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Many commoniterative or recursve DSPapplicationscanberepresentetly synchronouslata-
flow graphs(SDFGs). A greatdeal of researcthasbeendoneattemptingto optimize such
applicationghroughretiming. However, despitdts proveneffectivenessn transformingsingle-
rate data-flav graphsto equivalent DFGswith smallerclock periods,the useof retiming for
attemptingto reducethe executiontime of synchronou®FGshasnever beenexplored. In this
paperwe dojustthis. We developthe basicdefinitionsandresultsnecessarjor expressingand
studyingSDFGs. We review the problemsfacedwhen attemptingto retimea SDFGin order
to minimize clock period,thenpresentnalgorithmfor doingthis. Finally, we demonstrat¢he
effectiveneswof our methodon severalexamples.

1 Introduction

Sincethe mosttime-critical partsof DSPapplicationsareloops,we mustexplorethe parallelism
embeddedn the repetitive patternof a loop. One of the mostusefulmodelsfor representing
DSP applicationshasproven to be the multirate or syndronousdata-flowgraph (SDFQG first
proposeddy Lee[1]. Thenodesof a SDFGrepresenfunctionalelementswhile edgeshetween
nodesrepresentonnectiondetweerthem. Eachnodeconsumesndproduces predetermined
fixednumberof delayg(i.e.,datatokens)on eachinvocation.Additionally, eachedgemaycontain
someinitial numberof delays.Thismodelhaspravenpopularnwith designersf signalprocessing
programmingenvironments[2] with its useleadingto numerousmportantresultsregardingthe
scheduling[3], hierarchization4], vectorization[5] and multiprocessomllocation[1] of DSP
programs.

A greatdeal of researchhasbeendone attemptingto optimize various aspectsof an ap-
plication’s executionby applying variousgraphtransformationtechniqueso the applications
SDFG.Oneof the moreeffective of thesetechniquess retiming[6, 7], wheredelaysareredis-
tributedamongthe edgessothathardwareis optimizedwhile the applications functionremains
unchanged. Retiming was initially appliedto single-rateDFGs to optimize the applications
scheduleof tasksso that the clodk period of the graph(i.e., the total computationtime of the
longestzero-delaypath)wasdecreaseth orderfor theapplicationto be moreefficiently sched-
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uledfor executionon multiprocessor{8]. It waslaterextendedo themoregeneralSDFGmodel
in orderto extendvectorizationcapabilitieg9] or minimizethetotal delaycountof a SDFG[10].
However, the problemof using retiming to minimize the clock period of a multirate DFG has
remainedunexplored. In this paper we will discussthis problemand proposea methodfor
accomplishinghis task.

In additionto its ability to reduceclock period,schedulingalonetypically yields a schedule
requiringmoreresourceshanthe schedulgproducedby retimingfirst. (Both of theseideasare
elaborateduponin [11].) While the benefitsareclear reworking our retiming methodsso that
they maybeappliedto synchronougraphsds noteasy Thedifferencebetweerthesingle-rateand
multi-ratemodelslies in the specificationof productionandconsumptiorrateson eachedge;in
single-rategraphsall suchratesareassumedo bethe samewhereadlifferentratesfor different
edgesaretypically specifiedwhenconstructingSDFGs.Two pitfalls werenotedin [12]. First of
all, aretimingmaybederivedfor asingle-rateDFG by solvingalinearprogrammingoroblem[7].
The introductionof rateson the edgespotentially changeshis to a more complicatedinteger
linearprogrammingproblem. Secondthe introductionof ratesinvalidatesthe traditionalresults
regardingthe delay countsof pathsandcycles,depriving us of mary usefulresultsderived for
thesingle-ratecase.Specifically in the single-ratecase we seekto remove zero-delaypathwith
excessie total computatiortimes. It isn’t clearwhatwe wantto avoid in the multi-rate case;a
specificdelaycounton onepathmayor maynotbe adequatedependingnwhatrateshave been
specified.

Finally, the mostpopularmethodfor retiming SDFGshasbeento translatehe SDFGto its
single-rateequivalent,retimethis new graph thentranslateback[10,13]. Therearetwo problems
with thisidea. First, aswe will demonstrateit may beimpossibleto translatea retimedsingle-
rategraphbackto aretimedSDFG.Secondgvenif this methodworks, the costsin performing
the necessaryranslationanddramaticallyincreasingour problemsizemay be prohibitive. It is
clearly preferableto work with the original SDFGasmuchaspossible.

In this paper we will develop the basicdefinitionsandresultsnecessaryor specifyingand
manipulatinga SDFG andits single-rateequivalent. We will review retiming andpoint out the
problemswhich arisewhenit is appliedto SDFGs.We will proposea polynomial-timealgorithm
which retimesa given SDFGto have a specifiedclock period. Finally, we will demonstrat¢he
effectivenesof our algorithmby applyingit to severalexamples.

In the next section,we will formalizethe fundamentatonceptselatedto the studyof syn-
chronoudata-flav graphs.We thendiscusgetimingandthe problemswe faceaswe applyit to
SDFGs.Next is our retiming algorithm,followed by a detailedexample.Finally, we summarize
ourwork andpoint to future directionsfor study

2 Synchronous Data-Flow Graphs

The conceptof a synchronousiata-flav graphwasdevelopedandusedextensiely by Lee and
Messerschmitf1], but wasnot rigorouslydefineduntil the work of Zivojnovic etal [10,14]. In
this section,we review their definitionsandideasin orderto formalizetheseconcepts.
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2.1 BasicDefinitions

A syndironous data-flow graph (SDFG (sometimescalled a multirate or regular data-flav
graph)is a finite, directed,weightedgraphG = (V, E, d,t,p, c) where: V is the vertex set
of nodesor actors, which transforminput datastreamsnto outputstreams;E C V x V is the
edgeset,representinghannelavhich carry datastreamsyd : E — N U {0} is a functionwith
d(e) the numberof initial tokens(delay$ on edgee; ¢t : V' — N is a function with ¢(v) the
executiontime of nodew; p : E — N is afunctionwith p(e) thenumberof datatokensproduced
at e’s sourcenodeto be carriedby e; andc : E — N is a function with ¢(e) the numberof
datatokensconsumedrom e by e’s sink node.(In this definitionN is the setof naturalnumbers
{1,2,3,...}.) If p(e) = c¢(e) = 1foralle € E, wesaythatG is a hom@eneousdata-flow
graph(HDFG). HDFGsarealsosometimeseferredto assingle-mate data-flowgraphsor simply
data-flowgraphs

To illustrate,considerthe SDFGgivenin Figure 1(a) belon. The numbersabove the nodes
representhe executiontimesfor theindividual tasks while the smallernumbersat eitherendof
anedgedenotetokensproducecr consumedAs anexamplet(A) = 2 whilet(B) = ¢(C) =1
in thefigure. Furthermorethenumbersateitherendof theedgeconnectingd andB indicatethat
node A producesonetoken on this edgewhenit executeswhile node B consumeswo tokens
from this edgeeachtime it fires.
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Figurel: (a) A SDFG;(b) Its topologymatrix; (c) Its repeatingschedule(d) An inconsistenSDFG

It is sometimesusefulto characterizean SDFGby its topolagy matrix, an|E| x |V| matrix
similarto anincidencematrix. Eachrow correspondo oneedgein thegraphwhile eachcolumn
correspondso anode. A positive (4, §)* entryin the topology matrix indicatesthe numberof
tokensproduceddy the jt* nodeonthest" edgewhile anegative entryheregivesthe numberof
tokensconsumedy nodej from edgei. All otherentriesarezero.As anexample,thetopology
matrix of Figurel(a)is givenin Figurel(b).

In [1] it wasdemonstratethatarepeatingsequentiabcheduleanbeconstructedor aSDFG
G if therankof the graphs topologymatrix is onelessthanthe numberof nodesin the SDFG.
(The reverseis not necessarilytrue, aswe will seeshortly) If this condition holdsthereis a
positive integervectorgq in the nullspaceof the topologymatrix calleda repetitionvectorfor G.
Therepetitionvectorfor G with thesmallesnormis calledthe basicrepetitionvector(BRV) for
G [15]. For example,the BRV for the SDFGin Figurel(a)isq = [2 1 1]T. The elementof
aBRYV ¢ indicatethatg; copiesof nodev; mustbe executedduring every iterationof the static
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scheduleln our examplewe mustschedulewo copiesof A andonecopy eachof B andC' each
time; seeFigurel(c). Finally, aSDFGis consistentf it hasaBRV. An exampleof aninconsistent
SDFGwith rank3 topologymatrix appearsisFigurel(d). It is clearthat,if we attemptto execute
this circuit, eachnodewill fire oncebeforenode A deadlockghe systemwaiting for its second
token.

2.2 Constructingan EquivalentHDFG

In orderto studyan SDFG, it is sometimesisefulto createits equivalenhoma@eneougdata-flow
graph (EHG). As the nameimplies, an EHG performsthe samefunction asthe original SDFG,
but is constructedso that eachedgecarriesat mostonetoken. Sinceeachnodeis expectingto
eitherproduceor consumenmoredatathanthis,anEHG compensateby insertingmultiple edges
betweemodes.

An algorithmfor creatinga graphs EHG appearsn [11]. It is adaptedrom the method
of [15] for constructinghe EHG of cyclostaticDFGs,which not only permit multiple tokensto
passalongedgeshut alsospecifieghe patternof their productionor consumptionThealgorithm
first createsenoughcopiesof eachnodeto satisfythe specificationof the BRV. It theninserts
edgesl!f nodesn a SDFGareconnectedy a zero-delayedge thenthefirst datatoken produced
by the first copy of the sourcemustbe consumedy the first copy of the sink in the EHG. If
therearedelayson anedge the datacontainechereis consumedirst, sothatthefirst new token
produceds in factneededy alatercopy of thesink. The algorithmdeterminesvhich copiesof
sourceandsink to mapto oneanothebasecn hov muchdatahasbeencreatecandused.As an
exampleof our algorithmin action,the EHG of Figurel(a)appearsn Figure2(a).

Therearetwo significantdifferencesdetweerour algorithmandthatof [15]. First, the origi-
nal algorithmwasmoreconcernedvith makingsurethatthe amountof dataproducedandcon-
sumedon an edgematched. This yields a simpler but more confusinggraph. For purposeof
clarity, we donotcombineedgeshetweemodes.If multiple tokensareto be sentbetweemodes
in the EHG, eachtravels alongits own edge. Onebenefitis thatthe delay countsbetweenthe
original SDFGandthe EHG matchin our model. More significantly the original algorithmalso
insertedcontrol dependenciemto the EHG, insuringthatall copiesof a nodeexecuteserially
Sincewe areconcernedvith maximizingparallelismwe concernoursehesonly with theneces-
sarydatadependencies.

Finally, asderivedin [15], we will saythata SDFGis live if its EHG hasno zero-weight
cycles.Otherwisethegraphis deadlo&ed An exampleof aconsistentieadlockdgraphappears
asFigure2(b), with its EHG in Figure2(c). As we cansee,the loop betweenmodesA and B,
containsno delays,andsoit is impossibleto schedulehemsinceeachmustprecedeheother It
shouldbe clearthata SDFGmustbe bothlive andconsistenin orderfor it to have arepeating
staticschedule.

3 Retiming

A greatdealof researchhasbeendoneattemptingto optimize the scheduleof an applications
tasksafterapplyingvariousgraphtransformatiortechniquego the applications HDFG. Oneof
the more effective of thesetechniquess retiming[6, 7], wheredelaysare redistritutedamong
theedgessothattheapplications functionremainghe samewhile the executiontime decreases.
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Figure2: (a) Figurel(a)s EHG; (b) A deadlockd SDFG;(c) Its EHG

Despiteits usefulnessvhen appliedto HDFGs, the applicationof retimingto SDFGswas ex-
ploredonly maginally prior to 1994[13,16] beforebeingstudiedby Zivojnovic et al primarily
asaway to minimizethedelaycountof a SDFG[10,12]. In this sectionwe intendto review the
basicsof retiming, explore someof the pitfalls which arisewhen studyingretiming of SDFGs,
demonstrat¢he effectivenesof retiming,andproposewo algorithmsfor retiming SDFGs.

3.1 BasicDefinitions

A pathin eithera SDFGor aHDFG s ary sequencef nodesandedges.Theclodk periodcl(G)
of aHDFG G is thendefinedto bethelengthof thelongestzero-delaypath[8]. This definition
is problematicon two counts. First, it is not clearwhat the delay countof a pathin a SDFG
reallyis in light of theinconsistencief theresultsfrom [10]. Secondsupposehatwe attempt
to apply our definitiondirectly to SDFGs,asdemonstratedhy Figure2(b). We would conclude
thattheclock periodequals2, but in reality thegraphmusthave aninfinite clock periodbecause
of theproblemsschedulinghodesA and B,. Thus,we areforcedto definethe clock periodof a
SDFGto beequalto theclock periodof its EHG. As anexample,the clock periodof the SDFG
in Figurel(a)is 4 by our definition.

Similar problemsarisewhenwe attemptto minimize the clock period. We will saythatan
iteration of a SDFG s the executionof all nodesof its EHG once. The averagecomputation
time of oneiterationis thencalledtheiteration period of the SDFGandis equalto theiteration
period of the EHG. (In Figure 1(a) the iteration periodis also4.) If a SDFG containsa loop,
thentheiterationperiodis boundedrom belav by theiteration bound[17], which is definedto
be the maximumtime-to-delayratio of all cyclesin the EHG. For example,the EHG in Figure
2(a) containsthreeloops: (A1, B,C) and (A2, B, C) eachwith total computationtime of 4
anddelaycount2; and (B, C)) with computationtime 2 anddelaycount1. Thusthe iteration
periodof thegraphin Figurel(a)is 2. This canbeclearlyseenfrom theschedulen Figurel(c),
whereoverlappedterationscreatehigherthroughput.(Theiterationperiodof an SDFGcanbe
overestimatedising the ideasfrom [14] without constructingthe EHG, but our methodyields
atighterbound,which is importantaswe attemptto minimize the iterationperiodof an SDFG
next.)

A retimingr : V' —N U{0} is afunctionwhich specifiesa transformatiorof a graphG. It
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Figure3: (a) Figure1(a)retimed;(b) Its EHG; (c) Its repeatingschedule

labelseachvertex with anumberof delaysto beremovedfrom eachincomingedgeandplacedon
eachoutgoingedge,changingG into theretimedgraphG, = (V, E,d.,t,p, c) whered, (e) =
d(e) + p(e)r(u) — c(e)r(v) for eachedgee = (u,v) in E [10,12]. As anexample,aretiming
with r(A) = 2 andr(B) = r(C) = 0 transformshe SDFGof Figure1(a)into thatof Figure
3(a). Examiningthe EHG in Figure 3(b), we seethatwe have now achieved an optimal clock
periodof 2 which translatesnto the morecompactscheduleof Figure3(c).

3.2 ProblemsRetimingEHGs

Onfirst glance,it appearghatwe shouldjust be ableto retimethe EHG via traditionalmethods
andthenmapbackto theoriginal SDFG,aswasdoneby Leeoriginally [13]. Unfortunately the
initial translationfrom SDFGto EHG is too comple to permitthis. As an example,consider
the unit-time SDFG given in Figure 4(a), with its EHG appearingn Figure4(b). A retiming
with r(A) = r(B1) = 1 andr(Bz) = r(C) = 0 transformsthe EHG into the graphshavn in

Figure4(c) with clock period2. We now wish to try andmatchthis with someretimedversion
of theoriginal SDFG,but have a problemwith the delaycountof the edgebetween4 andB. If

the new delaycountis 1, the EHG shouldhave no delayon the edge(A, B;) andonedelayon

(A, B1), exactly the oppositeof whatwe actuallyhave. Onthe otherhand,if theretimeddelay
countis 2 or more,thenboth (A, B1) and (A, B») shouldhave non-zerodelay counts,which

alsocontradictavhatwe have. In ary casetherecanbenodirectmatchingin this caself we are
to retime SDFGs we mustwork directly on the original graphitself.

4 Retiming a SDFG
Sincewe cannotretimea SDFGby working with its EHG, we mustdevelopmethoddor retiming
the SDFGdirectly. In this sectionwe refinethe method<of [7] to dealwith this situation.

4.1 Initial Problems

Unfortunately the retiming algorithmswe will proposewill eitherbe pessimisticor expensve.
Thereasorfor this is thatthe original methodswe areusingasa basiswerethemselesbuilt on
oneresultfrom [7]:
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Figure4: (a) A unit-time SDFG;(b) Its EHG; (c) Its retimedEHG
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Figure5: (a) A pathin a SDFG;(b) Its homogeneousquialent

Thm 4.1 LetG bea HDFG andc a potentialclock period. cl(G) < c iff everypathin G with
total computatiortimelarger thanc hasdelaycountlarger than1.

The problemnow is thatinsufiicient delaysalonga pathin a SDFGdo not necessarilyranslate
into a zero-delaypathin the EHG. As anexample,considerthe unit-time SDFGin Figure5(a)
below, with its EHG givenin Figure5(b). For ¢ = 2, examiningonly the original SDFGwould
leadusto retimethis patheventhoughsuchanexerciseis unnecessarylo avoid suchfalsepaths,
we may needto constructintermediateEHGsfor study a very costly process.

In a similar vein, the natureof an EHG raisesthe questionof whata pathactuallyis. The
traditional definition saysthat a pathis a sequencedf nodesand edges. Sincewe now have
multiple edgeshetweemodeswe mustbe very carefulto considerall pathsresultingfrom such
multiple copies.To illustrate, the traditionaldefinition would dictatethatthereis onepathfrom
A to Cs in Figure5(b). Becauseof the pair of edgesbetweenB; and Cs, we will abuseour
definition slightly and saythattherearein facttwo pathsbetweenA andCs in the EHG when
we do our calculationsbelav. While this makes senseijt is somevhat differentfrom whathas
alwaysbeendoneandsomustbenoted.

Anotheradditionalcostthatthe problemof insuficient delaysforcesusto pay comesin the
form of additionalchecksfor legality. In the original algorithmsfrom [7], only onedelayat a
time was moved, a stipulationwhich did not causethe proposedetiming to becomeillegal at
ary intermediatestep(asprovenin [7]). Becauseve arenow pulling groupsof delaysthrough
nodesthis situationno longerexists, andsowe will have to checkfor legality at every stageof
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analgorithm.

Thequestiomow is to determineexactly how mary delaysto view assuficient. Lete : v —
v beanedgein a SDFG.Eachcopy of u in the EHG creategp(u) tokens. By our construction
eachof theseis to travel alonga separatedge.Sincethereareq, copiesof nodewu in theEHG,
theremustthenbe a total of ¢, - p(e) edgesto carry all of the data,eachof which we expect
to requirea delaywhenwe retimethe graph. Similarly, ¢, copiesof v areeachreceving c(e)
tokens,andsotheremustbeg, - c(e) edgedor thesedata.We will useeitherof thesefiguresas
thenumberof tokensrequiredby anedgein the SDFGduringretiming.

4.2 RetimingAlgorithm

We will seekour retiming via relaxationon the edgesof our graph. We do this by sortingour
verticesandthensweepingalongthe sortedlist. Whenwe getto a point wherethe currentpath
istoolong, we insertenoughdelayssoasto breakthe pathup into suficiently smallpieces.We
thenverify thatwe areallowedto do this. If we cannotthenthereis no retimingandwe return
with an error; otherwisewe sweepfurther Onceour prospectie retiming hasbeenfound, we
testthe retimedgraphto make surethatthe clock periodis within our requirementslf it is we
have foundaway to retimethe SDFG;otherwisethereis no suchretiming.

We begin our constructionby consideringAlgorithm 1 below, the O(| E|)-time algorithm
from [7] for finding the lengthof the longestzero-delaypathinto eachvertex of a HDFG. This
procedurdirst sortsthe verticessothatthoseoccurringearlyin thelist areconnectedo vertices
laterin thelist by zero-delayedges.It thentracesthroughthe list, associatinggachvertex with
thelengthof its longestzero-delaypath. If a vertex is not connectedo a previous one, its path
lengthmustequalits own computatiortime; otherwiseits pathlengthequalsits own time, plus
the sumof thetimesof all the otherverticesfound alongthe pathto this point. We requirethis
algorithmnotjustfor constructingpurretiming, but alsofor verifying thatour final retimedgraph
executeswithin therequiredtime frame.

With this in handwe cannow proceedto our primary method,given as Algorithm 2. We
begin by retiming our SDFGwith theresultto dateandconstructingts EHG. The EHG is then
handedo Algorithm 1 to find the lengthsof the maximumpathsto all vertices.At this point, if
thelongestpathlengthis sufiiciently small, we returnour currentretiming function asthefinal
answer Otherwisethe verticesin our SDFGfall into oneof two groups.If all copiesof avertex

Algorithm 1 Find computatiortime of mostexpensve zero-delaypathto all vertices

Input: AHDFGG = (V, E,d,t)
Output: The|V|-lengthvectorr
Topologicallysortthe verticesof G, with u precedingy if thereis a zero-delayedgefromw tov in G
for all v in orderfrom thesortedlist do
if v hasno zero-delayincomingedgein G then
7(v) + t(v)
else
7(v) « t(v) + max{7(u)|Je : u — v in G with d(e) = 0}
end if
end for
return 7




Algorithm 2 Retimea SDFGvia Relaxation

Input: A SDFGG = (V, E, d, t, p,c), apotentialclock periode
Output: A retimingr suchthatcl(Gr) < cif oneexists
for allv € V do
r(v) <0
end for
for i < 1to|V|do
ConstructheretimedgraphG, giventhecurrentr
ConstructheEHG H = (V' E',d', ') for G,
T < MazPat (H) I* Apply Algorithm 1 */
if max {7(v)|v € V'} < cthen
returnr /* All pathlengthssmallenoughstop.*/
end if
for all v in V do
if nocopy of v in H isincidentonazero-delayedgein H then
(v) «
else
(v) < max{r(v )|v isacopy ofvin H}
end if
end for
for all v with  (v) < cdo
r(v) < r(v) + max —  |e:v—ui Gr 7T eu
end for

forale:u — vin Edo
if dle) + p(e)r(u) c(e)r(v) 0then

return FALSE /* Retimingillegal; returnwith error*/
end if

end for
end for
ConstructheretimedgraphG, giventhecurrentr /* Determineclock period*/
Constructhe EHG H for G

+ MazPat (H) /* Apply Algorithm 1 again*/
if max{ (v)lv € V'} cthen

return FALSE /* No feasibleretiming*/
else

returnr /* Otherwiser is theretiming*/
end if

in theEHG areisolated(i.e., connectedo therestof thegraphonly by edgesontainingdelays),
we do not wish to retimethe nodeandremove it from consideration.Otherwisethe nodelies
alongsomezero-delaypathandwe mayhave to retimeit. In this casewe assignt alongestpath
lengthequalto thelongestpathlengthof ary of its copiesin the EHG.

We now considemodedor furtherretiming. Sincewe wantto pushdelaysforwardalongour
paths(ratherthanpulling thembackwardaswasdonein [7]), we retimethosenodeswhich occur
earlyin apath. This processs complicatedy the differentratesof productionandconsumption
on eachnode. For example,for eachdelaydravn into node A in Figure6(a), threedelaysare
pushedonto the edgefrom A to B andtwo delaysontothe edgefrom A to C. Therefore for
eachoutgoingedgefrom sucha node,we calculatethe numberof delaysneededo retimeall
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copiesof theedgein the EHG, subtracthe numberof delayscurrentlyontheedge adjustfor the
differentratesof productionandconsumptionandretimeby the maximumof theseneeds Once
all nodesareretimed,we testthe prospectie retimingfor legality, i.e. we checkthatretimingby
our functiondoesnt resultin someedgecontaininga negative numberof delays.If we passthis
test,we look furtheralongour pathfor othernodesin needof retiming.

Oncewe have checled all nodesatleastonceandhave derivedalegal retimingfunction, it is
timeto testouranswer We repeabur earlierstepgo find thelengthsof themaximumzero-delay
pathsto eachnodeonelasttime. Sincethelengthof thelargestzero-delaypathin theEHG equals
our clock period,this valueis testedagainstour requestedlock period. If it is still too largewe
cannotretimethis SDFGto executein thetime we wishandmustreturnwith anerror. Otherwise
we have found our retiming.

Figure6: (a) An exampleSDFG;(b) Its EHG; (c) TheretimedSDFGafterfirst passyd) Its EHG

We now demonstrat®ur methodby executingit on the SDFG of Figure 6(a) with ¢ = 4.
Sortingtheverticesof Figure6(b), computingongestpathlengthsandtakingthe maximareveals
that (A)=4, (B)= (C)= and ( ) =12inthiscaseWethusonlyretimenodeA at
this step.Sincethereareno delaysontheedge(A, B), ourinitial retiminghasr(4) =q¢ =2
andr(v) = 0 for ary othernodewv. Pulling 2 delaysthroughA pushes delaysonto(A4, B) and
4 onto(A, C), asseerin theretimedgraphin Figure6(c), with its EHG appearingn Figure6(d).

Loopingbackaround we seefrom Figure6(d) thatonly nodeA is cut off; all othernodedie
alongsomezero-delaypath.Thus (A)= , (B)= (C)=4and ( )= now,calling
for usto retimenodesB andC'. Sinceneitherof theedgeg B, ) nor(C, ) currentlycontains
delays,ourretimingnow hasr(4) = 2,r(B) =q =3,r(C)=q =4andr( )=0.The
new retimedgraphis givenbelav asFigure7(a), with its EHG in Figure7(b). Notethat,dueto
nodeB’s consumptiomateof 2, aretimingof 3 appliedto B requiresustopull 2 x 3 = delays
in sothatthe propernumberof delaysis pushedbackout.

Studyingthe new EHG shawvs usthatnode is now cut off, but node A requiresfurther
retiming. Wehave (A4)=4, (B)= (C)= and ( )= now, soonly nodeA must
beretimed.Sincebothof theedgeq A, B) and(A, C) aredevoid of delayswemustaddg = 2
ontotheretimingfor A, giving usthefunctionr(4) = 4, r(B) = 3, r(C) =4 andr( ) =0.
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Figure7: (a) TheretimedSDFGaftertwo passes(b) Its EHG; (c) Figure6(a)retimed;(b) Its EHG

The applicationof this retimingto the original SDFGresultsin the graphof Figure7(c) andwe
have foundour answer

However we have afinal passof thealgorithmto perform. Thistime, all nodesin the SDFG
have beenisolated,so (v) =  for all nodesv, insuringthatno further retiming takes place.
We now studythe EHG of Figure 7(d), find thatthe maximumzero-delaypathis anindividual
nodewith computatiortime 4 andconcludethatwe have found our retiming.

LetG = (V, E,d,t,p,c) beour SDFGwith EHG = (V', E’,d’,t'). Constructingthe
EHG andexecutingAlgorithm 1 eachexecutein O (|E’|) time; thusAlgorithm 2 only requires
O |V]>+|V||E'| time. However, while we suspecthatits successs both a necessarand
sufficient conditionfor a SDFGto beretimableto a givenclock period, it is unknavn whetheror
notthisis the case.ln our defensethe algorithmfrom [7] uponwhich this methodis basedvas
alsonever proven both necessarandsuficient, but hasbeenextremelyusefulin practice. We
suspecthatthe algorithmwe've describedherewill prove just asvaluabledespitethis logical
gap. LetG = (V, E, d,t,p,c) beour SDFGwith EHG = (V' E’ d',t'). Sinceconstruct-
ing the EHG andexecutingAlgorithm 1 eachrequireO (| E'|) time, Algorithm 2 only requires
O (JV||V'| + |[V||E'|) time to complete. However, while we suspecthatits successs both a
necessarandsufficient conditionfor a SDFGto be retimableto a given clock period, it is un-
known whetheror not this is the case. In our defensethe algorithmfrom [7] uponwhich this
methodis basedvasalsonever provenbothnecessargndsuficient, but hasbeenextremelyuse-
ful in practice.We suspecthatthe algorithmwe have describecherewill prove justasvaluable
despitethis logical gap.

5 Conclusion

In this paper we have established notationfor expressingandstudyingsynchronouslata-flav
graphs We have presentedhe difficultiesinvolved with retiming SDFGs,andthenconstructea
polynomial-timealgorithm for retiming a synchronougraphso thatit achieves a suficiently
small clock period. Finally, we have demonstratedhe effectivenessof our algorithm on an
example.(Theinterestedeademayfind furtherexamplesin [11].)
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Regardlesof how goodour algorithmmaybe, it is still not provento represenbothaneces-
saryandsufiicient conditionfor retiming. This proof, or the constructiorof analternatemethod
whichis necessargndsuficient, remaininterestingopenproblems.Correctingtheerrorsin [10]
will definitelyleadto greatemunderstandingf our modelandmayopenthedoorto remaoving this
logical gap. It may alsoleadto a study of retiming appliedto even more complicatedmodels,
suchascyclo-staticor dynamicDFGs[15].
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