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Abstract

Sincedatadependenciegreatlydecreaséastructionlevel parallelism,
minimizing dependenciesecomes crucial partof the procesf paral-
lelizing sequentiatode.Eliminatingall unnecessarflazarddeadsto the
more efficient useof resourcesfewer processostalls and easily main-
tainablecode. In this paperwe proposea novel approactor eliminating
redundantiatadependenciesom code.We developnew terminologyfor
expressingand studyingdependencieand constructa polynomial-time
algorithmfor reducingthe setof dependenciet its absoluteminimum.
Finally we demonstratéheimplicationsof ourwork to severalareas.

Index terms. Datadependencanalysis,redundantependence
elimination,compileroptimization.

1 Introduction

The ageof parallel computingbroughtwith it the needfor
compilersthatexaminesequentiatodeandoptimizeit to execute
on parallelmachines.Sinceloopsaretypically the mostexpen-
sive partof a programin termsof executiontime, an optimizing
compilermustexploretheparallelismhiddenin loops. They must
be ableto identify thoseloopswhoseiterationscanrun simulta-
neouslyandschedulehemto executein parallel. This requires
the useof sophisticatedestsfor detectingdatadependenciem
programs.

A varietyof methodsxistsfor discoreringdatadependencies
in programsOnceuncorered thecompilermustenforcesuchre-
strictionsby explicit synchronizationgvithin the optimizedcode,
thusensuringhattheorderof memoryaccesseemainssatisfied.
However, suchasynchronizationwould beunnecessar thede-
pendenceaelationit enforceswere satisfiedby otherdependen-
cies. Therefore discovering and eliminatingredundantatade-
pendenciebecomesnimportantpriority in ourcompiler Elimi-
natingsuchdependencigsermitsthemoreefficientuseof system
resourcesieducegshenumberof processostallsandmakescode
easietto maintain.lt alsoreducesherun-timecompleity of loop
schedulingalgorithmsandthe hardware compleity of dynami-
cally schedulegbrocessorsn this paperwe will proposeanovel
approacHor finding redundantependencieshusfacilitatingthe
parallelizationof sequentiatode.

A greatdeal of work hasheencompletedto dateregarding
the studyof datahazardsn programs.Traditionalmethodssim-
ilar to ours[1,3] seekto minimize dependenciebefore execu-
tion begins. Our approachdiffers from theseresultschiefly by
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beingmoregeneralandthusadaptabléo moresophisticatedr-
easof application.In this we aremostlike Rongand Tang[11].
However, in additionto simplifying their notationandproofs,we
have also provided a polynomial-timealgorithm that yields an
optimal solution Another more complicateda priori minimiza-
tion methodthatattemptgo eliminatedependencielsy recogniz-
ing the overall patternof the programin questionappearsn [7].
Otherwork seekgo breakdependencieat runtimevia educated
guessesf whatvaluewill be produced2,8] or whatinstruction
will be executednext [10]. Suchestimatesaaremadeon the spot
during execution, when a decisionmust be madeimmediately
whereto proceechext.

As ageneraloverviav of this work, considerthe loop of Fig-
urel(a).In thenext sectionwe will demonstrat¢éhattherearell
datadependencieBiddenin this codewhich hinderparallelexe-
cutionof theloop iterations.However, throughsystematiexam-
ination,we find thatonly 2 of thesedependenciearenecessary
the other9 beingcombinationof this pair Thuswe needonly
obey two restrictionsto generatehe loop’s parallel schedulen
Figurel(b).

DOALL i TIMEEO 1 2 34 5 67 8 90 12 3 45
X =afi]+b[i] /*1*
afi+1]=x [*2%
b[i] =b[i]+1 1*3*

afi+3]=a[i+1]-1 /*4*/
afi+2]=a[i+1]+1 /*5*/

(@) (b)

Figurel: (a) An example;(b) Its schedule.

In this article we demonstrate new approachto expressing
andstudyingdatadependenciem programs.We will shav that
somedependencieareredundantnd are unneededestrictions
aswe parallelizecode. We will demonstrate polynomial-time
algorithmfor eliminatingsuchdependencieseducingour setof
restrictionsto the bareminimum beforeattemptingto schedule
our programfor parallelexecution. We concludeby demonstrat-
ing how theseconceptday thefoundationfor new work in depen-
denceanalysisthat canbe appliedto a variety of researctareas,
suchassoftwarepipeliningandVLIW architectures.



2 Background

Beforeproceedingye shouldpaus€or amomentandreview
the conceptof datadependencandthe terminologyusedin its
study All of this materialhasappearedn print elsavhere[4,12].

Our overall goalis to maximizeparallelismin a program.To
do this, we needinstructionsin our programwhich cansimulta-
neouslyexecutein the computers pipeline without causingthe
pipelineto stall. However, if oneinstructiondepend®n the out-
put of anotherthey canonly executeserially which reduceghe
amountof parallelisminherentin our program.Furthermoretwo
suchinstructionanustbe executedn theirgivenorderandcannot
bereorderedasparallelinstructionscan. Wereiterate:dependen-
ciesin codekeepthe pipelinefrom operatingat peakefficiengy,
preventacompilerfrom rearranging-odeto speedxecution,and
reducea programs parallelism.

Thus, the key to maximizing parallelismin a programis to
studythe dependenciem the program.Therearethreedifferent
typesof dependence:

1. A data dependencer read-afterwrite (RAN) hazad oc-
curswhenoneinstructionrequiresthe outputof a previous
instructionin orderto execute.Formally, let I;, bethe oper
ationexecutedattime k. ThenI; is datadependenon I; if
eitherI; producesaresultusedby I, or I; is datadepen-
denton I}, (accordingo theabove definition)andly, is data
dependenon I;. Theonly way to solve this dependences
to requirethat; completeits executionbeforel; enterghe
“operandread”stageof the pipeline,whichmeangeducing
pipelinethroughputandparallelism.

2. An antidependencer write-afterread (WAR) hazad be-
tweenlI; andI; happensvhenI; writesdatathatl; reads
andI; is executedbeforel;. Dependingon the orderingof
the “read” and “write” stagesof the pipeline, this may or
maynotbeaproblem.

3. An outputdependencer write-afterwrite (WAW) hazad
takesplacewhenboth I; andI; write to the sameregister
or memorylocation. In this case the orderingbetweerthe
two instructionsmustbe presered.

More formally, given an instruction I;, define the set of in-
put operandgo I; asthe domainof I;, andthe setof output
operandsas the rangeof I;. Denotethe domainand rangeof
I, asD(I;) and R(I;), respectiely. Thena RAW hazardexists
betweerinstructionsl; andl; (i.e., I; is datadependenon I;) if
R(I;) N D(I;) # 0; aWAR hazards presenbetweenl; and;
if D(I;) N R(I;) # 0; andaWAW hazardoccursbetween/; and

Sometimesdatadependencieare referredto astrue depen-
dencieswhile anti- andoutputdependencieare callednamede-
pendenciesThisis dueto thefactthatinstructionsnvolvedin a
namedependencenly usethe sameregisteror memorylocation;
thereis no exchangeof databetweertheinstructionsashappens
in atruedependencelhus,if thenameusedin theseinstructions
werechangedso thatthe instructionsdon't conflict, the instruc-
tions could be executedin parallelor reordered.For this reason
we will focusprimarily on true dependencieaswe study maxi-
mizing parallelism.

Finally, whena dependencexists betweerinstructionsin the
sameiterationof aloop, the dependencés intra-iteration; oth-

erwiseit is a loop-carrieddependencelf aloop-carrieddepen-
denceexists betweeninstruction; in iterationz of a loop and
I; in alateriterationy of the sameloop, the distanceof the de-
pendencés y — x. (Trivially, intra-iterationdependenciebave
distance).) We will referto adependence from I; to I; having
distanced usingthenotationA : (I; — I;,d).

For exampleconsideourcodefragmenfrom Figurel(a). Re-
ferring to eachinstructionby the numbercontainedn the com-
mentsto theright of the code,we seethat R(1) = D(2) = {z},
R(2) = D(4) = D(5) = {a[i+1]} andD(3) = R(3) = {b[¢]},
giving usour four intra-iterationRAW hazardsjuickly, asshavn
in Figure2.

To find theloop-carrieddependenciefor the samecodefrag-
ment,we unroll the loop by replicatingthe loop body multiple
times,takingcareto adjusttheindiceswhennecessarySincethe
highestindex in ary of our original rangevaluesis ¢ + 3, we will
needto unroll up to threetimes, permitting us to examinefour
iterationsof our loop simultaneouslyWe do this in Figures3(a),
3(b) and3(c). Oncetheloop hasbeenunfolded,it is simpleto
examinethe domainsandrangesof theinstructionsanddiscoer
all loop-carriedRAW hazardsaswe have shawvn in thefigures.

To summarizewe have found 11 RAW hazarddor the code
fragmentin Figurel(a): (1 — 2,0), (2 — 4,0), (2 — 5,0),
(3 —=3,0,2—1,1),(5 = 41),56 = 51,6 = 1,2),
(4 = 4,2), (4 — 5,2) and(4 — 1,3). In the sectionsto
come,we will demonstrat¢hatmary of theseareredundanand
neednot be consideredvhenwe schedulehe codefragmentto
executein parallel.

3 Dependencies Across Single Distances

In our exampleof Figure 1(a), we saw that we had a intra-
iterationdependencbetweerines2 and4, andanothetbetween
lines2 and5. However, if we assumethat this codeis being
executedserially thenwe are alsoassumingan implicit depen-
dencefrom line 4 to line 5. My dependencé2 — 5,0) would
beunnecessarin this scenariojt is the combinationof the other
dependencie@ — 4,0) and(4 — 5,0). Thus,whenwe paral-
lelize this code,we canignore(2 — 5, 0) andfocusonsatisfying
theotherdependencieshich cannotedismissedn thisfashion.
We arereducingthenumberof constraintghatbind usand,in the
processmakingthe parallelizationof the codemucheasier

In this sectionandthe next we will develop a formal method
for studyinga codefragmentand determiningwhich dependen-
ciesareabsolutelynecessargandwhich aremerelycombinations
of others. Along the way we will alsodevelop nen terminology
to describeour situation. We assumehatinstructionswithin it-
erationsare being executedserially throughoutthe remainderof

X =afi+bli] #1%

ali+1]=x ]
L

bli] =bj+1 #3%| 24
3->3 4 2->5

afi+3]=ali+1]-1 /*4*/

afi+2]=ali+1]+1 /* 5%

Figure2: Theintra-iterationRAW hazarddor the codein Figurel(a)



X =a[i]+bl[i] X =a[i]+b[i]
afi+1]=x afi+1]=x

bi] =b[i]+1
b[ij =bli+1 a[i+3]=a[i+1]-1

N

afi+3]=afi+1]-1 |21

afi+2]=a[fi+1]+1
afi+2]=a[i+1]+1

5->1 | ...second iter ...

X =a[i+1]+b[i+1, 4->4
afi+2]=x (retleblia] X =ai+2]+bli+2] 4>5
5>5 b[i+1]=b[i+1]+1 aliv3l=x

b[i+2]=b[i+2]+1

a[i+4]=ali+2]-1 a[i+5]=afi+3]-1

afi+3]=a[i+2]+1 afi+4]=ali+3]+1

(@) (b)

x  =a[il+bi]
afi+1]=x
bli] =bfi]+1

afi+3]=ali+1]-1

afi+2]=a[i+1]+1
..second iter ... | 4>1
... third iter ...

X =a[i+3]+b[i+3]
afi+4]=x
b[i+3]=b[i+3]+1

afi+6]=a[i+4]-1
afi+5]=a[i+4]+1

(©

Figure3: Theloop-carriedRAW hazarddor the codein Figurel(a): (a)
acrosdl iteration;(b) acros; (c) across3

this paperandfocussolelyon eliminatingredundantoop-carried
dependencies.

3.1 Characteristic Valuesand Subsumption

Given an instructionI in a program,let 7(I) representhe
time atwhich I executes.As discussecarlier if we have adata
dependencérom I; to I;, it canonly be solvedif I; completes
executionbeforel;; in otherwords,if 7(I;) < 7(I;), or7(I;) —
7(I;) > 0. Whenthis is true, we will saythatthe dependence
(I; — I;,d) is satisfied Throughouthis paperwe will assume
thatinstructionI; is executedat time ¢, simplifying our notation
sothat(I; — I;,d) is satisfiedf andonlyif j — ¢ > 0.

In the preambléo this section we foundthatthe datadepen-
dence(2 — 5,0) for the codein Figure 1(a) wasrenderedun-
necessaryy the dependencé2 — 4,0) andthe understanding
that our programwasbeingexecutedserially In otherwords, if
(2 — 4,0) is satisfiedin our program,then(2 — 5,0) is au-
tomaticallyalsosatisfied. Wheneer the satishctionof a depen-
denceA guaranteethesatishctionof anotherdependenc®, we
will saythat A subsumesB anddenoteit by A D B. (In our
examplewe would write (2 — 4,0) D (2 — 5,0).) If two de-
pendenciest andB subsumeachotheri.e. A D BandA C B,
we will saythat A equalsB, which we will of coursedenoteby
A = B. Finally, wewill saythatA properlysubsumes®, written
A D B,if andonlyif A D BandA # B.

With thisterminologyin mind, it is very easyto shaw:

Lem 3.1 Letd beaniterationdistanceandlet A : (I; — I;,d)
andB : (I, — I,,d) betwo datadependenciesThenA D B
ifi—j>m—-nandADBifi—j>m—n

Pf: Supposehat A 2 B, sothat A is satisfiedbut B isn't. If
A is satisfiedthenj — ¢ > 0; if B is notsatisfiedn —m < 0.
Thereforej — ¢ > n —m, ori — j < m — n. By contrapositie
amgumenti — j > m — n implies A D B. Thesecondpartis
provedsimilarly. a
Fromthis we canquickly derive the translationpropertyof data
dependencies:

Cor 3.1 Letd beaniterationdistanceandlet A : (I; — I;,d)
andB : (I, — I,,d) betwo datadependenciesThenA = B
ifi—j=m-—n.

Becauseof the translation property the dependenceelation
(I; — I;,d) is thesameas (I;—; — Io,d), sowe needonly
keeptrack of the differencein starttimes betweenthe two in-
structionsof a datadependenceThis difference which we will
designate), is calledthe characteristicvalue of the datadepen-
dence. Becauseof this, we will henceforthrefer to the depen-
denced : (I; — I;,d) asA: (Aa,d) wherela =i — j.
Fromour Lemmawe cannow shaw thefollowing:

Thm 3.1 Givenan iteration distanced and data dependencies
A:(Aa,d)andB: (Ag,d), then:

1. (TrichotomyProperty Exactlyoneof thefollowingis true:
ADB,ACBorA=B.

2. A D Bifandonlyif Aa > Ap; A = B if andonly if
Aa = Ap; andA D Bif andonlyif Ax > Ap.

Pf: In (1), for integersAa and g, exactly one of threecases
canoccur:Aa > A, A4 < Ap ords = Ag. If Ax > Ap then
A D BbylLemma3.1.1f A4 < Ap thenA C B bysimilarlogic.
Finally, if Aa = A thenA = B by the corollary to Lemma
3.1. For (2),thatA4 > Ap implies A O B wasestablishedn
Lemma3.1. Ontheotherhand,A4 < Ap impliesthatA C B
by thesameLemma,or A 2 B by theTrichotomyProperty The
contrapositre of this implication provesour desiredresult. The
otherimplicationsarederived similarly. a

3.2 Characteristic Data Dependencies

Considemow all datadependenciebaving a given iteration
distanced. Becauseof this last theorem,the dependencérom
this sethaving the largestcharacteristizaluewill subsumevery
otherdependencim theset. This“maximal” dependencis called
the characteristicdatadependencéor distanced andis denoted
by (Aq,d) whereA; = max{A : (A,d)isadatadep.} if there
existsa datadependencwith iterationdistanced, and —co oth-
erwise.Returningto ourexamplefrom Figurel1(a),recallthatwe
had11 datadependencieBecaus®f thisconceptve canimme-
diately cut this list down to the four characteristidependencies:
0,0), (1,1), (4,2) and(3, 3).

We can simplify this a little bit by consideringour intra-
iterationdependenciewith morecare.All of thesedependencies
involve a line of codewhich is dependenbn a previous line of
codefrom thesamaeiteration. Thereforeall intra-iterationdepen-
denciedn a programshouldhave characteristizaluesof at most
zero. However, we have notedseveral timesthatthe assumption



of serialexecutionaddsanimplicit intra-iterationdependencef
(—1,0) to ary program. Our characteristidatadependencéor
distancezerois theneither(—1, 0) or (0, 0), neitherof whichis
helpful to our cause.For this reasonwe have reducedour prob-
lem to that of studyingonly loop-carrieddependencieandwill

attemptlater to develop ad hoc methodsfor bringing out intra-
iterationparallelism.

4 Combining Data Dependencies

Finally, we canbegin eliminating someloop-carrieddepen-
denciedy generalizingourtheoryto permitsimplecombinations
of dependenciesSofar, we have seenthatdependenciewhich
aresubsumedby otherdependenciesanbe dismissedrom con-
siderationaswe attemptto maximizeparallelism.Similarly, if a
dependencis subsumedthy somecombinatiorof otherdependen-
cies, it shouldalsobe removed. For example,in Figurel(a),the
dependencé3, 3) is subsumetby threeproperly-placedopiesof
(1,1). Specifically (4 — 1, 3) is subsumedby the combination
of (4 — 3,1) plus(3 — 2,1) plus(2 — 1,1). We will now
developthis casewhereindifferentdependenciearecombinedo
subsumesomeotherdependence.

4.1 Sumsof Data Dependencies

Onfirst glance addingtwo datadependencieshouldyield an
obvioussolution.However, firstimpressiongredeceving, aswe
now shaow:

Thm 4.1 Giventwo data dependencie$\,,d,) and (s, ds),
then()\a, da) —+ ()\b,db) = ()\a —+ )\b —+ ]., ds + db)

Pf: By the TranslationProperty the first of theseorderedpairs
representa datadependencbetweerinstructionsly, +; in itera-
tion 0 andI; in iterationd,,. Assumingthatthefirst instructionof
thezerothiterationstartsattime 0 andthatall instructionsareexe-
cutedseriallyandin order we seethatl, 4 in iteration0 begins
attime )\, andsoinstruction!; in iterationd, canstartnosooner
thantime A, + 1. Now, applyingthe TranslationPropertyto our
secondorderedpair yields a datadependencéetweeninstruc-
tionsIy, 41 of iterationd, andI; of iterationd, + ds. As before,
if I; of iterationd, beginsattime A\, + 1, thenIy, 1, of thesame
iterationstartsattime A\, +1+ Ay, andsotheearlieststartingtime
for I of iterationda + dp IS (Aa + 1+ Xp) +1 = Aa + Ap + 2.
Sinceinstructiony, +,+2 Of iterationzerobeganexecutionat
timestep\, + Ay + 1, oursumis equialentto a datadependence
betweerthisinstructionand; of iterationd,, + dp, whichis rep-
resentedy theorderedpair (A + Ao + 1,dg + d). O
In general,if A; = (X, d;) is a sequencef n datadepen-
denciespur abore analysiscanbe continuednductively to shav

that
ZA;‘ = ((Z)\z + 1) — 1,2(1;’) .
i=1 i=1 i=1

Furthermorejf k is ary positive integer, we candefinek - A =
(k(A +1) — 1, kd) for ary datadependencel = (A,d). We
apply this to seethat we needonly considerthe dependencies
(1,1) and(4, 2) whenparallelizingour codefragmentin Figure
1(a),since3- (1,1) = (5, 3), whichsubsume$3, 3) by Theorem

3.1. Thus,whenwe schedulgheiterationsof our loop, we must
ensurethat instructions of iterationd precededoth instruction
1 — 1 of iterationd + 1 andinstructioni — 4 of iterationi + 2, as
shavn in Figure1(b).

4.2 Dominant Data Dependencies

Earlierwe developedthe ideaof a characteristiclatadepen-
dencefor a giveniterationdistanceandshavedhow it subsumed
all otherdependenciefor that distance.We now have the pos-
sibility thata sumof characteristiddependenciesould subsume
anothercharacteristiadlependenceso that all dependenciesf a
given distancevanish. The problemlies in decomposing dis-
tanceasa sumof otherdistancesandstudyingall resultingsums
of characteristidependenciesWe will how develop the termi-
nologyandmethodseededor dealingwith this problem.

Considerthe set of all dependencie$or a given distance
formedby addingcharacteristidependenciesaving varyingdis-
tances.We will adoptthe languageof [6] andinformally define
the dominantdata dependencéor distanced to be that depen-
dencerom this setwhich subsumeall otherdependencies this
set. By Theorem3.1, it sufiicesto choosethat dependencwiith
the largestcharacteristiovalue. Thus,the dominantdatadepen-
dencefor distanced is the datadependencéA 4, d) where

Ad:max{<2n:[\i]. +1> —1: zn:ij :d}
Jj=1 j=1

For example, it is clear from the definition that
Ar = A, Ay = max{AAi+A1+1} and
Ag = ma.x{Ag,Al+A2+1,A1+A1+A1+2} . To
computeA 4 requirescomparings suchsums,andAs is oneof 7
suchsums.lt is clearthatthe calculationof all suchsumswould
take fartoo longif d getsvery large. Fortunatelywe cangreatly
decreaseurwork load by notingthefollowing:

Thm 4.2 For a given iteration distanced > 1, let M =
max{Ai—}—Ad_i—l-l te=1,2,..., [%J} Then Ay =
max {Aq, M}.

Pf: For ary integeri betweenl and | £], (A; + Ag—i + 1,d)
is a datadependencef distanced andis thereforesubsumedy
(Ag,d). Inshort,Ay > A; + Ay4_; + 1 for ary suchi, andso
Ag > M, the maximumof all suchsums.On the otherhand,if

Ad ;é Ad, then
Ln/2]
oA +1| -1
j=1
+ (( > Aij+1)—1)+1 (1)
i=ln/2]+1

for somesequencef indices{i;}7_, suchthat}>7_, i; = d.
However, -1™1*) i; = k < d for someintegerk, andsoeachof
thepartialsumsin (1) constituteshecharacteristiwalueof adata
dependencehefirstwith distancek andthesecondvith distance
d — k. Sinceeachof thesemustbe boundedrom above by the
characteristiozaluesof their respectie dominantdependencies,
Ag < Ap + Ay +1 < M, themaximumof all suchsums.

Ay =



HenceeitherAy = Ag or Ay = M andwe chooseA to bethe
largervalueby definition. O
We canthereforecalculateA; inductively if we know thevalues

of A1, As,...,Aq—1. Finally, it is clearthatall datadependencies

having iterationdistancel canbe eliminatedif andonly if A; >
Ag.

5 TheElimination Algorithm

Our formalizedmethodis given as Algorithm 1 below. 1t is
divided into two phases. First, for eachiteration distance,we
find the maximumcharacteristiovalue amongall the dependen-
cieshaving the given distance. The dependencevhich hasthis
maximumis retainedwhile all othersare removed from further
consideration Next we explore redundang acrossdistancewia
dynamicprogramming For eachiterationdistancet, wefirstfind
thelargestsumof dominantdependencieshosedistancesaddto
d. We thencomparehis numberto thevalueof the characteristic
dependencéor d. If the characteristicvalueis the larger of the
two figures,the dependenceemainsin our set. Otherwiseit is
eliminated.

Let usnow considertime compleity. As belaw, let D bethe
maximumiterationdistanceLetny bethecardinalityof thesetof
datadependenciesaving iterationdistancel ford = 1, 2, ..., D,
while N = max nq4. Thefor loop which eliminatesredundang
within eachiterationdistancesxecutesn O(N D) time, while the
for loop which eliminatesredundang acrossmultiple distances
executesin O (D2) time. Henceour algorithmis polynomial
time.

6 Examples

To demonstrateur algorithm,we now applyit to severalvari-
ationsof our abose sampleprogram.

6.1 First Example

For our original example (Figure 1(a)), we begin ex-
ecuting the algorithm with set of dependenciesS =
{(1,1),(0,1),(4,2),(0,2), (-1, 2),(3,3)}. After executingthe
initial for loop, S is reducedo {(1, 1), (4,2), (3,3)}. Thefirst
statemenbf the secondhalf setsA[1] = 1. Wheni = 2 in the
succeedindor loop, j = 1 only, whichresultsin M = 3. Since
thisis smallerthanA[2] = 4, we keepthedependencés, 2) and
setA[2] = 4. Finally, when: = 3, we againhaveonly j = 1,
whichyields M = 1+ 4 + 1 = 6. Sincethis is biggerthan
A[3] = 3, we remove the dependencé3, 3) andsetA[3] = 6.
Whenthealgorithmends,S = {(1,1), (4, 2)}, exactlythesame
answeme foundearlier

Let us now interchangestatementst and 5 in our sam-
ple loop. Note that this program performs exactly the
same function as the original. Carefully studying this re-
ordered code yields an initial set of dependenciesS =
{(1,1),(0,1),(3,2),(1,2),(0,2),(4,3)}. Remwing all butthe
characteristidependencies thefirst half of thealgorithms ex-
ecutioncutsthisdownto S = {(1, 1), (3,2), (4,3)}. As above,

Algorithm 1 EliminatingRedundanDataDependencies

Input: A setS of datadependenciefr a given programthe maximum
iterationdistanceD
Output: ThesetS with all redundantiependenciessmored
/* Eliminateredundang for eachiterationdistance*/
for i =1to D do
Afi] « —o0
for all datadependencie§\, i) do
if A > A[i] then
if AlZ] > —oo then
deletethedatadependencéA|[:], ) from S
end if
Afli] < A
else
deletethedatadependencéh, i) from S
end if
end for
end for
/* Eliminateredundang for multiple distanceg/
A[1] « A[1]
fori = 2to D do
M ¢+ —c©
for j=1to|%|do
it M < Alj]+
M« A[j]+
end if
end for
if Al¢] < M then
Al « M
deletethedatadependencéA[d], i) from S
else
Ali] < Af7]
end if
end for

Ali — j] + 1then
Ali—jl+1

we passthroughonly threephasegiuring the seconchalf of the
algorithm.

1. Begin by settingA[1] = A[1] = 1.

2. Wheni = 2 andj = 1, M = 3 = A[2] andsowe may
remove (3, 2) from S andsetA[2] = 3.

3. Finally,wheni =3andj =1, M =1+ 3+1 = 5. Since
M > A[3] wesetA[3] = 5 anddelete(4, 3) from S.

Thusonly the datadependencél, 1) mustbe consideredvhen
parallelizingthe loops for this sampleprogram. This may be
achieved by startingiterations attimes for i > 0.
Notethatour first exampledemonstratethatreorderingcode
resultsin differentsetsof necessargatadependenciesS hereare
two implicationsof this. First, a strict inorderexecutionof the
codeis necessarneliminatingthe possibilitythatwe canimprove
executiontime by reorderingcommandson the fly” duringrun
time. Secondwe muststudyour programcarefullyto determine
acorrectorderof executionwhich minimizesdatadependencies.

6.2 Second Example

To this pointwe have notaddressetheissueof intra-iteration
parallelism,and sucha discussionis too large to be contained
herein.However, we canstudyour exampleanddemonstrat¢hat
our techniquewill work whencommandswithin iterationsexe-
cutein parallel. Recallthat the intra-iterationdependenciefor
the programin Figure 1(a) requireline 1 to completeexecution



beforeline 2 begins, which in turn mustcompletebeforelines4
and5 begin. It thereforefollows thatwe canexecutelines2 and3
in parallel,followed by the parallelexecutionof 4 and5. Figure
4(a)shavs our codeeditedto specifythis.

To develop an initial set of dependencieswe view each
DORAR asa single commandand translateour original depen-
dencies.For example thedependencé — 1,2) of theoriginal
programnow represents dependencéom the secondDOPAR
to line 1. Under our revised notation, this secondDOPAR is
now line 3 of our program sothis original dependencbecomes
(3 — 1,2) in theparallelizedversionof the program.Thetrans-
lation for eachdependenc&om the original versionof the pro-
gramto the parallelizedversionis displayedin Table4(b). Basi-
cally, for eachdependenceccurencesf lines2 or 3 arechanged
to 2, while lines4 and5 aremappedo thenew line 3.

We can seenow that our original set of dependenciesor
theparallelizedcodeis S = {(1, 1), (0,1), (2, 2), (0, 2), (2, 3)},
whichis pareddown to (1, 1) by our algorithm. Thereforewhen
schedulingour parallelizedorogramwe mustinsurethatthefirst
DORAR completesxecutionbeforethenext iterationof theloop
starts,asshawvn in Figure4(c). This sampleprogramwassmall
enoughto studyin this manner It remainsfor usto develop a
methodfor systematicallystudying code so that intra-iteration
parallelismmaybediscoreredandexploited,evenin muchlarger
programs.Sucha methodcould thenbe combinedwith already
existing techniquedik e retiming [5] and unfolding [9] to maxi-
mize suchparallelismbeforeapplyingthe conceptsve have de-
velopedherefor maximizingparallelismof loopiterations.

7 Conclusion

In this paperwe have constructedan original method for
expressingand studying loop-carrieddependencies.We have
demonstratethatnot all dependencieis a programrequirecon-
sideration. By modelingthe problemformally and understand-
ing it’'s basicpropertiesye have beenableto designanefficient
polynomial-timealgorithmwhicheliminatesall suchunnecessary
restrictions We have notedthatreducingaprograms dependence
setto the bare minimum enhancegarallelism, allowing us to
make more efficient useof a systems resources.We have also
notedthatthis reductionreduceschedulingcomplexity.

We have also pointedto several directionsfor future work.
It remainsfor usto determineexactly how to optimally reorder
codesoasto maximizetheinherentinter-iterationparallelism.A
systematienethodfor studyingaprogramanddeterminingvhich
instructionsto grouptogetherfor parallelexecutionalsoremains
to beconstructedOncethisis accomplishedf wouldbepossible
to combineour efforts herewith otherestablishednethodssoas
to parallelizecodeevenfurther
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