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Abstract

Data locality and synchronization overhead are two important factors that affect the perfor-
mance of applications on multiprocessors. Loop fusion is an effective way for reducing synchro-
nization and improving data locality. Traditional fusion techniques, however, either cannot ad-
dress the case when fusion-preventing dependencies exist in nested loops, or cannot achieve good
parallelism after fusion. This paper presents a significant addition to the current loop fusion tech-
niques by presenting several efficient polynomial-time algorithms to solve these problems. These
algorithms, based on multi-dimensional retiming, allow nested loop fusion even in the presence
of outmost loop-carried dependencies or fusion-preventing dependencies. The multiple loops are
modeled by a multi-dimensional loop dependence graph. The algorithms are applied to such a
graph in order to perform the fusion and to obtain full parallelism in the innermost loop.
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1 Introduction

Multi-dimensional applications such as image processing, fluid mechanics and weather forecasting
may deal with billions of data values, requiring high performance computers. Computation intensive
sections of those applications usually consist of the repeated execution of operations coded as nested
loops. Consecutive loops in a program are responsible for computational overhead due to repetitive
access of data elements residing in non-local memories, as well as for synchronization between pro-
cessors in a parallel environment. Loop transformations offer effective ways to improve parallelism
and achieve efficient use of the memory, while loop partitioning is valuable in improving data locality
and reducing communication. Loop fusion is a loop-reordering transformation that merges multiple
loops into a single one. However, the existing fusion techniques do not consider the implementation of
loop fusion with multi-dimensional dependencies. In this paper, a new technique which performs the
loop fusion even in the presence of fusion-preventing dependencies and allows for the achievement of
a fully parallel execution of the innermost fused loop is developed.

Loop transformations such as loop interchange, loop permutation, loop skewing, loop reversal
and loop tiling are some of the techniques used to optimize the execution of loops with respect to
processing speed (parallelism) and memory access [6,19,27,31-33]. Data locality and communication
between processing elements can also be optimized by using partitioning techniques [1, 2, 12, 28].
These techniques are usually applied to single loops and do not target the simultaneous optimization
of multiple loops. Loop fusion seeks to combine multiple loops into a single one, allowing the use
of more traditional optimization methods [4,5,11]. By increasing the granule size of the loops, it is
possible to improve data locality and to reduce synchronization [3, 14]. This paper presents a new
technique able to fuse the loops while improving the parallel execution of the resulting code.

Warren [30] discusses the conditions that prevent loop fusion. Researchers in this area are focus-
ing on solutions to problems where the fusion is not always legal either because of the existence of
fusion-preventing dependencies between loops (i.e. dependencies that would become reverse to the
computational flow after the fusion) or because the fusion may introduce loop-carried dependencies
and thus reduce loop parallelism [5, 33, 35]. Kennedy and McKinley [13, 14] perform loop fusion to
combine a collection of loops and use loop distribution to improve parallelism. However they do not
address the case when fusion-preventing dependencies exist.

Carr [7] presents a loop fusion algorithm based on a cost model, but he also does not con-



sider fusion-preventing dependencies and so no full parallelism is guaranteed. Al-Mouhamed’s [3]
method of loop fusion is based on vertical and horizontal fusion, with fusion not performed if fusion-
preventing dependencies exist or if the fused loop prevents parallelization. Manjikian and Abdelrah-
man [17,18] suggest a “shift-and-peel” loop transformation to fuse loops and allow parallel execution.
The shifting part of the transformation may fuse loops in the presence of fusion-preventing dependen-
cies. However, when the number of peeled iterations exceeds the number of iterations per processor,
this method is not efficient.

Affine-scheduling methods focus on improving parallelism in the entire program body [9, 10, 16,
29]. Loop fusion then becomes a side effect of applying such a method to code with consecutive loop
segments. Examples of such methods are the affine-by-statement and affine scheduling techniques
described by Dart and Robert [9] and Feautrier [10], which offer a general solution to the parallel
optimization problem. These solutions usually depend on linear programming techniques to achieve
the optimized results and are directly applicable to hardware design. The solution presented in this
paper utilizes the multi-dimensional retiming technique, which is applicable to both hardware and
software implementations [22, 23].

The multi-dimensional retiming methodology has been shown to provide the necessary funda-
mentals for improving parallelism in systems with a limited number of processors [25], and also to
allow simultaneous optimization of local memory utilization [21]. The implementation of the multi-
dimensional retiming technique on VVLSI systems also has been discussed in [24] and shown to be less
complex than other techniques. In this paper, we focus on the loop fusion problem, concentrating on
a comparison of the proposed solution with similar techniques recently published [3,7,13,17,18]. To
the authors’ knowledge, most work on loop fusion has not addressed problems characterized by nested
loop (multi-level) fusion-preventing carried dependencies. In this paper, these problems are solved
using the idea of multi-dimensional retiming [15, 20, 25, 26]. By using multi-dimensional retiming,
the proposed technique can do legal loop fusion even in the case of fusion-preventing dependencies,
achieving full parallelism of the innermost loop.

The target problem is represented by the code shown in Figure 1, where the inner loop instruc-
tions were omitted and the innermost loops are DOALL loops that work in the same range of control
indices. The program contains only fully parallel innermost loops and data dependencies with con-
stant distances [34]. We model the problem by a multi-dimensional loop dependence graph (MLDG),
where each innermost loop is represented as a node. Instead of simply fusing the candidate loop



nests directly, the loops are rescheduled by applying multi-dimensional retiming to the MLDG. A
new MLDG is constructed through the retiming function such that no fusion-preventing dependencies
exist after retiming and the loop fusion is legal.

DO k1i=0,n
DOALL k2 j=0,m
k2 EONTINUE
DOALL k3 j=0,m

k3  CONTINUE
DOALL k4 j=0,m

k4 CONTINUE

DOALL k5 j=0,m

k5 CONTINUE
k1 CONTINUE

Figure 1. Our program model

This paper focuses on two-dimensional cases, presenting three polynomial-time algorithms aimed
at handling different situations found in loop fusion. The first algorithm deals with the case when
no cycle exists in the MLDG. A second situation involves the existence of cycles. In this case, it is
necessary to satisfy certain restrictions in order to obtain full parallelism after applying the proposed
fusion technique. The third case consists of a general solution where, after retiming and loop fusion,
a hyperplane is computed such that all iterations comprising the innermost loop can be executed in
parallel [20].

Figure 2(a) shows an example of a two-dimensional loop dependence graph (2L D) consisting
of 4 nodes, equivalent to the 4 innermost loops of the code of Figure 2(b). The nodes in the graph
represent each of the DOALL loops according to the labels A, B, C and D. Edges between two nodes
show that there exists a data dependence between them. For example, data produced in loop A will
be consumed within loop B. The edge weight shows a multi-dimensional offset between the data
production and consumption. Applying our new technique we obtain the retimed graph presented in
Figure 3(a). Figure 3(b) shows the pseudo code after retiming and loop fusion. It is easy to see that
the resulting innermost loop is fully parallel. An initial sequence (the prologue) is created in order
to provide the correct initial data. Such additional code usually requires a small computation time
when compared to that of the total execution of the innermost loop and can be considered negligible.
The resulting fused loop has a lower number of synchronization requests than the initial group of four
loops, reducing the synchronization overhead.



@7 DO 50i=0,n
A: DOALL 10j=0,m

@) illj] = efi-2)[j-1]
10  CONTINUE
@ 1) B: DOALL 20=0,m
bli][j] = ai-1][j-1] + &i-2][j-1]
X 21 20  CONTINUE
©:-2) @1 C: DOALL 30j=0,m

ofi]fi] = blil[j+2) - alil[j-1] + blil-1]
<1’0)C C)= dfilfj] = cfi-1][}]

30  CONTINUE
(0-1) D: DOALL 40j=0,m
efi][i] = cli[i+1]

40 CONTINUE
50 CONTINUE

Figure 2: (@) An example of a 2LDG; (b) The equivalent code

r(A)=(0,0) @7 DO50i=1n

(1,1) ---prologue---
DOALL 70j=1,m
B)=(0.0 @y dil]  =ei-2[-1]
=00 @ bli1(i] =g[i-1][j-1] + a[i-2][j-1]
cli-1f] = bli-1][j+2]-afi-1][j-1]
-2 |~ 0 +b[i-1][-1]
r(C)=(-1,0) di-1j[j] = c[i-2][j]
€fi-1](j-1] = [i-1][j]
(l'O)C C)= 70 CONTINUE
(0,0) ---epilogue---

@ 50 CONTINUE
r(D)=(-1,-1) -

Figure 3: (a) Our 2LDG after retiming; (b) The pseudocode after retiming and fusion



The details of the transformation are presented in this paper, beginning with an introduction to
the basic concepts in the next section, in which we formally describe the graph model for fusion and
retiming. In Section 3, we show that it is always possible to find a retiming function which makes the
loop fusion legal. We discuss cases where the full parallelism of the innermost loop is possible under
the same original execution sequence in Section 4. Detailed examples are discussed in Section 5, and
then a conclusion is drawn to complete the paper.

2 Basic Concepts

Loop fusion combines adjacent loop bodies into a single body. Because of array reuse, it reduces the
references to main memory. It also reduces the synchronization between parallel loops. However,
fusion is not always legal. For example, let S; and S, be two statements in two different candidate
loops. If the calculation of S, depends on the result from S, but after loop fusion the execution of
Sy comes earlier than that of Sy, the loop fusion is illegal [17, 33]. In other words, if the direction
of the data dependence becomes the reverse of the control flow, loop fusion is illegal. Figure 4(a) is
the 2LDG of the code in Figure 2, and Figure 4(b) shows the code after an illegal loop fusion. In this
example, c[i][j] depends on b[¢][j + 2], but b[z][j + 2] has not been calculated yet. An adequate analysis
of these data dependencies is required before fusing the loops. In order to develop an algorithm for
solving the loop fusion problem, we model the nested loop as a graph. The following subsections
present the basic concepts necessary for developing the new algorithm.

(a)=
DO 50i=0,n
0,1 DOALL 70j=0,m
@ @y ofi][j] = efi-2][j-1]

b{i](j] = ali-1][j-1] + a[i-2][j-1]

0-2) | * (21 cli][j] = b[il[j+2] - &i][j-1] + b[i][j-1]
dlil[il = cfi-1][j]
efi][i] = cli[i+1]
(l’O)C@é 70  CONTINUE
©- 50 CONTINUE

@7

Figure 4: (a) Our original 2LDG; (b) Our original code after illegal loop fusion



2.1 Data Dependencies

Data dependence is the most important factor to be considered in the loop fusion. Dependencies
between two statements in a program commonly mentioned in the literature include true dependence,
antidependence and output dependence [4,14]. In this paper, new terms such as outmost loop-carried
dependence and self-dependence are considered.

An outmost loop-carried dependence occurs when one statement stores a data value on one itera-
tion, and that value is fetched on a later iteration of the outmost loop. Self-dependence is a special case
of outmost loop-carried dependence where the data is produced and consumed by the same innermost
loop. This is a small abuse of the traditional definition, which applies to the case where a statement
depends upon itself. For example, in Figure 2, we will consider the dependence between the com-
putation of ¢ and its consumption in loop C to be a case of self-dependence, even though production
and consumption do not occur in the same statement. On the other hand, the dependence between the
production of variable e in loop D and its consumption in loop A is a case of loop-carried dependence.
Later it will be shown that the fusion in the presence of outmost loop-carried dependencies is always
legal. When one statement stores a data value and another statement uses that value in the same iter-
ation of the outmost loop, the fusion may not always be legal. This is the case of a fusion-preventing
dependence. Fusion-preventing dependencies are dependencies that become reverse to the control
flow after fusion, making the fusion illegal.

Disregarding the dependencies involved, the iterative execution of the loop can be represented
as an iteration space. An iteration space is a Cartesian space, where each iteration is represented
by a point (i,j) such that i represents the index of the outmost loop and j represents the index of the
innermost loop. In our model, there is one iteration space associated with every innermost loop. For
example, in Figure 2(b) there are four iteration spaces. Loop fusion combines the iteration spaces into
one single space.

Because of array reuse, data dependencies may exist between the different iteration spaces. A
loop dependence vector is used to represent such dependencies.

Definition 2.1 Given two iteration spaces representing loops A and B sequentially executed within
an outermost loop, with iteration (i, j;) € B and iteration (is, jo) € A, then we say that there is a
loop dependence vector d;, = (ki, k2) = (i1 —i2, j1 — jo) that represents the data dependence between
those loops if a data value is computed in (is, j2) and consumed at (i1, j1).



In Figure 2(b), there is a loop dependence vector (0, —2) between loops B and C, and there are
loop dependence vectors (1,1) and (2, 1) between loops A and B. These loop dependence vectors
provide important information for producing a valid loop fusion.

Finally, given a set .S of loop-dependence vectors, we will say that v is the minimal loop depen-
dence vector in S if v € S and v < w for all other vectors v € S according to a lexicographic
order [31]. In the two-dimensional case, a vector v = (a, b) is smaller than a vector v = (x,y) ac-
cording to lexicographic order if either a < x or a = x and b < y. This idea will prove to be important
in the next subsection when we formally define MLDGs.

2.2 Problem Mode€

We model the multiple loops problem as a graph in which each innermost loop is represented by a
node and the data dependencies between loops are represented as directed edges between the nodes.
For example, in Figure 2, two of the existing loop dependence vectors between loops A and B are
(1,1) and (2,1), and so there is an edge in our graph from node A to node B with weight (1,1), the
smaller of the two vectors. Such a graph is called a multi-dimensional loop dependence graph as
defined below:

Definition 2.2 Given a nested loop with multiple DOALL innermost loops, a multi-dimensional loop
dependence graph (MLDG) G = (V, E, 0, Dy) having dimension n is a node-weighted and edge-
weighted directed graph, where:

e Vs the set of nodes representing the innermost loop nests,

e [/ C V x Visthe set of edges representing dependencies between the loops; if nodes a and b
represent loops A and B, respectively, and loop B uses one or more results from loop A, then
there is one edge from a to b in G,

e Dy is a function from V' x V to p(Z") which returns the set of all loop dependence vectors
between two connected nodes,

e ¢y is afunction from E to Z™ which returns the minimal loop dependency vector of an edge; in
other words, givenanedge e : a — b, §;,(e) = min{v : v € Dy (a,b)}.



Our algorithm works with the minimal loop dependence vector function designated ¢, (e). There-
fore, an MLDG can be reduced to a graph where there exists at most one edge from one node to
any other, labelled with the minimal loop dependence vector. For example, Figure 2 is an exam-
ple of an MLDG . In this example, V' = {A,B,C,D} and E = {e; : A — B,es : B —
Cies : C — Dyjeg : A — Cies : D — Ajeg : C — C} where Dy (A, B) = {(1,1),(2,1)},
Dy(B.C) = {(0,~2),(0,1)}, D(C, D) = {(0, 1)}, D1(A,C) = {(0,1)}, D1(D, A) = {(2, 1)},
and D (C,C) = {(1,0)}; while d.(e;) = (1,1), dr(e2) = (0,—2), dr(e3) = (0,—1), dp(eq) =
(0,1),d.(e5) = (2,1),and 5. (e) = (1,0).

The particular case when there are two or more different loop dependence vectors between two
nodes which have the same first coordinates but different second coordinates is also very important to
this new technique. Such a case will introduce some constraints in achieving a fully parallel solution
after fusion. In order to handle such constraints, we say that such edges are called parallelism hard
edges, or hard-edges for short. We use the symbol = to represent a hard-edge in an MLDG. In Figure
2(a), the edge from B to C is a hard-edge because the loop dependence vectors (0, —2) and (0, 1)
between B and C agree on first coordinates but differ on the second. On the other hand, the edge from
A to B is not a hard-edge because the loop dependence vectors for that edge, (1,1) and (2, 1), have
different first coordinates.

An MLDG is legal if there is no outmost loop-carried dependence vector reverse to the compu-
tational flow, i.e., the nested loop is executable. For any cycle ¢ in an MLDG, 6, (c) is defined as
> e.cc On(€i). The cycles in a legal two-dimensional MLDG are characterized in the lemma below.

Lemma 2.1 Let G=(V, E,d., D;) be a legal 2LDG, i.e. a legal two-dimensional MLDG. For each
cyclec=vy — vy — -+ =0, (n>2)inG, dL(c) > (1, —00).

Proof: In any legal MLDG, each cycle must contain at least one edge representing an outmost loop-
carried dependence. By definition, we know that each outmost loop-carried dependence vector is
greater than or equal to (1, —oo). Now, for each edge e in a cycle, §.(e) > (0, —oo). Furthermore, in
each cycle, there is at least one edge ¢’ with outmost loop-carried dependence vector which satisfies
dr(e’) > (1, —o0). Thus, for each cycle cin G, d.(c) > (1, —c0). O

For example, in Figure 2(a), cyclec; = A — B — C — D — Ahas d.(c;) = (3,—1), and cycle
ca=A—C—D— Ahasdr(c) = (2,1), showing that the 2LDG is legal.



2.3 Multi-Dimensional Retiming

Passos and Sha [20] proposed multi-dimensional retiming techniques that obtain full parallelism in
nested loops. The multi-dimensional retiming concept is helpful in solving the loop fusion problem,
so we will review some of those concepts below.

A schedule vector s is the normal vector for a set of parallel equitemporal hyperplanes that define
a sequence of execution of the iterations. We say that a schedule vector s is a strict schedule vector
for an MLDG G = (V, E, ., D) if, for each edge e : « — b and non-zero loop dependence vector
dr(e) € Dp(a,b),dr(e)-s > 0. Forexample, s = (1,0) is a strict schedule vector for the example of
Figure 3(a).

A two-dimensional retiming r of a 2LDG G = (V, E,d., Dy) is a function from V to Z? that
transforms the iteration spaces of the loops. A new 2LDG G, = (V, E, 0., Dy,) is created such that
each outmost iteration still has one execution of each operation belonging to each of the nodes in V.
The retiming vector r(u) of a node u € V' represents the offset between the original iteration space
representing the loop « and the one after retiming. The loop dependence vectors change accordingly
to preserve dependencies, i.e. r(u) counts how many of §;’s components are pushed into the edges
u — v and subtracted from the edges w — w, where u,v,w € V. Therefore, we have d,.(e) =
dr(e) + r(u) — r(v) and Dp,(u,v) = {dr(e) + r(u) — r(v) : dr(e) € Dr(u,v)} for each edge
e:u — v. Also, é.,.(c) = . (c) for each cycle ¢ € G. A multi-dimensional retiming may require a
change in the schedule vector.

For example, in Figure 3(a), the retiming function for the four nodes is r(A4) = (0,0), 7(B) =
(0,0), r(C) = (—1,0) and (D) = (—1,—1). After retiming, the weight of edge e5 : D — A
becomes d;,-(e5) = dp(es) + (D) —r(A) = (2,1) + (—1,—1) — (0,0) = (1, 0), and the set of loop
dependence vectors of edge es becomes Dy, (D, A) = {(1,0)}. The weights of the cycles remain
unchanged: d.,(c1) = (3,—1) = dp(c;) fore;=A — B — C — D — A, and 6p,.(c2) = (2,1) =
dp(cp)foreg=A—C — D — A.

2.4 Two Dimensional Linear Inequality Systems

Our overall goal is to find a multi-dimensional retiming function which results in fused loops when
applied to our original code. To accomplish this, we wish to use a special ILP model described in [8]



which can be efficiently solved in polynomial-time to find said function. Therefore, we now present
a brief review of this problem.

Problem ILP Given a set of m linear inequalities of the form

T —x; < ag;
on the unknown integers x1, x9, - - -, x,,, Where a;; are given integer constants, determine
feasible values for the unknowns z; or determine that no such values exist.

To solve this problem, we construct a constraint graph G = (V, E, w) as follows:

o V ={vgy, vy, -, v,}, where vertex v; corresponds to the unknown variable x; fori = 1,2, - - n;
e for each constraint z; — z; < a;;, the edge e : v; — v; is added to £ with w(v;, v;) = a;;;

o fori=1,2, .- n,theedge (vy,v;) is added to £ with w(vg, v;) = 0.

The following theorem is from [8].

Theorem 2.2 An inequality system has a feasible solution if and only if the corresponding constraint
graph has no cycle with negative weight.

Using the Bellman-Ford Algorithm, the shortest path from v, to v; in the constraint graph is a
feasible solution z; of this inequality system. The time complexity of this algorithm is O(|V||E|).
Now, we extend this method to two dimensions by stating a new problem.

Problem 2-1LP Given a set of m linear inequalities of the form

ri— 1 < W
on the unknown two-dimensional vectors ry, rs, - - -, r,,, Where w;; are given two-dimensional
vectors, determine feasible values for the unknowns r; or determine that no such values
exist.

The solution is similar to the previous one, in that we construct the corresponding constraint graph
G = (V, E,w) as above. The next theorem states the necessary and sufficient conditions for solving
this problem. We will use these concepts to develop an algorithm in the coming section which solves
the 2-1LP problem.

Theorem 2.3 An instance of the 2-ILP problem has feasible solution if and only if each cycle of its
corresponding constraint graph has weight greater than or equal to (0, 0).

10



3 Algorithm for Legal Loop Fusion

In this section, we will demonstrate that it is always possible to find a retiming function that makes
loop fusion legal. We then outline an algorithm for computing such a retiming. Later we will build on
this method to construct retiming algorithms for more complicated cases. Finally, we will discover a
new problem, one which may prevent the parallel execution of the innermost loop nest after retiming.

3.1 DataDependence Constraints

In order to predict if a loop fusion is legal according to the loop dependence vectors, let us examine a
general loop dependence vector d;, = (d[1], d[2]). Three cases may occur:

1. dr[1] > 0. This means that a dependence is carried by the outmost loop. In this case, after loop
fusion, the dependence direction is preserved and loop fusion is safe.

2. di[1] = 0,dr[2] > 0. This implies that a data dependence exists in the same iteration of the
outmost loop, and after fusion, the dependence becomes forward loop-carried by the innermost
loop or loop-independent. Therefore, the dependence direction is preserved, and the loop fusion
is also safe.

3. di[1] = 0,d.[2] < 0. This is also a case of dependence in the same iteration of the outmost
loop. However, after fusion, the dependence becomes antidependent. The dependence direction
is reversed and the straightforward loop fusion is then illegal.

So, if all loop dependence vectors d;, satisfy d;, > (0,0), loop fusion is legal. Based on these three
possibilities, the following theorem states the relationship between §;,(e) and the loop fusion trans-
formation:

Theorem 3.1 Givena2LDG G = (V, E,d., D), ifd.(e) > (0,0) forall e € E, then the loop fusion
is legal.

Proof: We know that d.(e) = min{d.(e) : dr(e) € Dr(e)}. If 65(e) > (0,0) for an edge e, then
all the loop dependence vectors of e are bounded from below by (0, 0). Generalizing to all edges in
the graph, we see that all loop dependence vectors are bounded from below by (0, 0), and so the loop
fusion is legal. O

11



3.2 Loop Fusion By Retiming

Considering the constraints imposed by the data dependence vectors in the loop fusion process, one
may conclude that loop fusion is feasible if the loops can be transformed in such a way as to satisfy
the dependence constraints of Theorem 3.1. In the following, we will prove that it is always possible
to find a retiming function for a legal 2LDG G such that after retiming the weights of its edges, all
edges e of the retimed graph G, = (V. E, 0, Dy, satisfy d.,.(e) > (0,0). We solve this problem by
using a 2-dimensional linear inequality system.

Theorem 3.2 Givenalegal 2LDG G = (V, E, ¢, D), there exists a legal retiming r, such that, after
retiming, loop fusion is always legal.

Proof: Let r be a legal retiming. By definition, d.,(e) = d.(e) + r(v;) — r(v;) for each edge
e€ E:v;, — v, dr-(e) > (0,0) means that r(v;) — r(v;) < d.(e). Thus we construct the system

r(vg) = r(vi) < dle)

with | E'| inequalities. If we prove that this inequality system has a feasible solution, it would imply the
existence of a legal retiming r such that the weight of each edge after retiming satisfies d...(¢) > (0, 0).
We know that we can define a constraint graph G’ = (V’, E', w’) for the inequality system such that
Vi=VU{vyy:v gV}HE =EU{vy—v:v €V w(v,v) =0(e) foralle : v; - v; € E
and w'(vg, v;) = (0,0) for all v; € V. From this construction we know that G’ has the same cycles as
G, and w'(¢’) = é.(c) for each corresponding pair of cycles ¢ € G' and ¢ € G. By Lemma 2.1 all
cycles c in G satisfy 6.,(c) > (1, —o0), and so all cycles ¢’ in G’ satisfy w'(¢/) > (1, —o0) > (0,0).
Therefore the inequality system has a feasible solution by Theorem 2.3, and so we can find the legal
retiming » such that loop fusion is legal. O

3.3 TheAlgorithm

In our technique we use a two-dimensional version of the Bellman-Ford algorithm to compute the
retiming function, which is the shortest path from an initial node v, to each other node, as shown in
Algorithm 1 below. The ability to predict the retiming function for a legal fusion of any 2LDG then
allows us to define Algorithm 2 below.

Figure 5 shows the constraint graph for the example of Figure 2(a). As we can see, node v,
has been added to the MLDG as well as the edges from v, to every other node of the MLDG. The

12



Algorithm 1 The two-dimensional Bellman-Ford algorithm (TwoDimBellmanFord)
Input: A constraint graph G’ = (V', E', w').
Output: A retiming function r.
r(ve) «— (0,0)
for all nodes v € V' — {w,} do
r(v) «— (00, 00)
end for
fork — 1to|V’|—1do
for all edges (v;,v;) € E' do
if 7(v;) > r(v;) + w'(v;, v;) then
r(vj) «— r(vi) + w'(vi, v))
end if
end for
end for
return r

Algorithm 2 Legal Loop Fusion Retiming Algorithm (LLOFRA)
Input: A2LDG G = (V,E, 6, Dy).
Output: A retiming function r of the 2LDG.
V' — V U{w} /* Construct the constraint graph G’ = (V’, E’, w’) from G. */
E — EU{vg— v :v, €V}
for all edges e € F do
w'(e) «— dr(e)
end for
for all edges ¢’ € £’ — E do
w'(e') «— (0,0)
end for
r «— TwoDimBellmanFord(G") /* Use Algorithm 1 to compute the retiming function. */
return r

13



retiming function computed by the algorithm above is r(A) = (0,0), »(B) = (0,0), r(C) = (0, —2),
and r(D) = (0,—3). Using such a function, we obtain the new 2LDG shown in Figure 6(a). Figure
6(b) shows the code for the innermost loop after fusion and retiming.

A
@
©0)
0 ~(8) |

2) | @1
N>
©0

(0-1)

©

Figure 5: The constraint graph for the 2LDG of Figure 2(a)

r(A)=(0,0) @— DO 50i=0,n

11 ---prologue---
DO 70j=3m
1(B)=(00) @ ©3 Al = efi-2[-1]
BNl = ali-11[j-1] + ali-2][j-1]

(2-2 cli](j-2] = b{i]{j]-ali][j-3]+b[i][j-3]
d[i][j-2] = [i-1][j-2]

r(C)=(0-2) efi][j-3] = c[i][j-2]
(l’O)C@é 70 CONTINUE

(0,0 ---epilogue---

r(D)=(0,-3) @7 50 CONTINUE

Figure 6: (a) Our 2LDG after retiming; (b) Legally fused pseudocode after retiming

(0.0)

However, after loop fusion the innermost loop may not be executed with full parallelism because
of new innermost loop-carried dependences. Figure 7 shows the iteration space for the example in
Figure 6. It is obvious that it contains data dependences between the iterations of the innermost loop
(a row in the iteration space). Hence, the execution of the innermost loop becomes serial and not
fully parallel as desired. However, before loop fusion, the iterations of each candidate loop could
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be executed in parallel, and synchronization was only required to ensure that all iterations of one
candidate loop would be executed before any iteration of another candidate loop. In the following
section, we will discuss how to solve this new problem.

3,0 3,1 3,2 3,3
2,0 2,1 2,2 2,3
1,0 1,1 1,2 0 1,3
0,0 0,1 0,2 0,3

Figure 7: The iteration space after retiming and loop fusion

4 Algorithmsfor Parallel Loop Fusion

In this section, the algorithms required to solve different cases of loop fusion are presented. Initially,
problems that allow the parallel execution of the fused loop according to the original sequence of
execution are discussed. Next, fusion preventing conditions introduced by dependence vectors are
analyzed and eliminated by using a method similar to a wavefront execution approach resulting from
the application of multi-dimensional retiming.

4.1 Propertiesof DOALL Innermost L oops

We know that fusion is safe if all the dependence vectors are greater than or equal to (0,0). However,
there is no guarantee that the parallelism after fusion will be preserved. In this subsection, we discuss
those cases in which we can find a retiming function such that the innermost loop can be executed in
parallel after retiming and loop fusion. An innermost loop is said to be DOALL when all iterations of
row : (i.e. iterations (¢, 0), (i, 1), (¢,2), - - -) can be done in parallel. In other words, an innermost loop
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is DOALL if, for any two iterations (7, j;) and (4, j2), there is no data dependence between them, i.e.
no dependence vector (0, k), k& # 0, exists.

The following concepts discuss the problem of the parallelism after fusion. We begin by identify-
ing the properties of a DOALL innermost loop with respect to the scheduling vector.

Property 4.1 Let G = (V, E,d., Dy) be a 2LDG. If, after loop fusion, the corresponding fused
innermost loop nest is a DOALL loop, then it can be executed according to a strict schedule vector
s = (1,0).

Proof: Let a and b be adjacent nodes. From the definition of a strict schedule vector, s - dz(e) > 0
for all non-zero d(e) € Dy(a,b). Since s = (1,0), di(e)[1] # 0. Therefore there is no dependence
dr(e) = (0, k), which satisfies the definition of a DOALL loop. O

Property 42 Let G = (V, E,d,, Dy) be a 2LDG. Let G, = (V, E,d.,, Dy,) be this 2LDG after
retiming and loop fusion. If, after loop fusion, the corresponding fused innermost loop nest is a
DOALL loop, then all of its dependence vectors satisfy the condition d,.(e) > (1, —o0) or d.(e) =
(0,0)fore:a —be E,dp.(e) € Dp.(a,b).

Proof: Immediate from Property 4.1. O

The theorems in the next subsections will predict if we can find a legal retiming function to achieve
loop fusion and full parallelism. We solve this problem by using the model of integer linear program-
ming and the Bellman-Ford algorithm described in the previous section.

4.2 Fully Parallel Loop Fusion of Acyclic 2LDGs

Theorem 4.1 Let G = (V, E, 6., Dy ) be a 2LDG. If G is acyclic, then there exists a legal retiming r
such that, after retiming and loop fusion, the innermost loop nest is DOALL.

Proof: From the definition of retiming, 6.,(e) = d.(e) + r(v;) — r(v;) for each edge e : v; — v,.
To satisfy the DOALL requirements we need 6, (e) > (1, —oo), which means that r(v;) — r(v;) <
dr(e) — (1, —o00). We construct the inequality system

r(v;) —r(v;) < dp(e) — (1, —o0).

If this inequality system has a feasible solution then there exists a legal retiming » such that, after
retiming, the weight of each edge satisfies 6,,.(¢) > (1, —o0). As in Theorem 3.2, we construct the
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constraint graph G’, which has no cycle because G has no cycle. Therefore, by Theorem 2.3 the
inequality system has a solution, and by Property 4.2 the innermost loop is DOALL after retiming
and loop fusion. O

Now we modify the LLOFRA algorithm (Algorithm 2, presented in Section 3) in order to obtain
a retiming function for legal fusion and full parallelism.

Algorithm 3 Legal Loop Fusion and Full Parallelism for Acyclic 2LDGs
Input: A2LDG G = (V, E, 0y, Dy).
Output: A retiming function r of the 2LDG.
Vie— V U{v} [* Construct the constraint graph G’ = (V', E', w') from G. */
E — EU{vg— v :v, €V}
for all edges e € F do
w'(e') «— dr(e) — (1, —o0)
end for
for all edges ¢’ € £’ — E do
w'(e’) «— (0,0)
end for
r «— TwoDimBellmanFord(G") /* Use Algorithm 1 to compute the retiming function. */
for all nodesv € V do
r(v)[2] «— 0 I* Set the second component of r. */
end for
return r

As an example, consider a 2LDG G = (V, E, 01, Dr) with

e V=ABCD,E, FG,
e F={A—-B,B—-C,C—D,D—EB—FF—-GB—FEA— D}

e Di(A,B) = {(0,1)}, Dp(B,C) = {(0,-2),(0,3)}, Do(C, D) = {(1,3)}, Dr(D, E) =
{(2,=2)}, Do(B, F) = {(0,=2)}, DL(F,G) = {(1,2)}, DL(B, E) = {(1,2)},and D1 (A, D)
{(07_3)7(07_ >}

This example is shown in Figure 8. This 2LDG needs 7 synchronizations for each outmost loop
iteration. Thus, assuming n as the number of iterations of the outmost loop, we need 7 * n synchro-
nizations. Because fusion-preventing dependences such as (0, —2) and (0, —3) exist, we cannot fuse
loops directly. Applying Algorithm 3, first the constraint graph is constructed (Figure 9) and then
used to compute the retiming function and retime the original graph (Figure 10). The retimed code
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(0,-2) @(1,2) @
@(0,1) @)(:),-2) @(1,3) @(2,-2) C‘?

| 09y |
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Figure 8: A sample acyclic 2LDG before retiming

0.0

v

(-1, ) Q(O,ool (0,0
F G

@(-1, @) B (-1, ) c (0, ) ? (1,00)@

‘ (-1, «)
(0,0) (0, @)

(0,0) (0,0)
0,0 vo 00

Figure 9: The constraint graph of Figure 8

has no fusion-preventing dependences and thus the loop fusion is legal. The fused loop requires only
one synchronization for each outmost loop iteration, for a total of (n — 2) synchronizations. We can
also see that the resulting innermost loop can be executed as a DOALL loop.

4.3 Fully Parallel Loop Fusion of Cyclic 2LDGs

In the case of cyclic MLDGs, we begin with the special case where the innermost loop can be DOALL
by satisfying the constraints of Theorem 4.2 below. The graph in Figure 2 falls into this category. In
the next subsection, we will discuss the general cyclic MLDG.

In order to achieve full parallelism of the innermost fused loop, we need to retime the graph so
that the weights of the hard-edges become larger than (1, —oco), while the weights of the remaining
edges are transformed to either be equal to (0,0) or greater than (1, —oo). To accomplish this, we
retime our 2L DG in two phases. We will demonstrate with the two-dimensional graph of Figure 2.

In the first phase, we retime the first coordinates of each loop dependence vector. We do so
by constructing the constraint graph in x for G, which we will denote as G¢ = (V7, ES, wS). As
we normally do when constructing a constraint graph, we begin by defining V¢ = V| J{v} and
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(1,-2) @(1,2) @
@(1,1) @)(1?-2) @(1,3) @(1,-2) ?
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rA)=(00 r(B)=(-10 rC)=(-20) r(D)=(-20) r(E=(-1.0)

rA=(-20)  r(G)=(-20)

Figure 10: The acyclic 2LDG of Figure 8 after retiming

E¢ = E\J{vo — v; : v; € V'}, where the added edges all have weight zero. We then weight the
remaining edges with the first coordinates of the weights in G, i.e. wi(e) = é.(e)[l] fore € E.
Finally, we subtract 1 from the weight of each hard-edge (previously defined in Section 2.2). Our
graph complete, we apply the traditional Bellman-Ford algorithm to find the shortest path lengths
from v, to every other node. These lengths will be the first coordinates for our retiming function. For
example, the constraint graph in = for Figure 2 is pictured in Figure 11(a). Applying the Bellman-
Ford Algorithm to it results in initial coordinates for our retiming of r(A)[1] = r(B)[1] = 0 and
r(C)[1] = r(D)[1] = —1. We will later show that the first coordinate of the retimed weight vector for
each hard-edge will be zero after this first phase.

Figure 11: The constraint graphs for Figure 2: (a) in x; (b) in y

Assuming second coordinates of zero for our retiming for now, we retime the original graph
G to start phase two. We then begin constructing the constraint graph in y for G, denoted G =
(Vy, By, wy), by including in E only those edges from £ whose edge weights have a zero first
coordinate. (Note that, as a result, no hard-edges will be included in this constraint graph.) These
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DOALL 10j=0,m
a0][j]=e[-2][j-1]
10 CONTINUE
DOALL 20j=0,m
b[0][j]=a[-1][j-1]+a[-2][j-1]
r(A)=(0,0) = 20 CONTINUE
DO50i=1n
@ aill0] =efi-2J[-1]
li][0] =ai-1][-1]+&[i-2][-1]
cfi-1][0]=D[i-1][2]-&[i-1][-1] +b[i-1][-1]

_ 1,1 d[i-1][0]=c[i-2][O]
wao () @ et
il =efi-2)[-1
(1-2) | * (1.0) Bl =afi-1][i-1]+ali-2][j-1]
{(Q)=(-10) ofi-11[j]  =bfi-11[j+2]-ali-1][j-1]+b[i-1][j-1]

dli-1(j]  =cfi-2][j]
(1,0)C = €fi-1][j-1]=cli-1][j]
70 CONTINUE
fi-1][m]=c[i-1][m+1]
0,0 50 CONTINUE
DOALL 30j=0,m

cn][j]=b[n][j+2]-a[n][j-1]+b[n][j-1]
r(D)=(-1-1) @ d[n][j]=c[n-1][j]
30 CONTINUE

DOALL 40j=0,m
elnjfjl=c[n][j+1]
40 CONTINUE

Figure 12: (a) The 2LDG of Figure 2 after retiming; (b) The pseudocode after retiming and fusion

edges will be weighted in the constraint graph by their second coordinates, i.e. wj(e) = dr.(e)[2] for
all e € B¢ E. For each of these edges we also add the corresponding back-edge, weighted with
the negative of the second coordinates. In other words, if e : a — b is an edge in £ (1 £, we add
an edge from b back to a to the constraint graph with a weight of —wg(e). As usual, V,s contains
all vertices from V' plus an additional vy, which is connected to every vertex from V' by zero-weight
edges. Finally, we execute the Bellman-Ford algorithm on this new constraint graph and find the
shortest path lengths, which become the second coordinates for our retiming. Continuing with our
example, the constraint graph in y for Figure 2 is given in Figure 11(b). The Bellman-Ford algorithm
finds a retiming with (A)[2] = r(B)[2] = 7(C)[2] = 0and r(D)[2] = —1.

To summarize, we have found a retiming for the 2LDG of Figure 2 with r(A) = r(B) = (0,0),
r(C) = (—=1,0) and r(D) = (-1, —1). Applying this retiming results in the 2LDG of Figure 12(a)
and pseudocode of Figure 12(b). In Figure 13 we show the iteration space after retiming and fusion.
It is clear that the innermost loop can be executed in parallel.

We now formally extend our solution for the acyclic graph to cyclic graphs.

Theorem 4.2 Let G = (V, E, 0., Dy) be a legal 2LDG. Then there is a legal retiming r such that the
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3,0 31 3,2 3,3

2,0 2,1 2,2 2,3
1,0 11 1,2 1,3
0,0 0,1 0,2 0,3

Figure 13: The iteration space of Figure 2 after retiming and fusion

innermost loop nest is DOALL after retiming and loop fusion if and only if the constraint graphs in z
and y for G contain no negative-weight cycles.

Proof: Assume that neither constraint graph contains a negative-weight cycle. Let G — (1,0) =
(V, E,w) be the 2LDG derived from G by defining w(e) = é.(e) — (1, 0) for each hard-edge in E and
w(e) = d;(e) otherwise. We solve for our retiming in two stages.

e For the first component of the retiming vector, we wish to find a solution for the inequality
system
r(v)[1] = r(v)[1] < w(e)[l]Ve:v; = v; € E.
The constraint graph for this system is given by G¢. Thus the system has a feasible solution,
where 7 (v;)[1] is the length of the shortest path from v, to v; in G&. There are now two cases.

1. If e : v; — v, is a hard-edge, we have r(v;)[1] — r(v;)[1] < d.(e)[1] — 1 by definition.
Thus
orr(e)[1] = dL(e)[1] + r(v) 1] —r(vy)[1] = 1,
and so 6.,.(e) > (1, —oo) for all hard-edges e, regardless of what the second component
of our retiming turns out to be.
2. If e : v; — v; is not a hard edge, then r(v;)[1] — r(v;)[1] < dL(e)[1], and by similar logic
drr(e)[1] > 0.
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e We now wish to find the second component of the retiming vector. Consider only edges e :
v; — v; With 07, (e)[1] = 0 which are not hard-edges. (Note that any other edge ¢’ will have
drr(e') > (1, —o00) regardless of what the second component of our retiming is.) For each such
edge, add the equation

r(v)[2] = r(v:)[2] = w(e)[2]
to a system of equations. The constraint graph for this system is given by G¢, and thus it has a
feasible solution. Now, since w(e) = 0, (e) for all edges e : v; — v; under consideration at this
step,
orr(€)[2] = 0n(e)[2] + r(vi)[2] — r(v))[2] = O,

and so each edge e which is not a hard-edge satisfies either §,.(¢) > (1, —oo) or i, (e) = (0,0).
So for any edge e in G we have one of two cases.

1. If §.,(e) > (1, —o0) then all loop dependence vectors for e satisfy d;,.(e) > (1, —o0).

2. Let oz, (e) = (0,0) and consider any loop dependence vector d,.(e). The first coordinate of
this vector is a positive integer, and if its larger than 0 we have d;.(e) > (1, —oc). Suppose
then that this first coordinate is 0. Since e is not a hard-edge, all loop dependence vectors for e
with first coordinate 0 must have the same second coordinate. Since d,,.(e) is one such vector,
we conclude that d.,.(e) = (0,0) in this case.

Thus we have found a retiming function such that, after retiming, all loop dependence vectors satisfy
either d,.(e) > (1, —o0) or dr.(e) = (0,0). By Property 4.2, the innermost loop is DOALL after
loop fusion.

On the other hand, suppose that one of the constraint graphs for G does contain a negative-weight
cycle. If its the constraint graph in z, then the system of inequalities for the first components has
no feasible solution, and we cannot find a retiming which insures that the weight of any hard-edge
e satifies 07,(e) > (1, —o0). If the constraint graph in y contains the negative-weight cycle, the
system of equations for the second components has no solution, and there may exist an edge e such
that §,,.(¢) = (0, k) for some k& # 0. In either case, by Property 4.2, the innermost loop cannot be
DOALL. O

The algorithm for finding the retiming function for these loops that can be fused with full paral-
lelism according to Theorem 4.2 is given as Algorithm 4 below.

22



Algorithm 4 Legal Loop Fusion and Full Parallelism for Cyclic 2LDGs
Input: A2LDG G = (V, E, 0, Dy)
Output: A retiming function r of the 2LDG or FALSE if none exists.

/* — PHASE ONE : Compute first component of retiming function — */
VEe— VI J{vo} /* Construct constraint graph in z, G5 = (VS ES, ws), from G. */
E¢ — EHvy—v;:v, €V}
for all edges e € F do
if e is a hard-edge then
wi(e) «— dr(e)[1] -1
else
wi(e) —— dr(e)[1]
end if
end for
for all edges e € ES — E do

wé(e) «— 0

end for
r, <—BellmanFord(G¢) * Use traditional Bellman-Ford algorithm for computation. */
if there is a negative-weight cycle in G¢ then

return FALSE [* The graph G violates first condition so no solution. */
end if

/* — PHASE TWO : Compute second component of retiming function — */
Vi — VI{H{wo} /* Construct constraint graph in y, G = (V°, £, wg). */
By —{vg — v v, €V}
for all edges e € £ do
wy(e) «—0
end for
foralledgese : u — v € Edo
if e is not a hard-edge and w¢(e) + r,(u) — r(v) = 0 then
Ef «— B\ {e,v — u}
wi(e) «— dr(e)[2
(v — 1) — —d1(c)[2]
end if
end for
r, «—BellmanFord(G?) /* Again use traditional Bellman-Ford algorithm. */
if there is a negative-weight cycle in G then
return FALSE /* The graph G violates second condition so no solution. */

end if

/* — PHASE THREE : Combine to get final solution — */
for all nodesv € V do

r(v) «— (ra(v), 1y(v))
end for

return r 23




4.4 Fully Parallel Loop Fusion in Hyperplanes for Cyclic 2LDGs

In the case when the constraints established in Theorem 4.2 are not satisfied, the full parallelism of
the innermost loop is achieved by using a wavefront approach. We begin showing how to solve this
problem by defining a DOALL hyperplane as follows.

Definition 4.1 A hyperplane is said to be DOALL when all iterations in the hyperplane can be done
in parallel.

The conditions required to obtain a DOALL hyperplane via retiming are expressed in the lemma
below:

Lemma 4.3 Let G be a legal 2LDG transformed by retiming into G, = (V, E,d.,, D). If all
retimed dependence vectors d,(e) satisfy d.,.(e) > (0,0), then there exists a schedule vector s and a
DOALL hyperplane & such that £ is perpendicular to s.

Proof: \We need to prove that there exists a schedule vector s = (s[1], s[2]) such that s - dp,.(e) > 0
forall d.,(e) # (0,0). We can then let » = (s[2], —s[1]) be our choice of hyperplane. Let us assume
that the maximum d,,.(e) in lexicographic order is (a, b) where @ > 0. We need to examine two cases:

1. For the case where a = 0, all d..(e) have the form (0, &) with & > 0. Thus s = (0, 1) satisfies
the conditions for a DOALL hyperplane.

2. On the other hand, if « > 0, we need s = (s[1], 1) such that s[1] > =22 for all d;,(e).

drr(e)[1]
o) = max { | S8

and the conditions are satisfied.

Therefore, we choose

O

Finally, the theorem below shows that a retiming function always exist such that a DOALL hyper-
plane can be found.

Theorem 4.4 Let G = (V, E, 0, Dy) be a legal 2LDG. If all cycles ¢ € G satisfy 6.(c) > (0,0),
then we can find a legal retiming r such that, after retiming and loop fusion, there is a hyperplane
where all iterations are parallel.
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Proof: By Theorem 3.2 we can find a legal retiming function such that, after retiming, all the loop
dependence vectors satisfy d,.(e) > (0,0). By Lemma 4.3 we know that we can find a DOALL
hyperplane under these conditions. O

The algorithm for finding the fully parallel hyperplane is given as Algorithm 5. In order to find the
hyperplane, we first calculate the retiming function by the LLOFRA algorithm (Algorithm 2, given in
Section 3.2). Next, we calculate the scheduling vector according to Lemma 4.3. Finally, we choose a
hyperplane that is perpendicular to the scheduling vector.

Algorithm 5 Full Hyperplane Parallelism for Cyclic 2LDGs
Input: A2LDG G = (V, E, 0y, Dy).
Output: A retiming function » of G and the hyperplane h.
r «—— LLOFRA(G) [* Calculate retiming function r by Algorithm 2. */
m «— (—o00, —00) /* Calculate d;, of each edge and find max one. */
for all edges e : v; — v; € E'do
for all di.(e) € D (e) do
drr(e) «— di(e) + r(vi) — r(vy)
if m < dp.(e) then
m <— dLr(6)
end if
end for
end for
if m[1] = 0 then
s[1] «—0 [* Calculate the scheduling vector. */
else
s[1] «— max { {_dier(Sﬁ]Q]J } +1
end if
s[2] «— 1
h — (s[2], —s[1]) /* Find the hyperplane. */
return r and h

As an example, let’s alter the 2LDG of Figure 8 by

e addingedges D — C'and F — B;

e defining D (D,C) = {(0,—2)}and D,(E,B) = {(0,1),(1,1)};

e redefining D, (C, D) = {(0,3),(0,5)}, D.(D, E) = {(0,—2)},and D1 (A, D) = {(0, —-3), (1,0)}.

This case, shown in Figure 14, can only achieve full parallelism in a hyperplane not parallel to the
Cartesian axis. We will use Algorithm 5. We get the retiming function shown in the figure from
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Figure 14: A cyclic 2LDG before retiming
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Figure 15: The 2LDG of Figure 14 after retiming

Algorithm 2, and then calculate D;,.(A, B) = {(0,5)}, D1.(B,C) = {(0,0),(0,5)}, D..(C,D) =
{(0,0),(0,2)}, D (D, C) = {(0,1)}, Dr(D, E) = {(0,0)}, Dy, (E, B) = {(0,0), (1,0)}, Dy, (B, F) =
{(0,0)}, D, (F.G) = {(L, =4)}, Drr(B, E) = {(1,3)}, and Dy, (A, D) = {(0,0), (1,3)}. Figure
15 shows the retimed 2LDG. The hardware implementation and the code representing the resulting
graph require a detailed description beyond the scope of this paper. However, the interested reader can
obtain such details in [22] and [24]. Because the first component of the maximum d,.(e¢) is 1 > 0, we
see that the scheduling vector has the form s = (s[1], 1), where s[1] = max { L_d“(e)[Q]J } +1=>5.

drr(e)[1]
Thus we get a scheduling vector of s = (5, 1). The hyperplane & = (1, —5) is perpendicular to s, as

shown in Figure 16.

5 Experiments

In this section, we demonstrate the effectiveness of our method by experimenting on 5 common
MLDGs:

26



schedule vector s=(5,1)

_

\ \

\
50y [say) [2] [59]
\\ \\
\

\
(20 ‘\\ (41 T\\ [42 r\
\ | \

\
30] Bi) [s2])

\ \

\\ \ \
(20] O [2a] \[22] '\ [22]
\\ \ \
\
(0] i [Ez] (i3]
\ \ \
o0 ] o] [oz] [oa]
\\ \\ \
hypérplane '
h=(1,-5)

Figure 16: The schedule vector and hyperplane for Figure 14
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Figure 17: The cyclic 2LDG Example3 before retiming
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Figure 18: Example3 after retiming
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e Our first three examples are from this paper.

— Examplel refers to Figure 8, the acyclic 2LDG from Section 4.2.

— Example3 is the variation of Examplel which corresponds to the 2L DG shown in Figure
17. It contains loop-carried dependencies, making the problem more complex. In this case,
we notice that the initial fusion can not be done by Algorithm 3 because of the constraints
imposed by the existing cycles in the graph. Algorithm 4 is used after we verified that the
MLDG satisfies the condition of Theorem 4.2. The resulting retimed MLDG, ready for
fusion with fully parallel nested loop, is shown in Figure 18.

— Example2 is Figure 14, the cyclic 2LDG of the previous section.

e The fourth experiment, LL18, is Kernel 18 of the Livermore Loops. It is an acyclic case with a
fusion-preventing dependence, so Algorithm 3 is applied.

e The final two problems are from an astrophysical program for the computation of galactic jets.

— JETL1 is the first fragment of code from this program. It is acyclic with a fusion-preventing
dependence.

— JET2 is the second code fragment from this program. There are no fusion-preventing
dependences, but there is a hard-edge. Were we to fuse it directly, the result would not
be fully parallel. However, after retiming, a legal loop fusion can be done and the full
parallelism kept.

Table 1 shows the results for these six problems. The column alg shows which algorithm was
applied to these examples. The next two columns represent the number of synchronizations before
and after fusion, respectively. The column improvement measures the improvement after loop fusion.
From this table, it is clear that, after our loop fusion algorithms, the number of synchronizations is
significantly reduced.

Table 2 shows a theoretical comparison of our results to other loop fusion methods. The column
OPS shows the characteristics of our method, Man represents Manjikian’s method [17], Carr repre-
sents Carr’s algorithm [7], Al is Al-Mouhamed’s approach [3], and Ken is Kennedy’s method [13].
The proposed method can perform fusion for all the experiments, and can keep full parallelism after
fusion. Only Manjikian can deal with any of these problems, and the results of the four experiments
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Program | alg | syn. before | syn. after | improvement
Examplel | 3 7*n n-2 700%
Example2 | 5 7*n n 700%
Example3 | 4 7*n n-1 700%
LL18 3 3*n n-2 300%
JET1 3 2*n n-1 200%
JET2 3 2*n n-1 200%

Table 1: Improvement resulting from applying our algorithms

it can work with are not fully parallel. The other methods cannot do loop fusion for most of the cases,
and do not guarantee the parallelism after fusion.

Fusion Keep full parallelism

Program | OPS | Man | Carr | Al | Ken | OPS Man Carr | Al | Ken
Examplel | Yes | Yes | No | No | No | Yes | Partially | No | No | No
Example2 || Yes | No | No | No | No | Yes No No | No | No
Example3 || Yes | No | No | No | No | Yes No No | No | No

LL18 Yes | Yes | No | No | No | Yes | Partially | No | No | No
JET1 Yes | Yes | No | No | No | Yes | Partially | No | No | No
JET2 Yes | Yes | Yes | Yes | No | Yes | Partially | No | No | No

Table 2: Comparison with other loop fusion methods

6 Conclusion

Loop fusion is an effective way to reduce synchronization and improve data locality. Existing loop
fusion techniques may not be able to deal with fusion-preventing dependences in nested loops while
obtaining a fully parallel fused loop. This paper has introduced a new technique, based on multi-
dimensional retiming concepts, which is able to achieve a fully parallel fused loop. Loops are modeled
by loop dependence graphs, where nodes represent the innermost loops and edges represent data
dependences. New algorithms have been presented, covering fusion for trivial acyclic graphs, as well
as for complex cyclic ones with fusion-preventing dependences. The theory and preliminary results
presented show that it is always possible to efficiently obtain a parallel fused loop by applying this
methodology to nested loops.
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