Ø6ÄÆÃ6ÇÅÉíÊ�Ë�Ì.î.ï�ð�ñ(ò ó ô>õ
ö+÷�ø9ù ô>õ
öó6ô>õ�ö ú À+ÏªÐ�ÃFÑ�ÂûÜxüª´ �þý3ÿ Ø�� ÿ�� ÏÅÂ �
end for
for all Ï¨Ð�Â|Ñ�Ã in » do

if ½(Ä�Ï�Ç�É�Ö�Ä�Ï�Ç1Ø6ÄÆÂÅÇ��®×=Ä�Ï�Ç1Ø6ÄÆÃ Ç���Ò then
return FALSE /* Retimingillegal; returnwith error*/

end if
end for

end for
Constructtheretimedgraph ´ � giventhecurrentØ /* Determineclockperiod*/
ConstructtheEHG ß for ´ �è È�âÓãåä:æ«ãå¾+ç Äxß|Ç /* Apply Algorithm 1 again*/
if Ê�Ë�Ì3Í è Ä�Ã Ç
À ÃWÛ�¹ á Ô
	£× then

return FALSE /* No feasibleretiming*/
else

return Ø /* OtherwiseØ is theretiming*/
end if

in theEHGareisolated(i.e.,connectedto therestof thegraphonly by edgescontainingdelays),
we do not wish to retimethe nodeandremove it from consideration.Otherwisethe nodelies
alongsomezero-delaypathandwemayhave to retimeit. In thiscasewe assignit a longestpath
lengthequalto thelongestpathlengthof any of its copiesin theEHG.

Wenow considernodesfor furtherretiming.Sincewewantto pushdelaysforwardalongour
paths(ratherthanpulling thembackwardaswasdonein [7]), weretimethosenodeswhichoccur
earlyin apath.Thisprocessis complicatedby thedifferentratesof productionandconsumption
on eachnode. For example,for eachdelaydrawn into node

E
in Figure6(a), threedelaysare

pushedonto the edgefrom
E

to
I

andtwo delaysonto the edgefrom
E

to
K

. Therefore,for
eachoutgoingedgefrom sucha node,we calculatethe numberof delaysneededto retimeall
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copiesof theedgein theEHG,subtractthenumberof delayscurrentlyontheedge,adjustfor the
differentratesof productionandconsumption,andretimeby themaximumof theseneeds.Once
all nodesareretimed,we testtheprospective retimingfor legality, i.e. wecheckthatretimingby
our functiondoesn’t resultin someedgecontaininga negative numberof delays.If we passthis
test,we look furtheralongourpathfor othernodesin needof retiming.

Oncewehavecheckedall nodesat leastonceandhavederivedalegal retimingfunction,it is
timeto testouranswer. Werepeatourearlierstepsto find thelengthsof themaximumzero-delay
pathsto eachnodeonelasttime. Sincethelengthof thelargestzero-delaypathin theEHGequals
our clock period,this valueis testedagainstour requestedclock period. If it is still too largewe
cannotretimethisSDFGto executein thetimewewishandmustreturnwith anerror. Otherwise
we have foundour retiming.
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A 2
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Figure6: (a) An exampleSDFG;(b) Its EHG; (c) TheretimedSDFGafterfirst pass;(d) Its EHG

We now demonstrateour methodby executingit on the SDFGof Figure6(a) with
�®� � .

Sortingtheverticesof Figure6(b),computinglongestpathlengthsandtakingthemaximareveals
that � )+EF,¦� � , � )+I|,�� � )�KL,��
� and � )��±,û� 7 8 in thiscase.Wethusonly retimenode

E
at

this step.Sincethereareno delayson theedge
)+EW�
I@,

, our initial retiminghas � )+E�,G� y�� �à8
and � )102,¦� % for any othernode

0
. Pulling

8
delaysthrough

E
pushes� delaysonto

)+EW�
I|,
and� onto

)+E���KL,
, asseenin theretimedgraphin Figure6(c),with its EHGappearingin Figure6(d).

Loopingbackaround,weseefrom Figure6(d) thatonly node
E

is cutoff; all othernodeslie
alongsomezero-delaypath.Thus � )+E�,¦�
� , � )+I@,G� � )�KL,�� � and � )��±,���� now, calling
for usto retimenodes

I
and

K
. Sinceneitherof theedges

)+I$���±,
nor

)�KF���±,
currentlycontains

delays,our retimingnow has � )+E�,û� 8
, � )+I@,.� y�� �à;

, � )�KL, � y�� � � and � )��±,.� % . The
new retimedgraphis givenbelow asFigure7(a),with its EHG in Figure7(b). Notethat,dueto
node

I
’sconsumptionrateof

8
, a retimingof

;
appliedto

I
requiresusto pull

8¨�|;�� � delays
in sothatthepropernumberof delaysis pushedbackout.

Studyingthe new EHG shows us that node
�

is now cut off, but node
E

requiresfurther
retiming. We have � )+E�,û� � , � )+I@,.� � )�KL,.��� and � )��±,.��� now, soonly node

E
must

beretimed.Sincebothof theedges
)+E��
I@,

and
)+EW��KL,

aredevoid of delays,wemustadd y � �H8
ontotheretimingfor

E
, giving usthefunction � )+E�, � � , � )+I@, �à;

, � )�KL,.� � and � )��±,.� % .
10
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Figure7: (a)TheretimedSDFGaftertwo passes;(b) Its EHG; (c) Figure6(a)retimed;(b) Its EHG

Theapplicationof this retimingto theoriginal SDFGresultsin thegraphof Figure7(c) andwe
have foundouranswer.

However we have a final passof thealgorithmto perform.This time,all nodesin theSDFG
have beenisolated,so � )102,¨���

for all nodes
0
, insuringthatno further retimingtakesplace.

We now studytheEHG of Figure7(d), find that themaximumzero-delaypathis an individual
nodewith computationtime � andconcludethatwe have foundour retiming.

Let
�ê�Þ���G�
	$�������������
�=�

be our SDFGwith EHG � �Þ��� á ��	 á ��� á ��� á � . Constructingthe
EHG andexecutingAlgorithm 1 eachexecutein ³ ) s 	 á s , time; thusAlgorithm 2 only requires³��9s � s � ¡ s � s>s 	 á s � time. However, while we suspectthat its successis both a necessaryand
sufficientconditionfor aSDFGto beretimableto agivenclockperiod,it is unknown whetheror
not this is thecase.In our defense,thealgorithmfrom [7] uponwhich this methodis basedwas
alsonever proven both necessaryandsufficient, but hasbeenextremelyuseful in practice.We
suspectthat the algorithmwe’ve describedherewill prove just asvaluabledespitethis logical
gap. Let

�������G�
	��
�������x�¢�
�=�
beour SDFGwith EHG � ����� á �
	 á �
� á ��� á � . Sinceconstruct-

ing theEHG andexecutingAlgorithm 1 eachrequire ³ ) s 	 á s , time, Algorithm 2 only requires³ ) s � s>s � á s ¡ s � s?s 	 á s , time to complete.However, while we suspectthat its successis both a
necessaryandsufficient conditionfor a SDFGto be retimableto a givenclock period,it is un-
known whetheror not this is the case.In our defense,the algorithmfrom [7] uponwhich this
methodis basedwasalsoneverprovenbothnecessaryandsufficient,but hasbeenextremelyuse-
ful in practice.We suspectthatthealgorithmwe have describedherewill prove just asvaluable
despitethis logicalgap.

5 Conclusion

In this paper, we have establisheda notationfor expressingandstudyingsynchronousdata-flow
graphs.Wehavepresentedthedifficultiesinvolvedwith retimingSDFGs,andthenconstructeda
polynomial-timealgorithm for retiming a synchronousgraphso that it achieves a sufficiently
small clock period. Finally, we have demonstratedthe effectivenessof our algorithm on an
example.(Theinterestedreadermayfind furtherexamplesin [11].)
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Regardlessof how goodouralgorithmmaybe,it is still notprovento representbothaneces-
saryandsufficient conditionfor retiming. This proof,or theconstructionof analternatemethod
whichis necessaryandsufficient,remaininterestingopenproblems.Correctingtheerrorsin [10]
will definitelyleadto greaterunderstandingof ourmodelandmayopenthedoorto removing this
logical gap. It may alsoleadto a studyof retiming appliedto even morecomplicatedmodels,
suchascyclo-staticor dynamicDFGs[15].
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