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Abstract
Sincedatadependenciesgreatlydecreaseinstructionlevel parallelism,

minimizing dependenciesbecomesa crucialpartof theprocessof paral-
lelizing sequentialcode.Eliminatingall unnecessaryhazardsleadsto the
moreefficient useof resources,fewer processorstallsandeasilymain-
tainablecode.In this paperwe proposea novel approachfor eliminating
redundantdatadependenciesfrom code.Wedevelopnew terminologyfor
expressingandstudyingdependenciesandconstructa polynomial-time
algorithmfor reducingthesetof dependenciesto its absoluteminimum.
Finally wedemonstratetheimplicationsof ourwork to severalareas.

Index terms: Datadependenceanalysis,redundantdependence
elimination,compileroptimization.

1 Introduction

The ageof parallel computingbroughtwith it the needfor
compilersthatexaminesequentialcodeandoptimizeit to execute
on parallelmachines.Sinceloopsaretypically themostexpen-
sive partof a programin termsof executiontime, anoptimizing
compilermustexploretheparallelismhiddenin loops.They must
beableto identify thoseloopswhoseiterationscanrun simulta-
neouslyandschedulethemto executein parallel. This requires
the useof sophisticatedtestsfor detectingdatadependenciesin
programs.

A varietyof methodsexistsfor discoveringdatadependencies
in programs.Onceuncovered,thecompilermustenforcesuchre-
strictionsby explicit synchronizationswithin theoptimizedcode,
thusensuringthattheorderof memoryaccessesremainssatisfied.
However, suchasynchronizationwouldbeunnecessaryif thede-
pendencerelation it enforcesweresatisfiedby otherdependen-
cies. Therefore,discovering andeliminatingredundantdatade-
pendenciesbecomesanimportantpriority in ourcompiler. Elimi-
natingsuchdependenciespermitsthemoreefficientuseof system
resources,reducesthenumberof processorstallsandmakescode
easierto maintain.It alsoreducestherun-timecomplexity of loop
schedulingalgorithmsandthe hardwarecomplexity of dynami-
cally scheduledprocessors.In thispaper, wewill proposeanovel
approachfor findingredundantdependencies,thusfacilitatingthe
parallelizationof sequentialcode.

A greatdealof work hasbeencompletedto dateregarding
thestudyof datahazardsin programs.Traditionalmethodssim-
ilar to ours [1,3] seekto minimize dependenciesbeforeexecu-
tion begins. Our approachdiffers from theseresultschiefly by�
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beingmoregeneral,andthusadaptableto moresophisticatedar-
easof application.In this we aremostlike RongandTang[11].
However, in additionto simplifying theirnotationandproofs,we
have also provided a polynomial-timealgorithm that yields an
optimal solutionAnother, morecomplicateda priori minimiza-
tion methodthatattemptsto eliminatedependenciesby recogniz-
ing theoverall patternof theprogramin questionappearsin [7].
Otherwork seeksto breakdependenciesat runtimevia educated
guessesof whatvaluewill beproduced[2,8] or what instruction
will beexecutednext [10]. Suchestimatesaremadeon thespot
during execution,when a decisionmust be madeimmediately
whereto proceednext.

As a generaloverview of this work, considerthe loop of Fig-
ure1(a). In thenext section,wewill demonstratethatthereare ���
datadependencieshiddenin this codewhich hinderparallelexe-
cutionof theloop iterations.However, throughsystematicexam-
ination,we find thatonly � of thesedependenciesarenecessary,
the other � beingcombinationsof this pair. Thuswe needonly
obey two restrictionsto generatethe loop’s parallelschedulein
Figure1(b).

DOALL i
    x        =a[i]+b[i]   /* 1 */
    a[i+1]=x               /* 2 */
    b[i]    =b[i]+1       /* 3 */
    a[i+3]=a[i+1]-1  /* 4 */
    a[i+2]=a[i+1]+1  /* 5 */

(a)

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

TIME: 0    1     2     3    4     5     6    7     8     9    0     1    2     3     4    5

(b)

Figure1: (a)An example;(b) Its schedule.

In this article we demonstratea new approachto expressing
andstudyingdatadependenciesin programs.We will show that
somedependenciesareredundantandareunneededrestrictions
aswe parallelizecode. We will demonstratea polynomial-time
algorithmfor eliminatingsuchdependencies,reducingour setof
restrictionsto the bareminimum beforeattemptingto schedule
our programfor parallelexecution.We concludeby demonstrat-
ing how theseconceptslay thefoundationfor new work in depen-
denceanalysisthatcanbeappliedto a varietyof researchareas,
suchassoftwarepipeliningandVLIW architectures.



2 Backgr
�

ound

Beforeproceeding,weshouldpausefor amomentandreview
the conceptof datadependenceandthe terminologyusedin its
study. All of thismaterialhasappearedin print elsewhere[4,12].

Our overall goal is to maximizeparallelismin a program.To
do this, we needinstructionsin our programwhich cansimulta-
neouslyexecutein the computer’s pipelinewithout causingthe
pipelineto stall. However, if oneinstructiondependson theout-
put of another, they canonly executeserially, which reducesthe
amountof parallelisminherentin ourprogram.Furthermore,two
suchinstructionsmustbeexecutedin theirgivenorderandcannot
bereordered,asparallelinstructionscan.Wereiterate:dependen-
ciesin codekeepthepipelinefrom operatingat peakefficiency,
preventacompilerfrom rearrangingcodeto speedexecution,and
reduceaprogram’s parallelism.

Thus, the key to maximizingparallelismin a programis to
studythedependenciesin theprogram.Therearethreedifferent
typesof dependence:

1. A data dependenceor read-after-write (RAW) hazard oc-
curswhenoneinstructionrequirestheoutputof a previous
instructionin orderto execute.Formally, let �	� betheoper-
ationexecutedat time 
 . Then ��� is datadependenton ��
 if
either ��
 producesa resultusedby ��� , or ��� is datadepen-
denton � � (accordingto theabovedefinition)and � � is data
dependenton ��
 . Theonly way to solve this dependenceis
to requirethat ��
 completeits executionbefore��� entersthe
“operandread”stageof thepipeline,whichmeansreducing
pipelinethroughputandparallelism.

2. An antidependenceor write-after-read (WAR) hazard be-
tween ��
 and ��� happenswhen ��� writesdatathat ��
 reads
and ��
 is executedbefore ��� . Dependingon theorderingof
the “read” and “write” stagesof the pipeline, this may or
maynot beaproblem.

3. An output dependenceor write-after-write (WAW) hazard
takesplacewhenboth ��
 and ��� write to the sameregister
or memorylocation. In this case,theorderingbetweenthe
two instructionsmustbepreserved.

More formally, given an instruction ��
 , define the set of in-
put operandsto � 
 as the domainof � 
 , and the set of output
operandsas the rangeof � 
 . Denotethe domainand rangeof��
 as ������
�� and ������
�� , respectively. Thena RAW hazardexists
betweeninstructions��
 and ��� (i.e., ��� is datadependenton ��
 ) if����� 
 ��������� � ����! ; aWAR hazardis presentbetween� 
 and � �
if ����� 
 ��"������ � �#��$ ; andaWAW hazardoccursbetween� 
 and��� if ������
%�&"'�(�����	�)��$ .

Sometimesdatadependenciesare referredto as true depen-
dencieswhile anti- andoutputdependenciesarecallednamede-
pendencies. This is dueto thefact that instructionsinvolved in a
namedependenceonly usethesameregisteror memorylocation;
thereis no exchangeof databetweentheinstructions,ashappens
in a truedependence.Thus,if thenameusedin theseinstructions
werechangedso that the instructionsdon’t conflict, the instruc-
tions couldbeexecutedin parallelor reordered.For this reason
we will focusprimarily on truedependenciesaswe studymaxi-
mizingparallelism.

Finally, whena dependenceexistsbetweeninstructionsin the
sameiterationof a loop, the dependenceis intra-iteration; oth-

erwiseit is a loop-carrieddependence.If a loop-carrieddepen-
denceexists betweeninstruction � 
 in iteration * of a loop and��� in a later iteration + of thesameloop, thedistanceof thede-
pendenceis +-,�* . (Trivially, intra-iterationdependencieshave
distance0.) Wewill referto adependence. from ��
 to ��� having
distance/ usingthenotation.!0���� 
21 � �43 /5� .

ForexampleconsiderourcodefragmentfromFigure1(a).Re-
ferring to eachinstructionby the numbercontainedin the com-
mentsto theright of thecode,we seethat �(�6�	� � �����7� �98 *;: ,������� � ����<=� � ����>7� �?8	@&A BDC �FEG: and ���IH7� � ���IH7� �!8�J7A B EG: ,
giving usour four intra-iterationRAW hazardsquickly, asshown
in Figure2.

To find theloop-carrieddependenciesfor thesamecodefrag-
ment,we unroll the loop by replicatingthe loop body multiple
times,takingcareto adjusttheindiceswhennecessary. Sincethe
highestindex in any of ouroriginal rangevaluesis BKC H , wewill
needto unroll up to threetimes,permittingus to examinefour
iterationsof our loop simultaneously. We do this in Figures3(a),
3(b) and3(c). Oncethe loop hasbeenunfolded,it is simpleto
examinethedomainsandrangesof theinstructionsanddiscover
all loop-carriedRAW hazards,aswehaveshown in thefigures.

To summarize,we have found11 RAW hazardsfor the code
fragmentin Figure1(a): �6� 1 � 3�L � , ��� 1 < 3�L � , ��� 1 > 3�L � ,�IH 1 H 3�L � , ��� 1 � 3 �	� , ��> 1 < 3 �	� , ��> 1 > 3 ��� , ��> 1 � 3 ��� ,��< 1 < 3 �7� , ��< 1 > 3 ��� and ��< 1 � 3 H=� . In the sectionsto
come,we will demonstratethatmany of theseareredundantand
neednot be consideredwhenwe schedulethe codefragmentto
executein parallel.

3 Dependencies Across Single Distances

In our exampleof Figure1(a), we saw that we had a intra-
iterationdependencebetweenlines � and < , andanotherbetween
lines � and > . However, if we assumethat this codeis being
executedserially, thenwe arealsoassumingan implicit depen-
dencefrom line < to line > . My dependence��� 1 > 3DL � would
beunnecessaryin thisscenario;it is thecombinationof theother
dependencies��� 1 < 3�L � and ��< 1 > 3�L � . Thus,whenwe paral-
lelizethiscode,wecanignore ��� 1 > 3DL � andfocusonsatisfying
theotherdependencieswhichcannotbedismissedin thisfashion.
Wearereducingthenumberof constraintsthatbindusand,in the
process,makingtheparallelizationof thecodemucheasier.

In this sectionandthenext we will developa formal method
for studyinga codefragmentanddeterminingwhich dependen-
ciesareabsolutelynecessaryandwhicharemerelycombinations
of others.Along theway we will alsodevelopnew terminology
to describeour situation. We assumethat instructionswithin it-
erationsarebeingexecutedserially throughoutthe remainderof

    x        =a[i]+b[i]   /* 1 */

    a[i+1]=x               /* 2 */

    a[i+2]=a[i+1]+1  /* 5 */

    a[i+3]=a[i+1]-1  /* 4 */

    b[i]    =b[i]+1       /* 3 */

1 -> 2

3 -> 3

2 -> 4

2 -> 5

Figure2: Theintra-iterationRAW hazardsfor thecodein Figure1(a)



2->1

5->45->5

a[i+1]=x

a[i+3]=a[i+1]-1
a[i+2]=a[i+1]+1

a[i+2]=x
b[i+1]=b[i+1]+1

a[i+4]=a[i+2]-1

a[i+3]=a[i+2]+1

x        =a[i+1]+b[i+1]

b[i]    =b[i]+1

x        =a[i]+b[i]

(a)

a[i+2]=a[i+1]+1

a[i+3]=a[i+1]-1

4->4
4->5

a[i+1]=x
x        =a[i]+b[i]

b[i]    =b[i]+1

... second iter ...

a[i+3]=x
x        =a[i+2]+b[i+2]

b[i+2]=b[i+2]+1

a[i+5]=a[i+3]-1

a[i+4]=a[i+3]+1

5->1

(b)

a[i+4]=x
x        =a[i+3]+b[i+3]

b[i+3]=b[i+3]+1
a[i+6]=a[i+4]-1
a[i+5]=a[i+4]+1

4->1

a[i+1]=x
x        =a[i]+b[i]

b[i]    =b[i]+1
a[i+3]=a[i+1]-1

a[i+2]=a[i+1]+1

... third iter ...

... second iter ...

(c)

Figure3: Theloop-carriedRAW hazardsfor thecodein Figure1(a): (a)
across1 iteration;(b) across2; (c) across3

thispaperandfocussolelyoneliminatingredundantloop-carried
dependencies.

3.1 Characteristic Values and Subsumption

Given an instruction � in a program,let M2���5� representthe
time at which � executes.As discussedearlier, if we have a data
dependencefrom ��
 to ��� , it canonly be solved if ��
 completes
executionbefore� � ; in otherwords,if M2��� 
 �ON�M2��� � � , or M2��� � �2,M2����
I�QP L . Whenthis is true, we will saythat the dependence����
 1 ��� 3 /5� is satisfied. Throughoutthis paperwe will assume
that instruction � 
 is executedat time B , simplifying our notation
sothat ��� 
R1 � �=3 /5� is satisfiedif andonly if S), B P L .

In thepreambleto this section,we foundthat thedatadepen-
dence ��� 1 > 3�L � for the codein Figure1(a) wasrenderedun-
necessaryby the dependence��� 1 < 3�L � andthe understanding
thatour programwasbeingexecutedserially. In otherwords,if��� 1 < 3DL � is satisfiedin our program,then ��� 1 > 3�L � is au-
tomaticallyalsosatisfied.Whenever thesatisfactionof a depen-
dence. guaranteesthesatisfactionof anotherdependenceT , we
will say that . subsumesT anddenoteit by .VUWT . (In our
examplewe would write ��� 1 < 3�L �XUY��� 1 > 3DL � .) If two de-
pendencies. and T subsumeeachother, i.e. .!UZT and .![ZT ,
we will saythat . equalsT , which we will of coursedenoteby. � T . Finally, wewill saythat . properlysubsumesT , written.!\ZT , if andonly if .!UZT and .]�� T .

With this terminologyin mind, it is veryeasyto show:

Lem 3.1 Let / bean iterationdistance, andlet .90K����
 1 ��� 3 /5�
and T^0R����_ 1 ��` 3 /5� betwo datadependencies.Then .YU?T
if B ,�SbaZcd,fe and .!\ZT if B ,�S-P�cd,ge
Pf: Supposethat .h�UdT , so that . is satisfiedbut T isn’t. If. is satisfiedthen S(, B P L ; if T is not satisfied,ei,jclk L .
ThereforeSm, B PZe',gc , or B ,�SQNZc^,ne . By contrapositive
argument,B ,gSnaocW,�e implies .pU]T . The secondpart is
provedsimilarly. q
Fromthis we canquickly derive the translationpropertyof data
dependencies:

Cor 3.1 Let / bean iterationdistance, andlet .]0&��� 
r1 � �=3 /5�
and T^0R��� _ 1 � ` 3 /5� betwo datadependencies.Then . � T
if B ,�S � cd,fe .

Becauseof the translationproperty, the dependencerelation��� 
(1 � �=3 /5� is the sameas ��� 
�st�u1 ��v 3 /5� , so we needonly
keeptrack of the differencein start times betweenthe two in-
structionsof a datadependence.This difference,which we will
designatew , is calledthecharacteristicvalueof thedatadepen-
dence. Becauseof this, we will henceforthrefer to the depen-
dence.!0K��� 
R1 � �43 /5� as .?0x��wKy 3 /5� where wKy �zB ,'S .

FromourLemmawecannow show thefollowing:

Thm 3.1 Givenan iteration distance/ and data dependencies.?0x��wKy 3 /5� and To0K��w|{ 3 /5� , then:

1. (TrichotomyProperty) Exactlyoneof thefollowing is true:.?\}T , .!~ZT or . � T .

2. .�U�T if and only if wKy^a�w|{ ; . � T if and only ifwKy � w|{ ; and .!\ZT if andonly if wKyuP}w|{ .

Pf: In (1), for integers wKy and w|{ , exactly oneof threecases
canoccur: w y P?w { , w y N?w { or w y � w { . If w y P?w { then.?\}T by Lemma3.1. If w y Nzw { then .!~ZT by similarlogic.
Finally, if wKy � w|{ then . � T by the corollary to Lemma
3.1. For (2), that wKy�a�w|{ implies .WUYT wasestablishedin
Lemma3.1. On theotherhand, w y Now { implies that .�~oT
by thesameLemma,or .Y�UZT by theTrichotomyProperty. The
contrapositive of this implicationprovesour desiredresult. The
otherimplicationsarederivedsimilarly. q
3.2 Characteristic Data Dependencies

Considernow all datadependencieshaving a given iteration
distance/ . Becauseof this last theorem,the dependencefrom
thissethaving thelargestcharacteristicvaluewill subsumeevery
otherdependencein theset.This“maximal” dependenceis called
thecharacteristicdatadependencefor distance/ andis denoted
by ���O� 3 /5� where �O� �o�Q�	�x8 w�02��w 3 /5� B%�&@ / @4�6@ /t���2� : if there
existsa datadependencewith iterationdistance/ , and ,�� oth-
erwise.Returningto ourexamplefrom Figure1(a),recallthatwe
had11datadependencies.Becauseof thisconceptwecanimme-
diatelycut this list down to thefour characteristicdependencies:� L53�L � , �6� 3 �	� , ��< 3 ��� and �IH 3 H7� .

We can simplify this a little bit by consideringour intra-
iterationdependencieswith morecare.All of thesedependencies
involve a line of codewhich is dependenton a previous line of
codefrom thesameiteration.Therefore,all intra-iterationdepen-
denciesin aprogramshouldhavecharacteristicvaluesof at most
zero. However, we have notedseveral timesthat theassumption



of serial� executionaddsanimplicit intra-iterationdependenceof�6,�� 3�L � to any program.Our characteristicdatadependencefor
distancezerois theneither �6,�� 3DL � or � L53DL � , neitherof which is
helpful to our cause.For this reasonwe have reducedour prob-
lem to that of studyingonly loop-carrieddependenciesandwill
attemptlater to develop ad hoc methodsfor bringing out intra-
iterationparallelism.

4 Combining Data Dependencies

Finally, we canbegin eliminatingsomeloop-carrieddepen-
denciesby generalizingourtheoryto permitsimplecombinations
of dependencies.So far, we have seenthat dependencieswhich
aresubsumedby otherdependenciescanbedismissedfrom con-
siderationaswe attemptto maximizeparallelism.Similarly, if a
dependenceissubsumedbysomecombinationof otherdependen-
cies,it shouldalsoberemoved. For example,in Figure1(a),the
dependence�IH 3 H=� is subsumedby threeproperly-placedcopiesof�6� 3 �	� . Specifically, ��< 1 � 3 H=� is subsumedby thecombination
of ��< 1 H 3 �	� plus �IH 1 � 3 ��� plus ��� 1 � 3 �	� . We will now
developthiscasewhereindifferentdependenciesarecombinedto
subsumesomeotherdependence.

4.1 Sums of Data Dependencies

Onfirst glance,addingtwo datadependenciesshouldyield an
obvioussolution.However, first impressionsaredeceiving, aswe
now show:

Thm 4.1 Given two data dependencies��wx� 3 /4�4� and ��wK� 3 /t�D� ,
then ��wx� 3 /4�7� C ��w � 3 / � � � ��wx� C w � C � 3 /4� C / � � .
Pf: By the TranslationProperty, the first of theseorderedpairs
representsadatadependencebetweeninstructions�	���	��� in itera-
tion L and � � in iteration / � . Assumingthatthefirst instructionof
thezerothiterationstartsattime L andthatall instructionsareexe-
cutedseriallyandin order, weseethat �	������� in iteration L begins
attime w � , andsoinstruction� � in iteration / � canstartnosooner
thantime w � C � . Now, applyingtheTranslationPropertyto our
secondorderedpair yields a datadependencebetweeninstruc-
tions �����6��� of iteration /4� and � � of iteration /4� C / � . As before,
if � � of iteration / � beginsat time w � C � , then �	������� of thesame
iterationstartsat time w � C � C w � , andsotheearlieststartingtime
for � � of iteration /4� C /t� is ��wx� C � C wK�D� C � � wx� C wK� C � .
Sinceinstruction �	�����R�����R� of iterationzerobeganexecutionat
timestepw � C w � C � , oursumis equivalentto adatadependence
betweenthis instructionand � � of iteration / � C / � , which is rep-
resentedby theorderedpair ��wx� C wK� C � 3 /4� C /t�D� . q

In general,if .#
 � ��wK
 3 /t
�� is a sequenceof e datadepen-
dencies,ourabove analysiscanbecontinuedinductively to show
that `� 
�� � . 
 �¡ X  `� 
�� � w 
 C �F¢!,�� 3 `� 
�� � / 
 ¢Z�
Furthermore,if 
 is any positive integer, we candefine 
¤£�. ��I
&��w C �	��,Z� 3 
t/5� for any datadependence. � ��w 3 /5� . We
apply this to seethat we needonly considerthe dependencies�6� 3 �	� and ��< 3 �7� whenparallelizingour codefragmentin Figure
1(a),sinceH¥£F�6� 3 �	� � ��> 3 H7� , whichsubsumes�IH 3 H7� by Theorem

3.1. Thus,whenwe scheduletheiterationsof our loop,we must
ensurethat instruction B of iteration / precedesboth instructionB ,j� of iteration / C � andinstructionB ,¦< of iteration B�C � , as
shown in Figure1(b).

4.2 Dominant Data Dependencies

Earlierwe developedthe ideaof a characteristicdatadepen-
dencefor a giveniterationdistanceandshowedhow it subsumed
all otherdependenciesfor that distance.We now have the pos-
sibility thata sumof characteristicdependenciescouldsubsume
anothercharacteristicdependence,so that all dependenciesof a
given distancevanish. The problemlies in decomposinga dis-
tanceasa sumof otherdistancesandstudyingall resultingsums
of characteristicdependencies.We will now develop the termi-
nologyandmethodsneededfor dealingwith thisproblem.

Considerthe set of all dependenciesfor a given distance
formedby addingcharacteristicdependencieshaving varyingdis-
tances.We will adoptthe languageof [6] andinformally define
the dominantdata dependencefor distance/ to be that depen-
dencefrom thissetwhichsubsumesall otherdependenciesin this
set. By Theorem3.1, it sufficesto choosethat dependencewith
the largestcharacteristicvalue. Thus,the dominantdatadepen-
dencefor distance/ is thedatadependence��§X� 3 /5� where

§(� �z�Q�	�X¨   `��F� � �©
«ª C � ¢ ,Z�g0 `��F� � B � � /R¬¦�
For example, it is clear from the definition that§ � � � � , § � � �Q�	�­8 � � 3 � � C � � C ��: and§�® � �Q�	�¯8 �O® 3 � � C � � C � 3 � � C � � C � � C �=: . To
compute§�° requirescomparing> suchsums,and §b± is oneof ²
suchsums.It is clearthat thecalculationof all suchsumswould
take far too long if / getsvery large. Fortunatelywe cangreatly
decreaseour work loadby notingthefollowing:

Thm 4.2 For a given iteration distance /³P´� , let µ ��Q���#¶ § 
 C § � s|
 C �g0 B�� � 3 � 3 �«�«� 3�· � ��¸K¹ . Then § � ��Q���º8 �¥� 3 µ9: .
Pf: For any integer B between� and · � � ¸ , �I§ 
 C §(� s|
 C � 3 /5�
is a datadependenceof distance/ andis thereforesubsumedby�I§(� 3 /5� . In short, §(�»a9§�
 C §(� s|
 C � for any such B , andso§ � a9µ , themaximumof all suchsums.On theotherhand,if§(�Q�� �O� , then

§(� � ¼½»¼½©¾ `7¿ ��À��F� � �©
«ª C ��ÁÂd,���ÁÂ
C ¼½»¼½ `��F� ¾ `7¿ ��À���� � 
 ª

C ��ÁÂd,���ÁÂ C � (1)

for somesequenceof indices 8	B �=: `�Ã� � suchthat Ä `�F� � B � � / .
However, Ä ¾ `7¿ ��À�Ã� � B � � 
»N�/ for someinteger 
 , andsoeachof
thepartialsumsin (1) constitutesthecharacteristicvalueof adata
dependence,thefirst with distance
 andthesecondwith distance/b,�
 . Sinceeachof thesemustbeboundedfrom above by the
characteristicvaluesof their respective dominantdependencies,§(�ik]§b� C §(� s � C �'kYµ , the maximumof all suchsums.



HenceÅ either §(� � �O� or §(� � µ andwechoose§(� to bethe
largervalueby definition. q
We canthereforecalculate§ � inductively if we know thevalues
of § � , § � ,...,§(� s � . Finally, it is clearthatall datadependencies
having iterationdistance/ canbeeliminatedif andonly if §(�XP�O� .
5 The Elimination Algorithm

Our formalizedmethodis given asAlgorithm 1 below. It is
divided into two phases. First, for eachiteration distance,we
find the maximumcharacteristicvalueamongall the dependen-
cieshaving the given distance.The dependencewhich hasthis
maximumis retainedwhile all othersareremoved from further
consideration.Next we exploreredundancy acrossdistancesvia
dynamicprogramming.For eachiterationdistance/ , wefirst find
thelargestsumof dominantdependencieswhosedistancesaddto/ . We thencomparethisnumberto thevalueof thecharacteristic
dependencefor / . If the characteristicvalueis the larger of the
two figures,the dependenceremainsin our set. Otherwiseit is
eliminated.

Let usnow considertime complexity. As below, let � bethe
maximumiterationdistance.Let e&� bethecardinalityof thesetof
datadependencieshaving iterationdistance/ for / � � 3 � 3 �«�«� 3 � ,
while Æ �!�Q��� e&� . The for loop which eliminatesredundancy
within eachiterationdistanceexecutesin Çb�IÆ��Q� time,while the
for loop which eliminatesredundancy acrossmultiple distances
executesin Ç$È�� ��É time. Henceour algorithm is polynomial
time.

6 Examples

To demonstrateouralgorithm,wenow applyit to severalvari-
ationsof ourabove sampleprogram.

6.1 First Example

For our original example (Figure 1(a)), we begin ex-
ecuting the algorithm with set of dependencies Ê �8 �6� 3 �	� 3 � Lt3 �	� 3 ��< 3 �7� 3 � Lt3 �7� 3 �6,�� 3 �7� 3 �IH 3 H7��: . After executingthe
initial for loop, Ê is reducedto 8 �6� 3 ��� 3 ��< 3 ��� 3 �IH 3 H7��: . Thefirst
statementof thesecondhalf sets § A �FE � � . When B¯� � in the
succeedingfor loop, S � � only, which resultsin µ � H . Since
this is smallerthan � A ��E � < , wekeepthedependence��< 3 �7� and
set § A �	E � < . Finally, when B¯� H , we againhave only S � � ,
which yields µ � � C < C � �VË . Sincethis is bigger than� A H	E � H , we remove the dependence�IH 3 H=� andset § A H�E �pË .
Whenthealgorithmends,Ê �Ì8 �6� 3 �	� 3 ��< 3 �7��: , exactly thesame
answerwe foundearlier.

Let us now interchangestatements< and > in our sam-
ple loop. Note that this program performs exactly the
same function as the original. Carefully studying this re-
ordered code yields an initial set of dependenciesÊ �8 �6� 3 �	� 3 � Lt3 �	� 3 �IH 3 �7� 3 �6� 3 �7� 3 � Lt3 �7� 3 ��< 3 H=��: . Removing all but the
characteristicdependenciesin thefirst half of thealgorithm’s ex-
ecutioncutsthis down to Ê �]8 �6� 3 �	� 3 �IH 3 �7� 3 ��< 3 H=��: . As above,

Algorithm 1 EliminatingRedundantDataDependencies
Input: A set Í of datadependenciesfor a givenprogram,themaximum

iterationdistanceÎ
Output: Theset Í with all redundantdependenciesremoved

/* Eliminateredundancy for eachiterationdistance*/
for Ï&Ð�Ñ to Î doÒ©Ó Ï�Ô5ÕWÖ¥×

for all datadependenciesØ�ÙKÚ�ÏIÛ do
if Ù�Ü ÒOÓ ÏÝÔ then

if
Ò©Ó Ï�ÔKÜuÖ¥× then
deletethedatadependenceØ Ò©Ó ÏÝÔ�Ú�ÏIÛ from Í

end ifÒ©Ó ÏÝÔ5ÕdÙ
else

deletethedatadependenceØ�ÙKÚ�ÏIÛ from Í
end if

end for
end for
/* Eliminateredundancy for multipledistances*/Þ(Ó Ñ�ÔtÕ Ò©Ó Ñ�Ô
for Ï&Ðnß to Î doà Õ�Ö¥×

for á¯Ð�Ñ to â 
�=ã do
if
àVä Þ�Ó á	Ô�å Þ(Ó ÏxÖ�á	Ô�ånÑ thenà Õ Þ�Ó á	Ô	å Þ(Ó ÏxÖ�á	Ô�ånÑ

end if
end for
if
Ò©Ó ÏÝÔKæ à thenÞ�Ó ÏÝÔtÕ à
deletethedatadependenceØ ÒOÓ ÏÝÔ�Ú�ÏIÛ from Í

elseÞ�Ó ÏÝÔtÕ Ò©Ó ÏÝÔ
end if

end for

we passthroughonly threephasesduring thesecondhalf of the
algorithm.

1. Begin by setting § A �ÃE � � A �ÃE � � .
2. When B�� � and S � � , µ � H � � A �	E andso we may

remove �IH 3 ��� from Ê andset § A �	E � H .
3. Finally, when B2� H andS � � , µ � � C H C � � > . SinceµçP�� A H	E weset § A H�E � > anddelete��< 3 H=� from Ê .

Thusonly the datadependence�6� 3 �	� mustbe consideredwhen
parallelizingthe loops for this sampleprogram. This may be
achievedby startingiteration B at time B for B a L .

Notethatour first exampledemonstratesthatreorderingcode
resultsin differentsetsof necessarydatadependencies.Thereare
two implicationsof this. First, a strict inorderexecutionof the
codeis necessary, eliminatingthepossibilitythatwecanimprove
executiontime by reorderingcommands“on the fly” during run
time. Second,we muststudyour programcarefullyto determine
acorrectorderof executionwhichminimizesdatadependencies.

6.2 Second Example

To thispointwehavenotaddressedtheissueof intra-iteration
parallelism,and sucha discussionis too large to be contained
herein.However, wecanstudyourexampleanddemonstratethat
our techniquewill work whencommandswithin iterationsexe-
cute in parallel. Recall that the intra-iterationdependenciesfor
the programin Figure1(a) requireline � to completeexecution



beforeÅ line � begins,which in turn mustcompletebeforelines <
and > begin. It thereforefollowsthatwecanexecutelines � and H
in parallel,followedby theparallelexecutionof < and > . Figure
4(a)shows ourcodeeditedto specifythis.

To develop an initial set of dependencies,we view each
DOPAR asa singlecommandandtranslateour original depen-
dencies.For example,thedependence��> 1 � 3 �7� of theoriginal
programnow representsa dependencefrom thesecondDOPAR
to line � . Under our revised notation, this secondDOPAR is
now line H of our program,sothis original dependencebecomes�IH 1 � 3 ��� in theparallelizedversionof theprogram.Thetrans-
lation for eachdependencefrom the original versionof the pro-
gramto theparallelizedversionis displayedin Table4(b). Basi-
cally, for eachdependence,occurencesof lines � or H arechanged
to � , while lines < and > aremappedto thenew line H .

We can seenow that our original set of dependenciesfor
theparallelizedcodeis Ê �?8 �6� 3 �	� 3 � Lt3 �	� 3 ��� 3 �7� 3 � Lt3 �7� 3 ��� 3 H=��: ,
which is pareddown to �6� 3 ��� by our algorithm.Therefore,when
schedulingourparallelizedprogram,wemustinsurethatthefirst
DOPAR completesexecutionbeforethenext iterationof theloop
starts,asshown in Figure4(c). This sampleprogramwassmall
enoughto study in this manner. It remainsfor us to develop a
methodfor systematicallystudyingcodeso that intra-iteration
parallelismmaybediscoveredandexploited,evenin muchlarger
programs.Sucha methodcould thenbe combinedwith already
existing techniqueslike retiming [5] andunfolding [9] to maxi-
mizesuchparallelismbeforeapplyingtheconceptswe have de-
velopedherefor maximizingparallelismof loop iterations.

7 Conclusion

In this paperwe have constructedan original method for
expressingand studying loop-carrieddependencies.We have
demonstratedthatnot all dependenciesin aprogramrequirecon-
sideration. By modelingthe problemformally andunderstand-
ing it’ s basicproperties,we have beenableto designanefficient
polynomial-timealgorithmwhicheliminatesall suchunnecessary
restrictions.Wehavenotedthatreducingaprogram’sdependence
set to the bareminimum enhancesparallelism,allowing us to
make moreefficient useof a system’s resources.We have also
notedthatthis reductionreducesschedulingcomplexity.

We have also pointedto several directionsfor future work.
It remainsfor us to determineexactly how to optimally reorder
codesoasto maximizetheinherentinter-iterationparallelism.A
systematicmethodfor studyingaprogramanddeterminingwhich
instructionsto grouptogetherfor parallelexecutionalsoremains
to beconstructed.Oncethisis accomplished,it wouldbepossible
to combineour efforts herewith otherestablishedmethodssoas
to parallelizecodeevenfurther.
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